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Sequence Spa ces Generated by Modulí
of Smoothness

J. MUSIELAK and A. WASZAK

ABSTRACT. There are defined sequeratial moduli ira the rernainder ferm
fer real sequences. Properties of sequence spaces generated by xneans of the
aboye moduli are investigated.

1. INTRODUCTION

Ira rraany problems of mathematical analysis, ene of tire important
tools form moduli of ceratirauity and smootirraess arad variatieras of a furac-
tiara. Tire modulus of coratirauity may be detraed ira spaces of centirau-
ous furactieras arad ira L~-spaces. Ira [6] arad [7] we trarasfered tire rae-
tiara of modulus of coratirauity te spaces of sequeraces, by tire formula
ca(a:,r) = sup sup — t1¡, wirere a: = (t1)~0, r = 0,1,2 We

nOr :>nt
develeped a theory of medular spaces of sequences generated by tire
modulus (see alse [3]).
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Ira tire present paper we trarasfer tire definition of L~-modulus te
tire sequential case, introducing tire remairader form of tire sequential
modulus. Moreover, we replace tire power p by a sequence of so-furactioras,
so = (soí)~i, (fer definition of so-furactien see fer instance [4], 1.9). Tirere
are araalysed structural properties of modular spaces generated by mearas
of tire aboye notioras. In a subsequent paper we sirail shew appllcatiora
te problems of twa medular coravergence of sequeraces witir aid of moduli
of smeothraess and $-variatiens asid we siralí derive seme iraequalities.

2. MODULUS OF SMOOTHNESS

We introduce tire remairader form of tire sequeratial modulus ira tire
space X of all real sequeraces. Let a: = (t1)~’20 E X, tiren we denote
(a:)5 = t~ arad we write (r,,.xt = t~ fer 5 < m and (rmzt = ~m+i for
5 ira where m,j = 0,1,2 Tire sequerace rmx = ((rmz)j)Za is
called tire m-traraslatiera of tire sequerace a: (see [6]). Let ~ = (soí)~i
be a sequerace of so-furactioras. Tire remairader ferm of tire sequential
so-modulus of the sequence a: will be detraed as

=
ca~(z,r) = sup >3soí(¡(rma:)í — (x)1j), r = 0,1,2

m>r 1-1

Obviously, we irave

ca~(a:,r) = sup >3 soí(Itm+í —

tn>r.

For any two sequences a: and y we irave

ca~(z + y,r) =ca,~(2a:,r) +w,~(2y,r).

Let ‘P be a nonraegative, nondecreasing furactian of u> O sucir tirat
‘¡‘(u) —. O as u .—* 0~, ‘¡‘(u) not vanishirag identicaiiy, arad let (a,.) be
sequerace of positive nnmbers witir a = mf a,. > 0. We define tire set

r >0

XQIt) = {x EX: a,AI’(w<4Aa:,r)) --+0 as r —* ~ for a A >01.
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3. so-FUNCTIONS AND THEIR PROPERTIES

We sirall need tire following coraditieras coracernirag tire furactien ~p
and furactieras ~¡, i = 1,2,...

Tire furactien ‘II is said te satisfy tire conditioras (A2) for smail u
(fer Mi u), if tirere are u0 > O arad K > O sucir tirat 1II(2u) =K’I’(u) for
Mi O < u =u0 (for Mi u> 0).

Tus implies tirat for every ni > O tirere exists K1 > O sucir that
‘P(2u) =K1’P(u) for a]] 0< u =u1.

Tire sequerace so = (soí»¾will be said te satisfy tire conditiora (A),
iffor every £ > O there existA> O anda > O sucir tirat fer alíO <u < A
fer Mii = 1,2,...

soí(au) =£soí(u).

The sequence ~ = (soí)~
2i will be said te satisfy the conditiera (A’),

if tirere exists an a > O sucir tirat for every u =0, for aJí i = 1,2,...

2w~(au) =so1(u)

Let us remark tirat if tire furactioras S01 are Mi s-coravex witir a fixed
s 6 (0,1> thera ~i = (~)~2~ satisfles batir conditieras (A) arad (A’), (for
definitien of s-coravex furactian see e.g. [2], [4], [6]). A converse statemerat
is not true. For example, taking

Ira u

for O < u < yo, witir yo sufficieratly smMi, we see easily tirat (A) is
satisfled but so is not equivalent te an s-convex furaction fer O < s < 1.

