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SERIES EXPANSION FOR THE PROBABILITY THAT A RANDOM

BOOLEAN MATRIX IS OF MAXIMAL RANK
UDC 519.21

V. V. MASOL

ABSTRACT. We consider a random (N X n) matrix in the field GF'(2) and establish
relations that allow one to find the coefficients of the expansion of the probability
that a given matrix is of maximal rank into a series in powers of a small parameter.
We give explicit formulas for the cases of n =1 and n =2, N > n.

1. SETTING OF THE PROBLEM

Let A = (aij);cr je; e a matrix with N rows and n columns, where I = {1,..., N}
and J = {1,...,n}. The entries of the matrix A are independent random variables that
assume values in the field GF(2) and have distribution
(1) P{a;; =0} =1—P{a;; =1} =27 (1 + exy;)

where ¢ is a fixed small number, ¢ > 0, and z;; € (—00,00). Denote by x(A) the
following indicator:

1  if the matrix A contains n linearly independent (in the field GF(2))
X(A) = N-dimensional columns;

0, otherwise.

Using relation (I, the probability of the event {x(A) =1} can be represented in the
following form:

nN
(2) PIx(A) =1} =) " f(y,icl,je )
s=0

where the coefficients f(s)(xij,i el,jeJ), s> 0, are real numbers that do not depend
on €.

Let m = N —n. In the case of m = 0, a recurrence relation with respect to n is found
in [I] to evaluate f(s)(:cij,i €l,jeJ), s> 0;for the case of
(3) m >0
the coefficients f(*)(z;;,i € I,5 € J), s € {0, 1,2}, are found in [2] in an explicit form by
applying different approaches depending on s € {0,1,2}.

The aim of this paper is to find a relation that allows one to evaluate the coefficients

f(s)(.’L'”,lEI,_]EJ), 8217

of the expansion of the probability that a random (N x n) matrix in the field GF(2)
is of the maximal rank n into a series in terms of powers of a small parameter €. Our
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94 V. V. MASOL

methods are based on the results obtained in [3] and on the explicit expansion for the
cases of n =1 and n = 2.
2. MAIN RESULTS
In what follows we need some notation. Let R(s) be a set of s distinct elements,
R(s) = {(i1, 1), (s, Js)} 5
and let tp(,) be the coefficient of x; ;, ---x;_;, in the representation of
fO(@igi el jed),

tr(s) = coefy, ; ;. f® (xij,i € I,j € J) (here and in what follows the parameters i
and j with or without superscripts are elements of the sets I and .J, respectively, namely
i€ land jeJ). Then

(4) fOwiji e ILje )= tpig i,
where the sum is taken over all different sets R(s).

Remark 1. In what follows we assume that the equality R;i(s) = Ra(s) holds if and

only if the set R;(s) can be obtained from Ry (s) by permuting the elements (i,(,Q),j,(,Q)),
v=1,2,...,s, and vice versa, where

Ri(s) = { (@ 5), . 9.5 ), t=1.2.
Put
() C() ={i: (i,j) € R(s)},  je.
Theorem 1. Let a collection {j1,...,js} contain k elements of J, that is,
{ns-dsh =, s L<pn <o <pp <
If conditions (M) and @) hold, then

Covene 1 P(N =k B
() tai = -2 W D 5 )

where

N
PN)=][@-27)., PO)=1;

Yo is the set of matrices ¢, ¢ = (¢ij);; je{l,... 1} 10 the field GF(2) such that the rank

of c is k — 1 and c satisfy the following condition:
(7) P ci=0,  Ge{l,... k-1}.
i€¢(pr)

Here 7 = @f};ll i€¢ () Ciw and the symbol ® stands for the operation of summation

in the field GF(2).
Remark 2. In what follows we assume that )

Let R(s) = {(i1,41),- .., (is,js)} and

(~1)"=1ifk=1.

cEYo

(8) {jlv"w.jS} = {,U/la,u/Q}a
pas pe € J, p1 # po, and s > 2. Put Cia = ((u1) N C(p2), sq¢ = [C(1g) \ C12/, ¢ = 1,2, and
s12 = [C12]-
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SERIES EXPANSION FOR THE PROBABILITY OF A MATRIX OF MAXIMAL RANK 95

Theorem 2. (i) If N > 1, n =1, and condition (1)) holds, then

N s
P{x(A)=1}=1-2"N-27V3 " N" J]ai;

