
❙❡q✉❡♥t✐❛❧ ◗✉❛s✐ ▼♦♥t❡ ❈❛r❧♦

◆✳ ❈❤♦♣✐♥ ✭❈❘❊❙❚✲❊◆❙❆❊✮

♥✐❝♦❧❛s✳❝❤♦♣✐♥❅❡♥s❛❡✳❢r

❥♦✐♥t ✇♦r❦ ✇✐t❤ ▼❛t❤✐❡✉ ●❡r❜❡r ✭❍❛r✈❛r❞✮

✶ ✴ ✸✶



❖✉t❧✐♥❡

P❛rt✐❝❧❡ ✜❧t❡r✐♥❣ ✭❛✳❦✳❛✳ ❙❡q✉❡♥t✐❛❧ ▼♦♥t❡ ❈❛r❧♦✮ ✐s ❛ s❡t ♦❢ ▼♦♥t❡
❈❛r❧♦ t❡❝❤♥✐q✉❡s ❢♦r s❡q✉❡♥t✐❛❧ ✐♥❢❡r❡♥❝❡ ✐♥ st❛t❡✲s♣❛❝❡ ♠♦❞❡❧s✳
❚❤❡ ❡rr♦r r❛t❡ ♦❢ P❋ ✐s t❤❡r❡❢♦r❡ OP(◆

−✶/✷)✳

◗✉❛s✐ ▼♦♥t❡ ❈❛r❧♦ ✭◗▼❈✮ ✐s ❛ s✉❜st✐t✉t❡ ❢♦r st❛♥❞❛r❞ ▼♦♥t❡ ❈❛r❧♦
✭▼❈✮✱ ✇❤✐❝❤ t②♣✐❝❛❧❧② ❝♦♥✈❡r❣❡s ❛t t❤❡ ❢❛st❡r r❛t❡ ◆ ✶ ✳
❍♦✇❡✈❡r✱ st❛♥❞❛r❞ ◗▼❈ ✐s ✉s✉❛❧❧② ❞❡✜♥❡❞ ❢♦r ■■❉ ♣r♦❜❧❡♠s✳

❚❤❡ ♣✉r♣♦s❡ ♦❢ t❤✐s ✇♦r❦ ✐s t♦ ❞❡r✐✈❡ ❛ ◗▼❈ ✈❡rs✐♦♥ ♦❢ P❋✱ ✇❤✐❝❤
✇❡ ❝❛❧❧ ❙◗▼❈ ✭❙❡q✉❡♥t✐❛❧ ◗✉❛s✐ ▼♦♥t❡ ❈❛r❧♦✮✳

✷ ✴ ✸✶



❖✉t❧✐♥❡

P❛rt✐❝❧❡ ✜❧t❡r✐♥❣ ✭❛✳❦✳❛✳ ❙❡q✉❡♥t✐❛❧ ▼♦♥t❡ ❈❛r❧♦✮ ✐s ❛ s❡t ♦❢ ▼♦♥t❡
❈❛r❧♦ t❡❝❤♥✐q✉❡s ❢♦r s❡q✉❡♥t✐❛❧ ✐♥❢❡r❡♥❝❡ ✐♥ st❛t❡✲s♣❛❝❡ ♠♦❞❡❧s✳
❚❤❡ ❡rr♦r r❛t❡ ♦❢ P❋ ✐s t❤❡r❡❢♦r❡ OP(◆

−✶/✷)✳

◗✉❛s✐ ▼♦♥t❡ ❈❛r❧♦ ✭◗▼❈✮ ✐s ❛ s✉❜st✐t✉t❡ ❢♦r st❛♥❞❛r❞ ▼♦♥t❡ ❈❛r❧♦
✭▼❈✮✱ ✇❤✐❝❤ t②♣✐❝❛❧❧② ❝♦♥✈❡r❣❡s ❛t t❤❡ ❢❛st❡r r❛t❡ O(◆−✶+ǫ)✳
❍♦✇❡✈❡r✱ st❛♥❞❛r❞ ◗▼❈ ✐s ✉s✉❛❧❧② ❞❡✜♥❡❞ ❢♦r ■■❉ ♣r♦❜❧❡♠s✳

❚❤❡ ♣✉r♣♦s❡ ♦❢ t❤✐s ✇♦r❦ ✐s t♦ ❞❡r✐✈❡ ❛ ◗▼❈ ✈❡rs✐♦♥ ♦❢ P❋✱ ✇❤✐❝❤
✇❡ ❝❛❧❧ ❙◗▼❈ ✭❙❡q✉❡♥t✐❛❧ ◗✉❛s✐ ▼♦♥t❡ ❈❛r❧♦✮✳

✷ ✴ ✸✶



❖✉t❧✐♥❡

P❛rt✐❝❧❡ ✜❧t❡r✐♥❣ ✭❛✳❦✳❛✳ ❙❡q✉❡♥t✐❛❧ ▼♦♥t❡ ❈❛r❧♦✮ ✐s ❛ s❡t ♦❢ ▼♦♥t❡
❈❛r❧♦ t❡❝❤♥✐q✉❡s ❢♦r s❡q✉❡♥t✐❛❧ ✐♥❢❡r❡♥❝❡ ✐♥ st❛t❡✲s♣❛❝❡ ♠♦❞❡❧s✳
❚❤❡ ❡rr♦r r❛t❡ ♦❢ P❋ ✐s t❤❡r❡❢♦r❡ OP(◆

−✶/✷)✳

◗✉❛s✐ ▼♦♥t❡ ❈❛r❧♦ ✭◗▼❈✮ ✐s ❛ s✉❜st✐t✉t❡ ❢♦r st❛♥❞❛r❞ ▼♦♥t❡ ❈❛r❧♦
✭▼❈✮✱ ✇❤✐❝❤ t②♣✐❝❛❧❧② ❝♦♥✈❡r❣❡s ❛t t❤❡ ❢❛st❡r r❛t❡ O(◆−✶+ǫ)✳
❍♦✇❡✈❡r✱ st❛♥❞❛r❞ ◗▼❈ ✐s ✉s✉❛❧❧② ❞❡✜♥❡❞ ❢♦r ■■❉ ♣r♦❜❧❡♠s✳

❚❤❡ ♣✉r♣♦s❡ ♦❢ t❤✐s ✇♦r❦ ✐s t♦ ❞❡r✐✈❡ ❛ ◗▼❈ ✈❡rs✐♦♥ ♦❢ P❋✱ ✇❤✐❝❤
✇❡ ❝❛❧❧ ❙◗▼❈ ✭❙❡q✉❡♥t✐❛❧ ◗✉❛s✐ ▼♦♥t❡ ❈❛r❧♦✮✳

✷ ✴ ✸✶



◗▼❈ ❜❛s✐❝s

❈♦♥s✐❞❡r t❤❡ st❛♥❞❛r❞ ▼❈ ❛♣♣r♦①✐♠❛t✐♦♥

✶

◆

◆∑

♥=✶

ϕ(✉♥) ≈

ˆ

[✵,✶]❞
ϕ(✉)❞✉

✇❤❡r❡ t❤❡ ◆ ✈❡❝t♦rs ✉♥ ❛r❡ ■■❉ ✈❛r✐❛❜❧❡s s✐♠✉❧❛t❡❞ ❢r♦♠ U
(
[✵, ✶]❞

)
✳

◗▼❈ r❡♣❧❛❝❡s ✉✶ ◆ ❜② ❛ s❡t ♦❢ ◆ ♣♦✐♥ts t❤❛t ❛r❡ ♠♦r❡ ❡✈❡♥❧②
❞✐str✐❜✉t❡❞ ♦♥ t❤❡ ❤②♣❡r✲❝✉❜❡ ✵ ✶ ❞ ✳ ❚❤✐s ✐❞❡❛ ✐s ❢♦r♠❛❧✐s❡❞
t❤r♦✉❣❤ t❤❡ ♥♦t✐♦♥ ♦❢ ❞✐s❝r❡♣❛♥❝②✳

✸ ✴ ✸✶



◗▼❈ ❜❛s✐❝s

❈♦♥s✐❞❡r t❤❡ st❛♥❞❛r❞ ▼❈ ❛♣♣r♦①✐♠❛t✐♦♥

✶

◆

◆∑

♥=✶

ϕ(✉♥) ≈

ˆ

[✵,✶]❞
ϕ(✉)❞✉

✇❤❡r❡ t❤❡ ◆ ✈❡❝t♦rs ✉♥ ❛r❡ ■■❉ ✈❛r✐❛❜❧❡s s✐♠✉❧❛t❡❞ ❢r♦♠ U
(
[✵, ✶]❞

)
✳

◗▼❈ r❡♣❧❛❝❡s ✉✶:◆ ❜② ❛ s❡t ♦❢ ◆ ♣♦✐♥ts t❤❛t ❛r❡ ♠♦r❡ ❡✈❡♥❧②
❞✐str✐❜✉t❡❞ ♦♥ t❤❡ ❤②♣❡r✲❝✉❜❡ [✵, ✶]❞ ✳ ❚❤✐s ✐❞❡❛ ✐s ❢♦r♠❛❧✐s❡❞
t❤r♦✉❣❤ t❤❡ ♥♦t✐♦♥ ♦❢ ❞✐s❝r❡♣❛♥❝②✳

