DE GRUYTER Open Mathematics 2021; 19: 833-849

Research Article

Feng Qi, Muhammet Cihat Dagli, and Dongkyu Lim*

Several explicit formulas for (degenerate)
Narumi and Cauchy polynomials and
numbers

https://doi.org/10.1515/math-2021-0079
received May 17, 2021; accepted July 21, 2021

Abstract: In this paper, with the aid of the Faa di Bruno formula and by virtue of properties of the Bell
polynomials of the second kind, the authors define a kind of notion of degenerate Narumi numbers and
polynomials, establish explicit formulas for degenerate Narumi numbers and polynomials, and derive
explicit formulas for the Narumi numbers and polynomials and for (degenerate) Cauchy numbers.

Keywords: Narumi number, Narumi polynomial, Cauchy number, degenerate Cauchy number, explicit
formula, Bell polynomial of the second kind, Faa di Bruno formula, generating function

MSC 2020: 11B83, 11C08, 33B10

Dedicated to Professor Ce-Wen Cao at School of Mathematics and Statistics, Zhengzhou University, China.

1 Preliminaries and motivations

In this section, we first recall several known notions and mention our motivations.

1.1 Stirling numbers

The Stirling numbers of the first kind s(n, k) for n > k > 0 can be generated [1,2] by

I+ 0P § 50,02, <1

k! =
and can be computed by
nogobslog torl g tacly
Is(n+ 1, k+ D] =n! ) = — Yy — Y =, nzkz1,
4=k & &=k-1 & C-1=2 b1 &=1 O
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which was derived in [3, Corollary 2.3] and can be reformulated as

, n>k>1.

s+ 1,k + D] _ Z": Is(m, k)|
n! e m!

The Stirling numbers of the second kind S(n, k) for n > k > O can be generated [1,2] by

(e¥ - DX

[e¢] Xn
T g{s(n, k)ﬁ ey

and can be computed [4] by
k
1 k
S(n, k) = — ) (DY fen.
(n,J) = = go( ) ( g)

In [5, p. 303, equation (1.2)], see also [6—8], the r-associate Stirling numbers of the second kind, denoted by
S(n, k; r), were defined by

r i k o] i k (o8] n
(ex _ zi) :( y i) =k Y Sk nX. 2
i i n=(r+1k n!

It is clear that S(n, k; 0) = S(n, k).

Proposition 1.1. ([5, p. 306, (3.11)] and [6, Theorem 3.1]) For k > 1, the 1-associate Stirling numbers of the
second kind S(n, k; 1) satisfy S(0,0; 1) =1, S(n, 0; 1) = 0 forn > 1, and

k j .
1 { k j .
Kkl - k—-jym, > 2k > 2;
S(n, k; 1) = kgl_;)( )(]-)mzo(m)(mm( i) n>2k>
0, 0<n<2k,

where the falling factorial

) n-1 ~ x(x-1)--(x-n+1), n>1;
(X = E(X -k = {1, n=0.

1.2 Degenerate Narumi and Cauchy numbers and polynomials

The Narumi polynomials N\®*(x) were defined by means of the generating function

—t Javo - Yaoml 3)
In(1 + t) =
in [9, p. 127]. In particular, the quantities N*(0) = N\* are called the Narumi numbers. In [10], several
Sheffer sequences and many relations of several polynomials arising from umbral calculus were dealt with.
In [11], the Narumi polynomials of the Barnes type were defined and many interesting identities in the light
of umbral calculus were established.

When letting & = 1 and x = 0 in (3), the quantities N\*’(x) become the Cauchy numbers of the first kind
Cy, which have been investigated in [3,12-14] and closely related references therein.

In [15], Kim and two coauthors defined degenerate Cauchy numbers C,(A) by

[+ -1]/A _ © n
A e yaw s
a+t*-1 o n!
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and showed that the family of nonlinear differential equations

2n-1

2n
A+ 0"+ O = 1PFP®) = B Y ain, (L + O + Y bi(n, A1 + 1)

i=1 i=1
for n € N has the same solutions

ela+t*-1/1 _ 1

R(t) = , 4
=y ®
where a;(n, A) for 1 <i < 2n and b;(n, A) for 1 < i < 2n — 1 are uniquely determined by
a(n, )= =1 = 1= D,
n-2 (5)
a(m )= —1- W) - 5 Z[A—(A+ D(n - Din - i -2 - Aypi(n — 1 - 24),
i=0
an, D) =[(-DA - A+ Dnja;(n - 1,A) + gi_,(n - 1,A) + (n -1 - ida;(n - 1, )
for3<i<2n-2,
an-1(n, A) = %n[(/l -Dn -1 -24+1D], ann,A)=1, bn,A)=(n-1- A, ©)
bin,D)=[(-DA-A+D(n-Dbi.i(n -1,A) +a_1(n-1,) + (n-1-ibi(n-1,1)
for2<i<2n-3, and
boan, ) = =" ) 2= D<A Bt ) = 1. %
Since
A
im 0" =1 a4 p,
A—=0
we have

lim C,(A) = C,, n=0.
A—0

This should be what the word “degenerate” means.

In previous study [16], for simplifying and signifying those expressions in (5), (6), and (7), by virtue of
the Faa di Bruno formula (12), the identity (13), and the closed-form expression (15), Qi and his two
coauthors established the following two conclusions.