=1  1<i;<-<is<Ng=1
(ii) if N > 2, n =2, and condition [d) holds, then
P{x(A)=1} = (1—-277") (1 -2~
N 2 s 2 s
—27N (1—27N+1)ZES Z aniqj—'_ESHHxiqj
s=1  1<ii<-<i <N | j=1¢=1 j=1q=1
2N—1

272N ey > 1
s=2

1<iy < <igy <N

S1
x X > [I#in
1§i'1<~-<i'512§N 1§i'1'<~~<i’s'2§N q=1

g{in, iy b E ity i, )

2 Si12 S2
(M1 TTe0) (T
q=1

j=1q=1

where the sum is taken over all nonnegative integers si, s12, and So such that s1 + 2s12
+ s = s and either s10 = 0, sy > 1, so > 1 or s195 > 1, s1 + s9 > 1; we also put

0 —
., =1

3. PrROOF OF THEOREM [II

It is proved in [3] that

(9) oy =27 3 3 (1)
ag,opCoo cEag
where g is the collection of (N x n) matrices ¢ of rank n in the field GF(2) such that
¢ = (cij)ies jes a4 Djcequy s = 0, J € {1, ports 0 = Doy €iyjys g is the
subset of g, o, C ap, consisting of matrices ¢ € «ap such that c® and ¢® belong to o
if and only if cg-l) = ;t) for j € {p1,...,ux}, L £ t; ng) is the column j of the matrix ¢(¢)
for ¢® €ag,j€J, £E=1,2,....
It is easy to see that

(10) > (=17 = (=1)7B

for an arbitrary collection «f, «f C «p, where By is the cardinality of the set o,
By, = |- Relations ([@) and (I0) imply that

(11) tre =2"VBy Y (-1)°
c€Po
where () is the set of (N x k) matrices ¢, ¢ = (¢;5) of rank k in the field
GF(2) satisfying condition ().
Now we show that

(12) S (-1 =21 Y ()

c€Bo cEYo0

i€l,je{l,....k}

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



96 V. V. MASOL

Indeed, the sum on the left-hand side of (IZ) can be rewritten as follows:

(13) S = Y Y e
c€fo 86,86 CBo ceBy

where ) is a subset of By, 8) C Bo, consisting of matrices ¢ € By such that both c®
and ¢®) belong to B} if and only if cg-l) = cg-t) for j =1,2,....k—1,1#t, c© € G,
£€=1,2,.... Fix aset 3. Let the sum Zce% (—1)? contain o terms (—1)7 and let ug
be the number of changes of the sign (—1)7 in this sum. It is clear that pug = y172 — v
and p, =y 72 — v~ where 1 (77 ) is the total number of ways to place an even (odd)
number of nonzero elements of the field GF(2) to those positions of the column k in the
matrix ¢, ¢ € G, whose indices belong to the set {(px). The numbers v (v~) are defined
similarly to the numbers ; (7; ) under the additional condition that the elements of
the column k are linear combinations of the corresponding elements in the first £ — 1
columns of the matrix ¢; 7» is the total number of ways to place elements of the field
GF(2) to the positions I\ {(ux) of the N-dimensional column k in the matrix ¢, ¢ € f}).
It is proved in [3] that v; = 7, = 2/CI=1 4y = oN=ICl "y = 2k=1 and v~ = 0.
Thus po — pg = —2F=1 whence

(14) Yo X (FyT=2 Yy ()
84,8 C Bo c€B) cEo

Relations (I3) and ([I4) prove (I2).

Now we show that
(15) Bpy=(2V =2 ... (2 —2""Y) | k>1.
Indeed, according to the definition of By

n—k
(16) By =[] bs
=1

where 1 <6y < -+ < Jp_p <m, 01,...,0n—k & {pt1,---, i}, and bg, is the total number
of ways to place elements of the field GF(2) to an N-dimensional column such that this
column is linearly independent of the columns with indices p1, ..., g, 01,-..,0—1. It is
clear that

bs, = 2N — ok 1=1,2,...,n—k.