We sirail say that tire functiora ‘P satisfies the cenditiora (13), if tirere
exists a y > O sucir tirat for every 6 > O tirere is an 77 > O satisfying tire
iraequality ‘P(~u) =6’I’(n) for any O =u < y.

Tire sequence so = (soí)~’2i of so-furactioras will be said te satisfy tire
condition (C), if for every i> > O there exists an £ > O sucir tirat for a]]
u> O asid Mi indices i, tire iraequality so¿(u) <£ impiles u < >.
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Let us remark tirat (C) implies tirat soí(it) > O if it > 0.

4. SPACE X(’I’)

We give new sorne ciraracteristic of tire space X(4!) detraed ira 2,
arad we iravestigate tire vector structure era

Theorem 1. Let us suppose tirat ‘1! .satisfies tire coradition (A2) for
smalE u arad let tire furactioras ~i1 satisfy (A2) for ah u witir a corastarat
K>0 iradeperaderat oíl. Tireraz E XeI’) ifaradoralyifa0P(caq,(Ax,r))
O as r —* oc for every A > 0.

Tire easy proof will be omitted.

Remark 1. It is easy te verify that if ,o¿ satisfy (A2) for smail u
witir K arad u0 iradependerat cfi arad tire sequerace a: is beuraded, tiren
tire tiresis of Tireorem 1 is true.

Theorem 2. Let orze of tire fohlowirag twa coraditioras iroid:

1~. 4’ satisfies (A2) for smalE u,

20. ~osatisfies (A’).

Tirera X(’P) is a vector spaee.

Proof. Supposirag a:, y E X(4!) arad applyirag tire iraequality so(it +
y) =so(2u) e so(

2v), we ebtaira for a: = (t¿), y = (si)

00

ca~(a: + y,r) =sup 3[~í(2¡tí+m — ti) + soí(218í+m — s~¡)] =
m>r-

— tm

=w.~(2x, r) + w
4,(2y, r)

for every r > O. New, by tire defiraition of X(4!) tirere exists a .X > O
sucir tirat a,.4!(ca,~(Ax,r)) -4 0 arad a,.1P(ca~,(Ay,r)) —* O as r —* oc. We
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have

a,.4! (ca4.QA(a: + y),i.)) =a,.4![ca~,,(Az,r) +ca,e(Ay,r)] =

=a,.4’(2w.~(Az,r)) + ar4!(2w4,(Ay,r)),

by rnonotoraicity of tire furaction 4!.

New, let us suppose 1~. By assumptions, tirere are censtants M,b>
o sucir that O < 4’(u) =6 implies u < M. Sirace a,.4!(ca<~(Ax,r)) —* O
as r .-. oc anda = mt a,. >0, we irave 4!(ca4.(Ax,r)) --+0 as i’ oc.
Hence tirere exists an r1 > O sucir tirat 4!(ca4.(Ax,r)) =6 for r > r1.
Corasequeratly, ca4.(Az,r) =M for y ~ ri. Similarly ca4,(Ay,r) =M for
r =r2 witir some r2 > O, arad we may suppose ~2 = ~I- Taking u1 =
by l~ tirere is a K1 >0 sucir tirat W(2ca,4,(Az,r)) =Kí’P(w.~4Ax,r)) arad
4!(2w4.(Ay,r)) =Ki4!(ca4.(Ay,r)) for r =~x• Herace for r =r1 we ebtaira

a,AP (ca4. (~x(z + y), 9) =K1 [a,.4’(ca4.(Aa:,r)) + a,.4!(ca4.(Ay, r))] —* O

as y —* oo. Herace a: + y E X(4!).

Next, let us suppose 20. Tiren

00

ca4.(aAx,r) = sup >3 sot(aAItt+m — t1¡) =
vn>,..

= vn

1 00—sup Y’ (pi(AIii+m — t1¡) = ~ca4.(Aa:,r)2 no’r ttm

arad similarly
ca4.(aAy,r) =~ca4.(Ay,r)

for y > O, A > O.
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Tirus

a~.4!(ca4.QAa(a: + y),r)) =a,AIt(2ca4.(Aaz,r)) + a,.4!(2ca~{\ay,r)) =

=a,.4!(ca4.(Az,r))+a,.4’(ca4.(Ay,r)) —>0
as r --* oc fer sufficiently smail ~ >0. Herace x+y E X(4!).
tire tireorem.