✸ ✴ ✸✶



◗▼❈ ✈s ▼❈ ✐♥ ♦♥❡ ♣❧♦t

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

0.00

0.25

0.50

0.75

1.00

0.00 0.25 0.50 0.75 1.00

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

0.00

0.25

0.50

0.75

1.00

0.00 0.25 0.50 0.75 1.00

◗▼❈ ✈❡rs✉s ▼❈✿ ◆ = ✷✺✻ ♣♦✐♥ts s❛♠♣❧❡❞ ✐♥❞❡♣❡♥❞❡♥t❧② ❛♥❞
✉♥✐❢♦r♠❧② ✐♥ [✵, ✶]✷ ✭❧❡❢t✮❀ ◗▼❈ s❡q✉❡♥❝❡ ✭❙♦❜♦❧✮ ✐♥ [✵, ✶]✷ ♦❢ t❤❡
s❛♠❡ ❧❡♥❣t❤ ✭r✐❣❤t✮

✹ ✴ ✸✶



❉✐s❝r❡♣❛♥❝②

❑♦❦s♠❛✕❍❧❛✇❦❛ ✐♥❡q✉❛❧✐t②✿

∣∣∣∣∣
✶

◆

◆∑

♥=✶

ϕ(✉♥)−

ˆ

[✵,✶]❞
ϕ(✉) ❞✉

∣∣∣∣∣ ≤ ❱ (ϕ)❉⋆(✉✶:◆)

✇❤❡r❡ ❱ (ϕ) ❞❡♣❡♥❞s ♦♥❧② ♦♥ ϕ✱ ❛♥❞ t❤❡ st❛r ❞✐s❝r❡♣❛♥❝② ✐s ❞❡✜♥❡❞
❛s✿

❉⋆(✉✶:◆) = s✉♣
[✵,❜]

∣∣∣∣∣
✶

◆

◆∑

♥=✶

1 (✉♥ ∈ [✵,❜])−
❞∏

✐=✶

❜✐

∣∣∣∣∣ .

❚❤❡r❡ ❛r❡ ✈❛r✐♦✉s ✇❛②s t♦ ❝♦♥str✉❝t ♣♦✐♥t s❡ts P◆ ✉✶ ◆ s♦
t❤❛t ❉ ✉✶ ◆ ◆ ✶ ✳

✺ ✴ ✸✶



❉✐s❝r❡♣❛♥❝②

❑♦❦s♠❛✕❍❧❛✇❦❛ ✐♥❡q✉❛❧✐t②✿

∣∣∣∣∣
✶

◆

◆∑

♥=✶

ϕ(✉♥)−

ˆ

[✵,✶]❞
ϕ(✉) ❞✉

∣∣∣∣∣ ≤ ❱ (ϕ)❉⋆(✉✶:◆)

✇❤❡r❡ ❱ (ϕ) ❞❡♣❡♥❞s ♦♥❧② ♦♥ ϕ✱ ❛♥❞ t❤❡ st❛r ❞✐s❝r❡♣❛♥❝② ✐s ❞❡✜♥❡❞
❛s✿

❉⋆(✉✶:◆) = s✉♣
[✵,❜]

∣∣∣∣∣
✶

◆

◆∑

♥=✶

1 (✉♥ ∈ [✵,❜])−
❞∏

✐=✶

❜✐

∣∣∣∣∣ .

❚❤❡r❡ ❛r❡ ✈❛r✐♦✉s ✇❛②s t♦ ❝♦♥str✉❝t ♣♦✐♥t s❡ts P◆ =
{
✉✶:◆

}
s♦

t❤❛t ❉⋆(✉✶:◆) = O(◆−✶+ǫ)✳

✺ ✴ ✸✶



❊①❛♠♣❧❡s✿ ❱❛♥ ❞❡r ❈♦r♣✉t✱ ❍❛❧t♦♥

❆s ❛ s✐♠♣❧❡ ❡①❛♠♣❧❡ ♦❢ ❛ ❧♦✇✲❞✐s❝r❡♣❛♥❝② s❡q✉❡♥❝❡ ✐♥ ❞✐♠❡♥s✐♦♥
♦♥❡✱ ❞ = ✶✱ ❝♦♥s✐❞❡r

✶

✷
,
✶

✹
,
✸

✹
,
✶

✽
,
✸

✽
,
✺

✽
,
✼

✽
. . .

♦r ♠♦r❡ ❣❡♥❡r❛❧❧②✱
✶

♣
, . . . ,

♣ − ✶

♣
,
✶

♣✷
, · · · .

■♥ ❞✐♠❡♥s✐♦♥ ❞ ✶✱ ❛ ❍❛❧t♦♥ s❡q✉❡♥❝❡ ❝♦♥s✐sts ♦❢ ❛ ❱❛♥ ❞❡r
❈♦r♣✉t s❡q✉❡♥❝❡ ❢♦r ❡❛❝❤ ❝♦♠♣♦♥❡♥t✱ ✇✐t❤ ❛ ❞✐✛❡r❡♥t ♣ ❢♦r ❡❛❝❤
❝♦♠♣♦♥❡♥t ✭t❤❡ ✜rst ❞ ♣r✐♠❡ ♥✉♠❜❡rs✮✳

✻ ✴ ✸✶



❊①❛♠♣❧❡s✿ ❱❛♥ ❞❡r ❈♦r♣✉t✱ ❍❛❧t♦♥

❆s ❛ s✐♠♣❧❡ ❡①❛♠♣❧❡ ♦❢ ❛ ❧♦✇✲❞✐s❝r❡♣❛♥❝② s❡q✉❡♥❝❡ ✐♥ ❞✐♠❡♥s✐♦♥
♦♥❡✱ ❞ = ✶✱ ❝♦♥s✐❞❡r

✶

✷
,
✶

✹
,
✸

✹
,
✶

✽
,
✸

✽
,
✺

✽
,
✼

✽
. . .

♦r ♠♦r❡ ❣❡♥❡r❛❧❧②✱
✶

♣
, . . . ,

♣ − ✶

♣
,
✶

♣✷
, · · · .

■♥ ❞✐♠❡♥s✐♦♥ ❞ > ✶✱ ❛ ❍❛❧t♦♥ s❡q✉❡♥❝❡ ❝♦♥s✐sts ♦❢ ❛ ❱❛♥ ❞❡r
❈♦r♣✉t s❡q✉❡♥❝❡ ❢♦r ❡❛❝❤ ❝♦♠♣♦♥❡♥t✱ ✇✐t❤ ❛ ❞✐✛❡r❡♥t ♣ ❢♦r ❡❛❝❤
❝♦♠♣♦♥❡♥t ✭t❤❡ ✜rst ❞ ♣r✐♠❡ ♥✉♠❜❡rs✮✳

✻ ✴ ✸✶



❘◗▼❈ ✭r❛♥❞♦♠✐s❡❞ ◗▼❈✮

❘◗▼❈ r❛♥❞♦♠✐s❡s ◗▼❈ s♦ t❤❛t ❡❛❝❤ ✉♥ ∼ U
(
[✵, ✶]❞

)
♠❛r❣✐♥❛❧❧②✳

■♥ t❤✐s ✇❛②

E

{
✶

◆

◆∑

♥=✶

ϕ(✉♥)

}
=

ˆ

[✵,✶]❞
ϕ(✉) ❞✉

❛♥❞ ♦♥❡ ♠❛② ❡✈❛❧✉❛t❡ t❤❡ ▼❙❊ t❤r♦✉❣❤ ✐♥❞❡♣❡♥❞❡♥t r✉♥s✳

❆ s✐♠♣❧❡ ✇❛② t♦ ❣❡♥❡r❛t❡ ❛ ❘◗▼❈ s❡q✉❡♥❝❡ ✐s t♦ t❛❦❡
✉♥ ✇ ✈♥ ✶✱ ✇❤❡r❡ ✇ ❯ ✵ ✶ ❞ ❛♥❞ ✈✶ ◆ ✐s ❛ ◗▼❈ ♣♦✐♥t
s❡t✳

❖✇❡♥ ✭✶✾✾✺✱ ✶✾✾✼❛✱ ✶✾✾✼❜✱ ✶✾✾✽✮ ❞❡✈❡❧♦♣❡❞ ❘◗▼❈ str❛t❡❣✐❡s
s✉❝❤ t❤❛t ✭❢♦r ❛ ❝❡rt❛✐♥ ❝❧❛ss ♦❢ s♠♦♦t❤ ❢✉♥❝t✐♦♥s ✮✿

