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SETTLEMENT OF REINFORCED SAND IN FOUNDATIONS

By Nainan P. Kurian/ K. S. Beena/ and R. Krishna Kumar3

ABSTRACT: The technique of reinforcing soil for foundation improvement is well established. This paper
addresses the aspect of settlement of reinforced sand foundations, where the major part of the existing work
deals with the aspect of bearing capacity. A detailed analysis is made paying individual attention to soil, rein
forcement, and the interface between the two. A three-dimensional, nonlinear finite-element analysis is presented
that uses a three-dimensional, nonlinear soil-reinforcement interface friction element, along with other three
dimensional elements to model the system. The results of the analysis are compared with those from tests
conducted in the laboratory and are found to be in good agreement. The studies lead to a better understanding
of the behavior of the system at different stages of loading.

INTRODUCTION

The technique of reinforcing soil, which in its present form
owes its origin to Vidal (1969), is one of the more recent and
fast-growing techniques of soil improvement in the field of
geotechnical engineering. The early structures built using this
technique were earth retaining structures, but it was eventually
realized that the technique is also useful in foundation prob
lems. The method of reinforcing soil with layers of individual
reinforcements placed horizontally as described here is best
attempted in conjunction with fills that are required to support
shallow foundations such as footings.

The first significant study on its use in foundations was by
Binquet and Lee (1975), who concluded that the bearing ca
pacity of sand increases as much as three times, sometimes
even more, with a moderate amount of reinforcement in the
form of aluminum strips. They also proposed a theoretical so
lution for obtaining the factor of safety against bearing capac
ity failure, based on their experimental studies. Akinmusura
and Akinbolade (1981) studied the bearing capacity of a
square footing supported by sand that was reinforced by nat
ural fibers like iko. Reinforced earth slabs have been studied
by Fragaszy and Lawton (1984) with a strip footing on sand
reinforced by aluminum foil placed in several layers.

Studies have been carried out by Kinney (1982) to evaluate
the effects of geotextiles placed at the interface between a soft
clay and fine crushed gravel by conducting model tests. Singh
(1988) has reported an extensive program of studies involving
tests and analysis of reinforced soil beds.

Most of the aforementioned studies deal with the aspect of
bearing capacity, whereas in the majority of cases, the design
of shallow foundations in sand is governed by settlement
rather than bearing capacity (Kurian 1992). Thus settlement
based design has been the prime motivating factor behind the
present studies. Only very limited information is available in
the literature [e.g., Nagoa et al. (1988) and Gens et al. (1989)]
on the settlement of reinforced sand beds, especially in three
dimensional (3D) situations, which is necessary in the case of
problems such as isolated footings.

The fast pace in the use of computers constantly extends
the domain of the application of the finite-element method
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(FEM). FEM has indeed become a highly useful tool for the
numerical analysis of problems such as the present one in
volving soil and reinforcement. Analysis of reinforced soil
beds requires special treatment since the most important and
yet the least known parameter in working with reinforced soil
is the shear bonding capacity describing the soil-reinforcement
interface behavior, as commented by Lee (1978) in his state
of-the-art report to the first "Soil-Reinforcement Conference"
held in Pittsburgh. An early approach to considering reinforced
soil has been based on the "unit cell" approach (Romstad et
al. 1976), which introduces the effect of reinforcement in the
constitutive law of the soil matrix by homogenization methods.
This approach may be appropriate only when there are nu
merous reinforcing elements that enable the soil-reinforcement
matrix to be considered as an essentially homogeneous mate
rial and where the opportunities of the integral mass can be
determined. However, in many cases like those described in
this paper, the reinforcement elements and the interface be
havior need explicit modeling if the aim is to obtain more
realistic results.

In this paper, a 3D finite-element analysis is presented giv
ing individual attention to soil, reinforcement, and their inter
face, and the results have been compared with those from
model tests conducted in the laboratory. Based on the joint
element developed by Goodman et al. (1968) a 3D soil-rein
forcement interface friction element has been developed,
which is used along with other 3D elements in this analysis.
The details of this formulation are given in Appendix I.

