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Abstract

Salient edges are perceptually prominent features of a surface. Most previous extraction schemes utilize the notion
of ridges and valleys for their detection, thereby requiring curvature derivatives which are rather sensitive to
noise. We introduce a novel method for salient edge extraction which does not depend on curvature derivatives. It
is based on a topological analysis of the principal curvatures and salient edges of the surface are identified as parts
of separatrices of the topological skeleton. Previous topological approaches obtain results including non-salient
edges due to inherent properties of the underlying algorithms. We extend the profound theory by introducing the
novel concept of separatrix persistence, which is a smooth measure along a separatrix and allows to keep its most
salient parts only. We compare our results with other methods for salient edge extraction.

Categories and Subject Descriptors (according to ACM CCS): G.2.3 [Mathematics of Computing]: Discrete
Mathematics—Applications; 1.3.0 [Computer Graphics]: General—;

1. Introduction

Salient edges are visually prominent characteristics of a sur-
face. Extraction techniques for these features on triangular
surface meshes have become standard tools in the Graphics
community and are used in a variety of applications such
as e.g. measuring the quality of free-form surfaces [Hos92],
registration of surfaces [Sty04], non-photorealistic render-
ing [[FP95], and surface segmentation [SF04].

In this paper we follow the common description of salient
edges as line-type features of a surface along which the prin-
cipal curvatures Kin, Kmax are locally extremal: perceptually
salient convex edges are given as maximal lines of Kjuqx ful-
filling |Kmax| > |Kmin|, and salient concave edges as minimal
lines of K, fulfilling |Kpmin| > |Kmax|. Hence, we are inter-
ested in view-independent features of the surface.

To extract them, most techniques utilize the notion of
ridge and valley lines [Thi96, Ebe96]. This requires first
and second order derivatives of the curvature function which
itself already contains second order derivatives of the un-
derlying surface. Hence, ridges and valleys need third and
fourth order derivatives of the actual input mesh and there-
fore they are very sensitive to noise. The robust computation
of these derivatives is a challenging problem. It is still an
active field of research and a large number of different ap-
proaches have already been proposed for this: fitting of a
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smooth surface either locally [CP03, GI04, YBSO05] or glob-
ally [OBS04] as well as evaluating discrete differential op-
erators [MDSB02, CSM03, HPWO05].

In this paper we want to overcome the problem of curva-
ture derivative estimations by developing a method for the
extraction of salient edges that does not require curvature
derivatives at all. To do so, we extract the fopological skele-
tons of the principal curvature functions, which contain lines
of minimal/maximal curvature called topological separatri-
ces. They are a superset of the desired salient edges. Our
method is based on discrete Morse theory [For98, For(2],
which allows us to compute the topology of a discretized
function without referring to its derivatives [Lew02]. Fur-
thermore, the algorithm works completely combinatorial on
a discrete domain, i.e., numerical issues do not play a role.
This makes our new method a robust, less noise-sensitive
scheme for extracting salient edges on triangle meshes.

Topology in general is well-understood and thorough
treatments can be found in e.g. [FG82, GH86]. The concept
has been applied in a variety of applications such as remesh-
ing of triangular surfaces using quadrilaterals [DBG*06],
analyzing and visualizing scalar [PCMO3] and vector fields
[HH89], or identification of handles and tunnels in surfaces
[GWO1]. The watershed algorithm [RMOO] is closely related
to topology and often applied in image analysis.
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However, although topological concepts have become
standard tools in other areas and despite the possible algo-
rithmic advantages due to derivative-free and purely combi-
natorial computations, almost no approaches exist to apply
this scheme for the extraction of salient edges. As we argue
in section 3, this is because existing topological approaches
keep some non-salient lines, and remove some obviously
salient parts of the skeleton. In particular, topology lacks
a concept for measuring the strength along a feature line
and all previous extraction schemes ignore that the feature
strength may smoothly increase along the line. For these rea-
sons the results of previous topological extraction schemes
are less satisfying than those of ridge/valley schemes.

In this paper we address these problems by introducing
a novel concept to the field of topology: the persistence of a
separatrix. This is a smooth measure of importance for every
point along a separatrix, which allows us to tell apart salient
feature lines from non-salient ones. Its computation is fast
and completely parameter-free. To the best of our knowl-
edge, this paper presents the first approach to a smooth ex-
traction of salient edges using discrete topology — thereby
avoiding curvature derivatives and other numerical issues in-
herent to ridge/valley schemes. We conduct a thorough com-
parison with other edge detection methods based on both
definitions, i.e., ridges/valleys and topology.