❱❛r
✶

◆

◆

♥ ✶

✉♥ ◆ ✸

✼ ✴ ✸✶



❘◗▼❈ ✭r❛♥❞♦♠✐s❡❞ ◗▼❈✮

❘◗▼❈ r❛♥❞♦♠✐s❡s ◗▼❈ s♦ t❤❛t ❡❛❝❤ ✉♥ ∼ U
(
[✵, ✶]❞

)
♠❛r❣✐♥❛❧❧②✳

■♥ t❤✐s ✇❛②

E

{
✶

◆

◆∑

♥=✶

ϕ(✉♥)

}
=

ˆ

[✵,✶]❞
ϕ(✉) ❞✉

❛♥❞ ♦♥❡ ♠❛② ❡✈❛❧✉❛t❡ t❤❡ ▼❙❊ t❤r♦✉❣❤ ✐♥❞❡♣❡♥❞❡♥t r✉♥s✳

❆ s✐♠♣❧❡ ✇❛② t♦ ❣❡♥❡r❛t❡ ❛ ❘◗▼❈ s❡q✉❡♥❝❡ ✐s t♦ t❛❦❡
✉♥ = ✇ + ✈♥ ≡ ✶✱ ✇❤❡r❡ ✇ ∼ ❯([✵, ✶]❞ ) ❛♥❞ ✈✶:◆ ✐s ❛ ◗▼❈ ♣♦✐♥t
s❡t✳

❖✇❡♥ ✭✶✾✾✺✱ ✶✾✾✼❛✱ ✶✾✾✼❜✱ ✶✾✾✽✮ ❞❡✈❡❧♦♣❡❞ ❘◗▼❈ str❛t❡❣✐❡s
s✉❝❤ t❤❛t ✭❢♦r ❛ ❝❡rt❛✐♥ ❝❧❛ss ♦❢ s♠♦♦t❤ ❢✉♥❝t✐♦♥s ✮✿

❱❛r
✶

◆

◆

♥ ✶

✉♥ ◆ ✸

✼ ✴ ✸✶



❘◗▼❈ ✭r❛♥❞♦♠✐s❡❞ ◗▼❈✮

❘◗▼❈ r❛♥❞♦♠✐s❡s ◗▼❈ s♦ t❤❛t ❡❛❝❤ ✉♥ ∼ U
(
[✵, ✶]❞

)
♠❛r❣✐♥❛❧❧②✳

■♥ t❤✐s ✇❛②

E

{
✶

◆

◆∑

♥=✶

ϕ(✉♥)

}
=

ˆ

[✵,✶]❞
ϕ(✉) ❞✉

❛♥❞ ♦♥❡ ♠❛② ❡✈❛❧✉❛t❡ t❤❡ ▼❙❊ t❤r♦✉❣❤ ✐♥❞❡♣❡♥❞❡♥t r✉♥s✳

❆ s✐♠♣❧❡ ✇❛② t♦ ❣❡♥❡r❛t❡ ❛ ❘◗▼❈ s❡q✉❡♥❝❡ ✐s t♦ t❛❦❡
✉♥ = ✇ + ✈♥ ≡ ✶✱ ✇❤❡r❡ ✇ ∼ ❯([✵, ✶]❞ ) ❛♥❞ ✈✶:◆ ✐s ❛ ◗▼❈ ♣♦✐♥t
s❡t✳

❖✇❡♥ ✭✶✾✾✺✱ ✶✾✾✼❛✱ ✶✾✾✼❜✱ ✶✾✾✽✮ ❞❡✈❡❧♦♣❡❞ ❘◗▼❈ str❛t❡❣✐❡s
s✉❝❤ t❤❛t ✭❢♦r ❛ ❝❡rt❛✐♥ ❝❧❛ss ♦❢ s♠♦♦t❤ ❢✉♥❝t✐♦♥s ϕ✮✿

❱❛r

{
✶

◆

◆∑

♥=✶

ϕ(✉♥)

}
= O(◆−✸+ε)

✼ ✴ ✸✶



P❛rt✐❝❧❡ ❋✐❧t❡r✐♥❣✿ ❍✐❞❞❡♥ ▼❛r❦♦✈ ♠♦❞❡❧s

❈♦♥s✐❞❡r ❛♥ ✉♥♦❜s❡r✈❡❞ ▼❛r❦♦✈ ❝❤❛✐♥ (①t)✱ ①✵ ∼ ♠✵(❞①✵) ❛♥❞

①t |①t−✶ = ①t−✶ ∼ ♠t(①t−✶, ❞①t)

t❛❦✐♥❣ ✈❛❧✉❡s ✐♥ X ⊂ R❞ ✱ ❛♥❞ ❛♥ ♦❜s❡r✈❡❞ ♣r♦❝❡ss (②t)✱

②t |①t ∼ ❣(②t |①t).

❙❡q✉❡♥t✐❛❧ ❛♥❛❧②s✐s ♦❢ ❍▼▼s ❛♠♦✉♥ts t♦ r❡❝♦✈❡r q✉❛♥t✐t✐❡s s✉❝❤ ❛s
♣ ①t ②✵ t ✭✜❧t❡r✐♥❣✮✱ ♣ ①t ✶ ②✵ t ✭♣r❡❞✐❝t✐♦♥✮✱ ♣ ②✵ t ✭♠❛r❣✐♥❛❧
❧✐❦❡❧✐❤♦♦❞✮✱ ❡t❝✳✱ r❡❝✉rs✐✈❡❧② ✐♥ t✐♠❡✳ ▼❛♥② ❛♣♣❧✐❝❛t✐♦♥s ✐♥
❡♥❣✐♥❡❡r✐♥❣ ✭tr❛❝❦✐♥❣✮✱ ✜♥❛♥❝❡ ✭st♦❝❤❛st✐❝ ✈♦❧❛t✐❧✐t②✮✱ ❡♣✐❞❡♠✐♦❧♦❣②✱
❡❝♦❧♦❣②✱ ♥❡✉r♦s❝✐❡♥❝❡s✱ ❡t❝✳

✽ ✴ ✸✶



P❛rt✐❝❧❡ ❋✐❧t❡r✐♥❣✿ ❍✐❞❞❡♥ ▼❛r❦♦✈ ♠♦❞❡❧s

❈♦♥s✐❞❡r ❛♥ ✉♥♦❜s❡r✈❡❞ ▼❛r❦♦✈ ❝❤❛✐♥ (①t)✱ ①✵ ∼ ♠✵(❞①✵) ❛♥❞

①t |①t−✶ = ①t−✶ ∼ ♠t(①t−✶, ❞①t)

t❛❦✐♥❣ ✈❛❧✉❡s ✐♥ X ⊂ R❞ ✱ ❛♥❞ ❛♥ ♦❜s❡r✈❡❞ ♣r♦❝❡ss (②t)✱

②t |①t ∼ ❣(②t |①t).

❙❡q✉❡♥t✐❛❧ ❛♥❛❧②s✐s ♦❢ ❍▼▼s ❛♠♦✉♥ts t♦ r❡❝♦✈❡r q✉❛♥t✐t✐❡s s✉❝❤ ❛s
♣(①t |②✵:t) ✭✜❧t❡r✐♥❣✮✱ ♣(①t+✶|②✵:t) ✭♣r❡❞✐❝t✐♦♥✮✱ ♣(②✵:t) ✭♠❛r❣✐♥❛❧
❧✐❦❡❧✐❤♦♦❞✮✱ ❡t❝✳✱ r❡❝✉rs✐✈❡❧② ✐♥ t✐♠❡✳ ▼❛♥② ❛♣♣❧✐❝❛t✐♦♥s ✐♥
❡♥❣✐♥❡❡r✐♥❣ ✭tr❛❝❦✐♥❣✮✱ ✜♥❛♥❝❡ ✭st♦❝❤❛st✐❝ ✈♦❧❛t✐❧✐t②✮✱ ❡♣✐❞❡♠✐♦❧♦❣②✱
❡❝♦❧♦❣②✱ ♥❡✉r♦s❝✐❡♥❝❡s✱ ❡t❝✳

✽ ✴ ✸✶



❋❡②♥♠❛♥✲❑❛❝ ❢♦r♠❛❧✐s♠

❚❛❦✐♥❣ ●t(①t−✶, ①t) := ❣t(②t |①t)✱ ✇❡ s❡❡ t❤❛t s❡q✉❡♥t✐❛❧ ❛♥❛❧②s✐s ♦❢
❛ ❍▼▼ ♠❛② ❜❡ ❝❛st ✐♥t♦ ❛ ❋❡②♥♠❛♥✲❑❛❝ ♠♦❞❡❧✳ ■♥ ♣❛rt✐❝✉❧❛r✱
✜❧t❡r✐♥❣ ❛♠♦✉♥ts t♦ ❝♦♠♣✉t✐♥❣

Qt(ϕ) =
✶

❩t

E

[
ϕ(①t)●✵(①✵)

t∏

s=✶

●s(①s−✶, ①s)

]
,

✇✐t❤ ❩t = E

[
●✵(①✵)

t∏

s=✶

●s(①s−✶, ①s)

]