NUMERICAL IMPLEMENTATION

The interface element, described in Appendix I, is imple
mented with a general purpose finite-element program that is
capable of modeling the nonlinear elastic behavior of the soil.
An existing 3D isoparametric, eight-noded brick element is
used to represent the soil medium, and a 3D truss element is
used to model the reinforcement (Zienkiewicz 1977; Desai and
Abel 1972). Both the reinforcement and the interface elements
are geometrically 3D line elements. However they are physi
cally characterized by the cross-sectional areas in the case of
the truss element and the width of the contact (along the y

direction) between the reinforcement and the soil medium in
the case of the interface element. For a reinforcement such as
coir rope (rope made of fibers from the husk of coconut), this
width is taken as its average diameter. Since the aim has been
to develop a general 3D interface element, taking the width of
the interface into account in the described manner enables the
convenient modeling of the interfaces of reinforcements of dif
ferent shapes such as bars, strips, and flats. The stress-strain
behavior of soil is approximated by a hyperbolic relationship,
following Duncan and Chang (1970). Incremental or piecewise
linear method (Desai and Abel 1972) is used for the analysis
in which the load is divided into a number of increments and
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FIG. 2. Finite-Element Mesh

Finite-Element Mesh

The finite-element mesh used for the analysis of the system,
shown in Fig. 2, was finalized after conducting necessary con
vergence studies using different meshes. The unreinforced case
and five typical reinforced cases have been selected for finite
element modeling and analysis. Since the same mesh finalized
as in the preceding is used to analyze different cases, the con
figuration and numbering of the mesh is done considering all
the cases. The mesh consisted of 256 brick elements with 904
nodes. The number of truss elements and the interface ele
ments varied with each case. As regards the soil-interface
reinforcement connectivity, one edge of the interface element
(1-2 or 3-4) is attached to the soil and the other to the rein
forcement. Before loading, 1 and 4 as well 2 and 3 coincide
with each other. Fig. 3 shows the details of the connection
between the reinforcement and the interfaces.

For the analysis, the footing and the reinforcements are
treated as linearly elastic, defined by the elastic modulus (E)

and the Poisson's ratio (JL). Nonlinear elastic behavior of the
soil is represented by the tangent modulus E" defined by the
hyperbolic formula (Desai and Abel 1972)

E, = [I _R/O - sin <l»(a, - (3)]2 KPa[a3]n (2)

2c cos <l> + 2a3 sin <l> Po

Material Properties

Laboratory Determination of the Hyperbolic
Constants

(1)

Triaxial tests were conducted on representative samples of
soil at various confining pressures to determine the hyperbolic
constants K, n, and RI . The results were plotted on a trans
formed axis to get a and b in the hyperbolic equation proposed
by Kondner and Zelasko (1963), in which (al - (3) = E/(a

+ bE). Here a is the reciprocal of the initial tangent modulus,
and b is the reciprocal of the asymptotic value of the deviator
stress (al - (3)u,,, obtained when the stress-strain curve ap
proaches infinite strain. This value of (al - (3) is related to
the compressive strength [actual strength obtained from tests
=(al - (3)/l by a factor R/, known as "failure ratio," such
that (al - (3)/ = Rial - (3)ull' Knowing (al - (3)ul. and (al
- (3)/, R/ can be obtained from preceding relation. The other
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the [Cl matrix (constitutive matrix) is updated for each incre
ment in the analysis. The initial stresses are input based on
the assumed at-rest values.

In a similar manner as the soil, interface properties are also
treated as nonlinear, following the hyperbolic relationship (De
sai 1974). The assigning of width to the interface, together
with the 3D behavior of the system, necessitates the consid
eration of k.2 (the shear stiffness along the width, Le., the y
direction). In the analysis k'2 is taken as equal to k.1 for con
venience, and the normal stiffness kn is given an absolute high
value to prevent interpenetration of nodes. k.1 is allowed to
vary hyperbolically, depending on the stress condition, as
shown in the following (Desai 1974):

[ R'T]2 [an]"k, = I - / K'-yw -
• Ca + an tan /) Pa

During loading, if a soil element is found to fail in shear,
the same is noted, but no changes are effected, and the element
is allowed to follow the hyperbolic relation as before, in keep
ing with the nonlinear elastic formulation of the problem.
However, as regards the elements that fail in tension, the same
are assigned a very small value of E for the subsequent loads.
If during loading, the interface fails in shear (slip), the value
of shear stiffness in the element is reduced to a small value;
if tensile condition (debonding) develops across the interface
elements, both shear and normal stresses are assigned small
values, as per the usual practice followed in this regard.

