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Abstract: The am of this paper is to study the regional observer concept through the
consideration of sensors. For a class of distributed diffusion systems, we propose an
approach derived from the Luenberger observer type as introduced by Gressang and Lamont
[1]. Furthermore, we show that the structures of sensors allow the existence of regional
observer and we give a sufficient condition for each regional observer. We also show that,
there exists a dynamical system for diffusion systemsis not observer in the usual sense, but
it may be regional observer.
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Introduction

The observability problems in distributed systems have been the subject of a good deal of research
[2-7]. These systems are the general representation of several physical systems described by partial
differential equations or differential equations [8-9]. In this paper, we are concerned with some
methods of construction of an asymptotic regiona state for infinite dimensional systems described, in
terms of linear semi-group. The notion of asymptotic regional construction has been introduced by Al-
Saphory and El Jai [10] and is based on the concept of regional detectability [11]. In this work, we
develop this approach and the mathematical tools which allow to construct various types of w-
observers in a given subregion w of the domain Q, in connection with sensors structures. The results
are considered in a particular case of parabolic systems. The principal reason behind introducing this
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concept is that it provides a means to deal with some physical problems concern the determination of
laminar flux conditions, developed in steady state by vertical uniformly heated plate (Fig. 1).
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Figure 1. Profile of the active plate.

This approach can be extended to find the unknown boundary convective condition on the front face
of the active plate, asin [9]. The reconstruction is based on knowledge of the dynamical system (w-
observer) and the measurement given by internal pointwise sensors (that means by the thermocoupl es).

The paper is organized as follows. Section 2 is devoted to the presentation of the system under
consideration and preliminaries. We recall that the definitions of w-stability and w-detectability and we
also give the definitions of different types of w-observers (case genera, identity and reduced-order).
Section 3, we characterize each w-observers in terms of sensors structures and we give a counter-
example of the case w-observer is not observer in the whole domaine Q. The useful applications of
these results are considered.

2. Asymptotic w-observer
2.1 Description systems and preliminaries
Suppose (SA (t))tZO an exponentially stable, strongly semi-group of operators on the space X, with
generator A : D(A) - X may belinear differentia elliptic defined by
Ax(&,t) = Ax(&,t)
We denote Q=Qx(0, o), @=0Q%(0, o) and we consider

dr [

ar

t) Ax(E.t)+ Bult) Q
x(n. t) 0 B (2.1)

x( &, 0) xglé) 0

and measurements are given by the output function
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2(t) = Cz(§.t) (2.2)

where the following hypothesis are considered.
* Theoperators A is self-adjoint with compact resolvent.
« Qisan open regular bounded set of R" (n =1, 2, 3) with smooth boundary Q.

e wisanonempty given subregion of Q.
* X, U, O are separable Hilbert spaces where X is the state space, U the control space and O the

observation space and with X = L? (Q), U = L2 (0, co; R and © = L? (0, o0 ; RP).

e TheopeaorsB: U - Xand C: X - O are bounded linear and depend on the structure of
actuators and sensors [7]. Under the above assumption, the system (2.1) has a unique solution given
by

gt
e(E. L) = 5a(t)zl&) / Salt — s)Buls)ds. (2.3)
S
The problem consists to construct a regional observer which gives an estimated state of x(&, t) in w

by using only the measurements (2.2). We recall that:
= A sensor may be defined by any couple (D, g) where:

1. D denotes a closed subset of Q , which is spatia support of sensors,

2.9 0L 2 (D) defines the spatial distribution of measurements on D.

According to the choice of the parameters D and g, we have various types of sensors. A sensors may
be of zone typeswhen D [0 Q. The output function (2.2) can be written in the form

2(t) =Cx(& t) =< z(., 1), gi(.) =r20m (2.4)

A sensor may also be a pointwise when D = {b) and g = &(. — b) where d is the Dirac mass
concentrated in b. Then the output function (2.2) may be given by the form

zZ(t) = Cx(E.t) = x(b. t). (2.5)

In the case of boundary zone sensor, we consider D = I with I 0 9Q and g [J L? (). The output
function (2.2) can then be written in the form

z(t) = Ca(é.t) =< x(.. 1) g(.) =2y - (2.G)

The operator C is unbounded and some precautions must be taken in [7].
» Thefunction X, is defined by

Vot L) — L3(w)
T P X =

where x |, (&, t) isthe restriction of the state x(§, t) to . Define now the operator
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KrxeXN - Kr=CSt)x e (2.8)

then z(t)=K(t)xo(.). We denote by K' : O — X the adjoint of K given by
g
K*z%(.1) / S*(&)C" 2L, s)ds, (2.9)

=  The autonomous system associated to (2.1)-(2.2) is exactly (respectively weakly) w-observableif :
Iy, K f.‘}[.a;] (respectively Ty, K 1.2{;,'}].