The rest of the paper is organized as follows: In section 2
we give an introduction to the necessary topological terms
and concepts. We introduce our new persistence measure
for separatrices in section 3 and give implementation details
in section 4. Results and a comparison to other methods is
given in section 5. Conclusions are drawn in section 6.

2. Theoretical Background

In the following we discuss the — for our purposes — most
important terms of topology and refer the reader to the liter-
ature for more details. To ease the explanations, we consider
an arbitrary 2D scalar function f : R’ — R, which allows us
to plot its graph as a height map (see figure 1). Later, this
function will be replaced by the curvature of a surface. Also
note that although some of the following explanations make
explicit references to derivatives, we will eventually not need
them to do the actual computations.

2.1. The Topological Skeleton of a Scalar Function

Let g = V f be the gradient of a 2D scalar function f, which
is a 2D vector field pointing into the direction of steepest as-
cend. Considering the tangent curves (or stream lines) of g,
topology aims at describing their characteristics by segment-
ing the domain into regions of similar flow behavior. The key
to this are critical points, which are isolated zeros of g. We
distinguish between (see figure 1c):

o minimum (source) — outflow, i.e., all tangent curves move
away from this point (locally smallest value of f),

e maximum (sink) — inflow, i.e., all tangent curves move to-
wards this point (point with locally largest value of f),

(a) 2D scalar field.

(b) Terrain with isolines.

(c) Gradient with critical points. (d) Topological skeleton.

Figure 1: Topological skeleton of a simple 2D scalar func-
tion. Minima are shown in blue, maxima in red, saddles in
yellow. Separatrices connecting to minima/maxima are col-
ored in blue/red.

e saddle — mixture of both inflow and outflow.

While most tangent curves pass by a saddle point, four dis-
tinct tangent curves either start or end there: these are called
separatrices, where two of them connect to minima and the
other two connect to maxima. This yields a graph structure
where all critical points are connected to each other by sepa-
ratrices. We call this the fopological skeleton (see figure 1d).
The topological skeleton is stable under small perturbations
in general: to remove critical points or to change their con-
nectivity a perturbation is needed that exceeds the strength
of these features.

The separatrices segment the domain into topological sec-
tors — with the property of having only a single minimum
and a single maximum in each sector. Hence, all tangent
curves in a sector start at the minimum and end at the max-
imum. Also note, that f is monotonically increasing on a
tangent curve. In other words, f behaves monotonically in
each sector of the topological skeleton with respect to its
gradient. The border between two adjacent sectors consti-
tutes a change of that monotony and denotes therefore a line
of minimal or maximal scalar value. The borders are given
by the separatrices - hence, they are extremal lines of f.

Both concepts, separatrices and ridges/valleys, describe
extremal lines of a scalar function and yield very similar
results for the most dominant extremal lines. While ridges
are given by a local analysis of f and its derivatives, sepa-
ratrices are global structures, i.e., one cannot locally decide
whether a point is part of a separatrix or not. As discussed
in [SWTHO7], ridges detect even rather small fluctuations of
f, whereas for the topological approach a fluctuation has to
be strong enough to breach the monotony of its neighbor-
hood, i.e., by creating a local extremum. A thorough com-
parison of both concepts is beyond the scope of this paper;
we refer the reader to [Ebe96, SWTHO7, PS08].
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2.2. Discrete View of Topology

The goal of this paper is to extract salient edges of triangle
meshes, i.e., discrete surfaces. It is favorable to stay in the
discrete setting and handle the topology in a discrete manner
as well. To do so, we choose the scheme given by Forman in
his seminal work on discrete Morse theory [For98,For02]. It
describes the topology of a combinatorial vector field on a
cell complex. A cell complex of a triangle mesh consists of
three classes of cells ordered according to their dimension-
ality: O-cells are the vertices of the mesh, /-cells the edges,
and 2-cells the triangles. Each cell is treated as an individual
entity with a certain connectivity to its neighbors. A combi-
natorial vector field is now defined on a cell complex such
that a n-cell points to a single incident n + 1-cell, i.e., vertex
— edge and edge — triangle. Furthermore, it is required that
a cell does not point to any of its neighbors if it is already be-
ing pointed to by one of them. Critical points are cells which
neither point to a neighbor nor does a neighbor point to them.
Tangent curves are given as a sequence of vertex-edge links
or edge-triangle links.

