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Sensor Scheduling in Variance Based Event
Triggered Estimation with Packet Drops

Alex S. Leong, Subhrakanti Dey, and Daniel E. Quevedo

Abstract—This paper considers a remote state estimation
problem with multiple sensors observing a dynamical process,
where sensors transmit local state estimates over an independent
and identically distributed (i.i.d.) packet dropping channel to
a remote estimator. At every discrete time instant, the remote
estimator decides whether each sensor should transmit or not,
with each sensor transmission incurring a fixed energy cost. The
channel is shared such that collisions will occur if more than
one sensor transmits at a time. Performance is quantified via an
optimization problem that minimizes a convex combination of
the expected estimation error covariance at the remote estimator
and expected energy usage across the sensors. For transmission
schedules dependent only on the estimation error covariance at
the remote estimator, this work establishes structural results on
the optimal scheduling which show that 1) for unstable systems,
if the error covariance is large then a sensor will always be
scheduled to transmit, and 2) there is a threshold-type behaviour
in switching from one sensor transmitting to another. Specializing
to the single sensor case, these structural results demonstrate
that a threshold policy (i.e. transmit if the error covariance
exceeds a certain threshold and don’t transmit otherwise) is
optimal. We also consider the situation where sensors transmit
measurements instead of state estimates, and establish structural
results including the optimality of threshold policies for the single
sensor, scalar case. These results provide a theoretical justification
for the use of such threshold policies in variance based event
triggered estimation. Numerical studies confirm the qualitative
behaviour predicted by our structural results. An extension of
the structural results to Markovian packet drops is also outlined.

I. INTRODUCTION

The concept of event triggered estimation of dynamical sys-
tems, where sensor measurements or state estimates are sent to
a remote estimator/controller only when certain events occur,
has gained significant recent attention. By transmitting only
when necessary, as dictated by performance objectives, e.g.,
such as when the estimation quality at the remote estimator
has deteriorated sufficiently, potential savings in energy usage
can be achieved, which are important in networked estimation
and control applications.

Related Work: Event triggered estimation has been inves-
tigated in e.g. [2]-[13], while event triggered control has
also been studied in e.g. [14]-[18]]. Many rules for deciding
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when a sensor should transmit have been proposed in the
literature, such as if the estimation error [3]|, [3], [[7], [10I,
error in predicted output [6], [13], other functions of the
estimation error [4]], [L1], [12], or the error covariance [9],
exceeds a given threshold. These transmission policies often
lead to energy savings. However, the motivation for using
these rules are usually based on heuristics. Another gap in
current literature on event triggered estimation is that mostly
the idealized case, where all transmissions (when scheduled)
are received at the remote estimator, is considered. Packet
drops [[19], which are unavoidable when using a wireless
communication medium, are neglected in these works, save
for some works in event triggered control [16]], [18].

In a different line of research, sensor scheduling problems,
where one wants to determine a schedule such that at each time
instant, one or more sensors are chosen to transmit in order to
minimize an expected error covariance performance measure,
have been extensively studied, see e.g. [20]-[24]. However,
these schedules are often constructed ahead of time in an
offline manner and do not take into account random packet
drops or variations in the state estimates, i.e. are not event
triggered. Covariance based switching for scheduling between
two sensors was investigated in [25]]. Structural results were
derived for infinite horizon sensor scheduling problems in [26]],
, which showed that optimal schedules are independent of
initial conditions and can be approximated arbitrarily closely
with periodic schedules of finite length, with [26] also extend-
ing these results to networks with packet drops.

Summary of Contributions: In this paper, we consider a
multi-sensor event triggered estimation problem with i.i.d.
packet drops, and derive structural properties on the optimal
transmission schedule. In particular, the main contributions of
this paper are:

o In contrast to previous works on event-triggered estima-
tion, we allow for the more practical situation where
sensor transmissions experience random packet drops.

o Rather than specifying the form of the transmission
schedule a priori, in this work the transmission decisions
are determined by solving an optimization problem that
minimizes a convex combination of the expected error
covariance and expected energy usage.

o We derive structural results on the form of the subsequent
optimal transmission schedule. For transmission sched-
ules which decide whether to transmit local state esti-
mates based only on knowledge of the error covariance
at the remote estimator, our analysis shows that 1) for
unstable systems, if the error covariance is large, then
a sensor will always be scheduled to transmit, and 2)
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there is a threshold-type behaviour in switching from one
sensor transmitting to another.

o Specializing these structural results to the single sensor
case shows that a threshold policy, where the sensor
transmits if the error covariance exceeds a threshold and
does not transmit otherwise, is optimal. This result has
also been proved different techniques in our conference
contribution [I]], and, in a related setup, in [28]]. For
noiseless measurements and no packet drops, similar
structural results were derived using majorization theory
for scalar and vector systems respectively.

o In the situation where sensor measurements (rather than
local estimates) are transmitted, related structural results
are derived, in particular the optimality of threshold
policies in the single sensor, scalar case. These structural
results provide a theoretical justification for the use of
such variance based threshold policies in event triggered
estimation. However, for vector systems, we provide
counterexamples to show that in general threshold-type
policies are not optimal.

o The structural results are extended to Markovian packet
drops, where we show that for a single sensor there exist
in general two different thresholds, depending on whether
packets were dropped or received at the previous time
instant.

The remainder of this paper is organized as follows. Section
[ presents the system model, while the optimization problems
are formulated in Section [l Structural results on the optimal
transmission scheduling are derived in Sections [[V-Al and
The special case of a single sensor is then studied
in Section [V-A The situation where sensor measurements
are transmitted is studied in Section [Vl Numerical studies,
including comparisons of our approach with schemes where
transmission decisions are made using current sensor mea-
surements, are presented in Section [VII An extension of our
structural results to Markovian packet drops is outlined in

Section [VIIl

II. SYSTEM MODEL AND REMOTE ESTIMATION SCHEMES

A diagram of the system model is shown in Fig.[Il Consider
a discrete time process

Tr1 = Axg + wg (D

where x; € R™ and wy is i.i.d. Gaussian with zero mean and
covariance (). There are M sensors, with each sensor having
measurements

ym,k:mek+vm,k7 mE{l,...,M} (2)
where v, € R™™ and vy, is Gaussian with zero mean
and covariance R,,. The noise processes {wy}, {vm r}, m =
1,..., M are assumed to be mutually independent.

Each sensor has some computational capability and can
run a local Kalman filter. The local state estimates and error
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can be computed using the standard Kalman filtering equations
at sensors m = 1,..., M. For the results in Sections [[IH[V]
we will assume that each pair (A, Cy,) is detectable and the
pair (A, Q'/?) is stabilizable. In Section [V] we will relax
this assumption when we consider transmission of sensor
measurements, and consequently only detectability of the
overall system is required. Let PS be the steady state value
of Prfz,k“c—l’ and P, be the steady state value of Prf%k'k, as
k — oo, which both exist due to the detectability assumptions.

Let vy, € {0,1},m = 1,...,M be decision variables
such that v, = 1 if and only if :ﬁfn ok is to be transmitted
to the remote estimator at time k. Transmitting state estimates
when there are packet drops generally gives better estimation
performance than transmitting measurements [31]], [32]], and
in the case of a single sensor is the best non-causal strategy
[33]]. We will focus on the situation where V) are computed
at the remote estimator at time k£ — 1 and communicated to the
sensors without error via feedback links before transmission at
the next time instant &[] see Section [I=C] on how to take into
account losses in the feedback links. Since our interest lies
in decision making at the remote estimator, we shall assume
that the decisions v, ;, do not depend on the current value of
. (or functions of zx such as measurements and local state
estimates). In particular, in this paper we will assume that v, j,
depends only on the error covariance at the remote estimator,
similar to the variance based triggering schemes of [9], see
Section [

IThis requires synchronization between each sensor and the remote esti-
mator, though not between individual sensors. Note that in wireless commu-
nications, online computation of powers at the base station which is then fed
back to the mobile transmitters is commonly done in practice [34], at time
scales on the order of milli-seconds.



At time instances when v,, = 1, sensor m transmits its
local state estimate i:fn k| OVer a packet dropping channel. Let
Ym,k,m = 1,..., M be random variables such that v,, , = 1
if the transmission from sensor m at time k is successfully
received by the remote estimator, and ,, ; = 0 otherwise. It
is assumed that the channel is shared such that if more than one
sensor transmits at any time, then collisions will occur. Thus,
Ym,kx = 0 and 7, = 0 with probability one if both v, ;, =
Ui, = 1. We will assume that {~,, } are i.i.d. Bernoulli with

P(Fymyk - 1) - )\7717

See Section [VIIl for some results with Markovian packet drops.

m=1,..., M.

A. Optimal Remote Estimator

At instances where v, ,, = 1, it is assumed that the remote
estimator knows whether the transmission was successful or
not, i.e., the remote estimator knows the value v, . While if
U,k = 0, since sensor m is not scheduled to transmit at this
time, the corresponding 7, is assumed to be of no use to
the remote estimator. We can define
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as the information set available to the remote estimator at
time k. Denote the state estimates and error covariances at
the remote estimator by:

= Elwk|Zy]
Tpg1|k é E[zg+1|Zk]
Pk|k 2 El(zk — Expe) (wr — Zxpr) | Zh]
El(zk1 — Epp1je) @rg1 — Epprpe)” [ Te)-

If a sensor 7o € {1,...,M} has been scheduled by the
remote estimator to transmit at time kE then the state estimates
and error covariances at the remote estimator are updated as
follows:
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2Since collisions occur if more than one sensor transmits at the same time,
we clearly should not schedule more than one sensor to transmit at a time.
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where K3, k—Prfﬂqk LCT(Cha P ik LCF 4+ Ry,) "t is the

local Kalman filter gain of sensor m at time k, Ky, = I
if Ppjp— 1—P0mk(I K3, Cm ' — (- K3, ,.Cn )POmk +
(I = K3, ,Cin) Py Tk (= K3, .0 )r "’KS B Kvsnk:
Pyjk—1 — Pom (I — K5, ,.Ci)", and Ky p = (Pk\k—l -
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K3, kRmKﬁk otherwise. The last three equations in (3)
compute the quantities:

Pom, 2 El(xx — Zrpp—1)(@r = &5, 1) [ Za]

Prok 2 El(@h — 25, pp—1) (@ — Zrpp—1)" [Ti]

Prn ik 2 E[(xx — jfn,k\k—l)(xk - i'fz,ldk—l)T'Ik]
form,n=1,...