» Thesuit of sensors (D;,gi)1<i<qis w-strategic if the system (2.1)-(2.2) is weakly w-observable [12].
The concept of w-strategic has been extended to the regional boundary case asin [13-15].

2.2 w-observer

The theory of observer was introduced by Luenberger [16] and has been generalized to systems
described by semi-group operators [1]. Recently, these results have been extended to the regional case
by Al-Saphory and El Jai [11]. This extension is based on the concept of regional detectability. In this
section, we define the asymptotic w-observer in agiven subregion cw.

Definition 2.1. The system (2.1) is said to be w-stable, if the operator A generates a semi-group
which is stable on L*(w). It is easy to see that the system (2.1) cw-stable, if and only if, for some positive
constants M and a, we have

XwoAll) ||p2i< Me “t Wi>0

If (Sa(t))o is stable semi-group on L%(w), then for al xo 0 L? (Q), the solution of the associated
autonomous system satisfies

lim || 2 ||;2,, = im || xo5alt)zp |[p2,=0 (2.10)
- W e a

Definition 2.2. The system (2.1) together with the output function (2.2) is said to be w-detectable if
there exists an operator H, : @ — L? () such that (A — H.C) generates a strongly continuous semi-

group (Su.(t))o Which is stable on L? (w).
Definition 2.3. Suppose that there exists a dynamica system with state y(&, t) O Y (a Hilbert space)
given by

iy

ETA Foy(é.t) + Gou(t) + HoCx(E. 1) Q
yln.1) 0 A (2.11)
y(£.0) Yol§) ()

where F,, generates a strongly continuous semi-group (S, (t))i=0 Which is stable on the Hilbert space
Y,G, 0L U,Y)andH, O£ (O)Y). The system (2.11) defines an w-estimator for X, Tx(é, t) if:
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1 limBy(§.t) - x,™(£1)E=0, {0w

2. XoTxmaps D(4) into D(F.) where x(¢, t) and y(é, t) are the solutions of (2.1) and (2.11).

Definition 2.4. The system (2.11) is w-observer for the system (2.1)-(2.2) if it satisfies the following
conditions:

1. ThereexistsR £ (O ,L? (o) and STL (L? () such that RC + Sy T = 1

2. XolA-FXol =HCand G, =X,TB.

3. Thesystem (2.11) determines w-estimator for x,Tx(¢, t).

The purpose of w-observer is to provide an approximation to the state of the original system. This
approximation is given by

X(£,t) = Re(t) + (& 1)

Itisclear that:
» Thesystem (2.11) is said to be an identity w-observer for the system (2.1)-(2.2) if XoT=1,and X=Y.
» Thesystem (2.11) is said to be areduced-order cw-observer for the system (2.1)-(2.2) if X=2 0L Y.

3. Sensors and w-observer reconstruction

In this section, we give an approach which alows to construct an w-estimator of Tx(&,t). This
method avoids the calculation of the inverse operators [14] and the consideration of the initial state
[12], it enables to observe the current state in w without needing the effect of the initial state of the
original system. Let us consider the set (¢n) of eigenfunctions of L*(Q) orthonormal in L*(w)
associated with the eigenvalues A, of multiplicity r, and suppose that the system (2.1) has unstable
modes.

3.1 General case

The problem of asymptotic w-observability may be studied through the observation operator C. That
means, we can characterize the w-observer by a good choice of the sensors. For that objective, suppose
that information is retrieved from the system by p sensors (Di, g)1<i<p. IN the asymptotic regiona state
reconstruction various types of sensors can be considered (Fig. 2).