Taking into account (I0) we get ([IH]). Using relations ([IIl), (I2), and (IH) we prove (G)
by an obvious calculation. Theorem [ is proved. O

4. APPLICATIONS OF THEOREM [I]

Example 1. If s =1, then

PN —1) L &
(17) f& (vjieljeld)= —2”% ;;%

Indeed, if s = 1, then
N n

(18) £ ($ij,i61,j€J)=ZZtR(s)$ij
i=1 j=1

where R(s) = {(4,7)}. The parameter k defined in Theorem [lis equal to k = 1, thus we
find from (6) and Remark [ that

NPV -1

(19) tR(s) = P(m)

Hence ([I8) and (I9) imply (I7).
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SERIES EXPANSION FOR THE PROBABILITY OF A MATRIX OF MAXIMAL RANK 97

Example 2. If s = 2, then
f (wyieljeld)

P(N-1) [ & al

(20) = _2_N4P(m) Z Z Ty jTing + Z Z Lijy Lijy
j=11<i;<ia<N 1=11<j1<j2<n
P(N -2
+ 2_2N+1ﬁ Z Z Liyji Ligga -
1<j1<j2<n i1 #iz

Indeed, it follows from (@) that

n N
f(s) (.’I,‘ij,i S 17]' S J) = Z Z tRl(s)xhjxizj + Z Z tRQ(s)xijlxijz

(21) 7=11<i1<ia <N 1=11<j1<j2<n
+ E E LRy (5)%i1j1 Tinjo
1<g1<ja<n i1 #ia

where R1(5> = {(ila.j)v(i27j)}7 R2(5) = {(i’jl)’ (7;7.7-2)}’ and R3(8) = {(ihjl)’ (i27j2)}'
Using (@) for k¥ = 1 and Remark 2] we get

_NyP(N-=1)
22 t =_o N\ 7
( ) Rl(s) P(m)
Now we check the relations
_NP(N=-1)
2 t =_9 N+~
( 3) Ra(s) P(m) )
_ P(N-2)
24 — 2 2N+17
( ) tRe,(s) P(m)
It follows from (@) for & = 2 that
_ P(N —2)
2 = _92 2N+1- \2Y <) —1)7
cEYo

where 7p is the set of all N-dimensional columns ¢, ¢ = (¢y1),¢;, of rank 1 in the field
GF(2) such that ¢;; = 0. Since T = @uec(jl) c,1 = ¢;1 = 0, we have 7 = 0. Thus

(26) S (1) = ol =2V 1

c€Y0

Using (28) and 26]) we get ([23)).

Further, relation (@) for £ = 2 implies

_ — P(N_ 2) T
(27) tRy(s) = —2 2N+1Tm) > (=1

cEYo

where 7 is the set of all N-dimensional columns ¢, ¢ = (¢y1),¢;, of rank 1 in the field
GF(2) such that ¢;,7 = 0. Note that 7 = ¢;,1. Hence

M= 1->1
c€% cevg cevy

where v¢ C v (75 € 70) and ¢;,1 = 0 (¢;,1 = 1) for any column ¢ € y¢ (¢ € vy ).
It is clear that |vJ | =2""2 — 1 and |y5 | =2V =2 Thus

(28) > (-1 =-1.

cEYo
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98 V. V. MASOL

Substituting (28) into (27]) we obtain ([24]). Relations ZI)—(24) prove (20).

Example 3. If s = n/V, then

(29) & (vij,ieljed)=—2" NP( HH%

i=1j=1

Indeed, @) implies

N n

(30) O (@i ieljed)=tre [[ 1129

i=1j=1
where R(s) = {(i,7),i € I,j € J}. Now we show that

vPIN-1)

(31) trs) = —2° P(m)

Using (@) for £k = n we obtain

(32) trg = -2V " (1)

c€Y0

where g is the set of all (N x (n — 1)) matrices ¢, ¢ = (¢;;) of rank n — 1

in the field GF(2) such that

iel,je{l,...,n—1}

N
@Peij =0, je{L2....n-1}
i=1

This implies that 7 = 0, since

N

n—1 n—1
T:@ @ ciw:@@ciwzo.
w=1 ie((w) w=11

i—1

Therefore
(33) > (=17 = |ol.
cEY0
Now we prove that
(34) Il = (Yt =1)-- (2Nt —2772) .

Indeed, |yo| = b1---bp—1 where by (¢ = 1,2,...,n — 1) is the total number of ways to
place elements of the field GF(2) to an N-dimensional column such that the number
of unit elements in the column is even and the column does not linearly depend on the
columns with indices 1,2,...,q — 1. It is clear that

by =2N"1 g1t ¢g=1,2,...,n—1.