For our purposes, we want to encode the properties of the
gradient vector field g in a combinatorial vector field with-
out actually computing it. Lewiner [Lew(02] and Cazal et
al. [CCLO03] show how this can be done using spanning trees
and a watershed-like algorithm on the cell complex. Details
can be found in section 4. It is important to note that the
discrete gradient vector field of f can be computed without
derivation — the only requirement is the ability to sort the
items, i.e., a less/greater comparison on the data values suf-
fices.

While the concept of discrete Morse theory provides a ro-
bust computational framework based on a profound theory,
it also introduces an unintuitive view of separatrices: sepa-
ratrices are not integral curves in the discrete setting, but in-
stead a minimal line is represented as a sequence of vertex-
edge links and a maximal line as edge-triangle links. The
integration-free computation of separatrices contributes to
the overall robustness of our approach. Consequently, sep-
aratrices are not smooth anymore and for coarse meshes the
discrete nature of these features becomes obvious. However,
in practice we did not encounter this problem since “real”
meshes are usually dense enough.

2.3. Simplification of the Topological Skeleton

The presence of noise can cause a wealth of topological
structures (often referred to as “oversegmentation”), because
every local extremum causes the creation of corresponding
topological structures. Topological simplification is a pow-
erful tool to handle noise and oversegmentation. The goal
is to order the structures of the skeleton according to some
importance measure and successively remove all structures
below a certain threshold — under the side condition that the
skeleton is in a topologically consistent state after each sim-
plification step.
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(a) Before.

(b) After.

Figure 2: Cancellation of the saddle-minimum pair (s, my).

In fact, there is only a single operation that maintains
a consistent state: a pairwise removal (cancellation) of
two critical points with opposite Poincaré index (see e.g.
[FG82]). For 2D scalar fields this turns out to be either a
saddle-minimum or a saddle-maximum cancellation. Let us
consider a saddle-minimum cancellation starting with the
skeleton of figure 2a, where the saddle s and the minimum
my are about to be removed, whereas m; and both maxima
M; shall remain. The separatrices connected to the maxima
will be removed, and the separatrices connected to the min-
ima will be re-used by reconnecting all separatrices of m; to
the remaining m;. The result is shown in figure 2b.

A commonly used stable importance measure for critical
points is persistence [ELZ02,CSEH07,EHZ03]. In combina-
tion with topological simplification, it can be defined locally
as the smallest deviation of f between the saddle s and its
connected extrema m;, M;:

ps = min(d5",d5") )

with the saddle-extremum deviations
dg" = f(s) — max(f(m;)) @)
d" = min(f(M;)) — /(). 3)

A topological simplification is an iterative process of re-
peated cancellations where the saddle-extremum pair with
the currently lowest persistence is canceled until a certain
persistence is reached or no further cancellations are pos-
sible. Since a cancellation changes the connectivity in the
graph, it also triggers an update of ps in the neighborhood:
in figure 2b, the two saddles in the right part of the do-
main gained persistence. This makes topological simplifi-
cation an inherently global process, where the final persis-
tence values (which match the definition in [ELZ02]) for
all saddles have been determined when all (possible) can-
cellations have been carried out. This has proven to be a
powerful tool and in the context of triangle meshes it has
been applied primarily to segment surfaces into patches, see
e.g. [MW99, NWB*06, BP07].

Our method is based on a persistence-based simplification
of the principal curvatures K;,,, Kmax. However, the concept
of persistence is defined for critical points only, which leads
to a number of problems when one is interested in extracting
salient edges as we will show in the next section.
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(a) Left saddle cannot be
canceled, since periodic
orbits are not allowed.

(b) Right saddle is canceled and
its separatrices are
completely lost.

Figure 3: Existing topological approaches keep non-salient
lines while removing some salient parts of the skeleton.

3. Salient Edge Extraction

In the following we develop our approach to salient edge ex-
traction based on topology. First, we identify the shortcom-
ings of existing topological methods (section 3.1). Based on
this, we introduce a new concept to the field of topology: the
persistence of a separatrix, which is a metric-independent
importance measure for each point along an extremal line
(section 3.2). We give an overview of the complete method
including comments on post-processing for depiction in sec-
tion 3.3.