J— S
Prnk = Pn,k|k—1-

If no sensors are scheduled to transmit at time k, then the
state estimates and error covariances are simply updated by:

, M, where we note that Py, , = P,r;royk, and

Trripe = AZpies Trpp = Thjr—1
P = AP AT +Q, Py = Pyt
POm,lH—l - APOm,k(I_Kfnkam)TAT + Qv

m=1,....M

“)
The derivation of the optimal estimator equations (3)-(@) can
be found in Appendix [Al

Remark IL.1. In ), the terms Py, k41 and Py, gy for
m,n # m also need to be computed, since the scheduled
sensor m will in general change over time.

B. Suboptimal Remote Estimator

The estimator equations (3) are optimal, but difficult to an-
alyze and derive structural results for. A suboptimal estimator
that often performs well is a constant gain estimator, which has
the form (3)) but with K, 5, replaced by the constant gain K,
whenever sensor . € {1,..., M} is scheduled to transmit.
Suppose the constant gains K,,,m = 1,..., M are chosen
using a similar procedure to [32], where (P, Py, Kp,) is a
fixed point of the following set of equations:

P =)\, A(I — K,,)P(I = K;,)T AT 4+ (1 — \,,)APAT

+ A A(I = Kpn) Po (I — K5,C )T KL AT
+ A AK (I — K&, Cr) Popn (I — K )T AT
+ AmAK (I — K5,C)Ps (I — K5,C,)TKE AT
+ A AK KSRy KETKE AT +Q

Pom = A(I = A\n K ) Po (I — K3,C, )T AT
+ A AK,, (I — K2,C)PE (I — K&,Cp )T AT
+Q + M AK, K2 R, KT AT



K, = (P ~ Pyl — KfnCm)T) (P — Pom(I — K5,Cp)T
— (I=K3,Cm) Py +(I—K5,Con) P, (I- K5, Cr )"
—1
K R IGT) Q)

with K3, £ P5CL(C,,P5CL + R,,)”! being the steady
state local Kalman gain of sensor m. The equations (3) are
obtained by averaging over v, x in the recursion for Py (as
well as the associated quantities P,y 1 and Ky, 1) in @), and
taking the steady state.

Then we have the following result:

Theorem IL.2. Suppose that A is either (i) stable, or (ii)
unstable but with \,, > 1 — m,m =1,...,M,
where o;(A) is an eigenvalue of A. Then for each m €
{1,..., M}, amongst all possible constant gains K,, sat-
isfying max; |o;(A(I — A\, K))| < 1, there is a unique
fixed point (K, Pom, P) to the set of equations @) with
Ky, = I, Py, = P, and P being the unique solution to the
equation P = (1= X\, ) APAT +Q+ X\ A(I-K3,Cy, ) P, (I—
K2 Co)TAT + N\ AKS R, KT AT

Proof: See Appendix [
By Theorem and in particular the fact that K, = I

for each m € {1,..., M}, the constant gain estimator Zj, with
gains chosen by solving () is easily seen to simplify to the
following:

7 o Ajkfl\kfl sy Um,kYm,k = 0
k|l — :Efn K|k s Um,kVYm,k = 1
- (6)
B — f(Pocjk=1) 5 VmkYmk =0
klk = P;I ok s UmYmk =1
where
F(X) 2 AXAT + Q. )

For the case of two sensors estimating independent Gauss-
Markov systems, a similar estimator to (&) was also studied in
[23]. We now give some examples comparing the performance
of the suboptimal estimator (6) with the optimal estimator (3).
Consider a two sensor system with parameters

11 0.2
A:[o.z o.s]’Q:I ®

The other parameters are randomly generated: C; and C are
1 x2 matrices with entries drawn from the uniform distribution
U(0.5,2), Ry and Ry are scalars drawn from U(1,10), A\;
and Ay are drawn from U(0.5,1). The sensor that transmits is
randomly chosen, with each sensor equally likely to be chosen.
Table [ gives E[Py,;,] for the optimal (Opt.) and suboptimal
(Subopt.) estimators for 20 different randomly generated sets
of parameters, where E[Py;] are obtained by taking the time
average over a Monte Carlo simulation of length 100000. We
also give values of E[Py;] for the case where measurements
are transmitted (Tx. Meas.), which will be studied in Section
[Vl We see that the suboptimal estimator often gives good
performance when compared to the optimal estimator.

Due to its simplicity which makes it amenable to analysis,
and its good performance in many cases, we will concentrate
on the estimator (&) in Sections [IIHIV]

TABLE I
E[P})1] FOR DIFFERENT RANDOMLY GENERATED SETS OF PARAMETERS

[ Opt. [ Subopt. | Tx. Meas. || Opt. | Subopt. [ Tx. Meas. |
3.1410 | 3.2216 3.2441 2.9906 3.0736 3.0705
3.9206 | 4.1434 4.2254 3.4654 3.6203 3.5358
3.6410 | 3.6990 3.8116 43822 | 4.6349 4.7211
3.2056 | 3.3040 3.3117 3.1704 3.2737 3.2766
49104 | 5.0146 5.1417 5.5227 5.6810 5.7757
3.5692 | 3.7251 3.7227 4.5079 | 4.6076 4.8558
4.1598 | 4.2227 4.2522 3.9006 | 4.0154 4.0603
3.8327 3.9082 3.9827 3.2849 3.3567 3.3775
2.9210 | 3.0015 2.9704 7.0825 7.4793 7.8819
3.7504 | 3.9277 3.9376 3.9697 | 4.1427 4.1661

Remark I1.3. For the case of a single sensor (M = 1), the
estimator (6) corresponds to the optimal estimator, see, e.g.,

[31)], [32]].

C. Imperfect Feedback Links

We have assumed that the feedback links are perfect, which
models the most commonly encountered situation where the
remote estimator has more resources than the sensors and
can transmit on the feedback links with very low probability
of error, e.g., the remote estimator can use more energy or
can implement sophisticated channel coding. But interestingly,
imperfect feedback links can also be readily incorporated into
our framework.

Recall that at each discrete time instant k, the remote
estimator feeds back the values (v4,...,Vam ) to notify
which sensors should transmit, with at most one vy, = 1
in order to avoid collisions. If the feedback command is lost,
then the sensor 1 that may have been scheduled to transmit
at time k will no longer do so, while the other sensors
not scheduled to transmit still remain silent. Thus, from an
estimation perspective, a dropout in the feedback signal is
equivalent to a dropout in the forward link from the sensor to
the remote estimator. Assume that the feedback link from the
remote estimator to sensor m is an i.i.d. packet dropping link
with packet reception probability A/’ m = 1,..., M, with
the packet drops occurring independently of the forward links
from the sensors to the remote estimator. Then for the sensor
m that is scheduled to transmit, the situation is mathemati-
cally equivalent to this sensor transmitting successfully with
probability A\, )\j;f . Thus, the case of imperfect feedback links
can be modelled as the case of perfect feedback links with
lower packet reception probabilities A, AP, m =1,..., M.

ITII. OPTIMIZATION OF TRANSMISSION SCHEDULING

In this section we will formulate optimization problems
for determining the transmission schedules, that minimize a
convex combination of the expected error covariance and ex-
pected energy usage, and describe some numerical techniques
for solving them. Structural properties of the optimal solutions
to these problems will then be derived in Section [Vl

Define the countable set

SE{f Py ap)lm=1,...,M;n=0,1,....k=1,2,...},

©)



where f™(.) is the n-fold composition of f(.), with the
convention that fO(X) = X. Then it is clear from (@) that S
consists of all possible values of Pk| 1, at the remote estimator.
Note that if the local Kalman filters are operating in steady
state, then S simplifies to

S={Py, f(P), f2(P),... .., Pu, f(Px), [*(Par), ... }.
(10)

As foreshadowed in Section [[I, we will consider transmission
policies where Vm_’k(ﬁ)k_l‘k_l), m =1,..., M depends only
on ]5;@_1‘;@_1, similar to [9]]. From the way in which the error
covariances at the remote estimator are updated, see (@), such
policies will not depend on x, cf. [11]]. To take into account
energy usage, we will assume a transmission cost of FE,, for
each scheduled transmission from sensor m (i.e., when vy, j, =
1)E We will consider the following finite horizon (of horizon
K) optimization problem:

ZE[ﬁtrPkk—i— 1-8 Zl/mkE }
ZE[ [ﬁtrPkk—i— 1-8 Zl/mkE

min
{(V1,k5mees VM, k) }

{(Vlk; VMk
p0|07Ik—177/1,k7-'-aVM,k]]
K
min E trP +(1-p VU kB,
{(1/1;C ..... U}»{,k)}; |: |:B klk Z i
Pk—l“c—laul,ka-"7VA{,k:|:|
(11)

for some design parameter 3 € (0,1), where the last line
holds since Pk 1|k—1 18 a deterministic function of Po\o and
Zr.—1, and Pk|k is a function of Pk k=1 Vlk,---, VM, and
Yi,ks - -+, YM, k- Problem () minimizes a convex combination
of the trace of the expected error covariance at the remote
estimator and the expected sum of transmission energies of
the sensors. Due to collisions when more than one sensor is
scheduled to transmit, we have

