Czechoslovak Mathematical Journal

Zujin Zhang
Serrin-type regularity criterion for the Navier-Stokes equations involving one velocity

and one vorticity component
Czechoslovak Mathematical Journal, Vol. 68 (2018), No. 1, 219-225

Persistent URL: http://dml.cz/dmlcz/147130

Terms of use:

© Institute of Mathematics AS CR, 2018

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized

documents strictly for personal use. Each copy of any part of this document must contain these
Terms of use.

This document has been digitized, optimized for electronic delivery and
O stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz


http://dml.cz/dmlcz/147130
http://dml.cz

Czechoslovak Mathematical Journal, 68 (143) (2018), 219225

SERRIN-TYPE REGULARITY CRITERION FOR THE
NAVIER-STOKES EQUATIONS INVOLVING ONE VELOCITY
AND ONE VORTICITY COMPONENT

ZUJIN ZHANG, Ganzhou

Received August 7, 2016. First published October 10, 2017.

Abstract. We consider the Cauchy problem for the three-dimensional Navier-Stokes equa-
tions, and provide an optimal regularity criterion in terms of ug and ws, which are the third
components of the velocity and vorticity, respectively. This gives an affirmative answer to
an open problem in the paper by P.Penel, M. Pokorny (2004).

Keywords: regularity criterion; Navier-Stokes equation

MSC 2010: 35B65, 35Q30, 76D03

1. INTRODUCTION

In this paper, we consider the Cauchy problem for the three-dimensional (3D)
Navier-Stokes equations
u + (u-V)u—rvAu+ Vr =0,
(1.1) V-u=0,
u(0) = uy,
where u = (u1,u2,us) is the fluid velocity field, = is a scalar pressure, v > 0 is the
kinematic viscosity and is assumed to be 1 in the rest of the paper, ug is the prescribed
3
initial data satisfying V-up = 0 in the distributional sense, and u-V = > u;0; with

i=1
8i = 8/8:@
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It is well-known that (1.1) possesses a global weak solution
u € L>(0,00; L*(R®)) N L?(0, 00; H'(R?))

for each set of initial data ug of finite energy, see Leray [8] and Hopf [5]. However,
whether or not such a weak solution is regular and unique is still a challenging open
problem. Consequently, various criteria ensuring the regularity of the solutions are
proposed. The classical Prodi-Serrin conditions (see [4], [9], [12], [13]) state that if

2
(1.2) uc LP(0,T; LYR3)), =
P q
then the solution is smooth on (0, 7).

Later on, da Veiga in [1] showed a Serrin-type regularity criterion involving the
velocity gradient (or vorticity)

(1.3) Vu € LP(0,T; LY(R?)),

Due to the divergence-free condition, refinements of (1.2) and (1.3) attract many
authors’ attention, interested readers are referred to [3], [2], [6], [7], [11], [10], [14],
[17], [18], [19], [20] and references therein.

In particular, Penel and Pokorny in [10], Theorem 1 (b) and Remark 1, discovered
the following regularity criterion:

(1.4) us € LP(O,T;LQ(RB)); Oau1, O1us € LT(O,T;LS(R:i)),

2 3 2 3
—+-=1,3<g<o0; —+-=2,2<s5<3;
D q T S

and remarked that it is an interesting open problem whether we could make assump-
tions on w3 = d1us — Oouq instead of Oyuy and Opus, where ws is the third component
of the vorticity w = (w1,w2,w3) = V x u. In this direction, Zhang et al. in [18],
Theorem 1.2, proved the regularity of the solution under the condition

(1.5) dsug € LP(0,T; LYR®)); ws € L"(0,T; L*(R?)),
2 2
_+§:27§<q<oo; —+§:2,§<S<OO.
P q 2 r s 2

Remark 1.1. In [18], Theorem 1.4, the authors also provide a regularity criterion
involving u3 and ws. It reads

(1.6) uz € LP(0,T; L9(R%)); w3 € L7(0,T; L*(R%)),
2 3 2 3 3
—+-=1,3<qg<o0; —-+-=2, —<s<3.
P q r s 2
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However, (1.6) is not right. We thank Dr. X. J. Jia for pointing out that [18], equa-
tion (4.1), is not correct, in fact, one more term should be added, and its correct
form should be

1d
Qaﬂvuﬂiz + v||Aul7-
= / (wouz — wauz)Auy dx—i—/ (wsug — wiug)Aug dz
R3 R3

1
+/ [(UV)U3] A’U,gdl‘—l— 5/ 81|u|2 -AU1+82|11|2 -A’U,le‘,
R3 R3

where the first three terms can be estimated as in [18], but the last term was neglected
and was not treated. Although we can reformulate it as

1
2 / (Or]uf? - Auy + Osluf* - Auz) da
R3

1
_ —5/ (Aluf® - drur + Alul* - auz) de
R3

1
=— [ A dzuzdx
2 Jus
= / (u-Au+|Vul?) - dzuzde
R3

= —/ (Osu-Au+u-Adsu+ Vu-Vosu) - ugdz,
R3
we still have no means to bound the term

/ u-Adsu-uzde.
[R3

The motivation of this paper is to give an affirmative answer to the above-
mentioned open problem; that is, if