3.1. Why Existing Topological Approaches Fail

As already discussed in the introduction, topological con-
cepts have become standard tools for a number of appli-
cations. However, almost no approaches exist to apply this
scheme for the extraction of salient edges. To the best
of our knowledge, there is only a single previously exist-
ing topological method for salient edge extraction due to
[SWPLOS]: instead of persistence, a different importance
measure for saddle points is used, which considers integrals
of f over separatrices and topological sectors. Unfortunately,
this does not suffice to produce results that can compete with
ridge/valley schemes as we will show in section 5.2 using a
real-world model.

Here, we want to identify two theoretical reasons why
both the method of [SWPLOS] and classic persistence can-
celing fail with respect to salient edge extraction. The prob-
lems arise from inherent properties of topological simplifi-
cation as shown in the following.

Consider figure 3a, where the graph of a 2D scalar func-
tion is plotted as a height map. Our main focus are the maxi-
mal lines (red) and their saddle points (yellow). The left sad-
dle has a lower persistence than the right one, so it is the
first one to be canceled. However, this cancellation is topo-
logically forbidden since it would turn the blue separatrices
on the left into a so-called periodic orbit, which cannot oc-
cur in gradient vector fields. Hence, the left saddle and its
non-salient separatrices are enforced to remain in the skele-
ton — thereby violating the idea that the skeleton contains
only structures above a certain persistence threshold. In real-
world models, these non-salient results are often very notice-
able as false positives running through e.g. almost flat areas
of the mesh.

The right saddle in figure 3a is next to be canceled.
Since this is an allowed cancellation (no periodic orbit will
be created), the saddle point and its separatrices are com-
pletely removed from the skeleton (figure 3b). This shows
that topological simplification employs binary decisions: ei-
ther a topological structure gets completely removed or not.
Hence, the concept of topological simplification itself ig-
nores the fact that the strength of a feature may smoothly
increase along the line. This is also the case in figure 3a,
where the strength of the rightmost maximal line increases
while it runs upwards to the global maximum.

Summarized, existing topological approaches keep some
non-salient lines, and remove some obviously salient parts
of the skeleton. We address both problems by introducing
the new concept of separatrix persistence in the next section.

3.2. The Persistence of a Separatrix

Previous schemes assigned a persistence value only to the
saddles of the topological skeleton. To see why this does not
suffice if we are primarily interested in extremal lines, con-
sider the following intuitive example: figure 4a shows the
topology of a simple 2D scalar field on a terrain. Imagine
that rain pours onto this terrain and consequently the wa-
ter assembles around the two minima as shown in figure 4b,
where the blue surfaces denote the current water level. In
this particular example, the water level represents the cur-
rent persistence value during simplification. The two regions
around the minima are still separated from each other by a
“dam”, i.e., the separatrices ¢,¢, (red). Water is rising and
at some time it will reach the lowest point of the dam, i.e.,
the saddle. From this moment on, water from both regions
gets mixed, i.e., the regions are merged by canceling (s, mj)
and keeping m (figure 4c). Previous simplification schemes
would also completely discard both red separatrices 1, ¢, at
once. However, most of the dam is still there and remains to
be there even if water keeps rising (figure 4d). The two re-
maining parts of the dam will only be completely gone once
the water level reaches their highest points, i.e., the maxima
M;,M;.

We draw two conclusions from these observations: first,
{1 and /¢, have to be treated independently from each other
after their saddle has been canceled. Second, the slow decay
of each separatrix has to be described by an interval and not
a single value. To do so, we give the following definition:

Definition 1 (Separatrix Persistence) Let s denote a saddle
connected to the minima m; and maxima M; in the skeleton
of f. The persistence of a separatrix { is defined for each
pointx € £ as

f(x) —max(f(m;)) , ¢is maximal line
pe(x) =9 Ny o : @
min(f(M;)) — f(x) , £ is minimal line.
Separatrix persistence measures the significance of every
point on a separatrix. As it is derived from classic persis-
tence, it inherits the stability under small perturbations. Ob-
viously, py reaches its highest value at the extremum. The
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(a) Terrain with critical points

and separatrices. minima.

(b) Water assembles around the (c) Dam is breached at saddle.

(d) Two parts of the dam remain
as water keeps rising.

Figure 4: Separatrix persistence assigns an importance weight to each point along a separatrix. It respects that the importance

of a feature may smoothly change along the line.