9

This implies (34). Relations (B3]) and (34) allow one to represent (82) in the form of (3.
Substituting B1I)) into (B0) we get (29).
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SERIES EXPANSION FOR THE PROBABILITY OF A MATRIX OF MAXIMAL RANK 99

Example 4. If s = 3, then
f(s) (Zij,i c I,] c J)

] SHD 5| YRS S w) £

1<i1<ia<ig<N j=11=1 1<j1<ja<js<nm i=1 I=1

P(m
( ) 1<j1<j25n
X E : (Tirjs Ty joTingy + Tiy gy Tin jo Tigj
1<i1 <ia<N

+ Liy gy Tiggy Tiggy + Ty joTingy Tiggy )

+ g g Tiyvq TigugLigus

1<i1 <i2<ig<N (v1,v2,v3) € (j1,j2)

+ > oo

1<51<72<g3<n 1<i1 <io <N

X E : TX171T X252 T A3
(A1,A2,A3)€m(i1,32)

_ 9-3N+3 P(}i\gm)?’) Z Z

1<j1<g2<js<n 1<i1 <ia<ig<N

X Z Livyi LizyaLizys
(v1,72,73) €T (J1,52,53)
where 7(j1,72) (7(j1,42,73)) is the set of all permutations of the sets {ji,j1,72} and
{i2, g2, 01} ({1, J2, Js}).
Indeed, relation () implies for s = 3 that
f (@ ieljeld)
N

n 3 3
Z Z tR11(s) H Tiqpj + Z TR1a(s) H Tij,
=1 1 =1

1<41 <ia<ig<N j=1 1<j1<j2<jz<n i=

+ § : z : (tR211(s)xi1j1xilj2xi2j1 +tR212(S)xi1j1xi1j2xi2j2
1<j1<j2<n 1<i1 <ia <N

+ tR213(S)xi1j1 Tigj1 Tigge + tR214(S)xi1j2xi2j1 $i2j2)

6
+ Z Z Z tR22q(S)xi1u£Q)xizl/y)xiguéq)

1<51<j2<n 1<i1 <iz2<izg<N ¢=1

6
+ E E E ERosq ()T 5@ 1, TA@ 5, T3 0

1<j1<72<g3<n 1<i1 <i2 <N ¢=1

6
+ Z Z Z tR3‘1(S)xi17§Q)xh’YéwxizWéw

1<51<g2<g3<n 1<i1 <ia<iz<N g=1

(36)

where

Rll(s) = {(il,j), (7;27.7')7 (i3,j)}, Rl?(s) = {(7;7.j1)7 (i’j2)7 (i’j3)}’
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100 V. V. MASOL

Ro11(s) = {(i1,51), (i1, J2), (i2, 1) }» Ro12(s) = { (i1, J1), (i1, j2), (i2, jo2)
Rors(s) = {(i1, 1), iz, 1), (2, J2)} s Rora(s) = {(i1, j2), (i, 1), (i2, j2)
)
)

b

) }

RQQQ(S) {(11,1/1 )) (2271/2 )7(Z (q))}7 (V§q),yéq),yéq)) € 77(].17].2 )
(

)

R23q(s) {(/\(q) i )7( { 732) /\(q)’ )}7 (A(q) )\(q) /\(q)) € m(i1,i2),
Raq(s) = { (i1, 1), (i, %7, (i, %)}, (7,57, 57) € 7(iv, 2. Ja),
qg=1,...,6.
To check the relations
_yP(N-=-1)
t =2 N+~ =1,2
(37) qu(s) P(m) ) q » <
_ P(N -2)
t — 2 2N+1
(38) Raug(s) P

forl=1andg=1,...,40rl € {2,3} and ¢ =1,...,6 we apply Theorem [Tl and proceed
in the same way as in the proof of ([22)—(24).
Let us prove that

9—3N+3 P(N —3)

t =— =1,...,6.
(39) R34(s) P(m) ) q ) 36
Let R31(s) = {(41,71), (42, 72), (i3, 73) }. Then relation (@) implies for £ = 3 that
_ P(N —3)
( ) R31(6) P(m) Ce;) ( )

where 7 is the set of all (N x 2) matrices ¢, ¢ = (cij)z‘elje{l oy, of rank 2 in the field
GF(2) such that ¢;,;, = ¢;,;, = 0. Note that 7 = ¢;,, ® ¢,;,- We represent the set g

as the union
16
Yo = U m
p=1

of disjoint subsets o, € 70, ¢ = 1,...,16, such that for any matrix e Y0,15
e — (CEH)) 7
7 Jielje{1,2}

(w)

the elements ;s (W) () ()

and Cirjar Cingyo Cingy BTE€ fixed, p = 1,...,16, and moreover

OO OO ) & @ (D)
{Chjl’ 11]2 ’ cmh’ i2]2 } 7& {cllj17 Z1J2’ clz]1 ’ cm]z }
for [ # t.