T
=) \
@@

Figure 2. The estimated state in w and various sensor locations.
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3.1.1 Case of pointwise sensors

Consider again the system
dax _ .
—(&,t) = Ax(é,t) + Bult) Q
ot
rin,t) =10 i (3.1)
(.0 =ap() Q

In this case the output function (2.2) is given by
z(t) = Ce(. ) = 2(bi. 1) (3.2)

where bi[1Q is the sensor locations. Let w be a given subdomain of Q and assume that for TCLC
(L%(Q)), and X T there exists a system with state y(&, t) such that

y(§.1) = xuTz(&.1). (3.3)

where X, is defined in (2.7) and we denote T, = X, T. The equations (3.2)-(3.3) give

z c
I {3.4)
u

1.
If we assume that there exist two linear bounded operators R and Swhere R: O - L (w) and S:
L%(c) — L?(c), such that RC+ST,, = I, then by deriving y(&t) in (3.3) we have

iy di
Iy =4 —(F
it (&) Lo ot (&

=T ASy(&.t) + T ARz(b 1) + 1, Bult)

t) =T Ax(E ) + T, Bult)

Consider now the system (which is destined to be the w-observer)

%{E.ﬂ = F yl&.t)+ G ulé.t)+ Hyx(b t) Q

it

gln.t) =0 O (3.5)
9(§.0) = wlf) 0

where F,, generates aa strongly continuous semi-group (Seuft)):= o Which is assumed to be stable on
L%(c), i.e.
My, ap, >0 such that || xoSp, (f) (|2 S Mpe ar, ()

and G, 0 £ (U, L)) and He, O £ (&, L¥(w)). The solution of (3.5) is given by

3
G(E.4) = Sk (Diinl€) + [ Sp(t — 8)[Gou(s) + Hya(b;, s)|ds
WS
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The problem is that, how to observe asymptotically the current state in ), i.e. to show that under

convenient hypothesis, the state of the system (3.5) is an estimator of T, (&, t).

Theorem 3.1. Suppose that the operator F, generates a strongly continuous semi-group which is

stable on L?(c), then the system (3.5) is w-observer for (3.1)-(3.2), that is,

im X (£.1) - Q(z,t)gz 0, £Dw

if the following conditions hold:

1. Thereexist RO £ (&, L¥(w)) and SO £ (L¥(w)) such that
RC+ 51T, =1 {3.6)
TA = F T, =H.C
(3.7)

and G, =T,B.

Proof: For y(&, t) = Tox(E, t) and ;/(E,t) solution of (3.5), denote e(&,t) = y(&,t) - ;/(é,t).
We have

de ay dy
Srl6t) = or (&) - =0 (6.t)

= T,Ax(&,t) + ToBult) — FLy(é.t) — Guult) — Hyxz(bi, t)
= Fo(6.t) + [TLAx(Et) — F,T.x(Et) — HoCe(E.t)] + [TuB — Gulu(t)

— Fe(€.1).

Thus e(£,) =S, (t)e(0,t) where e(0,t) =T, % (€) - Yo (£). Now the stability of the operator

F.leadsto

| el t) |2y < Mpe " || Tuo(.) = dol.) |2
therefore l[rge(f,t) =0.Let X(&,t)=Rx(hh,t)+Sy(&,t), then we have

e, t) =&, t) — xz(E.1)
=x(&, 1) — Re(bi.t) — Sy(&.t) = Se(&,t)

Finally we have ItLrD x(&,t)=x(&t). m

From this theorem, we can deduce the following statements:

1. This conditions (3.6) and (3.7) in theorem 3.1 guarantee that the dynamical system (3.5) is w-
observer for the system (3.1)-(3.1).

2. A system which isan observer is w-observer.
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3. If asystem is w-observer, then it is w-observer in every subset w,; of w, but the coverse is not
true. This may be proven in the following example:
Example 3.2. Consider the system

()
”{5 _ }F,{g £) + yoz(E.8) |0.al, >0
2(0.t)  =z(a.t) =0 = (3.8)
r(£.0) = xglE) |0.al
augmented with the output function
2(t) = [ 2(£,4)5(€ — b)de (3.9)
J1i1

Where vi>0,v.>0,a>0,Q=1]0,a and b O Q isthe location of the sensor (b, &,). The operator
2

A= [yl +Y, E generates a strongly continuous semi-group (S (t))is0 on the Hilbert space L%(Q).

0&?
Consider the dynamical system
) Ay
%(g.:) . *’3; (E8) + (€. 1) — HO(GE ) — 2(€6.8)) ]0.a,t >0
gl t) =10 t=0 (3.10)
Y& 0) = pl€) 0. af

whereH O L (&Y), Y isaHilbert spaceand C: Y — O isalinear operator. If b/a 0N [0, a], then the

sensor (b, &) is not strategic for the unstable subsystem of (3.8) and therefore the system (3.8)-(3.9) is
not detectable in Q. Then, the dynamical system (3.46) is not observer for the system (3.8)-(3.9) [7].
We consider theregion w=[a,B] [ [0,a] (Fig. 3) and the dynamical system.