(1.7) uz € LP(0,T; LY(R®)); w3 € L"(0,T; L*(R?)),
2 3 2 3 3
-+ -=1,3<g<o00; —+-=2, - <5< 00;
Poq s 2

then the solution is smooth on (0, 7).
Before stating the precise result, let us recall the weak formulation of (1.1), see [16]
for instance.
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Definition 1.2. Let ug € L*(R?) with V-ug = 0, T > 0. A measurable R3-valued
function u defined in [0,T] x R? is said to be a weak solution to (1.1) if
(1) ue L>(0,T; L*(R3) N L(0,T; H*(R3));
(2) (1.1); and (1.1), hold in the sense of distributions, i.e.,

t T
// u'[3t<I>+(u'V)<I']dxds+/ uo-Q(O)dx:/ Vu: V®dzdt,
0JRs R3 0 JR3

3
for each ® € C°([0,T) x R®) with V- ® = 0, where A : B = > a;;b;; for
i,j=1
3 x 3 matrices A = (a;;), B = (b;j), and

T
// u-Vypdedt =0,
0 JRr3

for each ¢ € C*(R? x [0,T));
(3) the energy inequality holds, that is,

t
[u(®)lI7- + 2/ IVu(s)[Zz ds < [JuollZ>, 0<t<T.
0

Now, our main result reads as follows.

Theorem 1.3. Let up € L?(R?) with V-ug =0, T > 0. Assume that u is a weak
solution to (1.1) in [0,T] with initial data ug. If (1.7) holds, then the solution u is
smooth in (0,T] x R3.

2. PROOF OoF THEOREM 1.3

In this section, we shall prove Theorem 1.3. For any ¢ € (0,7T), due to the fact that
Vu € L?(0,T; L*(R?)), we may find a § € (0,¢), such that Vu(s) € L?(R?). Taking
this u(d) as initial data, there exists an a € C([§, I'*), H1(R®)) N L2(0, ['*; H2(R?)),
where [0, ') is the life span of the unique strong solution, see [16]. Moreover,
1 € C°(R3 x (§,I'*)). According to the uniqueness result, @ = u on [§, ). If
I'* > T, we have already that u € C*(R3 x (0,T)), due to the arbitrariness of
€ € (0,T). In the case I'* < T, our strategy is to show that ||Vu(¢)||2 is uniformly
bounded for ¢ € [§, ). The standard continuation argument then yields that [3, I'*)
cannot be the maximal interval of existence of &, and consequently I'* > T. This
concludes the proof.
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To bound ||Vu(t)| 2, taking the inner product of (1.1), with —Au in L?(R3?), we
obtain as in [18], (3.1)—(3.2) that

1d
1) S ivul. + Az,
3 3
= Z allijkl/ O1u105u 0wy dx 4 Z alQijkl/ O1u20;u;0pu; d
ik l=1 R3 ik l=1 R3

3 3
+ Z 0421ijkl/RS Oy Oy Ok uy Ao + Z 0422ijkl/RS Oau20;uj0kuy da

,5,k,0=1 %,5,k,0=1
=h+ 1L+ 13+ 14,

where amnijn, 1 <m,n <2, 1<14,5,k,1 <3, are some suitable integers.
To proceed further, we need to represent Oy, u,, 1 < m,n < 2 by us and ws.

Denoting by Ay = 0101 + 0202 the horizontal Laplacian, we recall from [18], (1.4),
(1.5) that

(2.2) Ahul = —82603 — 8183’LL3, Ah’u,g = 81&)3 — 8283’(1,3.

Consequently, for 1 < k < 2,

32 8k (92 al
2.3) 0 = Osuz = RaR R1R03us,
(2.3) Opur Ny + N 3U3 2 Rws + K1 Krd3us
(2.4) Opus = R1Rrws + Rng83U3,

where Ry, = Or/+v/—A}, is the two-dimensional Riesz transformation, see [15]. With
(2.3), we may integrate by parts to dominate I1; as

3
E allijkl/ Oru1 - O;u;j - Opuy do
[RS

04k l=1

(25) 111

3
= Z Q11ijkl / (R2R1W3 + R1R183U3) . ain - Opuy do

i,k l=1 R3

3
= E Oéllijkl/ RoRiws - Ojuj - Opuy da
R3

ij k=1

3
- Z 01145kl /3 RiRyus - (930;u; - Opuy + Oiuj - O30,uy) d.
R

ij,kl=1
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Observe that the Riesz transformation is bounded in L9(R?) to L4(R?) for 1 < g < o0,
we have for f € L9(R3) and 1 < j < 2,

(26) IRss18 = [ | 1Ry

:/[/ R, f|qu1dx2} dzy
C/U |f|qu1dx2} das

= ClflILa,

and thus I;; can be further estimated by Holder and Gagliardo-Nirenberg inequali-

ties,
2.7) i < Cllwslle IVala0 o + Cllugl|a | Val| poas o [| V2] 12
< Cllwsllze [Vull| %27 V2|3 + Cllus| po ||Vl % 29|92 (%7
2 2 3 2 3
< Ol 2/ 4 s |24/ |Vl + 5wl

Substituting (2.7) and similar bounds for I12, Is1, Ioo into (2.1), we conclude by
Gronwall inequality that

(2.8) [IVu(®)|z: < [Vu(3)|l7-
t

xepr (lws 2/ 4 ||ug| 3%/ ds| < 00, 6 <t < T
é

This bound completes the proof of Theorem 1.3. O
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