Figure 5: The cancellation
of figure 2 assigns a final
persistence to the removed
separatrices (gray, dashed).
Neighboring separatrices
gain persistence (red, thick).

point on ¢ with the lowest persistence is the saddle s. Note,
that the value of py(s) depends on whether ¢ is a maxi-
mal or minimal line, i.e., p;(s) = dg" for maximal lines and
pe(s) = aM for minimal lines following equations (2) and
(3). This is very important as it allows us to treat minimal
and maximal lines independently: for example, a maximal
line with high persistence values can be “crossed” by a num-
ber of minimal lines with low persistence values.

During topological simplification, the persistence of af-
fected separatrices changes. Figure 5 illustrates the effect of
the saddle-minimum cancellation known from figure 2 on
the persistence of the separatrices in the neighborhood of the
removed minimum m;: since the saddles on the right side of
the domain have been reconnected to the stronger minimum
m, their red separatrices gain persistence (shown as thick
red lines). A similar statement holds for saddle-maximum
cancellations and blue separatrices.

Note that a repeated execution of cancellations distills the
most important separatrices of the topological skeleton by
assigning higher persistence values to them. Therefore, we
combine the computation of separatrix persistence with the
process of topological simplification in order to build up
a feature hierarchy, i.e., determine the most important ex-
tremal lines. To do so, we simplify the topological skeleton
as described earlier and compute a final p, when separatri-
ces are removed from the skeleton (shown as gray dashed
lines in figure 5). In the case where a cancellation is topo-
logically forbidden due to periodic orbits, we still compute a
final py for these separatrices, but leave them in the skeleton
to maintain topological consistency.

(© 2009 The Author(s)
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The computation of the final persistence values of all sep-
aratrices is a global process since we coupled it to topolog-
ical simplification. But not only from an algorithmic point
of view: note that in general the distances between con-
nected critical points increases during simplification, i.e.,
they are increasingly representing the non-local behavior of
the scalar function. After the last cancellation, the remain-
ing structures represent its global behavior. This is a major
reason why our topological method for extracting extremal
lines is more robust against noise than schemes based on the
ridge/valley definition, which describes extremal lines as lo-
cal features.

3.3. Method Overview and Post-Processing

The input for our salient edge extraction method is a trian-
gulated surface mesh and its principal curvatures Kmax, Kpmin-
Our method does not depend on a specific way of computing
the curvatures. In fact, we found that it works well with dif-
ferent schemes. For the results in section 5 we used a simple
curvature estimation based on normal variation.

In order to detect edges in convex regions, we start with
computing the initial topological skeleton of Kjax. During
the following persistence-based simplification we compute
the separatrix persistence as already described, i.e., with
each cancellation step we determine the persistence of those
separatrices that are removed from the skeleton (or enforced
to remain due to periodic orbits). They are hereby fixed in
the hierarchy, i.e., their importance has been determined and
they are added to the output. This is done until no further
cancellation is possible, but the resulting skeleton might still
contain some separatrices that have not yet been added to
the output. We compute their separatrix persistence and add
them to the output as well. This gives us the set of all initial
separatrices reconnected to longer lines during the simpli-
fication and augmented with our new separatrix persistence
measure. From this set we keep only the maximal lines and
parts thereof which fulfill |Kmax| > |Kpnin|, i-e., the perceptu-
ally salient maximal lines. Similarly, we get the perceptually
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Figure 6: Human torso. (left) Kmax/S$min of the surface shown in front/back. (middle) Reduction of the result size by removing
lines with very low persistence (green); exemplified for the minimal lines of K,in. Kept lines are shown in black and scaled
according to separatrix persistence. (right) Perceptually salient convex edges are shown in red, concave edges in blue (py = 20).

salient minimal lines from the topological skeleton of K,
which fulfill || > [Kmax]-

Note that this procedure is completely parameter-free, and
it avoids curvature derivatives as well as other numerical
problems.

The user is left with choosing an appropriate threshold
for separatrix persistence in order to display the most salient
edges. However, the raw result is usually rather large. There
is a nice way to automatically reduce the number of output
lines and confront the user with a drastically smaller result.
This can be done by considering the histogram of cancella-
tions as it is shown for the torso dataset in figure 6 (mid-
dle). It measures the number of cancellations over the per-
sistence ps of the saddles: a very high percentage of cancel-
lations takes place at very low persistence levels indicating
the amount of noise in the data set. We found that it is safe
to remove all lines from the result which have been canceled
at such low persistence levels. While it might be interest-
ing to explore the possibilities of choosing a low persistence
threshold automatically by e.g. analyzing the histogram, we
use a fixed threshold of 0.1 in our implementation. This
worked out for all our experiments and reduced the size of
the result by usually more than an order of magnitude.