® ‘\\ I

|
I —
0 o B Q a

Figure 3. The domain Q, the subregion w and the sensor location b.

dij i)

5(-&:&' et (6.8) + py(&, 1) — HoC (&, 1) — (£, 1)) 10,al,t > 0
yln.t) =0 t>0 (3.11)
y(&:0) = wlf) 0, al
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where H,, O £ (LX(O, o, RY), L (w)). If b/a 0 IQn ]0,d, then the sensor (b, &,) is w-strategic for the
unstable subsystem of (3.8) [12] and therefore the system (3.8)-(3.9) is w-detectable [11], i.e.

| imx(&,t) = y(&,t). Finaly the dynamical system (3.11) is c-observer for the system (3.8)-(3.9).

3.1.2 Case of zone sensors

In this case, we consider the system (3.1) with the output function (2.4) and we assume that there
exists an operator T, is such that

y(&1)=Tx(¢.t)

S0, regiona observer may be described by

i . o ) .

E{E.ﬂ = Fog(é.t) + Goul(t) + Hy < z(..t). gi(.) >r2py @

\ gln.t) =0 Q (3.12)

L 96.0) = ole) 0

with solution is represented by the equation
t
ylE.t) = Sp_(t)1o(€) [n Sp,(t = s)|Gouls) + Hy < x(.,8), gil.) =pr2(p,)lds

Thus, we obtain the following proposition:

Proposition 3.3. If following conditions hold :

1. Theoperator F,, generates a strongly continuous semi-group which is stable on the space L%().
2. Thereexiss R O L (O, L? (w)) and SO £ (L? (w)) such that

RC+ STy, =1
TA - F,T,=H,.C

3 and Go=T.8

Then, the dynamical system (3.12) is w-observer for (3.1)-(2.4).

3.1.3 Case of boundary sensors

Here, we consider the system (3.1) augmented with output function (2.6). The related dynamical
system may be expressed by the form

iy )
F’:ff.f} = FLp(&.t) + Guult) + Hy < z(..t).gil.) 2y @
gln.t) =0 a (3.13)

JED) = ih(©) 0
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The solution of (3.13) is given by
t
glE.t) = Sp_ (t)gol€) 4 [ St = 8)|Guuls) + Hy < x(.,8), gi(.) >p2r)lds
410

Therefore we have the following result:

Proposition 3.4. Under the following conditions :

1. Theoperator F,, generates a strongly continuous semi-group which is stable on the space L (c).
2. Thereexiss R 0L (O, L? (w)) and SO £ (L? (w)) such that

RC+ STy, =1
TA-F,T,=H,C

and Go=1T.,8

the dynamical system (3.13) is w-observer for (3.1)-(2.6).

3.2 Identity cw-observer

In this case, we consider T, =1 and Z = X, and so the operator equation T, A - F,T, = H.C of the
regional observer reduces to F, =A - H,C where A and C are known. Thus, the operator H,, must be
determined such that the operator F is stable. In the case where the sensors are zone types, we
consider the system (3.1)-(2.4), together with the dynamical system

» _
%{E.ﬂ = Ag(&.t) + Bult) + Hy(< (.. ). gi(.) =r2py —Cylé.t)) Q
yln.t) =10 9 (3.14)

GE0) = do(€) 0

Thus the sufficient condition of an identity w-observer (Fig. 4), is formulated in the following
proposition :

Proposition 3.5. If there exists a suite of p zones sensors (Dj, 0i)i< i< p Which is w-strategic for
unstable subsystem of the system (3.1)-(2.4), then the dynamical system (3.14) is an identity w-
observer for (3.1)-(2.4).

Proof: Let us denote (_e(E,t) =y(&t)- ;/(E,t) . Then by deriving é(f,t) , we get
e

Wy
= (6t =—=-(&1)

iy
ot
= Ax(£.t) + Bu(t) — Ag(€.t) — Bu(t) — Ho(< x(..£). gi(.) >p2p,) +CH(E. L))

(€.}

— Az(é.t) - AJ(E.1) — HoCla(E,1) — §£.1))

— (A — H,O)e(é. 1)
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Since the sensors (Di, g)1< i< p are regionally strategic for unstable subsystem of (3.1)-(2.4), the
subsystem is weakly w-observable, and since it is finite dimensional, then it is exactly «w-observable.
Therefore it is w-detectable [10], there exists an operator H, O £ (L% (0, o, RY), L%(w)), such that