APPLICATION

Details of Laboratory Investigations

Model tests were conducted on a sand bed prepared in a
tank of dimensions 1.6 X 1.6 X 0.75 m, using a steel footing
of dimensions 200 X 200 X 18 mm (Beena 1986; Ayyar et
al. 1988). The soil used was uniformly graded sea sand, with
properties G = 2.72, D IO = 0.23 mm, Co = 1.34, em!n = 0.51,
and em"" = 0.72.

The sand was filled in layers of lOO-mm thickness (except
the bottommost layer, which was 150 mm) to a total depth of
750 mm, compacting each layer by a falling-weight assembly
to get a relative density of 0.5.

After conducting a reference test on unreinforced sand, re
inforcements were introduced at appropriate levels, as per the
schematic shown in Fig. 1. The reinforcing material used was
coir rope 4.3-mm in diameter tied to bamboo strips of size 35
X 5 mm, which served as anchorages. Two additional bamboo
strips were placed between the anchor strips near the edges to
keep the ropes straight at the beginning of the test. The rein
forcement pattern used was such that the reinforcements in one
layer were perpendicular to the reinforcements in the layer
immediately above or below. Four layers of reinforcements
were placed at a vertical spacing of 100 mm. The horizontal
spacing(s) and length of coir rope (L) varied from case to case.
The loads were applied in small increments, measuring the
settlements at each stage and using dial gauges placed at the
top of the footing, at the center, and at the corners.

-laool- Bamboo I--L--j
Coir

I
Ba boo

T ~oo 1000
750

11 -1"t- Col

I--L--j

,- 1600 -\ (All dIm.nolollll In mm)

FIG. 1. Schematic of Test Setup
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FIG. 3. Finite-Element Modeling of Reinforced Sand: (a> Cen
tral Section; (b) Soli-Reinforcement Interface
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laterally over the reinforcement when loaded vertically. Shear
stress (T) versus shear deformation (Ll) is plotted at a given
value of a .. and Tma• is obtained. In this case the hyperbolic
relation is obtained by the expression T = li/(a' + b'Ii). A
transformed plot is used to determine a' and b' as in the case
of soil. R} is obtained by using T ma• and lib. The test is re
peated for different normal stresses. A log-log plot is drawn
to get K' and n'. as shown in Fig. 4.

The values of the material properties and the hyperbolic
constants are obtained prior to the testing of the reinforced soil
system and used in its analysis, which is tabulated in Appendix
II. The same makes it a case of "blind" (noniterative) pre
diction.

Loading

Load increments are given simulating the loading stages ap
plied in the tests. In general, 14 increments are given from 1
kN to 9 kN. Closer intervals are used at higher loads to better

3-D line Interface
3-D brick (soil)

(b)

4..................................."'""""~ ..........

l~~~~"~~

3-D brick (soil)

hyperbolic parameters, viz, K and n, are obtained by plotting
E i [i.e., (lIa)] and (aJPa) to log-log scales and fitting a straight
line. n is the slope of this straight line and K is the ordinate
at unit value on the x-axis.

In a similar manner as the soil, the hyperbolic parameters
R}, K', and n' for different interfaces (sand-steel, sand-coir,
and sand-bamboo) are obtained by conducting direct shear
tests. The bottom half of the shear box was fitted with the
reinforcing material and the top half filled with the represen
tative soil. In the case of sand-steel interface, the bottom half
of the direct shear box was fitted with a steel block specimen.
In the other two cases, the interfaces were produced by gluing
the corresponding material on a wooden block in such a man
ner that the top surface exactly coincides with the surface of
sliding. (In the case of coir, the surface of sliding coincided
with the horizontal diameters of the ropes.) The direct shear
test, which is a sliding test, was utilized instead of the pullout
test, since the medium sand in the tests is assumed to slide
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FIG. 5. Load-Settlement Diagrams

reflect the nonlinear response. The loads are applied as point
loads on the axis of the footing.

RESULTS AND ANALYSIS

Load-Deformation Behavior

The load settlement behavior of the system at the top of the
footing is shown in Fig. 5. The corresponding data are pre
sented in Table 1. The settlements at all points on the footing
at each load stage were uniform both in the test and the anal
ysis. The load-settlement curves obtained from the tests and
the finite-element analysis show good match, both for the un
reinforced [Fig. 5(a)] and reinforced cases [Fig. 5(b-e)], par-

ticularly over the range of response significant from the prac
tical point of view in design. The predicted responses are
found to diverge from the experimental results only in the final
range. The reason for this is that the analysis does not take
into account the plasticity or the strain softening aspects. How
ever, to the foundation engineer, the region of interest is the
working load range, which is about one-third or at most one
half of the ultimate value, and in those regions the results of
the analysis and the experiment show good agreement. Where
difference exists, the numerical predictions are on the conser
vative side, except in the final range, in all the reinforced
cases.