E[tr Py | Pro1 k15 Vi es - - > U]
M ~
=S v [J @) [A WPy et (1= )trf(Pk_”k_l)}
m=1 n#m
M ~
+ (1— > vmi [ (1_Vn,k)>trf(Pk—l|k—l)
m=1 n#m
M
= vk [ (0= vnp)AntrPs 4
m=1 n#m
A ~
( Z U,k H (1- Vn,k)/\m>trf(Pk—l|k—1)
m=1 n#m

3The transmission cost F,, could represent the energy use in each trans-
mission, but can also be regarded as a tuning parameter to provide some
control on how often different sensors will transmit, e.g. increasing E,, will
make sensor m less likely to transmit.

where f(.) is defined in (@).
Let the functions J;(.) : S — R be defined recursively as:

Jr41(P) =0
~ M
Ju(P)=  min { [Zum
( Z H 1-v, )\m)trf }
n#m
1 ﬁ ZVmE +ZVmH 1 I/n)‘ Jk+1(Pmk|k)

n#m
+(1- zym [T v )Jk+1(f(16))},
n#m

[T @ = v)rmtePy

n#m

k=K, K-1,...,1. (12)

Problem (II) can then solved using the dynamic pro-
gramming algorithm by computing Ji(Py_1j5—1) for k& =

K,K —1,...,1, providing the optimal (Vg s Vigg) =
argminJi (Pj,_1|_1). Further call eg £ (0, 0 ,0), e =
(1,0,...,0),e2 £ (0,1,0,...,0),...,epr = (0,...,0,1),
and

V = {eo,el,...7eM}. (13)

Then it is clear that the minimization in (I2) can be carried
out over the set V (with cardinality M + 1) instead of the
larger set {0, 1}* (with cardinality 2).

Note that the finite horizon problem (II) can be solved
exactly via explicit enumeration, since for a given initial P0|0,
the number of possible values for Ij’k‘k, k=1,..., K,is finite.
When the problem has been solved (which only needs to be
done once and offline), a “lookup table” will be constructed at
the remote estimator which allows for the transmit decisions
v, (for different error covariances) to be easily determined
in real time.

We will also consider the infinite horizon problem:

min

{1,k vae)} K—o0

X E I/mykEm

m=1

lim sup — ZE[ |:Btrpk|k +(1-0)
(14)

Py qjk—1,V1 k- UMk

where we now assume that the local Kalman filters are operat-
ing in the steady state regime, with P* k= = P,,,Vk. Problem
(@) is a Markov decision process (MDP) based stochastic
control problem with (v k,...,vam ) as the “action” and
Pk,” L—1 as the “state” at time kEl The Bellman equation for
problem (I4) is

p—i—h(ﬁ’): min {Zym H (1 — vp)AptrPy,
Vi,V )EV
n#m
“In (14D, “limsup” is used instead of “lim” since in some MDPs the limit

may not exist. However, if the conditions of Theorem [[IL.T] are satisfied then
the limit will exist.



s)

where p is the optimal average cost per stage and h(.) is the
differential cost or relative value function (33 pp.388-389].
For the infinite horizon problem (I4), existence of optimal
stationary policies can be ensured via the following result:

Theorem IIL.1. Suppose that A is either (i) stable, or (ii)
unstable but with \,, > 1 — m for at least one
m € {1,..., M}, where 0,(A) is an eigenvalue of A. Then
there exist a constant p and a function h(.) satisfying the

Bellman equation (([3).
Proof: See Appendix [ |

Remark IIL2. In the case of a single sensor and unstable
A, the condition \y > 1 — e o AT in Theorem [T 1]
corresponds to the necessary and suﬁ%cient condition for
estimator stability when the sensor transmits local estimates
over an ii.d. packet dropping link, see [31)], [32]].

Remark IIl.3. Dynamic programming techniques have also
been used to design event triggered estimation schemes in,
e.g., [3]-[3]]. However, these works assume a priori that the
transmission policy is of threshold-type, whereas here we don’t
make this assumption but instead prove in Section [Vl that the
optimal policy is of threshold-type.

As a consequence of Theorem [l Problem (I4) can
be solved using methods such as the relative value iteration
algorithm p-391]. In computations, since the state space
is (countably) infinite, one can first truncate S in (IQ) to

SN EAPLf(Pr),.... NP, Po, f(Pa), ..., [N (P),

...,...,PM,f(PM) afN 1(PM)}v
(16)

which will cover all possible error covariances with up to N —1
successive packet drops or non-transmissions. We then use the
relative value iteration algorithm to solve the resulting finite
state space MDP problem, as follows: For a given N, define
for [ =0,1,2,... the value functions V;(.) : SV — R by:

[ZVmH (1 —vp)Am trP,,

m=1 n#m
VA )uf (P)]
ZumE —l—Zl/mH 1= ) A Vi(Pr)

n#m
O—Z%len)g®$
n#m

Vii1(P) 2 min
l+1( ) (lll ..... l/]\/[)ev {

Let ]5f € SY be a fixed state (which can be chosen arbitrar-
ily). The relative value iteration algorithm is then given by
computing:

hig1(P) £ Viga (P) = Viga (Py)

for | =0,1,2,.... As [ — oo, we have h;(P) — h(P),VP e
SN, with h(.) satisfying the Bellman equation (I3). In
practice, the algorithm (7)) terminates once the differences
hit1(P) — hy(P) become smaller than a desired level of
accuracy €. One then compares the solutions obtained as N
increases to determine an appropriate value of NV for truncation
of the state space S, see Chapter 8 of for further details.

a7)

IV. STRUCTURAL PROPERTIES OF OPTIMAL
TRANSMISSION SCHEDULING

Numerical solutions to the optimization problems (II)) and
(I4) via dynamic programming or solving MDPs do not
provide much insight into the form of the optimal solution.
In this section, we will derive some structural results on
the optimal solutions to the finite horizon problem (II) and
the infinite horizon problem (I4) in Sections [V-A] and [V-B]
respectively. To be more specific, we will prove that if the error
covariance is large, then a sensor will always be scheduled to
transmit (for unstable A), and show threshold-type behaviour
in switching from one sensor to another. In Section [V-C|
we specialize these results to demonstrate that, in the case
of a single sensor, a threshold policy is optimal, and derive
simple analytical expressions for the expected energy usage
and expected error covariance.

Preliminaries: For symmetric matrices X and Y, we say
that X <Y if Y — X is positive semi-definite, and X <Y
if Y — X is positive definite. In general, “ < ” only gives a
partial ordering on the set S defined in (9). Let S denote the
set of all positive semi-definite matrices. In this section, we

will say that a function F'(.) : S — R is increasing if
X <Y = F(X)<FQY). (18)

Note that (I8) does not take into account the situations where
neither X < Y nor ¥ < X holds under the partial order
“ < 7

Lemma IV.1. The function trf(X)
increasing function of X.

= twr(AXAT + Q) is an

Proof: This is easily seen from the definition. |

A. Finite Horizon Costs
Lemma IV.2. The functions Ji(P P) defined in (I2) are in-

creasing functions of P.

Proof: The proof is by induction. The case of Jx y1(.)
is clear. Now assume that Jx1(P), JK(P) - Jes1(P)
are increasing functions of P. Then Jk(P) given in (I2) is
increasing in P by Lemma [[V1] and the induction hypothesis,
noting that (1 - Z%:l Vm Hn;&m(l — VUn)Am ) > 0. [ |

Since the minimization in (I2)) is over the set V given in
(@3, Ji.(P) can also be expressed as:

Ji(P) = min {ﬂ[AltrPiklk + (1= M)uf(P) + (1—B)E:



+ M S 1 (P ) + (1= M) Jer1 (F(P)),

BAMIPY iy + (1= )t f(P)] + (1= B)En
+ A i1 (Pip ) + (1= An) Tk (F(P)),
Bf(P) + Jisa ((P)) }. 19
Theorem IV.3. (i) The functions defined by

Gk (P) £ B f(P)+Jp1(f(P)) = BAmtr Py, g+ (1= Am)

X trf(p)]_(1_ﬁ)Em_)‘ka-i-l(Prfz,k|k)_(1_)‘m)Jk+1(f(P

Jorm=1,....M, k=1,..., K, are increasing functions of
P.
(ii) Define

Y,k (P) £ BAm Py g + (1= A f(P)] + (1= B)Enm
+ ATk 1 (P ) + (1= An) Jer1 (F(P))

form = 1,....M, k = 1,..., K. Suppose that for some
m,n€{l,...,M}, and P,P' € § with P’ > P, we have

Gm i (P) < P 1(P) and ¢ 5 (P') = Y x(P).  (20)
Then for P"” > P', we have 1/)m,k(15”) > wnk(lf’”)
Proof: (1) We can simplify the functions to

Smk(P) = BAntef(P) + A S 1 (f (P)) = [BAntPy, j

+ (1= B)Em + Andr1 (P, ki)
21

which are increasing in P by Lemmas [V and
(ii) Rewrite 20) as
(1= M) [Btef (P) + Jera (f(P))]
+ BARULy, e+ (1= B)Em + AmJi+1 (P, 1)
< (1= Aa)[Buf (P) + Jesa (F(P))]
+ BAE, g + (1= B)En + A Jit1 (P )

(22)

and
(1= X)) [Bf(P) 4 Jrg1 (F(P))]
+ [3)\,,1trP7§L,€|,C +(1-B8)E,+ )\kaH(Pﬁl,mk)
> (1= \)[BUf(P') + Jisr (F(P'))]

+ B, e+ (1= B)En + An i1 (P pre)-
Since P’ > P, expressions (22)-[23) and Lemmas [Vl and
imply that \,,, < A,,. Thus, for P” > P’ we have

(1= M) [Btf(P") + Jisr (F(P™))]
+ BARIP, ji + (1= B)Em + Am ki1 (P i)

> (1= MBS (") + Ty (F(B)]

+ B, i+ (1= B)En + Andit1 (P i)

(23)

|

Theorem[[V.3] characterizes some structural properties of the
optimal transmission schedule over a finite horizon. Theorem
[[V3(i) and expression (I9) allow one to conclude that for
unstable A and sufficiently large P one will always schedule

a sensor to transmit. This is because trf (P) — o0 as P

increases, so that (21) is always positive for sufficiently large
P. On the other hand, for stable A, we could encounter the
situation where sensors are never scheduled to transmit if the
costs of transmission E,, are large, since now tr f (P) is always
bounded (where the bound could depend on the initial error
covariance).