(A-H.C) generates a strongly continuous, stable semi-group (Suaft))i= o 0n the space L%(cw) which is
satisfied the following:
IMy, ay > 0such that || xuSua (f) [|L2w) < Mye @ (t)

Finally, we have
() 2y < N XS (8) 1| L 20() | € Mue™ O [ zg(.) |

and therefore e(E,t) - 0 whent - o . In this case, the operators R = 0 and S = | with

)A((E,t) = ;/(E,t) , then we have

2(E.1) — 2(E.t)
2(€.t) = a(€.t) + 2(6.8) — §lE.1) = E(E.1)

,..
B

=

o,

=

=
|l
P

=

Thislead to | imx(&,t) = x(&,t). Then, the system (3.14) is an identity w-observer for (3.1)-(2.4).
In the case where the sensors are pointwises, we consider the system (3.1)-(2.5) with the
corresponding dynamical system
Dij o _ S
E{E.ﬂ = Agy(&.t)+ Bult) + H(x(b. t) — Cylet)) Q
gln.t) =0 ] (3.15)
§(&.0) = hol&) 2

may be considered as an identity cw-observer. So, we have the following result:

Proposition 3.6. If there exists a suite of p pointwise sensors (b, di)1<i<p Which is w-strategic for
unstable subsystem of the system (3.1)-(2.5), then the dynamical system (3.15) is an identity w-
observer for (3.1)-(2.5).

In the case where the sensors are boundary zones, we also consider the system (3.1) together with
output function (2.6). Then the system

%{E.f} = Aj(&.t) + Bult) + Hy(< 2. t). gil.) >r2r,y —CilE.t)) Q
glogt) =0 Q (3.16)
l §(€.0) = gol€) 0

may be consider as w-observer for (3.1)-(2.6). Then we have the following result:
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u ) B JT_\ . System * HT C * {7} 15
(B) A
H:-| D
B L ‘ _ [dentity “ ~ —_ C
- ohserver
A ¥

Figure 4. Identity cw-observer.

Proposition 3.7. If there exists a suite of p boundary zones sensors (I'i, gi)1 <i <p Which is w-strategic for
unstable subsystem of the system (3.1)-(2.6), then the dynamical system (3.16) is an identity w-
observer for (3.1)-(2.6).

3.3 Application to an identity co-observer in diffusion system

Consider the case of two dimensional system defined in Q =]0, 1] x ]0, 1] by the parabolic equation

i _ dx > x ,. o
F‘._flf.‘r-!’.l Elf;-fz-h I Elf:-fz-l’; Falfr, €a.t) Q
x(C.n,t) 0 6 (3.17)
(€1, E2.0) zolé1. E2) 0

and suppose there is only one boundary zone sensor (I', g) located on ™ = [Noy - |1, 1] x {0} O {1} x
[0, No2 + I2] O 0Q. The sensor (I, g) may be sufficient for the measurement part of the desired state

[17]. In this case the output function is given by
z(t) / (¢, thglc, n)dCdn. (3.18)

and the considered subregion w=]ay, B1[ x] az, B2 [0 Q =]0, 1] x ]0, 1], (see Fig. 5).

00? 2 C
The eigenfunctions related to the operator Eﬂ% + 6_2 +1 aregiven by
1 2 L

] Y

L&l m L £3 — g
— — Sl N slnmm | =
Ve — o) (Fz —az) By — o 2 — Qi

-\ £
e '-.‘fl 152
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associated with eigenvalues

n? m?

- : : 2

}"i'lril'l=l_ , .2|., 7|7
By —ap)? (B —az)

Q

Figure 5. The domain Q, the subregion w and the sensor location I".

By applying the proposition 3.7, the system

' 9y
B E‘E'f
Fy(€1.82.1) + Hy(2(t) = Cy(&.62.1)) Q

8] a%
EAGHSR) (61.60) + =5(61.60.1)
it f}‘fi

ylc.n.t) =) (=]

y(€1,82.0)) = yo(&1.&2) Q

“

isan identity w-observer for the system (3.17)-(3.18) if

[r:r:(q.:rlr.f]g(ﬁ.ﬁr]rﬁ;rﬁ; # (.

173

(3.19)

Thisleadsto (Nox — 1) / (B1— 1) and (Noz — 02) / (B2—0) O N for every n, m=1, ... ,J, and hence

the boundary sensor (I', g) is w-strategic.