The difference in the initial stage can be due to the errors
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TABLE 1. Load versus Settlement: Experimental and Numerical Results

SETTLEMENT (mm)

Case a Case b Case c Case d Case e

Load Experi- Expert- Expert- Expert- Expert-

(kN) mental Numerical mental Numerical mental Numerical mental Numerical mental Numerical

(1 ) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11 )

0.0 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
1.0 0.43 0.38 0.08 0.32 0.21 0.34 0.12 0.53 0.10 0.32
2.0 1.02 0.97 0.42 0.65 0.48 0.72 0.78 1.09 0.48 0.66
3.0 1.98 1.81 1.02 1.37 1.01 1.18 1.02 1.84 0.97 1.58
4.0 3.07 3.37 1.63 2.30 1.57 2.16 1.91 2.18 1.21 2.97
4.5 3.92 4.26 2.01 2.98 1.98 2.71 2.21 3.82 1.89 3.71
5.0 4.87 5.16 2.57 3.78 2.26 3.67 3.04 4.21 2.21 4.72
5.5 6.48 6.08 3.31 4.28 3.01 4.74 3.89 5.16 3.02 6.16
6.0 7.96 7.01 3.98 4.91 3.52 5.66 4.17 5.92 3.92 7.10
6.5 19.82 8.16 4.82 5.53 4.19 8.23 5.76 7.22 5.00 9.01
7.0 9.32 5.60 6.21 5.21 9.62 7.18 8.57 7.02 10.68
7.5 10.71 7.46 7.02 6.87 10.51 9.36 11.12 22.17 12.18
8.0 13.02 10.61 8.03 17.82 14.87 23.42 12.41
8.5 14.73 20.86 10.91 16.21 15.11
9.0 18.06 11.78 17.89 24.81

TABLE 2. Vertical Center Line Displacements

Soal.

limn>

Reinforced

Seal.

lImn>

R.lnforced

(b)

FIG. 6. Displacement Field Diagram at Loads of: (a) 1 kN; (b)
3kN

associated with detennining the material properties in the anal
ysis, especially when only a representative sample is used for
finding out the properties of the soil. Even a small error in
detennining the soil properties like K and n is found to affect
the results considerably, especially in the initial stage of load
ing, making the numerical model a sensitive one. If more pre
cise results are sought, it is possible to perfonn a parametric
study from which the appropriate values of the material con
stants can be back-predicted and used in the subsequent anal
ysis. However, as stated before, the present attempt has been
a "blind" prediction and not a "calibrated" analysis.

The remaining results are presented and discussed with re
spect to the central symmetrical plane for the case in Fig. 5(b)
only, which is considered as typical.

SOIL DISPLACEMENT (mm)
Node

Load: 1 kN Load: 3 kN
number

(Fig. 3) Unreinforced Reinforced Unreinforced Reinforced

(1) (2) (3) (4) (5)

1 0.378 0.321 1.811 1.371
2 0.331 0.248 1.358 1.068
3 0.283 0.189 0.914 0.767
4 0.239 0.143 0.608 0.518
5 0.204 0.096 0.312 0.272
6 0.178 0.072 0.187 0.197
7 0.157 0.048 0.143 0.073

Displacement Field

Fig. 6 shows the resultant displacement fields on the central
x-z plane for loads of I and 3 kN for both the unreinforced
and reinforced cases. The dots shown correspond to the final
displaced position of the respective vectors. The major com
ponent of displacement is in the downward vertical direction
nearer the footing. The soil displacement along the axis of the
footing is entered in Table 2. (There has been a small heave
of the soil mass slightly away from the footing that could not
be depicted to scale.) Comparing the unreinforced and rein
forced cases, it is observed that there is a clear reduction of
settlement in the reinforced cases at the higher loads. At the
first stage of loading there is actually a small increase in set
tlement in the case of reinforced soil. This may be because
the nonnal load may not be sufficient to develop enough fric
tion between the soil and reinforcement, which is the major
factor contributing to reduction in settlement. In other words,
the reinforcements can initially behave as a plane of weakness
that is overcome by the development of friction as the load
increases. At any rate, at values of working loads, which are
increased due to the increase in ultimate bearing capacity, the
settlements in reinforced soil are decisively smaller than in the
unreinforced soil.