Tris preves

5. MODULAR STRUCTURE ON X(Q)

For every a: E X we define the furactienal

00

<(a:) = sup a~4!(ca4.(z,r)) = sup a,.4’ [sup E <pi(Itj+m —

r>O — — tm

Theorem 3. Let so = (soí»~i arad 4! satisfy orae of tire followirag
tino coraditioras:

1~ 4! is coracave,

20 furactioras so~ are coravez.

Tiren X(4!) is a vector space arad < is a pseudomodular ira X.

Proof. If 4’ is concave arad 4’(O) = O tiren 4’ satisfies tire ceraditiera
(A2) for all u > O, because 4!(2u) =24’(u). Herace, by Tireerem 2, X(W)
is a vector space. Mereever, if z,y E X, a: = (t1), y = (se), a,fi =
0, a + fi = 1, tiren

<(az + ¡3y) =sup ar4! [sup~ soí(a Ití+m — t1j + fi ¡sj+,,, — s~I)] =
vn>,..

— 1=?»

< <(a:) + <(y).

Consequeratly, c is a pseudomedular.
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New, let us suppose so¿ te be convex for i = 1,2 Tiren so =

(soOr1 satisfies (A’) arad so, by Tireorem 2, X(’P) is a vector space.
Moreover, witir tire same raetatien as aboye, we irave

<(ca: + ¡
3y) =sup a,.4’ [sup

r>O vn>,.

00

E so~(a ¡ti+m
t= vn

=sup a,.W [sup
r>O m>r

00

>3 ví(¡tí+m —

5= vn

00

+ sup a,.4! [sup >3 soí(¡sí+m
vn>,..

—sil)] =

Herace <is a pseudomodular ira X.
As well-kraowra, tire pseudomodular < defines ara F-pseudoraorm

Izk=iraf{u>0: i:) =u}

ira tire medular space

X~= {a:EX: c(Az)—.OasA—*0+}

(compare [5], [8]).

We siralí iravestigate < ira case wiren 4! is s-ceravex witir O < s < 1.

Remark 2. Let 4! be s-coravex witir O < .s < 1 and let so~ be caravex
fer i = 1,2 Thera c is ara s-coravex pseudomedular, i.e.

<(ca: + fiy) =a<(x) + fi5«y)

ifa,/3=O, a+fi’<1.

For proof, let lis remark tirat by Tireorem 3, c is a pseudomodular.
Mereover, takirag a: = (t

1), y = (se), a,fi =0, a + fi’ =1, we irave
a + fi =1 and se
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00

<(aa: + fiy) S sup ar4![a sup > soi(Iti+m —

r>O vn>,..
vn

00

+ ~ sup >Z soí(lsí±m— síl)] =aYa:) + fi8c(v).

Theorem 4. Let tire furactiora 4! be iracreasirag, coratirauous arad s-
coravea: arad let tire furactioras pj be coravea:, 1 = 1,2,..., wirere O < s < 1.
Tirera Me s-iromogeraeous psendoraorrn

u
satisfies tire folEowirag inequahities:

10 ifa: E X
9, ¡¡z¡¡~ < 1, tirera

¡¡a:j¡~ =~

20 ifa: EX9, j¡a:¡¡~ > 1, tirera

jja:jj~ =sup

inirere
4’i Ls tire iraverse to 4!.

Proof. Sirace, by Remark 2, < is s-convex, se ¡¡ ¡¡~ is an hemoge-
necus psendenorm. Let j¡xlI~ < it < 1, tiren

É soj(¡tj+m — t$l =1
ul/S vn>,. 1=m

fer Mi r > 0. Hence
00

sup >3 soí(¡tí.s-vn — ti) < ul/s4!..i(1/a,.)
vn>,.

— ,vn
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¡.e.

ca4.(x,r) =nr/sIP (1/a )
wirich gives tire iraequaiity 1~, wiren we take u —* 11x11+
New, if IIxIl~ > u> 1, tiren we irave

supa,.4! [—+--ca4.(x,r)1 > 1

arad we obtain tire iraequality 20 easily.

Corollary. By tire assnmptioras of Tireorem 4, if
w4.(z,r)

tiren ¡¡z¡¡~ = 1.