❛♥❞ ❡①♣❡❝t❛t✐♦♥s ❛r❡ ✇rt t❤❡ ❧❛✇ ♦❢ t❤❡ ▼❛r❦♦✈ ❝❤❛✐♥ (①t)✳

◆♦t❡✿ ❋❑ ❢♦r♠❛❧✐s♠ ❤❛s ♦t❤❡r ❛♣♣❧✐❝❛t✐♦♥s t❤❛t s❡q✉❡♥t✐❛❧ ❛♥❛❧②s✐s
♦❢ ❍▼▼✳ ■♥ ❛❞❞✐t✐♦♥✱ ❢♦r ❛ ❣✐✈❡♥ ❍▼▼✱ t❤❡r❡ ✐s ❛ ♠♦r❡ t❤❛♥ ♦♥❡
✇❛② t♦ ❞❡✜♥❡ ❛ ❋❡②♥♠❛♥♥✲❑❛❝ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❛t ♠♦❞❡❧✳

✾ ✴ ✸✶



❋❡②♥♠❛♥✲❑❛❝ ❢♦r♠❛❧✐s♠

❚❛❦✐♥❣ ●t(①t−✶, ①t) := ❣t(②t |①t)✱ ✇❡ s❡❡ t❤❛t s❡q✉❡♥t✐❛❧ ❛♥❛❧②s✐s ♦❢
❛ ❍▼▼ ♠❛② ❜❡ ❝❛st ✐♥t♦ ❛ ❋❡②♥♠❛♥✲❑❛❝ ♠♦❞❡❧✳ ■♥ ♣❛rt✐❝✉❧❛r✱
✜❧t❡r✐♥❣ ❛♠♦✉♥ts t♦ ❝♦♠♣✉t✐♥❣

Qt(ϕ) =
✶

❩t

E

[
ϕ(①t)●✵(①✵)

t∏

s=✶

●s(①s−✶, ①s)

]
,

✇✐t❤ ❩t = E

[
●✵(①✵)

t∏

s=✶

●s(①s−✶, ①s)

]

❛♥❞ ❡①♣❡❝t❛t✐♦♥s ❛r❡ ✇rt t❤❡ ❧❛✇ ♦❢ t❤❡ ▼❛r❦♦✈ ❝❤❛✐♥ (①t)✳

◆♦t❡✿ ❋❑ ❢♦r♠❛❧✐s♠ ❤❛s ♦t❤❡r ❛♣♣❧✐❝❛t✐♦♥s t❤❛t s❡q✉❡♥t✐❛❧ ❛♥❛❧②s✐s
♦❢ ❍▼▼✳ ■♥ ❛❞❞✐t✐♦♥✱ ❢♦r ❛ ❣✐✈❡♥ ❍▼▼✱ t❤❡r❡ ✐s ❛ ♠♦r❡ t❤❛♥ ♦♥❡
✇❛② t♦ ❞❡✜♥❡ ❛ ❋❡②♥♠❛♥♥✲❑❛❝ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❛t ♠♦❞❡❧✳

✾ ✴ ✸✶



P❛rt✐❝❧❡ ✜❧t❡r✐♥❣✿ t❤❡ ❛❧❣♦r✐t❤♠

❖♣❡r❛t✐♦♥s ♠✉st ❜❡ ❜❡ ♣❡r❢♦r♠❡❞ ❢♦r ❛❧❧ ♥ ∈ ✶ : ◆✳
❆t t✐♠❡ ✵✱

✭❛✮ ●❡♥❡r❛t❡ ①♥✵ ∼ ♠✵(❞①✵)✳

✭❜✮ ❈♦♠♣✉t❡ ❲ ♥
✵ = ●✵(①

♥
✵)/

∑
◆

♠=✶ ●✵(①
♠
✵ ) ❛♥❞

❩◆
✵ = ◆−✶

∑
◆

♥=✶ ●✵(①
♥
✵)✳

❘❡❝✉rs✐✈❡❧②✱ ❢♦r t✐♠❡ t = ✶ : ❚ ,

✭❛✮ ●❡♥❡r❛t❡ ❛♥
t−✶ ∼ M(❲ ✶:◆

t−✶)✳

✭❜✮ ●❡♥❡r❛t❡ ①♥t ∼ ♠t(①
❛♥
t−✶

t−✶ , ❞①t)✳

✭❝✮ ❈♦♠♣✉t❡ ❲ ♥
t = ●t(①

❛♥
t−✶

t−✶ , ①
♥
t )/

∑
◆

♠=✶ ●t(①
❛♠
t−✶

t−✶ , ①
♠
t )

❛♥❞ ❩◆
t = ❩◆

t−✶

{
◆−✶

∑
◆

♥=✶ ●t(①
❛♥
t−✶

t−✶ , ①
♥
t )
}
✳

✶✵ ✴ ✸✶



❈❛rt♦♦♥ r❡♣r❡s❡♥t❛t✐♦♥

❙♦✉r❝❡ ❢♦r ✐♠❛❣❡✿ s♦♠❡ ❞❛r❦ ❝♦r♥❡r ♦❢ t❤❡ ■♥t❡r♥❡t✳

✶✶ ✴ ✸✶



P❋ ♦✉t♣✉t

❆t ✐t❡r❛t✐♦♥ t✱ ❝♦♠♣✉t❡

Q◆
t (ϕ) =

◆∑

♥=✶

❲ ♥
t ϕ(①

♥
t )

t♦ ❛♣♣r♦①✐♠❛t❡ Qt(ϕ) ✭t❤❡ ✜❧t❡r✐♥❣ ❡①♣❡❝t❛t✐♦♥ ♦❢ ϕ✮✳ ■♥ ❛❞❞✐t✐♦♥✱
❝♦♠♣✉t❡

❩◆
t

❛s ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ❩t ✭t❤❡ ❧✐❦❡❧✐❤♦♦❞ ♦❢ t❤❡ ❞❛t❛✮✳

✶✷ ✴ ✸✶



❋♦r♠❛❧✐s❛t✐♦♥

❲❡ ❝❛♥ ❢♦r♠❛❧✐s❡ t❤❡ s✉❝❝❡ss✐♦♥ ♦❢ ❙t❡♣s ✭❛✮✱ ✭❜✮ ❛♥❞ ✭❝✮ ❛t
✐t❡r❛t✐♦♥ t ❛s ❛♥ ✐♠♣♦rt❛♥❝❡ s❛♠♣❧✐♥❣ st❡♣ ❢r♦♠ r❛♥❞♦♠ ♣r♦❜❛❜✐❧✐t②
♠❡❛s✉r❡

◆∑

♥=✶

❲ ♥
t−✶δ①♥t−✶

(❞①̃t−✶)♠t(①̃t−✶, ❞①t) ✭✶✮

t♦
{s❛♠❡ t❤✐♥❣} × ●t(①̃t−✶, ①t).

■❞❡❛✿ ✉s❡ ◗▼❈ ✐♥st❡❛❞ ♦❢ ▼❈ t♦ s❛♠♣❧❡ ◆ ♣♦✐♥ts ❢r♦♠ ✭✶✮❀ ✐✳❡✳
r❡✇r✐t❡ s❛♠♣❧✐♥❣ ❢r♦♠ ✭✶✮ t❤✐s ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ✉♥✐❢♦r♠ ✈❛r✐❛❜❧❡s✱
❛♥❞ ✉s❡ ❧♦✇✲❞✐s❝r❡♣❛♥❝② s❡q✉❡♥❝❡s ✐♥st❡❛❞✳

✶✸ ✴ ✸✶



❋♦r♠❛❧✐s❛t✐♦♥

❲❡ ❝❛♥ ❢♦r♠❛❧✐s❡ t❤❡ s✉❝❝❡ss✐♦♥ ♦❢ ❙t❡♣s ✭❛✮✱ ✭❜✮ ❛♥❞ ✭❝✮ ❛t
✐t❡r❛t✐♦♥ t ❛s ❛♥ ✐♠♣♦rt❛♥❝❡ s❛♠♣❧✐♥❣ st❡♣ ❢r♦♠ r❛♥❞♦♠ ♣r♦❜❛❜✐❧✐t②
♠❡❛s✉r❡

◆∑

♥=✶

❲ ♥
t−✶δ①♥t−✶

(❞①̃t−✶)♠t(①̃t−✶, ❞①t) ✭✶✮

t♦
{s❛♠❡ t❤✐♥❣} × ●t(①̃t−✶, ①t).