Finally, we allow the user to remove small lines and
smooth the result in order to get rid of the high-frequent os-
cillations arising from the discrete nature of our features.
Since separatrix persistence is a smooth measure along a
line, we found it beneficial to display the lines scaled accord-
ingly, which elucidates the strength of a feature and allows
for smooth phase-outs.

4. Implementation

In the following we give some details about the algorithms
for extracting the initial topological skeleton (following
Lewiner [Lew02] and Cazals et al. [CCLO03]) and simplify-
ing it. Separatrix persistence is computed during the latter.

For the extraction of the initial skeleton it is assumed that

the scalar field (K, Or Kmax) is given on the vertices of the
mesh. The scalar values for edges and triangles are computed
as the average of the values of their incident vertices. Then
the list of edges is sorted according to their value and tra-
versed in ascending order while labels are assigned to the
vertices in a watershed-like manner, i.e., for each visited
edge we check if its two incident vertices already have a la-
bel:

e If not, then the vertex with the lower scalar value becomes
a minimum, the other is linked to it, and both get the same
label (creation of spanning tree).

e If one vertex has a label, then the other gets it as well and
is linked to the first (continuation of spanning tree).

e If both vertices already have a label, the edge is marked to
be a potential saddle (end of spanning tree).

A similar procedure in descending order with edges and tri-
angles is carried out to get the list of maxima. The final
list of saddles is obtained as intersection of both sets of
marked edges. Their separatrices can then easily be traced
using the links set above. The complexity of this algorithm
is O(nlog(n)) with n being the number of edges.

The skeleton is stored in a graph-like structure, which gets
simplified in a combinatorial manner. The saddles are in-
serted into a priority queue such that the saddle with the
lowest persistence comes first. Then we process the queue
and cancel each saddle together with the corresponding ex-
tremum — thereby updating the neighborhood as described in
section 2.3. If a cancellation is not allowed due to periodic
orbits, we re-insert the saddle into the priority queue with the
persistence corresponding to the opposite extrema. However,
in any case we record the persistence of the separatrices that
(would) have been removed from the skeleton. When the pri-
ority queue is empty, we iterate over all remaining saddles
(usually a very low number) and compute the separatrix per-
sistence of their separatrices as well. The complexity of this
algorithm is O(slog(s)) with s being the number of saddles.

(© 2009 The Author(s)
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Figure 7: Results from left to right: dinosaur, screwdriver, knot model, plot of K;uin and concave edges of the brain model, blade.

5. Results and Comparison to Other Methods

Figure 6 exemplifies — from left to right — stages of our
pipeline for extracting salient edges. Based on the principal
curvatures we compute the set of salient convex and con-
cave edges. The strength of these features is given by sep-
aratrix persistence, which is encoded for every point along
the feature line. Since the result is usually rather large, we
apply an automatic filtering which removes all lines that
have been canceled early during topological simplification.
Finally, we choose a threshold for separatrix persistence to
depict the most important features. Convex edges are typ-
ically displayed in red, concave edges in blue. All models
in this paper have been processed this way. Figure 7 shows
further results.

We already commented on the complexity of our algo-
rithms in section 4. While the time for the extraction of the
initial skeleton depends on the size of the input mesh, the
time for the topological simplification is coupled to the com-
plexity of the skeleton. In all practical cases we found that
the overall computation time is equally distributed between
both stages. Our technique is as fast as the other tested meth-
ods: the feline data set (figure 9) with its 100k triangles has
been processed by all methods (see below) in under a second
on the same hardware.

Since there is a large body of previous work on salient
edge extraction, we feel that it is necessary to conduct a thor-
ough comparison. In the following we compare our tech-
nique to three ridge/valley schemes as well as to the only
previous topology-based method. We are grateful to the re-
spective authors for sharing their code or binaries with us.

5.1. Comparison to Ridge/Valley-Based Methods

Description of Methods The Suggestive Contours (SC)
software package [DFR"] features a basic implementation
of the ridge/valley definition [Thi96] applied to a curvature
field computed by normal variation. The results are filtered
by curvature thresholding.