Relative Deformation between Soil and
Reinforcement

Fig. 7 shows the relative shear defonnations at the rein
forcement (coir) and interface nodes for loads of 1 and 3 kN
on the central X-Z plane. It is seen that there is considerable
relative movement between the soil and the reinforcement,
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which increases with load. The same, however, decreases with
the depth of the reinforcement and increases with load. The
relative deformations also show a decreasing tendency at the
outer end of the reinforcement, presumably due to the presence
of bamboo strip anchorages to which they are tied.

The variation of interface shear stresses predicted by the
FEM analysis along the length of the coir reinforcement on
the central X-Z plane is shown in Fig. 8. The shear stress at
the interface is maximum at a distance of nearly 0.5B from
the center of the footing, where B is the width of the footing,
i.e., nearly below the edge of the footing. The same decreases
to a very low value near the edges. The interface stresses also
increase with load and are higher at the top layers.

L
I • 1 I 1 ~ \ ~-IDl ....m'Dl

1. .1,'&._r'
• 1. 'l

I d • ..,

I

1· .,...L ........... -'-
• 'T 1 ,.

...l...,..

Axial Forces In Reinforcement

A typical variation of axial force in the coir reinforcements
is shown in Fig. 9 for three values of loads. To get an isometric
viewing effect, the axial forces along the reinforcements are
plotted on tilted axes. It is seen from the figures that the max
imum forces occur at points near the center and gradually re
duce towards the end of the reinforcement. It has been ob
served in the study that the topmost reinforcement is subject
to maximum stresses and the stresses developed decrease with
depth, which shows that the reinforcement material is better
utilized at the top layers. (The stresses developed in the bam
boo anchorages also show the same trend.) As the load in
creases, the stress in the reinforcement increases faster, as we
can see from the figures, indicating again that the reinforce
ment is more effective at higher loads. The compressive axial
forces developing in coir are explained by their position (away
from the center) and that they are anchored. In the case of no
compression reinforcements such as coir, iterative solutions are
possible until the axial forces are either tensile or zero. The
effect of axial compression-which is unrealistic in the pres
ent case-on the solution cannot, however, be predicted from
the present analysis.

Sc.t.

0....

seal.
i.j"ii;

(All dimension I In mm)

FIG. 9. Axial Force In Reinforcements
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Element
PRINCIPAL STRESS (Nlmm2

)

number
Load: 1 kN Load: 3 kN

(Fig. 3) Unreinforced Reinforced Unreinforced Reinforced
(1 ) (2) (3) (4) (5)

I 0.034 0.033 0.063 0.062
II 0.026 0.030 0.058 0.061
III 0.021 0.026 0.051 0.058
IV 0.019 0.024 0.042 0.054
V 0.017 0.020 0.033 0.052
VI 0.013 0.016 0.020 0.031
VII 0.012 0.013 0.014 0.016

FIG. 10. Principal Stresses at Loads of: (a) 1 kN; (b) 3 kN

TABLE 3. Major Principal Stresses near Vertical Center Line

(b)

Scale

I0.01 Hla&.

(All dimn..lolUI Ia mm)
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I

(All cUm....lo... IIll -l

FIG. 8. Interface Shear Stresses

FIG. 7. Relnforcement-lnterface Relative Deformations at
Loads of: (a) 1 kN; (b) 3 kN
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Principal Stress Field

The principal stress fields for loads of 1 and 3 leN for the
unreinforced and the reinforced cases are shown in Fig. 10.
The major and minor principal stresses in their actual orien
tations are plotted at the centers of each element facing the
central X-Z plane. The major principal stresses in the elements
closest to the axis of the footing are entered in Table 3. As
the load increases from 1 to 3 leN, the principal planes undergo
a slight rotation below the center. The knowledge of orienta-

(a)

tion of principal stresses will be useful in determining more
efficient orientations of the reinforcements.

Vertical Stress Contours

Fig. 11 shows the vertical stress (0',) contours at the central
plane for a load of 3 leN, which corresponds to an applied
stress of 0.075 N/mm2

• These are the stresses produced by the
applied loads, determined by subtracting the initial stresses
from the total stress obtained in the analysis. In general the
contours are smooth in the unreinforced case, in contrast to
which they show signs of stress concentration near the rein
forcements in the reinforced case. The contours of the same
stress are generally seen to shift downwards in the reinforced
case, testifying to the strengthening of the soil brought about
by the reinforcement in it.