Putting, for example,

JRCO N C R NN ¢ R

11]1 ?1])2 1231 1212
we get 7 =0 and |y,1] = (2V72 — 1) (2¥73 — 2), since the total number of ways to place
nonzero elements of the field G F(2) to the first column of the matrix ¢(!) € ~q 1 is 2V 31

in the case of 051;1 = (:52131 = cz(igl = 0, while the same number is 2V=3 — 2 for the second
column linearly independent of the first. Similarly, putting Cz(l.gl = cz@l = cz(-f;é =0 and
01(2-2 =1, we get 7 =1 and |yo2| = (2% — 1) 2V73. Now we evaluate the sum
16
D= (-
cEY0 pn=1c€vo,u
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SERIES EXPANSION FOR THE PROBABILITY OF A MATRIX OF MAXIMAL RANK 101

The latter two equalities together with ([#0) prove [B9). Substituting )—(B9) into (3G
we get (35).

5. AUXILIARY RESULTS FOR THE PROOF OF THEOREM
Lemma 1. Let R(s) = {(i1,51),---, (is,Js)} and j1 =-+- = js, s > 1. Then
_NyP(N-=1)
try = —2 N2 — )
R(s) P(m)

Proof. Tt follows from the hypothesis of Lemma[lthat {j1,...,js} = {u} for some p € J.
Thus the parameter k defined in Theorem [is equal to 1. Taking (B and Remark 2] into
account we complete the proof of Lemma [I1 |

Lemma 2. If the set R(s) satisfies (), then
1) for s1 =s2 =0 and s12 > 1

PN 1)
41 t = N_ -
( ) R(S) P(m) I
2) for s12=0,58 >1, and s9 > 1
_ P(N —2)
49 ; — 9—2N+1 )
( ) R(S) P(m) b

3) for s12>1 and sy + s3 > 1 relation [@2) holds for tpy).
Proof. Let s1 = s = 0 and s12 > 1. Then we apply (@) for £ = 2 and obtain

_ —2 IP(N_ 2) T
(43) tres) = 272N “Plm) Z (-1)

cEY0

where -y, is the set of all nonzero N-dimensional columns ¢, ¢ = (¢;1) in the field

GF(2) such that ,.,, ci1 =7 =0. Hence

(44) > =D)7 = ol

cEYo

el

Further we show that
(45) Ivo| =2V — 1.

Indeed, since ®i€<12 c;1 = 0, the positions ¢ € (15 of the vector ¢ contain an even number
of unit elements of the field GF(2); the positions ¢ € I\ (32 may contain arbitrary
elements of the field GF(2) such that the N-dimensional column is nonzero. Thus

|'YO| — 2512—12N—512 _ 1 — 2N—1 _ 1

and relation ([@3]) is proved. Relation (@) follows from (@3)—(5).

Now let s10 =0, s1 > 1, and s > 1. Using relation () for k = 2 we prove equality (43])
where 7 is the set of all nonzero N-dimensional columns ¢, ¢ = (¢;1),¢, in the field GF'(2)
such that

(46) @ Ci1 — O;
1€C(p2)

T = Gaie((m) ci1. Since equality (@6) holds for 252! families of elements of the field
GF(2), the number of cases where the parameter 7 is equal to 0 is the same as that
where 7 is equal to 1, namely 25171, The positions i € I \ (12 of the column ¢ € 7 can
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102 V. V. MASOL

be filled in an arbitrary way except for the case where the N-dimensional column is zero.
Therefore

(47) M= 1-> 1=-1

€Y% cevg c€vy

where ¢, v¢ €70 (79 7% 7o) is the collection of all columns of the set o such that
7=0 (1 =1). To get [@1) we used the equalities
Z 1= 282—1281—12N—(81+82) —1= 2N—2 -1
cew§
and 3 .o - 1= 2N=2,
Substituting (@) into [@3) we prove [@2)) for s;2 =0, s > 1, and s3 > 1.
Finally we prove the last statement of Lemma Let s19 > 1 and s; + s9 > 1.