Theorem [[V3[ii) and expression (I9) further show that
the optimal schedule exhibits threshold-type behaviour in
switching from one sensor to another: If for some P, sensor
m is scheduled to transmit, while for some larger P’ , Sensor
n (with n # m) is scheduled to transmit, then sensor m will

Jhot transmit V2" > P’. Note however that Theorem [V3 may

not cover all possible situations, since the set S given by ()
is in general not a totally ordered set.

For scalar systems (or systems with scalar states zj and
hence scalar Iz’k‘k), the set S is totally ordered, and Theorem
and (I9) can be used to provide a fairly complete char-
acterizationﬁ For example, in the situation with two sensors,
we have:

Corollary IV4. For a scalar system with two sensors, for
each k € {1,..., K}, the behaviour of the optimal vy , and
vy i, Jalls into exactly one of the following four scenarios:
(i) There exists a 151”,’1@—1 such that v, = O,V]Bk_l‘k_l,
I/jyk = 0 for Pk—l\k—l < P{’}k_l, and vi, = 1 for
Pe_1je—1 = Py, ) )
(ii) There exists a Pé’y’,wl suchfhat Uik = 0,VPr_1jk—1,
I/é:k =0 f(~)r Py < P2t],lk71’ and vy, = 1 for
Pre_1jp—1 > Py,
(iii) There exists some 151’%_1 and ]52’}7’k~_1 such thfll V;)k =0
Jor Py_yjp—1 < P, vy = 1 for {Dg”fk_l < Peoqpp—1 <
Plﬂfk_l, and vy ;. = 1f0~r Py_1jp—1 ~2 Plﬂfk_l.
(iv) There exists some P{f’,wl and P2ﬂ,lkj1 such thfll‘ Vi =0
Jor Ppjr—1 < Plﬂ,lkfl’ Vi = Lfor {Dlﬂ,lkﬂ < Prajp—1 <
ng’kil, and vy =1 for Py_qjp—1 > PQ”:lkfl'

From numerical simulations, one finds that each of the

above four scenarios can occur (for different parameter val-
ues), see Section [VI-BI

B. Infinite Horizon Costs

For the infinite horizon problem (I4), we have the following
counterpart to Theorem

Lemma IV.5. (i) The functions defined by
Om(P) £ Buf(P) + h(f(P)) = BAmtrPrn + (1= A )tef (P)]
— (1= B)Em = Auh(Pry) = (1 = A)h(f(P))
form=1,..., M, are increasing functions of P.
(ii) Define
Ym(P) £ Bt Py + (1 = At f(P)] + (1 = B)En,
+ Amh(Pr) + (1 = Ap)R(f(P))
form =1,..., M. Suppose that for some m,n € {1,..., M},
and P,P' € § with P’ > P, we have 1,,(P) < ¢, (P) and

SThe set S is also totally ordered in the vector system, single sensor
situation in steady state, see Section [V-CJ



1/)m(]:3/) > ) (P"). Then for P" > P', we have 1,(P") >
1/)n(PN)-

Proof: Recalling the relative value iteration algorithm
(@, one can show using similar arguments as in the proof of
Theorem [[V3] that the properties in Theorem [[V3] also hold
when Jj,; 1 (.) is replaced with 7;(.). Since h;(P) — h(P) as
| — o0, the result follows. [ |

In the infinite horizon situation, any thresholds (which for
the finite horizon situation are generally time-varying) become
constant, i.e. do not depend on k. Thus for example, with the
scalar system, two sensor situation considered in Corollary
V4 one may replace Ij’{h,%l and Ij’zthkfl with P{h and 152‘}‘
respectively, see also Theorem [V

Remark IV.6. The structural results derived above allow for
significant reductions in the amount of computation required
to solve problems (1) and (I[4). For example, by Theorem[I[V.3]
or V3 if for some P one has v}, = 1, and for a larger P’
one has v}, = 0, then one can automatically set v}, = 0 for
all P" > P'. See also [37] for a related discussion.

When the covariance matrices are not comparable in the
positive semi-definite ordering, then the full dynamic program-
ming or value iteration algorithm will need to be run in order
to solve the optimization problems. Nevertheless, when the
remote estimator (6)) is used the computational complexity is
not prohibitive. In the case where the local Kalman filters have
converged to steady state, which is likely when the horizon K
is large or if we’re interested in the infinite horizon, the “state
space” S simplifies to (LQ), which in numerical approaches is
truncated to the set SV defined in (I8). The cardinality of S™
is N M, which is not exponential in the number of sensors M
or the horizon K. Furthermore, the “action space” V defined
in (L3) has cardinality M + 1, which is also linear in M.

C. Single Sensor Case

In this subsection we will focus on a vector system with
a single sensor, and where the local Kalman filter operates
in steady state, to further characterize the optimal solutions to
problems (1) and (I4). For notational simplicity, we will drop
the subscript “1” from quantities such as vy g, P, Pyg_1jk—1-
Recall the set S defined by (9), which in the multi-sensor case
is not totally ordered in general. For the single sensor case in
steady state, S becomes:

SE&{P,f(P), f*(P),...}.

Lemma IV.7. In the single sensor case, there is a total
ordering on the elements of S given by

P<f(P)<fA(P)<....

(24)

Proof: We use induction. We have that f(P) > P from,
e.g., [38]. Now assume that f*(P) > f*~1(P). Then

frEHP) = F(fM(P) = f(fPH(P)) = f(P)

where the inequality comes from Lemma [[V.1] and the induc-
tion hypothesis. Hence, by induction,

P<f(P)<fA(P)<....

|

Using (19), Theorems [[V.3] [Vl and Lemma[[V.7] we then

conclude the following threshold behaviour of the optimal
solution:

Theorem IV.8. (i) In the single sensor case, the optimal
solution to the finite horizon problem (L1) is of the form:

* O ?
Vi = 1

for some thresholds P/ih—1|k—1’ k = 1,...,K, where the
thresholds may be infinite (meaning that vj; = 0,VP_q,_1 €
S) when A is stable.

(ii) In the single sensor case, the optimal solution to the infinite
horizon problem ([4) is of the form:

VZZ{

for some constant threshold P", where the threshold may be
infinite when A is stable.

Remark IV.9. In Theorem we could have Pg’_ k-1 OF
P™ equal to P, in which case vp = 1L,VP,_1,—1 €S.

th
Pr1jk—1 < Bl

th
Pr_1jk—1 2 Pk—l\k—l

0 , Pyt <P"

1, Py =P 25)

Remark IV.10. As mentioned in the Introduction, Theorem
was proved in our conference contribution [[] using the
theory of submodular functions. Under a related setup that
minimizes an expected error covariance measure subject to
a constraint on the communication rate, the optimality of
threshold policies over an infinite horizon was also proved
using different techniques in [28].

Thus in the single sensor case the optimal policy is a
threshold policy on the error covariance. This also allows us
to derive simple analytical expressions for the expected energy
usage and expected error covariance for the single sensor case
over an infinite horizon. A similar analysis can be carried out
for the finite horizon situation but the expressions will be more
complicated due to the thresholds P,ﬁ’i k-1 in Theorem [V.§]
being time-varying in general.

Lett € N be such that f*(P) = P" € S, see (23). Note that
t will depend on the value of 3 chosen in problem (I4). Then
the evolution of the error covariance at the remote estimator
can be modelled as the (infinite) Markov chain shown in Fig.
Dl where state i of the Markov chain corresponds to the value
fi(P),i=0,1,2,..., with f°(P) = P.

Fig. 2.

Markov chain for threshold policy

The transition probability matrix P for the Markov chain



can be written as:

0 1 0

P=|0 e
A0 L. 0 1-2A 0 .
A0 L 0 1-Xx 0
For A € (0,1), one can easily verify that this Markov chain

is irreducible, aperiodic, and with all states being positive
recurrent. Then the stationary distribution

Tt+1

7T:[7T0 T T Tt T¢42 ],

where 7; is the stationary probability of the Markov chain
being in state j, exists and can be computed using the relation
m = mP. We find after some calculations that 7; = my,j =

L,...,t,and m; = (1 = A\)/7tmp,j =t +1,¢t +2,..., and so
B 1 A
L 5 N VN
Hence
7:7-:{ (1_@% , j:io,...,t
Q27— 142,

We can now derive analytical expressions for the ex-
pected energy usage and expected error covariance. For
the expected energy usage, since the sensor transmits only
when the Markov chain is in states ¢, + 1,..., an energy
amount of £ is used in reaching the states corresponding to

P, ft*Y(P), ft*2(P),.... Hence

Elenergy] = E[mg + m41 + Mg + ... ]
=Em[l+1-XA+(1-X)>*+...] 26)
Emy E
TN Mt
For the expected error covariance, we have
EltrPy ] = mote(P) + mte(f(P)) + motr(f2(P)) + ... (27)

which can be computed numerically. Under the assumption
that A > 1— — IU @ [E[tr Py;,] will be finite, by a similar
argument as that used in the proof of Theorem [ILIl

V. TRANSMITTING MEASUREMENTS

In this section we will study the situation where sensor
measurements instead of local state estimates are transmitted
to the remote estimator. In particular, we wish to derive
structural results on the optimal transmission schedule. An
advantage with transmitting measurements is that detectability
at each sensor is not required, but just the detectability of
the overall system [9]. In addition, local Kalman filtering at
the individual sensors is not required. The optimal remote
estimator when sending measurements also has a simpler
form than the optimal remote estimator derived in (3) when
sending state estimates (though not as simple as the suboptimal
estimator (6)), which makes it amenable to analysis. Our

descriptions of the model and optimization problem below
will be kept brief, in order to proceed quickly to the structural
results.