Failure Progression

The finite-element analysis provides an interesting oppor
tunity to trace the failure of the system, element by element,
with load that is of considerable academic interest if not of
practical value. Fig. 12 illustrates the failure developing in the
soil elements adjacent to the central vertical plane. Failure can
be in shear or in tension in the perpendicular direction. Fig.

FIG. 12. Progression of Failure of Soli Elements

(b)

(All dimensions in mm)

(All stresses in N/mm2)

FIG. 11. Vertical Stress Contours due to Applied Load of 3 kN:
(a> Unrelnforced; (b) Reinforced

I ~ 800

(All dimensions in mm)

LEGEND

Inonment Failure In

No. Load ran.ef'. She.r Tension

I 0.0-1.0 ~l =A
2 1.0-2.0 ~u .11
3 2.0-3.0 ~u ~c

4 3.0-4.0 ~IV nnm D

6 4.0-4.6 ~y 55r:

8 406-6.0 0 V1 rn:J ,.

14 8.6-9,0 E ~8""VII
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FIG. 13. Line Interface Element for 3D Analysis

x

(5)

(6)
o N2 0 0 N, 0 0]
o 0 N2 0 0 N, 0

-N2 0 0 N2 0 0 N,
[

-NI 0 0 -N2 0
[B) = 0 -N, 0 0 -N2

o 0 -N, 0 0

UI

VI

[

-NI 0 0 -N2 0 0 N2 0 0 N, 0 0] WI

Ie} = 0 -N, 0 0 -N2 0 0 N2 0 0 N, 0
o 0 -N, 0 0 -N2 0 0 N2 0 0 N,

in which Nh N2, etc. = corresponding shape functions. Also,
N1 = N4 = 1 - xlL, and N2 = N3 = xlL.

From (3) and (4) we get

y

z

from which the strain-displacement matrix

In this paper, for the detailed study of a reinforced soil sys
tem with layers of individual reinforcements placed horizon
tally under the footing, a 3D nonlinear finite-element analysis
has been developed. With the help of a 3D line interface el
ement, the frictional behavior of the soil-reinforcement inter
face is modeled in the analysis. The analysis accounts for the
material nonlinearity of the soil, as well as that of the interface.
The predicted results are compared with those from laboratory
tests and are found to be in fair agreement, considering the
sensitivity of the numerical model. The settlement of the re
inforced soil system is found to be much less than that of the
unreinforced soil, particularly at values close to working loads,
which proves the effectiveness of the reinforcement in reduc
ing settlement. The axial forces in the reinforcement are found
to be maximum near the center, gradually reducing towards
the end. The principal stresses at higher depths get reduced in
the reinforced case. The stress contours shift downwards in
the reinforced case, spreading the stresses deeper, thereby es
tablishing the strengthening of the soil brought about by the
reinforcements.

The method, even though expensive in terms of computing
effort, gives complete information regarding deformations,
stresses, and forces in the entire system at any stage of loading,
which is extremely difficult, if not impossible, by any other
method of analysis. Thus, it may be summarized that this de
tailed 3D finite-element analysis using interface elements leads
to a better understanding of the overall behavior of reinforced
soil systems under load, which enhances the level of confi
dence in constructing such soil structures for supporting foun
dations.

12 follows the legend given used for representing failure at
various load stages. In examining this figure, it may be noted
that some elements that fail at one stage "recoup" at a higher
load stage and fail by a different mode at subsequent load
stages. This explains the double entries found in some ele
ments.

CONCLUSIONS

APPENDIX I. FINITE-ELEMENT FORMULATION OF
FRICTIONAL SOIL-REINFORCEMENT INTERFACE
ELEMENT

and

(7)

This special isoparametric element has been developed
(Beena 1994) with a view to representing the friction (includ
ing adhesion) between soil and the reinforcement, especially
when the reinforcements are in the form of rods or strips. Such
reinforcements are not in contact with the whole surface of
the soil mass at a particular level as in the case of a geotextile
or a mat; if they were, one could have used the available eight
noded quadratic interface element for 3D analysis (Beer 1985;
Muqtadir and Desai 1986). The geometry of the present ele
ment is such that it is a line with four nodes as shown in Fig.
13. A local coordinate system is chosen with the x-axis along
the length and the origin at one end. The element has length
L and zero thickness, as assumed by Goodman et al. (1968).
A linear variation of displacement along the length of the el
ement is assumed. Relative displacement between the top and
bottom nodes is taken as the corresponding strain £ in the
element (Goodman and St. John 1977).