3.4 Reduced-order cw-observer

In the case where the output function (2.2) gives information about a part of the state vector
X(E ,t) , It is necessary to define an asymptotic observer enables to construct the unknown part of the

state. Consider now X = X; [ X, where X; and X, are subspaces of X. Under the hypothesis of section

2, the system (2.1) can be decomposed by:

‘&ll -"j‘l_?

By
B

Ao Ag

(3.20)
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where x; 00 X3, Xo [J X3, By [J L (Z1, U) and B, [J L (X, U). Using the decomposition of (3.20), the
system (3.1) can be written by the form

%f&ﬂ = Anxi(€,t) + Apaz(&,t) + Biu(t) Q
r(n.t) =0 S (3.21)
x1(£.0) =z, (§) Q
and
g

T{ﬁf} = ﬂgl:ﬂ]l;f.t} | ﬂgz:ﬂg[f.ﬂ' | Hg'h’l{ﬂ Q

il

ra(n, t) =1 (& (3.22)
ra(£,0) =z, (€) Q

Now we discuss this problem with various sensors. Thus in the case of pointwise sensors the system
(3.21)-(3.22) augmented with output function.

z(t) = xy(b;. 1) (3.23)

In this section, the problem consists in constructing w-observer which enables to estimate the
unknown part X, (E ,t) . Equivaently, the problem is reduced to define an identity cw-observer for the

system (3.22). The equations (3.22)-(3.23) alow the following system.

o

F{ff’\]‘ = ﬂg_}ﬂ.l{fj. f) | l.H_}Hlj] { al_}lni”i.rf'\” Q
aln.t) = =] (3.24)
alé,0)  =aglé) 0
with the output function
Z(&.t) = Aza(€. 1) (3.25)

From the proposition 3.6, we have an identity w-observer for the system (3.24)-(3.25) given by

- '}"
%{E.ﬂ = Apg(€,1) + [Bau(t) + Aziz(bi, t)]
FH[Z(6.t) — Apagl€. 1) Q
\ e e (3.26)
yl.t) =10 5]

[ #(£.0)  =1o(€) (0
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If the sensors (Di, gi)1 <i <p are w-strategic for the subsystem (3.21)-(3.23) and this result gives the
following relation:

1. o= (3.27)

2. rank Gy, =1y, Yn.om=1...... J with G = (G)ij = @n, (bi) (3.28)

wheresupr, =r <o andj =1,..., rp. Thus we have the following theorem:
Theorem 3.8. If the sensors (Dj, 0i)1 <i <p are w-strategic for the unstable subsystem (3.21)-(3.23),

then

limf (.t)+Hx(b 1) -, (§,t)E=0, D§0w

where x(b;, t) is the output of the initial system and w is the solution of equation

r %{5,-1) = (Agn — HyAw)(€,t) + [AwH, — HoAwH,
— HyAyy + Agy|z(b;. t) + Bz — H,Bylu(t) Q
dt) =0 e
L P(6.0) = vo(E) 0

Proof: The solution of the identity cw-observer (3.26) is given by
4
yl&.t) = Sy, (t)ygl&) + / Syt — s)|Bouls) + Agyx(by.s) + Hoz(E, 8) ds (3.29)
Ji

From the equations (3.21) and (3.25), we have

kg

T[g‘f t) — Anx1(€.t) — Brult) (3.30)
[

Z(6,t) = Agzalf.t) =
Inserting (3.30) into (3.29), we obtain

_ i t A _ L o
ylEt) = Su_ (thyol(&) 4 [n S (t —S}HMT;{f..‘:‘JriH [ [) S (t — 5)|Baul(s) (3.31)
Ao (b, s) — HyAnx(E.8) — HyByu(s)|ds

and we can get
t _ dry . .
[ Sp t—s)H,—(&.s)ds = H,x(&.t) — Sy () H x10(8)
Jo ot PR
r (3.32)
+ (Ao — HuA2) / Syt —s)Hyr (£, 5)ds
Jo

Using Bochner integrability properties and closeness of (Ax - HA12), the equation (3.32) becomes



Sensors 2001, 1 176

t i .
[Lqﬂﬁ.[f—.‘;JHu;%(E,.s}ds — Hoz1(6.4) — Sy (t)Huzo, (€)
S (

J_ (3.33)
t [} Sp (t = 8)(Agp = H A )Hyx (€, s)ds
Substituting (3.33) into (3.31), we have
§(&.t) = Su (g€} — Su. (1) H o, () + Hyx (€. 1)
| /; Sp.(t = s)[AnH, — HoAisHy — HoA + Az (€, s)ds (3.34)

| /'r Su_(t — $)[Ba — HoBilu(s)
]