A. System Model

The process and measurements follow the same model as
in (-@). Instead of assuming that the individual sensors
are detectable, we will now merely assume that (A4,C) is
detectable, where C' £ [ CT ct, ]T is the matrix
formed by stacking C1, ..., Chs on top of each other.

Let vy € {0,1},m = 1,..., M be decision variables
such that v, ;, = 1 if the measurement y,,, ;, (rather than the
local state estimate) is to be transmitted to the remote estimator
at time &, and vy, = 0 if there is no transmission. As before
(see Fig. [, the transmit decisions V.1 are to be decided at
the remote estimator and assumed to only depend on the error
covariance at the remote estimator.

At the remote estimator, if no sensors are scheduled to
transmit, then the state estimates and error covariances are
updated by @). If sensor 1m € {1,..., M} has been scheduled
by the remote estimator to transmit at time k then the state
estimates and error covariances at the remote estimator are
now updated as follows:

Tpyap = AT

T = Trjp—1 + Vi k Kon ke Wrn ke — ConZei—1) (28)
Pk = AP AT +Q
Py = Prjp—1 — Yk Ko k Con Prr—1
where K x 2 Pyi—1Ch (Cin Prji—1Ch + Rin) ™. We can

thus write:

.’i’k k= Aik|k—l y Ym, kYm,k = 0
| A1 FAK k (Ymok — ConZifi1) 5 Vi g Ymk = 1

P, k_{ f(Pk|k—1) y Vm,kVYm,k = 0
b Im(Prjk=1) > VmxVYmpk =1,
(29)
where f(X) 2 AX AT + Q as before, and
gm(X) 2 AXAT - AXCL(C, XCL + R, ' Crl X AT +Q,

(30)
form =1,...,M. In 29) the recursions are given in terms
of Zpyqx and Pjyqp rather than Ty, and Py, since the
resulting expressions are more convenient to work with.

B. Optimization of Transmission Scheduling

We consider transmission policies um,k(Pk‘k_l),m =
., M that depend only on Pj;_;. The finite horizon
optimization problem is:

ZE{ [ﬁtrP;H_lk—l- (1-5 ZymkE

Prp—1,v1k, -+ VM,k”

min
{ Vi,ks- Vhlk

(€19



where we can compute

E[trpk+1\k|Pk\k 1 VLks -+ VMLE]
= Z Vi, k H (1 = k) A ttGm (Prji—1)
n#m
(1—ZmG H (1 —vpi)A )tff(Pmk—l)

n#m

with f(.) defined in @) and g,,(.) defined in @3Q). Let the
functions Jj(.) be defined as:

JK+1(P) = 0

M
LRI (P3| (ETAIENE

n#m
(I—ZVmH (1 —vp)A

n#m

w S (P)]

M
—B8) Y v Bt Z v [T (1=vi) A Jis1 (9 (P))
m=1 m=1

n#m
M
( Z Vm H (1 —vp)A
n#m

k:K,K—l,...,l.

)Jkﬂ(f(P))},

(32)

Problem (31)) can be solved using the dynamic programming
algorithm by computing Ji (Py—1) for k = K, K —1,...,1,
with the optimal (v ;,..., v}, ;) = argminJg (Pp—1).

The infinite horizon problem can be formulated in a similar
manner but will be omitted for brevity.

C. Structural Properties of Optimal Transmission Scheduling

Much of this subsection is devoted to proving Theorem [V.2]
which is the counterpart of Theorem [V.3(i) for scalar sys-
tems, and in particular establishes the optimality of threshold
policies in the single sensor, scalar case. However, for vector
systems we will give a counterexample (Example [V4) to show
that, in general, the optimal policy is not a simple threshold
policy. The counterpart of Theorem [V.3(ii) also turns out to
be false when measurements are transmitted, and we will give
another counterexample (Example to illustrate this.

The following results will assume scalar systems,
A, Cph, Q, Ry, and P are all scalar.

thus

Lemma V.1. Let F(.) be a function formed by composition (in

any order) of any of the functions f(.), 1(.),...,gm(.),1d(.)
where
A%C2 P?
P) £ A%P m(P) &£ AP +Q— ——"——
f(P) +Q, gm(P) M o7y
and 1d(.) is the identity function. Then:
(i) F(.) is either of the affine form
F(P) =aP +b, for some a,b>0 (33)

or the linear fractional form

P+b
Fpy =22

Prd for some a,b,c,d > 0 with ad — bc > 0.

(34)

(”) (f ( ))
=1,...,M.

F(gm(P)) is an increasing function of P, for
Proof: (i) We prove this by induction. Firstly, id(P) = P
has the form (33), f(P) = A%2P + Q has the form (33), and

A2 02 P2
C2 P+R,

 (A?R,,+C2,Q)P+R,Q

A’P4+Q—
+Q C2 P+ Ry

gm(P):

has the form (34) since (A%R,, + C2Q)
A%*R2 > 0.

Now assume that F(.), which is a composition of the
functions f(.),g1(.),...,gm(.),1d(.), has the form of ei-
ther (33) or (34). Then we will show that f(F(P)) and
g(F(P)),l = 1,..., M also has the form of either (33) or
(34). For notational convenience, let us write

Rm - RmQC?n =

f(P)=aP +b

for some a,b > 0, and

aP+b

P = =
a(P) =253

for some @, b, ¢, d > 0 with ad—bc > 0, which can be achieved
as shown at the beginning of the proof.
If 7(.) has the form (33)), then

f(F(P))=a(aP +b)+b
is of the form (33), and
a(aP+b)+b aaP+ab+b
F(P)) = - — ~
a(F(P) caP+b)+d caP+cb+d

has the form (34), since aa(cb+d)—
0.
If F(.) has the form (34), then

(ab+b)éa = alad—bc) >

a(aP+b) - (aa+bc)P +ab+bd
P)) = b=
JFEP)==pra * cPtd

has the form (34), since (aa+bc)d— (ab+bd)c = a(ad—bc) >
0. Finally,

— [ aP+b 7 — —
w(F(P) a(chrrd) +b  (@a+be)P +ab+bd
1 - = — — —
E(ZII:IS)J'_d (¢a + dc)P +¢b + dd

has the form (34), since (aa + be)(ch + dd) —
dc) = (ad — be)(ad — be) > 0.

(i) By part (i), we know that F(.) is either of the form (33)
or (34). If F(.) has the form (33), then

(@b + bd)(ca +

F(f(P)) = Flgm(P)) = a(f(P) = gm(P))
will be an increasing function of P, since
A%2C2 p?
f(P)—gm(P)—m

can be easily checked to be an increasing function of P.



If F(.) has the form (34), then it can be verified after some

11

ST

algebra that — nﬂ 1= v )N 1 (9(F (g9 (P'))))
d _d (af(P)+b agm(P)+b

5 FUE)-Fan P =75 (- ) (1= 30 TT0 - v s 4 F ()

(ad—be) A2C2 P (d+cQ) (CEP(d+cQ) +2(d+c(AP+Q)) Ry ) =1 nl
_ 5 M
] éd+c(A2P+Q))2 (C2,P(d + cQ) + (d + c(A2P + Q))Ry) _ﬁ{ u TT0 — v F (P
> I=1 n#l
since ad — bc > 0. Hence F(f(P)) — F(gm(P)) is an M
increasing function of P. [ | + (1 - Z u H(l - ’/n))\l)f(]:(f(P)))}
Theorem V.2. The functions M o
60 klP) & BF(PI Ber(F(P) =g (P + =X f(PY) ~ L [T =i laZ AP

—(1=B)Em=AmJkt1(gm (P)) = (1=Am) Jrr1 (f (P)) o
form=1,..., Mk=1,..., K, are increasing functions of - (1 - Z v H(l - Un))\[)Jk+1(f(f(f(P))))
P. =1 n#l

Proof: The functions are equivalent to +8 [ i ) H(l — )N (Flgm(P)))
Gmk(P) = BAm[f (P) = gm(P)] = (1 = B) Em 35) =1 n#l
+ ATk 1 (F(P)) = Jiep1 (9m (P))]- =
+(1-— v 1—wv,)A F(gm (P

As stated in the proof of Lemma [V1Lii), f(P) — gm(P) can ( ; lg( ) l)f( (om )))}
be easily verified to be an increasing function of P. Thus M
Theorem [V2] will be proved if we can show that Ji(f(P)) — + Z v H(1 — )N Tks1 (91(F (gm (P))))
Ji(gm (P)) is an increasing function of P for all k& and m. [ ——

In fact, we will prove the stronger statement (see Re- M
mark W3 that Jy(F(f(P))) = J(F(gm(P))) is an in- +(1->wu]la —unm)JkH(f(f(gm(P»))}.
creasing function of P for all k£ and m, where F(.) is =1 n#l

a function formed by composition of any of the functions
F)yg1(0)y .., g (.),1d(.). The proof is by induction. The
case of Jr1(F(f(.)) — Jx+1(F(gm(.))) = 0 is clear. Now
assume that for P’ > P,
T (F(F(P)) = Jw (F(gm(P")))
= (F(f(P))) + T (F(gm(P))) 2 0

=K+1K,..., k 4+ 1. We have

= Je(F(gm(P')))
gm (P)))

holds for &’
Je(F(f(P"))

S
—~
—
|
s
S~—
2>
kS
=
g
S~—
S~—
~—

yeeey

M
=8 u I = va)Aa (Flgm(P)

=1 n#l

(

M
=Y u T = vN) F(F (g (P))

=1

+

(36)

In the minimization of (36) above, if the optimal
(vt Vi) = eg (recall the notation of (I3)), then

T(F(f(P)) = Tr(F(gm(P)))
— Je(F(f(P))) + Je(F(9m(P)))
(

.....