Accordingly
where b = width of the interface, which is the width of contact
between soil and reinforcement along the y-direction. Rear
ranging the terms it becomes

f {8unBf[C][B]{u}b dx = {8uf{F} (10)

(9)

(8)

(11)

i {8ef{a} dv = {8U}T{F}

f {8ef{a}b dx = {8uf{F}

From the principle of virtual work

In the present case it becomes

Substituting for £ and CT, we get

[b f[Bf[C][B] dx] {u} = {F}

which is of the form [k]{u} = {F}.

From this the element stiffness matrix is obtained as

(3)

(4a)

{ ~ u } [Ulop - Ubot]
{e} = ~v = v,op - T-Ix>t

~w w,OP - Wbot

where
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[k] =b f [Bt[C][B] dx (12)
C x =(Xj - x,)IL, C y =(Yj - y,)IL, Cz - (Zj - z,)IL (20a-c)

and

The stress developed in the interface can be obtained as
[C]{e}, in which

After obtaining stiffness in the local x, y, and Z coordinate
system, it is transformed into the global X, Y, and Z coordinate
system using a transformation matrix [T ' ]

(21)

(2Od)

(22a,b)

o
cos ex
sin ex

-Xki

cos ex = y 2 2 C,
Xkl + YkJ

[T'].or =[ C, ~n ex
-C, cos ex

• Ykl
slnex=y2 2'

Xkl + Ykl

where

Unit weight = 16.75 X 10-6 N/mm3

Poisson's ratio = 0.3
Angle of internal friction = 38°
Coefficient of earth pressure at rest = 0.6
Hyperbolic constant K = 771

Hyperbolic constant n = 0.316
Hyperbolic constant Rf = 0.87
Cohesive strength = 0

Here the rotation about the local x-axis is also considered
so that the interface can be placed on the sides of the rein
forcement if needed. The preceding transformation will not be
valid for vertical interfaces where Cx and Cy will become zero
(parallel to global Z-axis). In such a case [T ' ] can be obtained
as

The complete transformation matrix [T] is obtained as

[
T] - [[~] [~'] g g] (23)

- 0 0 [T' ] 0

o 0 0 [T' ]

and the global stiffness matrix as [k] == [Tnkm][T].

APPENDIX II. MATERIAL PROPERTIES

Soil Properties

Reinforcement Properties

(13){
TX} [ksl 0 0] {AU}
Ty = 0 ks2 0 Av

0'" 0 0 k" Aw

I
[k"J =2 bL

2k•• 0 0 k" 0 0 -k., 0 0 -2k•• 0 0

0 2k" 0 0 k" 0 0 -k" 0 0 -2k" 0

0 0 2k, 0 0 k, 0 0 -k, 0 0 -2k,

k" 0 0 2k•. 0 0 -2k" 0 0 -k" 0 0

0 k" 0 0 2k" 0 0 -2k" 0 0 -k" 0

0 0 I<. 0 0 2k, 0 0 -21<. 0 0 -k,

-k,t 0 0 -2k" 0 0 2k•. 0 0 k•. 0 0

0 -k" 0 0 -2k.2 0 0 2k'2 0 0 k" 0

0 0 -k, 0 0 -2k, 0 0 21<. 0 0 k,

-2k•. 0 0 -k'l 0 0 k•. 0 0 2k•• 0 0

0 -2k" 0 0 -k" 0 0 k" 0 0 2k" 0

0 0 -2k, 0 0 -k, 0 0 k, 0 0 21<.