Setting @ (€,t) = y(&,t)+H x(b,t), with @y(&)=y,+H,X, (§). where z,(£)=x,(£).
Now, assume that (A,H, —H,A,H, ~H A, +A,) and (B, —H,B,) are strongly continuous,
the equation (3.34) can be differentiated to yield the following system

i '] .:1
%{5- t) = (Agp — HyAp)0(&,t) + (AgeH, — H,A15H,
- HyAn + Aoy )x(bit)) + (B2 — HoBr)ul(t) Q
3 (3.35)
W(n. t) =) e
[ P(€.0) = uplf) (2
and therefore
i )
E{f,-fl - gfﬁﬂ = (P(&.t) + Hyx(b t)) — xa(§. 1)
ot it

= (Aoag(£.t) + Boult) + Asyz(b. t) + Hu(Z(E. 1)
—AqaE)(E.t) — A (£.8) — Agsxa(E.t) — Bault)
= (Agz — HoA) (56, t) — x2(€, 1))

From the relation (3.27) and (3.28), we can deduce that the system (3.24)-(3.25) is w-detectable
[11], there exists an operator Hy, O £ (&, L*(w)), such that (A, —H,,A,) generates a stable semi-

group (SM (t))tZO on the space L? (w):

apr, (1)

M4y, ag, > 0such that || xuSu_ (1) ||p2()= Mu_ e

Thus we obtain
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| G(.t) = w20 t) o2y < | xwSHL(E) 2y |50, 0) = 22(..0) [ L2
< My e 5 || (., 0) = 22(.,0) [| 2y — 0

as t—— 0o,

N

Inthis case, X(&,t) =y, (£,t), then we have

(&) =(E.t)+ Huz(bi t) — xa(£. 1)
=€, 1) + Hx(b t) — xa(&. 1) + xa(€, 1) — x2(€, )
= (&, 1) + Hox(bi t) — T2(£.1)

and hence limx; (Et)=x,(&,t).m
Then, from this result, we have:

1. The state vector Y, (&,t) can be represented by

;/: lB:EX C
(r 0 +H X
0, 0 W +HC
which estimates asymptotically the state vector
=L
2L

2. The component Y, (&,t) isan asymptotically estimator of X, (&,t).

3. Thesystem (3.26) is areduced-order w-observer for the system (3.24)-(3.25) (Fig. 6).

4. If we consider X; = L2 (0, oo; RP) and X, = Y where Y is the state space for the w-observer. So,
from the theorem 3.8, the reduced-order c-observer can reconstruct the unknown state
components (Xp+1,%p+2, --.), thus the condition (3.7) of the theorem 3.1 is satisfied, if we define
the following operators as below.

H, a,
S=[0 1,1, R=[l, H,I Tw:% pand C=0"

(I
[

and we obtain therelation RC + ST, =1, .

In the case of zone sensors, we consider the system (3.21)- (3.22) augmented with output function
2o t) =< el t).gil) =2y (3.36)

The equations (3.22)-(3.36) lead to the following system
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-
%{g.a} — Api(é.t) + [Bau(t) + Aoy < 21( ), 6i(-) >120y] Q
ant) =0 O (3.37)
a(,0) =aplg) Q

with the output function

Z(E.1) = Arza(é.t) (3.38)

i Symbam 4T7

]

n x v
Syakem ) o i}

HA =4 H=HA H
-] -] -] [

]

Rachicad i = B
o =charea

—

k]

Figure 6. Reduced-order cw-observer.

Using the proposition 3.5, we have an identity regional observer for the system (3.37)-(3.38) given
by

oy
%ffrf} = Anafj(§. 1) + [Bau(t) + Az < 21(..8), 9il-) > 12D,
+Hu|z2(6.1) — Arzg(€. 1) Q
) A | (3.39)
Gt) =0 )
L g(g.0) = go(8) Q

If the sensors (D, 0i)1 <i <p are w-strategic for the subsystem (3.37)-(3.38), then we have the relation
1. p=r

2. rank Gp =rp, Yn.on=1,..... J with G = (Gn)ij = (< ¢n, (). 0:(.) >12(py)

wheresupr,=r <o andj =1,...,rn. We have the result.
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Proposition 3.9. The dynamical system (3.39) is a reduced-order w-observer, if there existe a suite
of p zone sensors (Di, 0i)1 <i <p, Which is w-strategic for unstable subsystem of the original system.