Let 3 be tire space of Mi sequeraces a: = (Ií)’
2~ sucir tirat t¿ =

for 1 = 1,2 Tirere helds tire follewing

Remark 3. Let us remark tirat if 4!(u) > O for u > 0, tiren a: E 3
if and oraly if ¡a:k = O.

6. COMPLETENESS

Taking tire assumptioras of Tireorem 2, we may consider tire quotierat
spaces: st

9 = X9/3 arad .Ñ(4!) = X(4!)/3, witir elements ~, . . - (see [1]).
Tire F-pseudenerms resp. s-convex pseuderaerms may be detraed by

= ¡a:¡~, ¡¡~¡¡~ = ¡¡x¡¡~, where a: E ~,respectively.

Theorem 5. Let 4! be iracreasirag, coratiranous arad satisfyirag tire
coraditiora (B,). Let ~ = (soi)~~i satisfy coraditioras (A) arad (C). Moreover,
let at least orae of tire fohlowirag twa coraditioras hoEd:

1~ 4’ is coracave,

20 so¿ are coravex.

Tirera X9 is a Fr¿ciret space with respeet to tire F-raorm j{.

Proof. Let (i,,) be a Cauciry sequerace ira X9, a:,, 6 i,,, a:,, =
(t?)~20. Witirout loss of generality, we may suppose tirat t~ = O for
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it = 1,2 We denote by ~»¾ the iraverse furaction te 4». Since a =
iraf a,. > 0, for every £ > O ene can firad an N sucir tirat ¡a:, — a:q¡9 <
>0

a4!(£) for p,q > dV. By tire defiraition of [¡~,tirere exists it~ sucir tirat
O < n~ c a4’(e) and <(~j~) =n~ for p,q> dV. Consequeratly,

forp,q> dV arad r >0 wirerace

ca4. (xv—a:~r) = = <e

fer p, q> dV, r> 0. By tire defiraitiora of ~ we ebtaira ira particular

(1)5 vn

for p,q > dV, s > m and 1 > m > r > 0. B.y coraditiora (C), fer every
~ > O ene cara tirad ara £ > O sucir tirat

— _ ~

í+vn i+vn : fl<q (2)

fer p,q,> dV, 1> m>O. Hence

Itt±m— ~t+m¡ < ¡t~~ — 4¡ + qu~ c ¡t’ — Éfl + ija4’(c)

ferp,q> dV, 1> m >0. Siracet? = Oferit = 1,2,..., tire aboye iraequal-
ities imply (tfl~.1 te be Cauciry sequeraces for 1 = 1,2 Hence tirese
sequences are coravergerat. Let us write t1 = Hm t~ fer 1 = 1,2,..., to =

fl *00

O, a: = (t1)~%. Taicing q .—* oc ira (1), we obtain

= vn
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forp>N s>m>r>0. Agaira,takings—>oc,weget

Éso.Ct~m —ti
1~

2 vn
<4’ a,.)it

ferp>N m>r>0.Thus,

ca4. ( XP a: r) si\
—“~~ ( a,.)

ferp>dV r>O Herace

a:~— a:r)) =nc
(3)

for p> dV asid r> 0.

We are geirag te prove tirat a:~ — a: E X9 fer large p, i.e. <(A(a:~ —

a:)) —.0 as A —* 0+. Let £ > O be fixed and let dV be cirosera as aboye.
Let p> dV. We irave fer A > O

ca4.(A(a:,, — x),r) = ca4.

Taking ej —* oc ira (2) we obtaira

— ~i+m —

a:~— a:,.) =

= sup E so~ (Au~
¡t~’A<m —ti1~ — ti

—ti¡ <11
nc
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for 1> m > 0. We apply tire coraditiera (A) witir tira place of£ A <a/u4,
arad we ciroese 27 = A. Tiren for u = ¿ ~ — — 4+t1¡ weget

I4+~ — —4 + tí¡) =~ ({¡4+m — t1+,~ —~ +soí

for p> dV, 1 =m> 0. Hence

00

caÁA(a:~ — a:),r) =tsup >3 4~ ¡tj~fl% — ~i+m 4 +
vn>,’. ‘3k

n = ~1¡)=

Herace fer O < A =a/it4 we irave

— a:)) = sup a,.4!(ca4.(A(a:~ — a:),r)) =supa,.’P (t4!1 (Hs))
r>O r>O

New, we apply the coraditiora (13) witir y = 4»—iQ~’-) it = 4» _

Ciroesirag fi > O arbitrarily and takirag t = ~,we olitain

Cerasequeratly,

c(A(x~—a:))=supa,.6~=6u4 forO.cA=a/u~.
~>o a,.