(14)

[

k
sl 0 0]

[C] = 0 ks2 0

o 0 k"

It may be noted that since the shearing and the normal dis
placements are uncoupled as in a nondilatant case (Ghaboussi
et al. 1973), the [C] matrix is left with no off-diagonal terms.
From the preceding, the stress vector is obtained as

Substituting for [B], [C], and for the shape functions in the
equation for [k], and performing the integration, we will get
the final stiffness matrix for the soil-reinforcement interface
element as

[T'] '"

Coir

[

c,

C,C, sin a - C, cos a

VC: + C;
-C, sin a - C,C, cos a

VC: + C;

where

C,

C, cos a + C,C, sin a

VC: + C;
C, sin a - C,C, cos a

VC; + C;

C, ]
-YC; + C; sin a

YC: + C; cos a

(15)

E-value = 300 N/mm2

Cross-sectional area = 14.75 mm2

Poisson's ratio = 0.3

Bamboo

E-value = 18,000 N/mm2

Cross-sectional area = 175 mm
2

Poisson's ratio == 0.3

Xk-y =CxXki + CYYkl + CzZki

-Cy Cx

Yk-y =YC2 + C2 Xki + YC; + C; Yki

- C,Cx C,Cy + ~ /C 2 C 2

Zk-y =YC; + C; Xki - YC; + C; Yki V x + Y Zkl

. Yk-y
sIn ex =y 2 2'

Yk-y + Zk-y
cosex=y2 2

Yk-y + Zk-y

(16)

(17)

(18)

(19)

Interface Properties

Steel and Sand (interface below the footing)

Angle of sliding friction = 22°
Hyperbolic constant K' = 38,580
Hyperbolic constant n' = 0.909
Hyperbolic constant Rf = 0.91

Xkl == Xk - XI' Ykl = Yk - yj, Ziti = Zk - ZI' where Xb Yk' and Zk =
X, Y, and Z coordinates for the reference node k lying in the z
x plane in the local coordinate axes but not along the length
of the member

Coir and Sand

Angle of sliding friction = 42°
Hyperbolic constant K' = 10,231

826/ JOURNAL OF GEOTECHNICAL AND GEOENVIRONMENTAL ENGINEERING / SEPTEMBER 1997

J. Geotech. Geoenviron. Eng. 1997.123:818-827.

D
o
w

n
lo

ad
ed

 f
ro

m
 a

sc
el

ib
ra

ry
.o

rg
 b

y
 C

o
ch

in
 U

n
iv

er
si

ty
 o

f 
S

ci
en

ce
 a

n
d
 T

ec
h
n
o
lo

g
y
 o

n
 0

7
/2

5
/1

4
. 
C

o
p
y
ri

g
h

t 
A

S
C

E
. 
F

o
r 

p
er

so
n
al

 u
se

 o
n
ly

; 
al

l 
ri

g
h
ts

 r
es

er
v
ed

.



Hyperbolic constant n' =0.4
Hyperbolic constant R; = 0.78
Width of the interface b = 4.3 mm

Bamboo and Sand

Angle of sliding friction = 17.40

Hyperbolic constant K' = 17,018
Hyperbolic constant n' =0.669
Hyperbolic constant R' =0.848
Width of interface b =35 mm
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a, b =
a', b' =

B =
[B) =

b
[C)

Cx =
C" Cy , Cz =

c =
DIO =

E =
E I =
E, =

emax =
emln =

[F] =
G=

K, n =

K', n' =
[k] =

[km] =

kn =
kSI =

ksl =

kS2 =

L =
NI =
Pa =

RJ =
R; =

s
[T] =
{u}

u, v, w =

'Yw

Au, Av, Aw

£

0'.

0'1 =
0'3 =

T =
Tx =
Ty =

Tmax =
<l> =

Kondner's constants for soil;
Kondner's constants for interfaces;
width of footing;
strain-displacement matrix;
width of line interface;
constitutive matrix;
uniformity coefficient;
direction cosines;
cohesive strength of soil;
effective size of soil particle;
Young's modulus;
initial tangent modulus;
tangent modulus;
maximum void ratio;
minimum void ratio;
force vector;
specific gravity of soil;
hyperbolic constants for soil;
hyperbolic constants for interfaces;
stiffness matrix;
element stiffness matrix in local direction;
interface normal stiffness in z-direction;
tangent shear stiffness;
interface shear stiffness in x-direction;
interface shear stiffness in y-direction;
length of element/reinforcement;
shape functions;
atmospheric pressure;
failure ratio for soil;
failure ratio for interface;
horizontal spacing of reinforcement;
transformation matrix;
vector of displacement component;
nodal displacements in x, y, z-directions, respec
tively;
unit weight of water;
relative displacements;
axial strain;
normal stress;
major principal stress;
minor principal stress;
shear stress;
shear traction (stress) along x-direction;
shear traction (stress) along y-direction;
asymptotic value of shear stress; and
angle of internal friction of soil.
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