> BIA(FS(P) = F(Flgm(P))
= F(F(F(P) + f(Fgm(P))]
+ Tt (F(F(F(P)))) = Jea (f (F(gm(P))))

= Tt (F(F(F(P) + T (f (Fgm(P)))) 2 0
where the last inequality holds by Lemma [V1] (ii), the induc-
tion hypothesis, and the fact that f o F(.) is a composition of
functions of the form f(.),g1(.),..., g (.),1d(.). If instead
the optimal (v7,..., vy) = el =1 M, then by a
similar argument

Je(F(f(P)) = T
= Je(F(f(P)
> BN [gi(F(f(P")
—a(F(f(P))) +
+ 81 = X) [f(F(fF(P)) = f(F(gm(P)))
- [(F(f(P f
+ Xt [ o1 (g (F(f(P
= Sk (a(F(f(P)))) +
+ (1= X) [Jer (f(F(F(P

.....



— Tt 1 (f(F(f(P)))) + Jrsr (f (Fgm(P))))] =0

(37
Remark V.3. The reason for proving in Theorem the
stronger statement that Ji,(F(f(P))) — Ju(F(gm(P))) is
an increasing function of P, is that if we carry out the
arguments in (36) using just Ji(f(P')) — Ji(gm(P")) —
Je(f(P)) + Ji(gm(P)), then in (372) we end up need-
ing to show statements such as Jyi1(qi(f(P))) —
Jert (gm(P')) — Jes1 (@ (F(PY) + ks (au(gm(P)) = 0

and Jy11(f(f (P"))) = Jir1 (f (gm(P))) = Jea (f (F (P))) +
Ji11(f(gm(P))) > 0, neither of which are covered by the

weaker induction hypothesis that Ji: (f(P')) — Ji (gm (P’)) —
Ji (f(P))+Ji (gm(P)) > 0 holds for k' = K41, K, ... k+
1.

|

Theorem is the counterpart of Theorem [V3(i), for
estimation schemes where measurements are transmitted. Re-
ferring back to 32), 8f(P)+Ji+1(f(P)) is the cost function
when no sensors transmit, while 3[\,, g (P)H+H(1-M\) f (P)]+
(1= B) By + ATk 1 (9 (P)) + (1= M) Jis1 (F(P)) is the
cost function when sensor m transmits. Theorem thereby
establishes that the cost difference between not transmitting
and sensor m transmitting increases with P, and in particular
implies the optimality of threshold policies in the single sensor,
scalar case. This provides a theoretical justification for the
variance based triggering strategy proposed in [9]].

For vector systems, it is well known from Kalman filtering
that when measurements are transmitted, the error covariance
matrices are only partially ordered. One might hope that
Theorem will still hold for vector systems, but in general
this is not the case, as the following counterexample shows.

Example V4. Consider the case k = K and M = 1 sensor, so
that we are interested in the function (33) with Jx1(.) = 0:

¢1.x (P) = BMulf(P) — g1(P)] — (1 - B)Er
= BMu[APCT (CLPCY + Ry)'C1PAT] — (1 — B)Ey.

Suppose we have a system with parameters
A— { 1.1 0.2}7 o, =
Q:I, Rlzl. Let
7.8328 7.3915 7.85 7.40 ]
Then one can easily verify that P' > P, but that
AP’ CT(C,P'CT + Ry)™*C P AT = 1.1970

02 0.8 [1 -09],
P =
7.3915 7.7127 |’ 7.40 7.80
< u[APCT(C1PCY + Ry)~*C1PAT] = 1.2862,

P:R:[

so the function ¢1 i (P) is not an increasing function of P.

For vector systems with scalar measurements, a threshold
policy was considered in [[9], where a sensor m would
transmit if Cp, PCL exceeded a threshold. Since P' > P
implies C,,, P'CL > C,,, PCL, the above example also shows
that such a threshold policy is in general not optimal when
measurements are transmitted (under our problem formulation
of minimizing a convex combination of the expected error
covariance and expected energy usage).

Recall the property implied by Theorem [V.3lii), namely
that if for some P, sensor m is scheduled to transmit, while
for some larger P’, sensor n (with n # m) is scheduled to
transmit, then sensor m will not transmit VP” > P’. As illus-
trated below, this property does not hold when measurements
are transmitted, even for scalar systems.

Example V.5. Consider a system with 2 sensors, with pa-
rameters A = 1.1, Cy = 1,Cy = 1, Ry = 1,Ry = 2,
Q =01 X\ = 06, = 07 E; = 017, E, = 0.1,
B = 0.5. Again look at the case k = K. Then comparing the
functions Bf(P), B0ngi(P)+ (1 — A)f(P)) + (1 - B)Ey,
and B(A2g2(P)+ (1 — X)) f(P)) + (1 — B)Ey (corresponding
respectively to the cases when no sensor transmits, sensor
1 transmits and sensor 2 transmits), we can verify that the
optimal strategy is for no sensor to transmit when P < 0.5485,
sensor 2 to transmit when 0.5485 < P < 0.8642, sensor 1 to
transmit when 0.8642 < P < 3.9005, but sensor 2 will again
transmit when P > 3.9005.

D. Transmitting State Estimates or Measurements

There are advantages and disadvantages to both scenarios
of transmitting state estimates or measurements, which we
will summarize in this subsection. Sending measurements
is more practical when the sensor has limited computation
capabilities. Furthermore, detectability at individual sensors is
not required. However, as mentioned in Section[[] transmitting
state estimates outperforms sending of measurements. From
Table I, we can see that the optimal estimator when sending
estimates outperforms sending of measurements in all cases,
while the suboptimal estimator also outperforms the sending
of measurements in many cases.

The optimization problems in the infinite horizon situation
are also less computationally intensive in the case where state
estimates are transmitted and the remote estimator (6) is used.
As mentioned in Remark the set S has a simple form
in steady state, which in practice can be easily truncated
to a finite set SN. On the other hand, when measurements
are transmitted, the set of all possible values of the error
covariance is difficult to determine in the infinite horizon case.
Hence it is difficult to discretize the set of all positive semi-
definite matrices (which the error covariance matrices will be
a subset of) efficiently, and the computational complexity of
the associated optimization problems can be very high.

VI. NUMERICAL STUDIES
A. Single Sensor

We consider an example with parameters

A [ 1.1 0.2

0.2 0.8}’0_[1 1],@=1LR=1,
in which case

—-0.9014

. 1.3762
P—[ 11867 |-

—0.9014

The packet reception probability is chosen to be A = 0.8, and
the transmission energy cost F/ = 1.



We first consider the finite horizon problem, with K = 5
and S = 0.05, and with the local Kalman filter operating
in steady state. Figs. 3] and [ plots respectively the optimal
vy and v5; (i.e. K = 1 and k = 2) for different values of
f™(P), which we recall represents the different values that
the error covariance can take. In agreement with Theorem
we observe a threshold behaviour in the optimal v} . In
this example we have Pgl‘o = f3(P) and Plﬂ‘“1 = f2(P); the
thresholds are in general different for different values of k.

Fig. 4. Finite horizon, K = 5. v for different values of f"(P).

We next consider the infinite horizon problem, with § =
0.05. Fig. Bl plots the optimal v/}: for different values of f™(P),
where we again see a threshold behaviour, with P = f3(P).
In Fig. 6l we plot the values of the thresholds for different val-

Fig. 5. Infinite horizon. v for different values of f™(P).

ues of 3. As (3 increases, the relative importance of minimizing
the error covariance (vs the energy usage) is increased, thus
one should transmit more often, leading to decreasing values
of the thresholds.

Finally, in Fig. [7] we plot the trace of the expected error
covariance vs the expected energy, obtained by solving the
infinite horizon problem for different values of [, with the
values computed using the expressions (26) and (27). Note
that the plot is discrete as t € N in 28) and @7), see also
Fig.

B. Multiple Sensors

We first consider a two sensor, scalar system with param-
eters A =11, Cy, =15Co =1,Q =1, Ry = Ry = 1,
A1 = 0.8, A2 = 0.6. We solve the infinite horizon prob-
lem with § = 0.2. Fig. [§ plots the optimal v{, and v3,

13
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B
Fig. 6. Infinite horizon. Threshold P" vs 3, with ft(P) = P™.
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Fig. 7. Infinite horizon. Expected error covariance vs expected energy.

for different values of Py_,_1, with transmission energies
Ey = 1,Es = 1. The behaviour corresponds to scenario (i)
of Corollary [V.4l Fig. Ol plots the optimal v, and v3 , for

T T T T

1f 0doo oo bo oo’ oo oo o

o ik

"< o5t A v, "
00 8A AA AA AA AA AA A A LA

2 4 6 8 10 12 14 16 18 20

Pk-1\k-1

Fig. 8. Infinite horizon, v§ , and vj . for different values of Pp_ 1.
E1=1,E=1.