Sirace n~ is fixed, this implies <(A(a:~ — a:)) .—* O as A -4 0+. Hence
— xc 3<9 for p> dV. But X~ isa vector space; tirus, a: E X~.
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By (3), we have for arbitrary e> O,

(a:~— a:) =n~

fer p > dV. Tirus, ¡a:~ — a:¡< < it~ < a4»(£) for p > dV, arad we get
¡a:,, — a:¡9 —* O as 7> —~ oc. Tus preves tire cempleteraess of tire space 3<9.

Theorem 6. Let tire furactiora 4» arad tire sequerace so satisfy tire
assumptioras of Tireorems 1 arad 5. Tire 1(4’) fl 3<9 is a Fréciret spaee
muir respeel te tire F-narm ¡19.

ProaL It is sufficierat te sirow tirat X(4!) fl 1. is a closed subspace
of 3<9 witir respect te tire F-raorm ¡.j~. Let ~,, E X(4») fl st9, ¾.—~ ~ ira
3<9. Let a:~ E h~ a: E ~. By tire assumptien, we irave for every A > O

a,-4!(ca4.(A(x — a:,,),r)) —* O as p —* oc

uraiformly ritir respect te r. By a property of ca4., arad tire cenditiora
(A2) fer soí, we irave

ca4.(Aa:,r) =ca4.(2A(x — a:,,),r) +ca4.(2Aa:,,,r) =

=K[ca4.(A(a: — a:,,), r) + ca4.(Aa:,,, r)].

By properties of 4! we irave tirat tirere exist M > 0, 6 > O sucir tirat fer
every it satisfying tire ceraditien O < 4!(u) =fi tirere irolds tire inequaflty
u < M. Taking A > O fixed we may tirad a pi sucir tirat 4’[ca4.(A(a: —

z,,),r)] < fi for p =p~, arad ira corasequerace we ebtaira tirat ca4.(A(x —

a:,,),r)=Mforp=pí,witiraraM>0. LetmbesucirtiratK<2
m.

Applyirag tire iraequaiity 4’(n + y) =4»(2u) + 4!(2v) arad ceradition (A
2)

for small u witir a constant K1 > 0, we tirus obtain

4!(ca4.(Ax,r)) =4![2Kca4.(A(a: — a:,,),r)] + 4’[2Kca4.(Aa:,,,r)] =

=Kr~’[4’(ca4.(A(a: — z~),r)) + 4»(ca4.(Aa:p,r))]
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for p> p’. Let us cireese an arbitrary e > 0. Tiren tirere exists a po =Pi
sucir tirat

a,.W[ca4.ff«a: — x~<,),rfl <

But a:~<, E X(4’) arad so, by Tireorem 1, we have

a,.4![ca4.(Aa:~0,r)] —* O as r —* oc

Herace tirere exists an ~o sucir that

a,AP(ca(Aa:p6,r)) < ~ Kf”’ fer r> ro

Corasequently,

arW(ca(Aa:,r))< —+—£ ferr=ro22

Tus sirows tirat a: 6 X(4!). By Tireerem 5, a: 6 X9~ Herace a: E X(4’) fl
3<9, arad so ~ E 1(4’) fl 3<9.

Let us remark tirat Theerems 5 arad 6 may be expressed alse ira a
ferm replacing F-raerm ceravergerace by mearas of modular convergence
with respect te tire modular «~) = iraf{<(y): y E :~}.

Let us recail tirat a sequence (t~) of elements of 3<9 is said te be
~-Cauchy, if tirere exists a 1v > O sucir tirat for every £ > O tirere is an dV
sucir tirat «k(t, — ~q)) < £ for Mi p,q > dV. Tire space X9is called <-

complete, if any sz~Cauciry sequerace is stcoravergent te an elemerat ~ E 3<9.

There bah) tire foUawing theorems, proofs of whicb are analogous
te tirose of Tireerems 5 arad 6:

Theorem 7. Urader tire assumptions of Tireorem 5, tire space 3<9
u .~-complete.

Thenrem 8. Urader tire assumptioras of Tireorem 6, tire space
X(~) fl 1< la .~-complete.

The authers are indebted te tire Referee fer tus remarks which
irelped to improve tire paper.
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