The crest lines method of [YBS05] consists of two steps:

(© 2009 The Author(s)
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computation of a smooth curvature field by local polynom
fitting and tracing of curvature extrema. Curvature compu-
tation is steered by a parameter that defines the size of the
neighborhood ring, i.e., the locality of the curvature. Further-
more, the software automatically smooths the input surface.
The result can be filtered by so-called ridgeness, cyclideness,
or sphericalness.

The JavaView software package features the method of
[HPWO5], where a discrete shape operator is used to obtain
the principal curvatures. The method explicitly incorporates
the possibility to smooth the extremalities. The user has to
adjust the number of smoothing steps and the step size. Re-
sults are filtered by curvature thresholding.

Robustness to Noise Triangle meshes very often contain a
certain amount of noise caused by different sources. There-
fore, feature extraction methods should have a certain insen-
sitivity to noise. This is especially important when the results
shall be used as input for further computations. To assess
the impact of noise on the extraction results of the different
methods, we use a simple generic model where we know the
undisturbed result and have full control over the amount of
noise. We use a sphere that is scaled in z-direction as shown
in figure 8. The structure we are looking for is the circumcir-
cle in the xy-plane, which is a maximal line of Kyqx. The ob-
jective is to reconstruct a closed circle for different amounts
of noise, which is added to the model by displacing the ver-
tices into normal direction. The amount of displacement is
randomized and controlled by a parameter d, which scales
the white noise [0, 1] — [0,d].

Figure 8 shows the results, where the rows denote differ-
ent levels of noise and the columns represent the different
methods. We did not include [YBS05] in this comparison
as the software did not give meaningful results for this type
of model — most likely an implementational issue and not a
problem of the method itself.

Already the undisturbed model poses a problem for the
straightforward ridge/valley implementation of the SC pack-
age as it can be seen in the middle of the first row: the
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undisturbed model 9

disturbed with d = 0.01
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Figure 8: Comparison of methods regarding their robustness to noise. All methods had to deal with the raw input, i.e., any
smoothing of the surface or the curvature was forbidden. Curvatures have been computed in the default way for the respective
method, i.e., [HPWO0S5] uses its discrete shape operator, while our method and the SC package use normal variation. We used a
clipping plane in the last two rows to expose the feature line. As it can be seen, our method is less noise-sensitive thanks to its

global nature.

circle is a set of disconnected lines, whereas our method
and [HPWO05] are able to extract the feature as a single
closed line. As it seems, a standard ridge/valley implemen-
tation can already be affected by the very small amount of
noise introduced by the discretization of the analytic model.
Also, the more robust computation of curvature derivatives
in [HPWOS] pays off. Note, however, that our curvature
computation is comparable to the one used in SC (although
the surfaces are colored differently, since the SC software al-
ways uses an advanced colormap showing K,in, Kmax While
we just show Kpax).

In the second row we added a small amount of noise. Both
ridge/valley methods are affected now, whereas our topolog-
ical technique still captures a single closed line. We tried to
push that a bit further in the last row by adding 10 times more
noise. Still, our technique detects a closed structure (with
a number of branches) and both ridge/valley methods are
strongly affected. The reason why our topological method
is much more robust against noise than ridge/valley meth-
ods lies in its global nature: local fluctuations are much less
accounted for and removed early during topological simpli-
fication. In addition, the more we simplify the topological
skeleton, the more it captures the overall shape of the model.

We are aware of the fact that smoothing the surface or
the curvature would give nicer looking results for all meth-
ods. However, “nicer looking™ is not a criterion in all ap-
plications and especially not, when the results are supposed
to serve as input for further computations. Smoothing may
very well dislocate or otherwise alter the features in an un-
controllable way. As the results of this comparison indicate,
our method is preferable in applications where noise is an
issue and smoothing is not desired.

Parameter Dependence and Connectedness of Results
In figure 9 we used the feline model to compare all three
ridge/valley methods with our technique. This model fea-
tures some challenging filigree structures on the wing. All
methods are able to extract the most prominent edges. How-
ever, the basic ridge/valley implementation of the SC pack-
age shows the most noisy results with a lot of disconnected
lines especially next to the head. Generally, our method gen-
erates longer lines. Note, how our lines form connected sub-
networks on the wing and the head. We observed this dif-
ference to the ridge/valley-based methods in all our experi-
ments and attribute it to the global nature of our approach.