■❞❡❛✿ ✉s❡ ◗▼❈ ✐♥st❡❛❞ ♦❢ ▼❈ t♦ s❛♠♣❧❡ ◆ ♣♦✐♥ts ❢r♦♠ ✭✶✮❀ ✐✳❡✳
r❡✇r✐t❡ s❛♠♣❧✐♥❣ ❢r♦♠ ✭✶✮ t❤✐s ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ✉♥✐❢♦r♠ ✈❛r✐❛❜❧❡s✱
❛♥❞ ✉s❡ ❧♦✇✲❞✐s❝r❡♣❛♥❝② s❡q✉❡♥❝❡s ✐♥st❡❛❞✳

✶✸ ✴ ✸✶



■♥t❡r♠❡❞✐❛t❡ st❡♣

▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ ❛r❡ ❣♦✐♥❣ t♦ ✇r✐t❡ t❤❡ s✐♠✉❧❛t✐♦♥ ❢r♦♠

◆∑

♥=✶

❲ ♥
t−✶δ①♥t−✶

(❞①̃t−✶)♠t(①̃t−✶, ❞①t)

❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ✉♥t = (✉♥t , ✈
♥
t )✱ ✉

♥
t ∈ [✵, ✶]✱ ✈♥t ∈ [✵, ✶]❞ ✱ s✉❝❤ t❤❛t✿

✶ ❲❡ ✇✐❧❧ ✉s❡ t❤❡ s❝❛❧❛r ✉♥t t♦ ❝❤♦♦s❡ t❤❡ ❛♥❝❡st♦r ①̃t−✶✳

✷ ❲❡ ✇✐❧❧ ✉s❡ ✈♥t t♦ ❣❡♥❡r❛t❡ ①♥t ❛s

①♥t = Γt(①̃t−✶, ✈
♥
t )

✇❤❡r❡ Γt ✐s ❛ ❞❡t❡r♠✐♥✐st✐❝ ❢✉♥❝t✐♦♥ s✉❝❤ t❤❛t✱ ❢♦r
✈♥t ∼ U [✵, ✶]❞ ✱ Γt(①̃t−✶, ✈

♥
t ) ∼ ♠t(①̃t−✶, ❞①t)✳

❚❤❡ ♠❛✐♥ ♣r♦❜❧❡♠ ✐s ♣♦✐♥t ✶✳

✶✹ ✴ ✸✶



■♥t❡r♠❡❞✐❛t❡ st❡♣

▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ ❛r❡ ❣♦✐♥❣ t♦ ✇r✐t❡ t❤❡ s✐♠✉❧❛t✐♦♥ ❢r♦♠

◆∑

♥=✶

❲ ♥
t−✶δ①♥t−✶

(❞①̃t−✶)♠t(①̃t−✶, ❞①t)

❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ✉♥t = (✉♥t , ✈
♥
t )✱ ✉

♥
t ∈ [✵, ✶]✱ ✈♥t ∈ [✵, ✶]❞ ✱ s✉❝❤ t❤❛t✿

✶ ❲❡ ✇✐❧❧ ✉s❡ t❤❡ s❝❛❧❛r ✉♥t t♦ ❝❤♦♦s❡ t❤❡ ❛♥❝❡st♦r ①̃t−✶✳

✷ ❲❡ ✇✐❧❧ ✉s❡ ✈♥t t♦ ❣❡♥❡r❛t❡ ①♥t ❛s

①♥t = Γt(①̃t−✶, ✈
♥
t )

✇❤❡r❡ Γt ✐s ❛ ❞❡t❡r♠✐♥✐st✐❝ ❢✉♥❝t✐♦♥ s✉❝❤ t❤❛t✱ ❢♦r
✈♥t ∼ U [✵, ✶]❞ ✱ Γt(①̃t−✶, ✈

♥
t ) ∼ ♠t(①̃t−✶, ❞①t)✳

❚❤❡ ♠❛✐♥ ♣r♦❜❧❡♠ ✐s ♣♦✐♥t ✶✳

✶✹ ✴ ✸✶



❈❛s❡ ❞ = ✶

0.0 0.5 1.0 1.5 2.0 2.5
0.0

0.2

0.4

0.6

0.8

1.0

x(1)

u1

x(2)

u2

x(3)

u3

❙✐♠♣❧② ✉s❡ t❤❡ ✐♥✈❡rs❡ tr❛♥s❢♦r♠ ♠❡t❤♦❞✿ ①̃♥
t−✶ = ❋̂−✶(✉♥t )✱ ✇❤❡r❡

❋̂ ✐s t❤❡ ❡♠♣✐r✐❝❛❧ ❝❞❢ ♦❢

◆∑

♥=✶

❲ ♥
t−✶δ①♥t−✶

(❞①̃t−✶).

✶✺ ✴ ✸✶



❋r♦♠ ❞ = ✶ t♦ ❞ > ✶

❲❤❡♥ ❞ > ✶✱ ✇❡ ❝❛♥♥♦t ✉s❡ t❤❡ ✐♥✈❡rs❡ ❈❉❋ ♠❡t❤♦❞ t♦ s❛♠♣❧❡
❢r♦♠ t❤❡ ❡♠♣✐r✐❝❛❧ ❞✐str✐❜✉t✐♦♥

◆∑

♥=✶

❲ ♥
t−✶δ①♥t−✶

(❞①̃t−✶).

■❞❡❛✿ ✇❡ ✏♣r♦❥❡❝t✑ t❤❡ ①♥
t−✶✬s ✐♥t♦ [✵, ✶] t❤r♦✉❣❤ t❤❡ ✭❣❡♥❡r❛❧✐s❡❞✮

✐♥✈❡rs❡ ♦❢ t❤❡ ❍✐❧❜❡rt ❝✉r✈❡✱ ✇❤✐❝❤ ✐s ❛ ❢r❛❝t❛❧✱ s♣❛❝❡✲✜❧❧✐♥❣ ❝✉r✈❡
❍ : [✵, ✶] → [✵, ✶]❞ ✳

▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ tr❛♥s❢♦r♠ ✐♥t♦ ✵ ✶ ❞ t❤r♦✉❣❤ s♦♠❡ ❢✉♥❝t✐♦♥
✱ t❤❡♥ ✇❡ tr❛♥s❢♦r♠ ✵ ✶ ❞ ✐♥t♦ ✵ ✶ t❤r♦✉❣❤ ❤ ❍ ✶✳

✶✻ ✴ ✸✶



❋r♦♠ ❞ = ✶ t♦ ❞ > ✶

❲❤❡♥ ❞ > ✶✱ ✇❡ ❝❛♥♥♦t ✉s❡ t❤❡ ✐♥✈❡rs❡ ❈❉❋ ♠❡t❤♦❞ t♦ s❛♠♣❧❡
❢r♦♠ t❤❡ ❡♠♣✐r✐❝❛❧ ❞✐str✐❜✉t✐♦♥

◆∑

♥=✶

❲ ♥
t−✶δ①♥t−✶

(❞①̃t−✶).

■❞❡❛✿ ✇❡ ✏♣r♦❥❡❝t✑ t❤❡ ①♥
t−✶✬s ✐♥t♦ [✵, ✶] t❤r♦✉❣❤ t❤❡ ✭❣❡♥❡r❛❧✐s❡❞✮

✐♥✈❡rs❡ ♦❢ t❤❡ ❍✐❧❜❡rt ❝✉r✈❡✱ ✇❤✐❝❤ ✐s ❛ ❢r❛❝t❛❧✱ s♣❛❝❡✲✜❧❧✐♥❣ ❝✉r✈❡
❍ : [✵, ✶] → [✵, ✶]❞ ✳

▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ tr❛♥s❢♦r♠ X ✐♥t♦ [✵, ✶]❞ t❤r♦✉❣❤ s♦♠❡ ❢✉♥❝t✐♦♥
ψ✱ t❤❡♥ ✇❡ tr❛♥s❢♦r♠ [✵, ✶]❞ ✐♥t♦ [✵, ✶] t❤r♦✉❣❤ ❤ = ❍−✶✳

✶✻ ✴ ✸✶



❍✐❧❜❡rt ❝✉r✈❡

❚❤❡ ❍✐❧❜❡rt ❝✉r✈❡ ✐s t❤❡ ❧✐♠✐t ♦❢ t❤✐s s❡q✉❡♥❝❡✳ ◆♦t❡ t❤❡ ❧♦❝❛❧✐t②
♣r♦♣❡rt② ♦❢ t❤❡ ❍✐❧❜❡rt ❝✉r✈❡✿ ✐❢ t✇♦ ♣♦✐♥ts ❛r❡ ❝❧♦s❡ ✐♥ [✵, ✶]✱ t❤❡♥
t❤❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ tr❛♥s❢♦r♠❡❞ ♣♦✐♥ts r❡♠❛✐♥s ❝❧♦s❡ ✐♥ [✵, ✶]❞ ✳
✭❙♦✉r❝❡ ❢♦r t❤❡ ♣❧♦t✿ ❲✐❦✐♣❡❞✐❛✮