T T T T

1f AAAA o0 b0 00 o©OO o o o 1
o Yy
* *
<205 A vy,
0000 00 AA AA AA AA A A LA A

2 4 6 8 10 12 14 16 18 20

Pk-1\k-1

Fig. 9. Infinite horizon, v§ ; and vj , for different values of Pp_p_1.
E1=1,E,=04.

different values of Pj_),_;, but with transmission energies
Ey = 1,E; = 0.4. With these parameters, the behaviour
corresponds to scenario (iii) of Corollary [Vl The remaining
scenarios (ii) and (iv) of Corollary [V4] can be illustrated by,
e.g., swapping the parameter values of sensors 1 and 2.



C. Performance Comparison

Here we will compare the performance of our approach with
a scheme similar to that investigated in [5]] (see also [10]) that
transmits when the difference between the state estimates at
sensor m and the remote estimator exceeds a threshold Tm
In order to avoid collisions, which from simulation experience
will greatly deteriorate performance, we allow each sensor to
transmit (if it exceeds the threshold 7;,,) once every M time
steps in a round-robin fashion. Specifically,

Loy Ml kmappmr = Tl > Tm
Vi, k = and it is sensor m’s turn to transmit
0 , otherwise

(38)

where % is the remote estimate at time k.

When the decisions vy, ;, depend on the state estimates, the
optimal estimator is generally nonlinear [8]], [11]]. In the spirit
of (@), we consider a suboptimal estimator & given by

|

With this scheme the decision on whether to transmit
is made by the sensor (rather than the remote estimator).
The sensor has access to its local state estimate, but also
requires knowledge of the remote estimate. In the single sensor
case, the sensor can reconstruct the remote estimate Tp_1
provided the values of ~y;_; are fed back to the sensor before
transmission at time k. However, in the multiple sensor case
simply feeding back ~,, r—1 is not enough for the sensors
to reconstruct the remote estimate, and it appears that one
requires the entire state estimate &,_; to be fed back to the
sensors in order to implemement this scheme. Thus the scheme
(B8)-[@I) is not intended as a practical scheme for the multi-
sensor case, but is only used here for performance comparison
with our approach that schedules transmit decisions at the
remote estimator.

We consider the two sensor, vector system with parameters

11 02
A= [ 0.2 0.8

Q = I,R; = Ry = 1. The packet reception probabilities
are A7 = 0.8, A2 = 0.6, and the transmission energies
are B4 = 1,E; = 0.4. In Fig. we plot the trace of
the expected error covariance vs the expected total energy,
obtained by solving the infinite horizon problem (I4) for
different values of 3. We compare the performance with the
scheme (B8)-B9) for different values of the thresholds 7}
and T,, with T} = T5. For smaller expected energies, the
scheme of (B8)-(B9) performs better due to the utilization
of additional information in the local state estimates, but
as stated before requires feedback of the full remote state
estimates in order to implement. The approach proposed in
Sections [ performs better when a smaller expected error
covariance specification (with corresponding higher expected
energy) is required. Furthermore, scheduling at the remote

Vm,kVYm,k = 1
otherwise.

S
Tonklke

Ai‘k— 1 (39)

},01:[1.5 15],C=[1 1],

9The scheme is not exactly the same as in since here we also consider
random packet drops.

T T
o O scheduling at remote estimator
—#— threshold on difference in state

round robin

%o
3t ) i
°

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
E[total energy]

Fig. 10. Infinite horizon, two sensors. Expected error covariance vs expected
total energy.

estimator doesn’t require feedback of the remote estimates,
but only feedback of the decision variables vy, 1, which takes
values of either 0 or 1 (i.e., one bit of information).

VII. MARKOVIAN PACKET DROPS

So far we have considered i.i.d. packet drops. In this
section we briefly outline how our results extend to the
case when state estimates are transmitted and the packet
loss processes are Markovian. For notational simplicity, we
restrict ourselves to the single sensor situation with the local
Kalman filter operating in steady state, where the packet loss
process {7} is a Markov chain, with transition probabilities
p = P(y, = Ofye—1 = 1) and ¢ = P(yx = 11 = 0).
The probabilities p and ¢ are also known as, respectively, the
failure and recovery rates [39]. We shall consider transmission
decisions vy (Py_1)k—1,7Vk—1) dependent only on Pj_q;_1
and v,—1, in which case the remote estimator equations will
still have the form

Ty = { A~iz"“ e
Tp_1 k-1 > Ve =20
pk‘k _ { _ P , VkYVk = 1
APy 1 AT +Q v =0,

The finite horizon problem becomes:

K
?lil]} E [BtrPyy + (1 — Bk E|Py_1jj—1, V-1, vk (40)
Y =1

for some § € (0,1), where now

E[tr Py | Po—1jk—1, Yh—15 V]
= vk (ye—1(1 = p) + (1 — ye_1)q)teP
+ (1= k(1 (1 =p) + (1 = ye-1)q) ) trf (Pr—1jp—1)-
The infinite horizon problem is:

K
- 1
mlﬂhmsup—zE[ﬂtrpmk‘i'(l—ﬂ)VkE|Pk—1\k—17”YIH, ] -
{vk} K—oo Kk:l
(41)

The following results can be derived:



Lemma VIL1. Let the functions Ji(-,-) : S x {0,1} — R be

defined recursively for k =1,..., K as:
Jr+1(P,y) =0
Ji (P, ) =Vg{13)nl} {B[v —p)+ (1 —7)guP
+ (1= v(y(1 = p) + (1 =)q))trf(P)]
+ (1= BE +v(y(1—p) + (1= )q)Jes1(P,1)

( (1
+ (1= v(y(1 = p) + (1= 7)) Tesa (£(P), 0)}.
and the functions Li.(-,-) : Sx{0,1} - Rk =1,...,
Lo(,): Sx{0,1} > Rk=1,...,K as:
Ly (P,v) £ B [p(1=p)teP+(1-v(1-p))f(P)]
+ (1= BWE +v(1l —p)Jps1(P,1)
+ (1 =v(1 = p) 2 (f(P),0)
LY(P,v) £ B [vqrP + (1 — vq)tr(f(P))]
+(1-
+

K and

BWE + vqJi1 (P, 1)
1 —vq)Ji+1(f(P),0).

Then the functions L}(P,1) — L}(P,0) and LY(P,1) —
LY(P,0) are decreasing functions of P.

Proof: Similar to Lemma[[V.2] we can show that J; (P, 1)
and Jy (P, 0) are both increasing functions of P. One can also
easily verify that

Li(P,1)—LL(P,0)
= B(1—p)trP+(1—B)E +(1—p)Jp 1(P,1)
— Bl =p)uef(P) = (1 = p) i1 (f(P),0)
and

Lg(Pu 1) - Lg(P7 0) = Bqtrp+ (1 - B)E+ qu-l—l(Pu 1)

— Batrf(P) — qJry1(f(P),0)

which can both be shown to be decreasing functions of P. B

Lemma [VILT] implies that in the finite horizon problem (@0),
for each k € Ihl LK} there exist two (in general different)
thresholds Pk k-1 and Pk 1“6 1 €8, k=1,...,K, such
that when ;1 = 1 then v;; = 0 if and only if Py y),_1 <
P]zli’11|k71; and when v;_1 = 0 then v, = 0 if and only if
Py < P ?\k 1

For the infinite horizon problem (E]]) arguing in a similar
manner as in the proof of Lemma [[V.5 the optimal policy
will be such that when ;1 = 1 then v; = 0 if and only
if Po_1x—1 < P™1; and when 74,1 = 0 then v} = 0 if
and only if P,_jp—1 < Pt for some constant thresholds
Pl and PO ¢ S. Similar to Remark [V.6, knowing that
the optimal policy is a threshold policy can lead to significant

computational savings when solving problems Q) and (J).

VIII. CONCLUSION

This paper has studied an event based remote estimation
problem using multiple sensors, with sensor transmissions
over a shared packet dropping channel, where at most one
sensor may transmit at a time. By considering an optimiza-
tion problem for transmission scheduling that minimizes a
convex combination of the expected error covariance at the
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remote estimator and the expected energy across the sensors,
we have derived structural properties on the form of the
optimal solution, when either local state estimates or sensor
measurements are transmitted. In particular, our results show
that in the single sensor case a threshold policy is optimal.
Possible extensions of this work include the consideration of
event triggered estimation with energy harvesting capabilities
at the sensors [30], [40], channels where multiple sensors can
transmit at the same time, and efficient ways to solve the
optimal transmission scheduling problem in the case when
measurements are transmitted.