Figure 9 also lists the parameters of every method that
had to be set up in order to achieve the shown results. It
is a major advantage of our method that the computation is
completely parameter-free. This makes it easier to use, es-
pecially in batch jobs where parameter adjustments for in-
dividual meshes are prohibitive. Note, that the ridge/valley
definition from [Thi96] itself does not impose computational
parameters, since ridges and valley are well-defined mathe-
matical constructs. The implementation in the SC package
follows this road and does not add computational parame-
ters. However, we find that the results of the SC package
are less satisfying than those of [HPWO05] and [YBSO05]. In-
deed, the latter two methods put more effort into an opti-
mized computation of curvature derivatives — this is where
the additional parameters come into play. The results in fig-
ure 9 clearly show that this pays off compared to the basic
ridge/valley approach, but it also complicates implementa-
tion and application. Our method, on the other hand, yields
qualitative similar results without derivatives and computa-
tional parameters — making it easier to use and implement.

(© 2009 The Author(s)
Journal compilation (©) 2009 The Eurographics Association and Blackwell Publishing Ltd.



T. Weinkauf & D. Giinther / Separatrix Persistence

BS05]

curvature derivatives

size of neighborhood ring

Input
curvature derivatives curvature derivatives curvature
Computational Parameters
smooth extremalities num steps
none none

smooth extremalities step width

Visualization and Filtering Parameters

ridgeness, cyclideness
sphericalness

integral curvature
local curvature

local curvature separatrix persistence

Figure 9: Comparison of methods regarding parameter dependence and the connectedness of the results using the feline model.
Compared to ridge/valley-based methods, our technique yields qualitative similar results without derivatives and computational

parameters.

(b) Our method.

(a) Method of [SWPLOS].

Figure 10: Comparison of our method to the only previously
existing topological method for salient edge extraction.

5.2. Comparison to Topology-Based Methods

To the best of our knowledge, the only previously exist-
ing topological method for extracting salient edges is due
to [SWPLO8]. Their approach differs greatly from ours in
three major aspects: first, they use the Curvedness measure
C= (%(Kfm-n + K%mx))% instead of the principal curvatures
as the basis for their analysis, which makes it impossible
to distinguish between concave and convex edges. Second,
they propose an alternative to saddle persistence (cf. formula
(1)), which considers integrals of C over separatrices and

(© 2009 The Author(s)
Journal compilation (©) 2009 The Eurographics Association and Blackwell Publishing Ltd.

topological sectors, but with the disadvantage of loosing the
monotone properties of persistence that are necessary for a
consistent feature hierarchy. In fact, this makes it impossible
to specify a threshold for feature strength and the user has
to choose the number of cancellations instead. Also, remain-
ing features may have a lower strength than previously re-
moved ones. However, the most important difference to our
approach regards the handling of separatrices: they have no
means of quantifying the feature strength along a separatrix.
Hence, a separatrix is considered either salient or non-salient
in its entirety, which leads to a number of false positives and
false negatives. Figure 10a shows this clearly. Our method
classifies salient and non-salient parts of the skeleton cor-
rectly as shown in figure 10b.

6. Conclusions and Future Work

We presented the first topology-based approach for the ex-
traction of view-independent salient edges, which is able
to distinguish between salient and non-salient features cor-
rectly. The key behind this is the novel concept of separatrix
persistence, which allows for the first time to handle the im-
portance of a separatrix in a smooth manner. We conducted
a thorough comparison with other state-of-the-art edge de-
tection methods. Our extraction method has a global nature
and applies derivative-free, purely combinatorial computa-
tions. Furthermore, it is parameter-free, easy to implement
and fast.
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While the differences between ridges/valleys and separa-
trices have been discussed in the literature [Ebe96,SWTHO07,
PS08] for general scalar fields, it is still an open question
how these differences play out for curvature fields on sur-
faces: is it possible that one approach misses a salient edge
found by the other? The answer is highly non-trivial due to
the lack of a formal definition of salient edges not based on
either approach. The examples in this paper suggest, how-
ever, that both approaches yield very similar results after
thresholding. Also, we assessed robustness against artificial
noise only. Another interesting question is how both ap-
proaches behave in the presence of non-artificial noise, e.g.,
coming from a laser scanner.

Our approach to quantifying topological separatrices is
applicable to any two-dimensional scalar function. Many ap-
plications in other domains — such as image processing and
scientific visualization — rely on a robust extraction of ex-
tremal lines, and could benefit from a customized variant of
our technique.
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