Then relation ([43) holds with ~ the collection of all nonzero N-dimensional columns c,
¢ = (¢i1);¢p» in the field GF'(2) such that

(48) @Cil @ @ ¢ | =0;

1€C12 i€¢(n2)\C12

T = (@ieclz cil) @ (eaiGC(Hl)\Cn cil). It follows from (@8] that the number of unit
elements among the terms of the sum @iqm
unit elements among the terms of the sum @ie C(ua)\Gas Cil is even. This easily implies
relation [A7). Indeed,

(49) > 1= +b

CEWJ

c;1 is even if and only if the number of

if s19 > 1,81 > 1, and s9 > 1 where by (bs) is the total number of ways to place elements
of the field GF(2) to a nonzero N-dimensional column such that the number of unit
elements in positions ¢ € (12, 4 € (1) \ C12, © € ((p2) \ (12 is even (odd). Obviously

by = 291~ 1gs12—lgsa—lgN—(sitsatsiz) _ | — gN=3 _ 1 by = 2N 3,
Therefore
(50) dor=2N7o1
cEvy

In a similar way we obtain

(51) > 1=2N72

c€vy

Relations (B0) and (BI) imply (@) for s12 > 1, s1 > 1, and s > 1.
If s > 1, 51 =0, and sy > 1, then

bl = 282—12312—12N—(82+s12) _ 1= 2N—2 1

and be = 0 in equality ([@9), whence

(52) =2V

c€vg

Similarly we obtain

(53) do1=2V"2

c€Yqy
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SERIES EXPANSION FOR THE PROBABILITY OF A MATRIX OF MAXIMAL RANK 103

Relations (B2) and (B3) prove equality [#7) for s12 > 1, s; =0, and so > 1.
Finally if s10 > 1, s1 > 1, and s = 0, then

bl _ 251712812712]\]7(514»812) _ — 2N72 _ 1 b2 _ 0
in equality @J) and thus 3 . +1 = 2N=2 _ 1. The equality Diceng 1 = 2NV=2 s easy
to prove. Therefore [@T]) is proved for s15 > 1 and s1 4+ s2 > 1. Tt follows from ({@T)) and
#3) that [@2) holds for s12 > 1 and $1 + s > 1. Lemma [2is proved. a

Lemma 3. If condition [dl) holds, then

fO @ ieljel) = %

for N >n>1.

Lemma [ is proved in [2].

6. PROOF OoF THEOREM

Statement (i) of Theorem ] can easily be proved by equality () for n = 1 and by
Lemmas [0l and B

We prove statement (ii). Using representation (2)) and () we find for N > 2 and n = 2
that

P{X(A) =1} = fO (zy,i € 1,5 € {1,2})

2

N
+ZES Z LR, (s) H%J + %Ry (s )H chzqa
1

s=1 1<i1<--<is<N | j= j=1q=1

+Z§: 2. 1

(54) 1<ip <+ <291<N

s1
X Z Z tRy(s) (H fﬂl)
q=1

1<if <<l SN 167 < <z” <N

OIS S LT LR R A

S12 S2
(e ) (T
q=1

j=1q=1
in view of condition (Il) where
R;(s) = {(ir,5),--, (is,5)},  J€{1,2},
R3(s) = {(i1,1),..., (is,1), (01, 2),. .., (i5,2) },

Ry(s) = {(i1,1),. .., (is;, 1), (31, 1), .., (i, 1), (61, 2), .., (45,0 2), (i1, 2), .., (i, 2) } -
Taking Lemma [I] into account we obtain for j € {1,2} that

(55) trys) =—2"N (1—27N*).

Lemma 2] implies that

(56) thys) = —2 7 (1—27N11)

and

(57) tRy(s) = 272N TL

By Lemma 3]

(58) fO (@i ielje{l,2))=(1-27")(1—-27V).
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Substituting ([BI)-(E8) into (B4) we prove statement (ii). Theorem Plis proved. O

7. CONCLUDING REMARKS

Theorems [1] and [2] together with results of [1]—[3] allow one to find the distribution of
the rank of an (N X n) matrix whose entries are independent nonidentically distributed
random variables assuming values in the field GF(2). Matrices with nonidentically dis-
tributed entries for which the difference between their distributions and the equiprobable
distribution on GF(2) is small appear not only in the theory ([]-[6]) but also in some
applied problems (say, when testing the quality of pseudorandom (0, 1)-sequences). One
of the results in [4]—[6] is that, under certain conditions, the limit distribution (as n — 00)
of the rank of a random Boolean matrix is invariant and coincides with that in the case
of the equiprobable distribution on GF(2). At the same time, the use of the asymptotic
results for finding the probability that a finite Boolean random matrix has maximal rank
leads to a certain error, which can be “remedied” by using the results presented in this

paper.
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