The case of boundary pointwise sensors is similar to the case pointwise sensors. In the case of
boundary zone sensors, we consider again the equations (3.21) and (3.22) with the output function

2(.t) =<z (1), gi () =r2ry (3.40)

The equation (3.22)-(3.40) leadsto

O , .
%(ﬁ- t) = Agad(é.t) + [Bau(t) + Axy < 21( 1), 0i(L) >yl Q
ant) =0 e (3.41)
a(e,0) = agl€) 0

with the output function
Z(E.1) = Aalé,t) (3.42)

From proposition 3.7 can be characterized an identity w-observer for the system (3.41)-(3.42) given
by

”
%L‘E-f} = Apfi(€.1) + [Bault) + Aoy < 21(..4). 9i(1) >r2p]
+H,[Z(E. 1) — Apagi(é.t)] Q
) (3.43)
Gln.t) =0 G
[ §(€.0) = Bol8) 0

If the sensors (D, gi)1 <i <p are w-strategic for the subsystem (3.21)-(3.42) and this result gives the
following relation

1. pEr

b3

rank Gy =r, Vi, i=1...... J with G = (Gn)ij =< @n, (), gil) =r20))

wheresuprp=r<o andj =1,..., I'n.

Proposition 3.10. The dynamical system (3.43) is a reduced-order w-observer, if there exist a suite
of boundary zone sensors (I'i, gi)1<i < p Which is w-strategic for unstable subsystem of the original
system.

These results can be extended to the case of Neumann boundary conditions.

3.5 Application to a reduced-order w-observer in diffusion systems

Consider the case of one dimensional system described by the parabolic equation
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E{g.z} — AU )]0 =0

ot ,

W(0.t) =W(Lt)=0 =0 (3.44)
U(£.0) = Wo(f) |0, 1]

Suppose that information retrieved by p pointwise sensors. The output function is given

1 1 ) tr
() = M qx(g.na(g—hlmg.m._[ﬂ @{g.a}a(g—s;;,)fng (3.45)

where Q =]0, 1] and (bi)1 <i <p [ Q are the pointwise sensors locations (Fig. 7).

Figure 7. The domain Q, the subregion w and the location b; of the pointwise sensor.

The output function (3.45) gives the first p components of the state vector l1—’(E,t). Thus the

residue components

1
[ W(E)I(E — b)dE Wi >pt1
Jo

may be constructed asymptotically the second part of the state vector. For this purpose, consider the
subregion w=]0,B[ O ]0, 1] and the eigenfunctions of the operator A related to w are defined by

2 I
5‘5}:1{6] — 1‘;' _f Hlll'ﬂ:‘f(é)

In this case, the operator B = 0, A2 =A; =0and

Ay = diag( Ay, Az, -+, Ag)
Aoy = diag(Ag 1. Agya. )

The system (3.44)-(3.45) is equivalent to the system (2.1)-(2.2). The associated eigenvalues

A= E%Tgwith A>A,>..>A;>0>A,,, >... . Thetheorem 3.8 alow to estimate the unknown
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components W asymptotically whereW=W W ... . If the sensors arew-strategic for the

unstable par of the subsystem with A;1. That means, the following the relation holds:

1. pEsupr, =p=1

1
2 [ U(C,)5(C — b)dE £0, Vi, q<i<lJ
S0

then, we obtain m%u(é,tﬁ H,W(h,t)- LIJ(E,t)%: 0, 0&0w with

Zo6t) = Aple) + (B — HyAn)¥(0,1)) 10,1[ ¢ >0
1

Pint) =0 t=0
W(E0)  =1pl€) |0, 1]

and so, for p < J the components of the unstable modes of the output function are required to be non-
zero, and for p > J, the sensors are also strategic for the subsystem with A;;. Finaly the dynamical
system

%{5.{} = Apad(E.t) — H CE(E ) |0, 1[x]0 1]t = 0
[N

gnt) =0 £ (3.46)
@(€.0) = dlE) [0, 1] =], 1]

isareduced cw-observer for the system (3.44)-(3.45).

4. Conclusion

In this paper we have studied the concept of w-observer, of a distributed diffusion system whose
behavior is expressed in the terms of infinite-dimensiona system. More precisely, we have given an
extension of asymptotic regional state reconstruction in the considered subregion w, based on the
structures of sensors. Thus, we have characterized the existence of such w-observer (general case,
identity, reduced-order). The case where the state to be asymptotically estimated on a part of boundary
of the domain Q isunder consideration.
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