APPENDIX

A. Derivation of Optimal Estimator Equations (3))

Note first that for the local Kalman filters at the sensors,
we have, Vm € {1,..., M},

i = Az;
m,k+1|k m,k|k (42)

~5 A8 s ~5
T kil = Tonkib—1 + Kok (Ymk — Oy k1)

from which one can obtain

-8
Lht1 = Ty kt1k
= A(I - Krsn,kcm)(xk jfn,k\kq) + W — AKfn,kUth'

(43)

The remote estimator has the form

Try1e = AZppp

. . s .
Trik = Trpp—1 + Vi b Fn i (85 g — Tap—1)

when sensor ™ € {1,...,
can write

M} is scheduled to transmit. We

Tht1 — Thy1|k
= Az + wy — A1 — Yin k AK i e (B, g — Thjr—1)
= A(I — v K k) (X — Tpjp—1) + wr
+ Yo e ARk (T — 275 ki)
= A(I — v K k) (T — Tpjp—1) + wr
+ ik AK (I—Kfﬁ,,gcm)(xk_;@;)Mk_l)_K;w%k}
(44)

where the last line comes from (@2). Define A by (@3). Using



[ A = Yo e Ko k) 0 Yon ke ARk (I — K3, 3.Cm) 0 ]
0 Al - K;,C1) 0 o 0
A= 0 A(I = K3, ,Crn) 0 “45)
L 0 A(I - K3, ,.Cm)
(@4) and (43), consider the augmented system that Ky, , = I if
- A 1 - R 1 Prjp—1—Pom(I— K5 1,Cin)" — (1= K&, .Cii) Pols
Tt — T |k T — Ty Klk—1 o #l ek ) S( ok S) ok
Tt =27 p )k T =27 I + (= K35 kCin) P, e (L= K 1 Cm) "+ K5 e Rin KK
: = Pys—1 — Porn (I — K} ,Cin)"
Th — T, bk = Th=TF, ik - A and
: I Kpp = (Pk — Pown (1 — K%7kCﬁI)T) (Pk — Posn i
| Ter = Tagnk | | TR Tk $ (I — K3 1.00)T — (I — K& ,Cin) Pl
[Yin e AR 6 B, 1] [0 ] s s ) . s\~
0 . AKS + (I = K3, 5 Cin) P, (I — Km)ka)T + Km,kRmeTk)
: 0 otherwise.
+ A KS; Vs ke vkt The equations (@) when no sensors are scheduled to transmit
.m’k ) can be obtained by e.g. setting v, = 0 in ().
L 0 ] L 0 ] B. Proof of Theorem
[ 0 ] We first note that if K, = I, then the first equation of (3]
0 becomes
P =(1—M\py)APAT + Q + M\ AKS, Ry (K3 AT
L N R 4 AMA( = K5.Co) P2 (I — K2,C)T AT
0 = V=M AP TN AT+ Q+ Ay AR Ry (K2,)TAT
LA + A A(I = K3,C)P5 (I — K5,C)T AT,

Let us use the shorthand P, = Py ;1. Then we have the
recursion given in ([@6). The recursions for Py, Pom, ks Prmn,k
in the optimal estimator equations (@) can then be extracted
from (@@) and (43). It remains to determine the optimal gains
Ky 1. When vy, = 0, we have Pk‘k = P, irrespective of
K, 1. When v, . = 1, we have

Py = (I=Kngo) Pe(I— Ko o) T + (I — Ky i) Pon

X (1= K3, 1.Cn) Ky 4 Kon ke (I= K3, .Cin) P, i (T = Ko i) "
+ K (I = K3, .Cin) Py (I = K5, Cin) T KL
+ Km,kaﬁ,kRmKﬁngm,k

=Ky (Pk — Pom k(I — th,kcﬁ%)T - (- Kfﬁ,kcﬁl)Pgm,k
+ - th,kcﬁm)P%,mk(I - Kf%l,kcm)T
+th,kRﬁlK7§3:k)Krz;,k
+ K ke (_Pk+(I_K;z,kOm)Pgﬁ,k)
+ (= Put Pom(I— K3, )T ) K+ P

Choosing Ky x to minimize the expression for Py, e.g. by
differentiating trP;, with respect to K,  (see [41]), we find

which is a Lyapunov equation, that has a unique solution P
if either (i) A is stable, or (ii) A is unstable but with

1
max; |Ui(A)|2 '

Next, we will show Ehat the second equation of (@) also
has a solution Fy,, = P, irrespective of the value of K,,.
We begin by recalling the following expressions for the error
covariance and Kalman gain for the local Kalman filter at
sensor m:

Ps = AP: AT+ Q- AP CL(C, P CL 4+ R,,)~rCL P AT
K3, = PoCh (CnPACE + Ry) .

Am > 1 —

(47)

Since we can use (7)) to show that
AP (I-K2,C,)TAT+Q = AP AT— AP CE KT AT+ Q
=APs AT-AP:CL(C, P CE+R,,) PO PEAT+Q=P;,
and

K:5CpPs (I — K507 — K5 RK:T

= K:C,Ps — K50, P CT KT — K8 RKST

=K (CpP:CE 4+ R, KT —K3,C, P:CT KT

~ K3 RK:T =0,
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P Po1 k41 Poar k41 Py Poi .k Poar,k
Pior+1 Prigtr Py k41 Pior Pk Piy K
Pyok+1r Puig+r - Pumksr Pyox Puik - Pumk
i ’}/ﬁLkAKm7kK§%kRmKSZkK§%kAT 0 .. ’Ym)kAKm)kK%)kRmK;ZkAT 07
0 0 ... 0 ... 0
Tl T AR R KT KT AT 0 AKS, Ry K5, AT L0 | @O
0O ... 0 kS, , ' A ,
I 0 0 ... 0 . 0]
0 0 0 0 0 0
0 AK, RiK;T AT 0 0 0 0
+ | . S +oF : :
0 0 .0 00 AK3, Ry KiF AT
we have C. Proof of Theorem [[IL 1]

A(I=Mpn K ) P2 (I— K2, Co ) TAT4 M AR, (T - K2,C)
x P (I—K50n) AT+ Q+ N\ AK K5 Ry KT AT
=AP; (I-K5Cn)"AT+Q— N\ AK,,, [ Ps, (I - K5,Cr) T
—(I—=K3Cp) P (I- K5 Cr)" — K3 Ry K2 AT
=AP; (I — K5 Cn)T A" + Q — My AK,, [K5,C P2,
x (I —K5Cn)" — K5 RKST| AT = P,

Thus the equation

Pom = AT = A\n K ) Po (I — K2,C, )T AT

+ M AK,, (I — K5,C) P35 (I — K5,C)T AT

+ Q4 M AK, K2 R, KT AT
has Py, = P as a fixed point (irrespective of the value
of K,,). Since for the local Kalman filters max; |o;(A(] —
K;Cn))| < 1, and by assumption max;|o;(A(I —
AmKm))| < 1, uniqueness of the fixed point Py, = P2,
can be shown by a similar argument as in p.65 of [42].

It remains to show that K,, = I. With F,, = Pﬁl, We Now
have from (@) that

Ky = (P — P (I Kanm)T) (P — Ps(I— K5Cp)T
— (I = K,C) By, + (I = K3,Co) P (I = K5, C) "
-1
+ KfanKfnT) .
Similar to above, we can show that

— (I - K,Cn) By, + (I = K3,Co) By (1 = K;,C) "
+ K5 R, KT
= (I -K:Cn)P:CT KT 4+ K2 R, KT =0

mTmTTm

and hence

K, = (P—P3 (I-K2,Cp) ") (P—P5 (I-K2,C,,)T) ™t =1

We will verify the conditions (CAV*1) and (CAV*2) given
in Corollary 7.5.10 of [36], which guarantee the existence of
solutions to the Bellman equation for average cost problems
with countably infinite state space. Condition (CAV*1) says
that there exists a standard policyﬁ d such that the recurrent
class R4 of the Markov chain induced by d is equal to the
whole state space S. Condition (CAV*2) says that given U >
0, the set Dy = {i € S|c(i,a) < U for some a} is finite,
where c(i,a) is the cost at each stage when in state ¢ and
using action a.

We first restrict ourselves to the case of a single sensor m.
To verify (CAV*1), let d be the policy that always transmits,
ie. vy, = 1,VEk. Let state ¢ of the induced Markov chain
correspond to the value f¥(P,,),i = 0,1,2,..., where we
define f°(P) £ P,,. The state diagram of the induced Markov
chain is given in Fig [[1] with state space S = {0,1,2,...}.

Fig. 11.

Markov chain for policy of always transmitting

Let z = 0. Then the expected first passage time from state
1 to state z = 0 is

Tie = Am+2(1= X)) A +3(1= A A+ - = — < 0.

Am

The expected cost of a first passage from state ¢ to state z = 0

7d is a standard policy if there exists a state z such that the expected first
passage time 7; . from ¢ to z satisfies 7; . < oco,Vi € .S, and the expected
first passage cost ¢; . from i to z satisfies ¢; . < 0o,Vi € S.



ci. = Bf'(Pn) + (1 — B)E,, + (1 — A )C(i41),0
= Btrf (Pn) + (1 — ﬂ)E + (1= ) [ (Py)
+ <1—/3>Em] (1= A)? [Brf 2 (Po)+ (1= B) Em) +.
(1= B)E

_ﬁz (1 — Ap)"trf 7 (Py,) +

Am
(48)

For stable A, the infinite series above always converges.
To show convergence of the infinite series for unstable A,
note that the scenario where sensor m always transmits to the
remote estimator, with packet reception probability \,,, corre-
sponds to the situation studied in [31]], [32]. By computing the
stationary probabilities of the Markov chain in Fig. 1] we can
show that the expected error covariance E[ Py, | can be written
as E[Pyi] = Y07 (1 — An)" A f"(Pp). From the stability
results of [31]], [32]], We know that E[Py;] is bounded if and
only if A, > 1 — Thus

ﬁZl—
e Zl_

1

max; |cr Az

trfl—m( m)

YHE At f T (B) < 00

when )\, > 1 — maxs T (A

Hence d is a standard pohcy Furthermore, one can see from
Fig. [[I] that the positive recurrent class R4 of the induced
Markov chain is equal to .S, which verifies (CAV*1).

Since the cost per stage ¢(i,a) corresponds to ﬂtrf’km +
(1= B)vm 1 Em, condition (CAV*2) can also be easily verified.
This thus proves the existence of solutions to the infinite
horizon problem in the case of a single sensor m.

For the general case with multiple sensors, if at least one
sensor m/’ satisfies A,y > 1 — m, then solutions to
the infinite horizon problem will exist, since restricting to this
sensor m’ already guarantees the existence of solutions.
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