✶✼ ✴ ✸✶



❙◗▼❈ ❆❧❣♦r✐t❤♠
❆t t✐♠❡ ✵✱

✭❛✮ ●❡♥❡r❛t❡ ❛ ◗▼❈ ♣♦✐♥t s❡t ✉✶:◆✵ ✐♥ [✵, ✶]❞ ✱ ❛♥❞
❝♦♠♣✉t❡ ①♥✵ = Γ✵(✉

♥
✵)✳ ✭❡✳❣✳ Γ✵ = ❋−✶

♠✵
✮

✭❜✮ ❈♦♠♣✉t❡ ❲ ♥
✵ = ●✵(①

♥
✵)/

∑
◆

♠=✶ ●✵(①
♠
✵ )✳

❘❡❝✉rs✐✈❡❧②✱ ❢♦r t✐♠❡ t = ✶ : ❚ ,

✭❛✮ ●❡♥❡r❛t❡ ❛ ◗▼❈ ♣♦✐♥t s❡t ✉✶:◆t ✐♥ [✵, ✶]❞+✶❀ ❧❡t
✉♥t = (✉♥t , ✈

♥
t )✳

✭❜✮ ❍✐❧❜❡rt s♦rt✿ ✜♥❞ ♣❡r♠✉t❛t✐♦♥ σ s✉❝❤ t❤❛t

❤ ◦ ψ(①
σ(✶)
t−✶ ) ≤ . . . ≤ ❤ ◦ ψ(①

σ(◆)
t−✶ )✳

✭❝✮ ●❡♥❡r❛t❡ ❛✶:◆
t−✶ ✉s✐♥❣ ✐♥✈❡rs❡ ❈❉❋ ❆❧❣♦r✐t❤♠✱ ✇✐t❤

✐♥♣✉ts s♦rt(✉✶:◆t ) ❛♥❞ ❲
σ(✶:◆)
t−✶ ✱ ❛♥❞ ❝♦♠♣✉t❡

①♥t = Γt(①
σ(❛♥

t−✶)

t−✶ , ✈
σ(♥)
t )✳ ✭❡✳❣✳ Γt = ❋−✶

♠t
✮

✭❡✮ ❈♦♠♣✉t❡

❲ ♥
t = ●t(①

σ(❛♥
t−✶)

t−✶ , ①♥t )/
∑

◆

♠=✶ ●t(①
σ(❛♠

t−✶)

t−✶ , ①♠t )✳

✶✽ ✴ ✸✶



❙♦♠❡ r❡♠❛r❦s

• ❇❡❝❛✉s❡ t✇♦ s♦rt ♦♣❡r❛t✐♦♥s ❛r❡ ♣❡r❢♦r♠❡❞✱ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢
❙◗▼❈ ✐s O(◆ ❧♦❣◆)✳ ✭❈♦♠♣❛r❡ ✇✐t❤ O(◆) ❢♦r ❙▼❈✳✮

❚❤❡ ♠❛✐♥ r❡q✉✐r❡♠❡♥t t♦ ✐♠♣❧❡♠❡♥t ❙◗▼❈ ✐s t❤❛t ♦♥❡ ♠❛②
s✐♠✉❧❛t❡ ❢r♦♠ ▼❛r❦♦✈ ❦❡r♥❡❧ ♠t ①t ✶ ❞①t ❜② ❝♦♠♣✉t✐♥❣
①t t ①t ✶ ✉t ✱ ✇❤❡r❡ ✉t ✵ ✶ ❞ ✱ ❢♦r s♦♠❡ ❞❡t❡r♠✐♥✐st✐❝
❢✉♥❝t✐♦♥ t ✭❡✳❣✳ ♠✉❧t✐✈❛r✐❛t❡ ✐♥✈❡rs❡ ❈❉❋✮✳

❚❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ♣♦✐♥t s❡ts ✉✶ ◆
t ✐s ✶ ❞ ✿ ✜rst ❝♦♠♣♦♥❡♥t

✐s ❢♦r s❡❧❡❝t✐♥❣ t❤❡ ♣❛r❡♥t ♣❛rt✐❝❧❡✱ t❤❡ ❞ r❡♠❛✐♥✐♥❣

❝♦♠♣♦♥❡♥ts ✐s ❢♦r s❛♠♣❧✐♥❣ ①♥t ❣✐✈❡♥ ①
❛♥
t ✶

t ✶ ✳

✶✾ ✴ ✸✶



❙♦♠❡ r❡♠❛r❦s

• ❇❡❝❛✉s❡ t✇♦ s♦rt ♦♣❡r❛t✐♦♥s ❛r❡ ♣❡r❢♦r♠❡❞✱ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢
❙◗▼❈ ✐s O(◆ ❧♦❣◆)✳ ✭❈♦♠♣❛r❡ ✇✐t❤ O(◆) ❢♦r ❙▼❈✳✮

• ❚❤❡ ♠❛✐♥ r❡q✉✐r❡♠❡♥t t♦ ✐♠♣❧❡♠❡♥t ❙◗▼❈ ✐s t❤❛t ♦♥❡ ♠❛②
s✐♠✉❧❛t❡ ❢r♦♠ ▼❛r❦♦✈ ❦❡r♥❡❧ ♠t(①t−✶, ❞①t) ❜② ❝♦♠♣✉t✐♥❣
①t = Γt(①t−✶,✉t)✱ ✇❤❡r❡ ✉t ∼ U [✵, ✶]❞ ✱ ❢♦r s♦♠❡ ❞❡t❡r♠✐♥✐st✐❝
❢✉♥❝t✐♦♥ Γt ✭❡✳❣✳ ♠✉❧t✐✈❛r✐❛t❡ ✐♥✈❡rs❡ ❈❉❋✮✳

❚❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ♣♦✐♥t s❡ts ✉✶ ◆
t ✐s ✶ ❞ ✿ ✜rst ❝♦♠♣♦♥❡♥t

✐s ❢♦r s❡❧❡❝t✐♥❣ t❤❡ ♣❛r❡♥t ♣❛rt✐❝❧❡✱ t❤❡ ❞ r❡♠❛✐♥✐♥❣

❝♦♠♣♦♥❡♥ts ✐s ❢♦r s❛♠♣❧✐♥❣ ①♥t ❣✐✈❡♥ ①
❛♥
t ✶

t ✶ ✳

✶✾ ✴ ✸✶



❙♦♠❡ r❡♠❛r❦s

• ❇❡❝❛✉s❡ t✇♦ s♦rt ♦♣❡r❛t✐♦♥s ❛r❡ ♣❡r❢♦r♠❡❞✱ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢
❙◗▼❈ ✐s O(◆ ❧♦❣◆)✳ ✭❈♦♠♣❛r❡ ✇✐t❤ O(◆) ❢♦r ❙▼❈✳✮

• ❚❤❡ ♠❛✐♥ r❡q✉✐r❡♠❡♥t t♦ ✐♠♣❧❡♠❡♥t ❙◗▼❈ ✐s t❤❛t ♦♥❡ ♠❛②
s✐♠✉❧❛t❡ ❢r♦♠ ▼❛r❦♦✈ ❦❡r♥❡❧ ♠t(①t−✶, ❞①t) ❜② ❝♦♠♣✉t✐♥❣
①t = Γt(①t−✶,✉t)✱ ✇❤❡r❡ ✉t ∼ U [✵, ✶]❞ ✱ ❢♦r s♦♠❡ ❞❡t❡r♠✐♥✐st✐❝
❢✉♥❝t✐♦♥ Γt ✭❡✳❣✳ ♠✉❧t✐✈❛r✐❛t❡ ✐♥✈❡rs❡ ❈❉❋✮✳

• ❚❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ♣♦✐♥t s❡ts ✉✶:◆t ✐s ✶+ ❞ ✿ ✜rst ❝♦♠♣♦♥❡♥t
✐s ❢♦r s❡❧❡❝t✐♥❣ t❤❡ ♣❛r❡♥t ♣❛rt✐❝❧❡✱ t❤❡ ❞ r❡♠❛✐♥✐♥❣

❝♦♠♣♦♥❡♥ts ✐s ❢♦r s❛♠♣❧✐♥❣ ①♥t ❣✐✈❡♥ ①
❛♥
t−✶

t−✶ ✳

✶✾ ✴ ✸✶



❊①t❡♥s✐♦♥s

• ■❢ ✇❡ ✉s❡ ❘◗▼❈ ✭r❛♥❞♦♠✐s❡❞ ◗▼❈✮ ♣♦✐♥t s❡ts ✉✶:◆t ✱ t❤❡♥
❙◗▼❈ ❣❡♥❡r❛t❡s ❛♥ ✉♥❜✐❛s❡❞ ❡st✐♠❛t❡ ♦❢ t❤❡ ♠❛r❣✐♥❛❧
❧✐❦❡❧✐❤♦♦❞ ❩t ✳

❚❤✐s ♠❡❛♥s ✇❡ ❝❛♥ ✉s❡ ❙◗▼❈ ✇✐t❤✐♥ t❤❡ P▼❈▼❈ ❢r❛♠❡✇♦r❦✳
✭▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ ❝❛♥ r✉♥ ❡✳❣✳ ❛ P▼▼❍ ❛❧❣♦r✐t❤♠✱ ✇❤❡r❡ t❤❡
❧✐❦❡❧✐❤♦♦❞ ♦❢ t❤❡ ❞❛t❛ ✐s ❝♦♠♣✉t❡❞ ✈✐❛ ❙◗▼❈ ✐♥st❡❛❞ ♦❢ ❙▼❈✳✮

❲❡ ❝❛♥ ❛❧s♦ ❛❞❛♣t q✉✐t❡ ❡❛s✐❧② t❤❡ ❞✐✛❡r❡♥t ♣❛rt✐❝❧❡ s♠♦♦t❤✐♥❣
❛❧❣♦r✐t❤♠s✿ ❢♦r✇❛r❞ s♠♦♦t❤✐♥❣✱ ❜❛❝❦✇❛r❞ s♠♦♦t❤✐♥❣✱ t✇♦✲✜❧t❡r
s♠♦♦t❤✐♥❣✳

✷✵ ✴ ✸✶



❊①t❡♥s✐♦♥s

• ■❢ ✇❡ ✉s❡ ❘◗▼❈ ✭r❛♥❞♦♠✐s❡❞ ◗▼❈✮ ♣♦✐♥t s❡ts ✉✶:◆t ✱ t❤❡♥
❙◗▼❈ ❣❡♥❡r❛t❡s ❛♥ ✉♥❜✐❛s❡❞ ❡st✐♠❛t❡ ♦❢ t❤❡ ♠❛r❣✐♥❛❧
❧✐❦❡❧✐❤♦♦❞ ❩t ✳

• ❚❤✐s ♠❡❛♥s ✇❡ ❝❛♥ ✉s❡ ❙◗▼❈ ✇✐t❤✐♥ t❤❡ P▼❈▼❈ ❢r❛♠❡✇♦r❦✳
✭▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ ❝❛♥ r✉♥ ❡✳❣✳ ❛ P▼▼❍ ❛❧❣♦r✐t❤♠✱ ✇❤❡r❡ t❤❡
❧✐❦❡❧✐❤♦♦❞ ♦❢ t❤❡ ❞❛t❛ ✐s ❝♦♠♣✉t❡❞ ✈✐❛ ❙◗▼❈ ✐♥st❡❛❞ ♦❢ ❙▼❈✳✮

❲❡ ❝❛♥ ❛❧s♦ ❛❞❛♣t q✉✐t❡ ❡❛s✐❧② t❤❡ ❞✐✛❡r❡♥t ♣❛rt✐❝❧❡ s♠♦♦t❤✐♥❣
❛❧❣♦r✐t❤♠s✿ ❢♦r✇❛r❞ s♠♦♦t❤✐♥❣✱ ❜❛❝❦✇❛r❞ s♠♦♦t❤✐♥❣✱ t✇♦✲✜❧t❡r
s♠♦♦t❤✐♥❣✳

✷✵ ✴ ✸✶



❊①t❡♥s✐♦♥s

• ■❢ ✇❡ ✉s❡ ❘◗▼❈ ✭r❛♥❞♦♠✐s❡❞ ◗▼❈✮ ♣♦✐♥t s❡ts ✉✶:◆t ✱ t❤❡♥
❙◗▼❈ ❣❡♥❡r❛t❡s ❛♥ ✉♥❜✐❛s❡❞ ❡st✐♠❛t❡ ♦❢ t❤❡ ♠❛r❣✐♥❛❧
❧✐❦❡❧✐❤♦♦❞ ❩t ✳

• ❚❤✐s ♠❡❛♥s ✇❡ ❝❛♥ ✉s❡ ❙◗▼❈ ✇✐t❤✐♥ t❤❡ P▼❈▼❈ ❢r❛♠❡✇♦r❦✳
✭▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ ❝❛♥ r✉♥ ❡✳❣✳ ❛ P▼▼❍ ❛❧❣♦r✐t❤♠✱ ✇❤❡r❡ t❤❡
❧✐❦❡❧✐❤♦♦❞ ♦❢ t❤❡ ❞❛t❛ ✐s ❝♦♠♣✉t❡❞ ✈✐❛ ❙◗▼❈ ✐♥st❡❛❞ ♦❢ ❙▼❈✳✮

• ❲❡ ❝❛♥ ❛❧s♦ ❛❞❛♣t q✉✐t❡ ❡❛s✐❧② t❤❡ ❞✐✛❡r❡♥t ♣❛rt✐❝❧❡ s♠♦♦t❤✐♥❣
❛❧❣♦r✐t❤♠s✿ ❢♦r✇❛r❞ s♠♦♦t❤✐♥❣✱ ❜❛❝❦✇❛r❞ s♠♦♦t❤✐♥❣✱ t✇♦✲✜❧t❡r
s♠♦♦t❤✐♥❣✳

✷✵ ✴ ✸✶



❊①t❡♥s✐♦♥s

• ■❢ ✇❡ ✉s❡ ❘◗▼❈ ✭r❛♥❞♦♠✐s❡❞ ◗▼❈✮ ♣♦✐♥t s❡ts ✉✶:◆t ✱ t❤❡♥
❙◗▼❈ ❣❡♥❡r❛t❡s ❛♥ ✉♥❜✐❛s❡❞ ❡st✐♠❛t❡ ♦❢ t❤❡ ♠❛r❣✐♥❛❧
❧✐❦❡❧✐❤♦♦❞ ❩t ✳

• ❚❤✐s ♠❡❛♥s ✇❡ ❝❛♥ ✉s❡ ❙◗▼❈ ✇✐t❤✐♥ t❤❡ P▼❈▼❈ ❢r❛♠❡✇♦r❦✳
✭▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ ❝❛♥ r✉♥ ❡✳❣✳ ❛ P▼▼❍ ❛❧❣♦r✐t❤♠✱ ✇❤❡r❡ t❤❡
❧✐❦❡❧✐❤♦♦❞ ♦❢ t❤❡ ❞❛t❛ ✐s ❝♦♠♣✉t❡❞ ✈✐❛ ❙◗▼❈ ✐♥st❡❛❞ ♦❢ ❙▼❈✳✮

• ❲❡ ❝❛♥ ❛❧s♦ ❛❞❛♣t q✉✐t❡ ❡❛s✐❧② t❤❡ ❞✐✛❡r❡♥t ♣❛rt✐❝❧❡ s♠♦♦t❤✐♥❣
❛❧❣♦r✐t❤♠s✿ ❢♦r✇❛r❞ s♠♦♦t❤✐♥❣✱ ❜❛❝❦✇❛r❞ s♠♦♦t❤✐♥❣✱ t✇♦✲✜❧t❡r
s♠♦♦t❤✐♥❣✳

✷✵ ✴ ✸✶



▼❛✐♥ r❡s✉❧ts

❲❡ ✇❡r❡ ❛❜❧❡ t♦ ❡st❛❜❧✐s❤ t❤❡ ❢♦❧❧♦✇✐♥❣ t②♣❡s ♦❢ r❡s✉❧ts✿ ❝♦♥s✐st❡♥❝②

Q◆

t (ϕ)− Qt(ϕ) → ✵, ❛s ◆ → +∞

❢♦r ❝❡rt❛✐♥ ❢✉♥❝t✐♦♥s ϕ✱ ❛♥❞ r❛t❡ ♦❢ ❝♦♥✈❡r❣❡♥❝❡

▼❙❊

[
Q◆
t (ϕ)

]
= O(◆−✶)

✭✉♥❞❡r t❡❝❤♥✐❝❛❧ ❝♦♥❞✐t✐♦♥s✱ ❛♥❞ ❢♦r ❝❡rt❛✐♥ t②♣❡s ♦❢ ❘◗▼❈ ♣♦✐♥t
s❡ts✮✳
❚❤❡♦r② ✐s ♥♦♥✲st❛♥❞❛r❞ ❛♥❞ ❜♦rr♦✇s ❤❡❛✈✐❧② ❢r♦♠ ◗▼❈ ❝♦♥❝❡♣ts✳

✷✶ ✴ ✸✶



❙♦♠❡ ❝♦♥❝❡♣ts ✉s❡❞ ✐♥ t❤❡ ♣r♦♦❢s

▲❡t X = [✵, ✶]❞ ✳ ❈♦♥s✐st❡♥❝② r❡s✉❧ts ❛r❡ ❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢ t❤❡
st❛r ♥♦r♠

‖Q◆
t − Qt‖⋆ = s✉♣

[✵,❜]⊂[✵,✶)❞

∣∣∣
(
Q◆
t − Qt

)
(❇)

∣∣∣ → ✵.

❚❤✐s ✐♠♣❧✐❡s ❝♦♥s✐st❡♥❝② ❢♦r ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥s ϕ✱
Q◆
t (ϕ)− Qt(ϕ) → ✵✳

❚❤❡ ❍✐❧❜❡rt ❝✉r✈❡ ❝♦♥s❡r✈❡s ❞✐s❝r❡♣❛♥❝②✿

‖π◆ − π‖⋆ → ✵ ⇒ ‖π◆
❤
− π❤‖⋆ → ✵

✇❤❡r❡ π ∈ P([✵, ✶]❞ )✱ ❤ : [✵, ✶]❞ → [✵, ✶] ✐s t❤❡ ✭♣s❡✉❞♦✲✮✐♥✈❡rs❡ ♦❢
t❤❡ ❍✐❧❜❡rt ❝✉r✈❡✱ ❛♥❞ π❤ ✐s t❤❡ ✐♠❛❣❡ ♦❢ π t❤r♦✉❣❤ π✳

✷✷ ✴ ✸✶



❊①❛♠♣❧❡s✿ ❑✐t❛❣❛✇❛ (❞ = ✶)

❲❡❧❧ ❦♥♦✇♥ t♦② ❡①❛♠♣❧❡ ✭❑✐t❛❣❛✇❛✱ ✶✾✾✽✮✿




②t =

①✷t
❛
+ ǫt

①t = ❜✶①t−✶ + ❜✷
①t−✶

✶+①✷
t−✶

+ ❜✸ ❝♦s(❜✹t) + σνt

◆♦ ♣❛r❛♠❛t❡r ❡st✐♠❛t✐♦♥ ✭♣❛r❛♠❡t❡rs ❛r❡ s❡t t♦ t❤❡✐r tr✉❡ ✈❛❧✉❡✮✳
❲❡ ❝♦♠♣❛r❡ ❙◗▼❈ ✇✐t❤ ❙▼❈ ✭❜❛s❡❞ ♦♥ s②st❡♠❛t✐❝ r❡s❛♠♣❧✐♥❣✮
❜♦t❤ ✐♥ t❡r♠s ♦❢ ◆✱ ❛♥❞ ✐♥ t❡r♠s ♦❢ ❈P❯ t✐♠❡✳

✷✸ ✴ ✸✶



❊①❛♠♣❧❡s✿ ❑✐t❛❣❛✇❛ (❞ = ✶)
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▲♦❣✲❧✐❦❡❧✐❤♦♦❞ ❡✈❛❧✉❛t✐♦♥ ✭❜❛s❡❞ ♦♥ ❚ = ✶✵✵ ❞❛t❛ ♣♦✐♥t ❛♥❞ ✺✵✵
✐♥❞❡♣❡♥❞❡♥t ❙▼❈ ❛♥❞ ❙◗▼❈ r✉♥s✮✳
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❊①❛♠♣❧❡s✿ ❑✐t❛❣❛✇❛ (❞ = ✶)
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❋✐❧t❡r✐♥❣✿ ❝♦♠♣✉t✐♥❣ E(①t |②✵:t) ❛t ❡❛❝❤ ✐t❡r❛t✐♦♥ t✳ ●❛✐♥ ❢❛❝t♦r ✐s
▼❙❊✭❙▼❈✮✴▼❙❊✭❙◗▼❈✮✳

✷✺ ✴ ✸✶



❊①❛♠♣❧❡s✿ ▼✉❧t✐✈❛r✐❛t❡ ❙t♦❝❤❛st✐❝ ❱♦❧❛t✐❧✐t②

▼♦❞❡❧ ✐s

{
②t = ❙

✶
✷
t ǫt

①t = µ+Φ(①t−✶ − µ) + Ψ
✶
✷νt

✇✐t❤ ♣♦ss✐❜❧② ❝♦rr❡❧❛t❡❞ ♥♦✐s❡ t❡r♠s✿ (ǫt ,νt) ∼ ◆✷❞ (✵,❈ )✳
❲❡ s❤❛❧❧ ❢♦❝✉s ♦♥ ❞ = ✷ ❛♥❞ ❞ = ✹✳

✷✻ ✴ ✸✶
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▲♦❣✲❧✐❦❡❧✐❤♦♦❞ ❡✈❛❧✉❛t✐♦♥ ✭❧❡❢t✮ ❛♥❞ ✜❧t❡r✐♥❣ ✭r✐❣❤t✮ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢
t✳
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❊①❛♠♣❧❡s✿ ▼✉❧t✐✈❛r✐❛t❡ ❙t♦❝❤❛st✐❝ ❱♦❧❛t✐❧✐t② (❞ = ✹)
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▲♦❣✲❧✐❦❡❧✐❤♦♦❞ ❡st✐♠❛t✐♦♥ ✭❜❛s❡❞ ♦♥ ❚ = ✹✵✵ ❞❛t❛ ♣♦✐♥ts ❛♥❞ ✷✵✵
✐♥❞❡♣❡♥❞❡♥t r✉♥s✮
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❈♦♥❝❧✉s✐♦♥

• ❖♥❧② r❡q✉✐r❡♠❡♥t t♦ r❡♣❧❛❝❡ ❙▼❈ ✇✐t❤ ❙◗▼❈ ✐s t❤❛t t❤❡
s✐♠✉❧❛t✐♦♥ ♦❢ ①♥t |①

♥
t−✶ ♠❛② ❜❡ ✇r✐tt❡♥ ❛s ❛ ①♥t = Γt(①

♥
t−✶,✉

♥
t )

✇❤❡r❡ ✉♥t ∼ ❯[✵, ✶]❞ ✳

• ❲❡ ♦❜s❡r✈❡ ✈❡r② ✐♠♣r❡ss✐✈❡ ❣❛✐♥s ✐♥ ♣❡r❢♦r♠❛♥❝❡ ✭❡✈❡♥ ❢♦r
s♠❛❧❧ ◆ ♦r ❞ = ✻✮✳

• ❙✉♣♣♦rt✐♥❣ t❤❡♦r②✳

✸✵ ✴ ✸✶



❋✉rt❤❡r ✇♦r❦

• ❆❞❛♣t✐✈❡ r❡s❛♠♣❧✐♥❣ ✭tr✐❣❣❡rs r❡s❛♠♣❧✐♥❣ st❡♣s ✇❤❡♥ ✇❡✐❣❤t
❞❡❣❡♥❡r❛❝② ✐s t♦♦ ❤✐❣❤✮✳

• ❆❞❛♣t ❙◗▼❈ t♦ s✐t✉❛t✐♦♥s ✇❤❡r❡ s❛♠♣❧✐♥❣ ❢r♦♠ ♠t(①
♥
t−✶, ❞①t)

✐♥✈♦❧✈❡s s♦♠❡ ❛❝❝❡♣t✴r❡❥❡❝t ♠❡❝❤❛♥✐s♠✳

• ❆❞❛♣t ❙◗▼❈ t♦ s✐t✉❛t✐♦♥s ✇❤❡r❡ s❛♠♣❧✐♥❣ ❢r♦♠ ♠t(①
♥
t−✶, ❞①t)

✐s ❛ ▼❡tr♦♣♦❧✐s st❡♣✳ ■♥ t❤✐s ✇❛②✱ ✇❡ ❝♦✉❧❞ ❞❡✈❡❧♦♣ ❙◗▼❈
❝♦✉♥t❡r♣❛rts ♦❢ ❙▼❈ s❛♠♣❧❡rs ✭❉❡❧ ▼♦r❛❧ ❡t ❛❧✱ ✷✵✵✻✮✳

• ❙◗▼❈✷ ✭◗▼❈ ✈❡rs✐♦♥ ♦❢ ❙▼❈✷✱ ❈✳ ❡t ❛❧✱ ✷✵✶✸✮❄

P❛♣❡r ♦♥ ❆r①✐✈✱ ✇✐❧❧ ❜❡ ♣✉❜❧✐s❤❡❞ s♦♦♥ ❛s ❛ r❡❛❞ ♣❛♣❡r ✐♥ ❏❘❙❙❇✳
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❋✉rt❤❡r ✇♦r❦

• ❆❞❛♣t✐✈❡ r❡s❛♠♣❧✐♥❣ ✭tr✐❣❣❡rs r❡s❛♠♣❧✐♥❣ st❡♣s ✇❤❡♥ ✇❡✐❣❤t
❞❡❣❡♥❡r❛❝② ✐s t♦♦ ❤✐❣❤✮✳

• ❆❞❛♣t ❙◗▼❈ t♦ s✐t✉❛t✐♦♥s ✇❤❡r❡ s❛♠♣❧✐♥❣ ❢r♦♠ ♠t(①
♥
t−✶, ❞①t)

✐♥✈♦❧✈❡s s♦♠❡ ❛❝❝❡♣t✴r❡❥❡❝t ♠❡❝❤❛♥✐s♠✳

• ❆❞❛♣t ❙◗▼❈ t♦ s✐t✉❛t✐♦♥s ✇❤❡r❡ s❛♠♣❧✐♥❣ ❢r♦♠ ♠t(①
♥
t−✶, ❞①t)

✐s ❛ ▼❡tr♦♣♦❧✐s st❡♣✳ ■♥ t❤✐s ✇❛②✱ ✇❡ ❝♦✉❧❞ ❞❡✈❡❧♦♣ ❙◗▼❈
❝♦✉♥t❡r♣❛rts ♦❢ ❙▼❈ s❛♠♣❧❡rs ✭❉❡❧ ▼♦r❛❧ ❡t ❛❧✱ ✷✵✵✻✮✳

• ❙◗▼❈✷ ✭◗▼❈ ✈❡rs✐♦♥ ♦❢ ❙▼❈✷✱ ❈✳ ❡t ❛❧✱ ✷✵✶✸✮❄

P❛♣❡r ♦♥ ❆r①✐✈✱ ✇✐❧❧ ❜❡ ♣✉❜❧✐s❤❡❞ s♦♦♥ ❛s ❛ r❡❛❞ ♣❛♣❡r ✐♥ ❏❘❙❙❇✳
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