1. Forn > 0, degenerate Cauchy numbers C,(1) and the Cauchy numbers C, can be explicitly computed by

n (1) e(k)
Ca() = kzo Y AkZ( DY (edy, 8)
and
o s(n, k)
Cn = z;) k+1’ ©)

respectively. See [16, Theorem 1].

2. For n € N, the function Fy(t) in (4) and its derivatives satisfy

El(t) na tl/\ 2n-1 o tM
1+ 011 -1+ OV Z"‘l(” YA+ %+ Y Bin, A+ )

i=1

F(t) =




836 —— FengQietal. DE GRUYTER

with

min{n-m,k} pU n—2e
i(n,A) = -D™MAi(n, A

b= T A Y (k_e)!( -
1<k<n

0<msn

for1<i<2nand

min{k-1,n-m-1} ¢ oy
B = Y DA Y A (" ¢ 1)

il = (k- o) m
1<k<n
0<ms<n-1
for1 <i<2n -1, where
n-1
A, ) = ( )H(M ~ 9.
=0 q=0

See [16, Theorem 2].

From the explicit formula (8), we obtain the first seven values of degenerate Cauchy numbers C,(A) for
0 < n < 6 as follows:

Coh=1, CA) = % G = %(3/1 “1, G = %(2/12 SR+ ),
3
=2 - 2"? A- 3—(9), Cs) = i(s/l‘* + 502 = 36 + 27),

5
cy=" + T o O g 83
26 3 84

In recent years, the authors also investigated other sequences of special numbers and polynomials in
[17-28] and closely related references therein.

1.3 Motivations

In this paper, we introduce degenerate Narumi polynomials N¥(x, A) by

A_ A a
(’UE[L;”‘”) eXl+0' 11/ _ ZN(“)(X /\) (10)
a+tr-1 n=0

It is clear that

}tim N®(x,A) = N®(x), NP, A) = C,A).
-0

When x = 0, we call N,E"‘)(O, A) degenerate Narumi numbers and denote them by the notation N (¥(A), that
is, taking x = 0 in (10),

Aelaso'-ua _ )" & fn
[ [(1 + -1 ]) i ZN&‘Q)@)n_" )
n=0 :

It is easy to see that N{¥(x, 1) = 1 and N {°(A) = 1.

In this paper, we mainly aim at establishing explicit formulas for degenerate Narumi numbers N E,,“)(}l)
and degenerate Narumi polynomials N\*(x, 1). Consequently, we derive explicit formulas for the Cauchy
numbers C, and degenerate Cauchy numbers C,(A).
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2 Properties of second kind Bell polynomials

The Bell polynomials of the second kind By, (X1, %, ..., Xn-k+1) for n > k > 0 were defined in [2, p. 134] by

n! n-k+1 x: [
By (%, X, ... Xn-ks1) = Z Tl@ H (—l) .

!
1sisnok+1 [Lig &' o1 \U
¢ {O}UN

n-k+1,
le iti=n

Zn k+1 b=k

Forn € N, the Faa di Bruno formula is described in [2, p. 139] in terms of the Bell polynomials of the second
kind Bn,k(xls X5 .e0s Xn*k‘f’l) by

dt" Zf(k)(h(t))Bn Kh' (), H'(t), ..., ke (), (12)
k=1
In [2, p. 135], there is an identity
By i(abxi, ab™, ..., ab™ **1x,_i,1) = a*b"Bp 1 (X, %o, ..., Xn—ics1)s (13)

wheren > k > 0 and a, b, A, a are any complex numbers. At the end of [2, p. 133], there is the formula
o0 k o0
1 tm t"
T Z Xm— = Z Bn,k(Xl: X2y uns Xn—k+1)_a k > 0. (14)
ki'\ = m! = n!

In [29, Remark 1], there existed the formula

n-k n-1
B,,,,{l, 1-A,0 -1 -22,..., []a- u)) ) (’;)H(e - qn). (15)
=0 q-0

The explicit formula (15) has been applied and reviewed in [16, Lemma 3], [30, Lemma 2.6], [31, Section 2],
[32, First proof of Theorem 2], [33, Lemma 2.2], [34, Remark 6.1], [35, Lemma 4], and [36, Section 1.3]. The
explicit formula (15) is equivalent to

(_1)1( k . k
Bk ((M)1, A2,y (Mn-is1) = ’—,Z(—l) A, (16)
k! 2 ¢

which was presented in [37, Theorems 2.1 and 4.1]. In [38, Remark 7.5], the explicit formulas (15) and (16)
were rearranged as

n-k k
BuL,L1-2,0 -0 -21),..., [Ja- eA)) (- = D! (" Z( 1)28( )(E::\_ ) )

£=0

for A # 0 and

~ n-1!& K\ Ae -1
Buk(@t, Wy Wiirt) = (—mT;(—l)“e( D) )

where n € N and generalized binomial coefficient (Vzv) is defined by

I'z+1)
(Z): Tw+DIz-w+1)
w 0, zeC\{-1,-2,..}, w,z-we{-1,-2,...}

z,w,z-w e C\{-1,-2,...};

For establishing explicit formulas for degenerate Narumi polynomials N,(l"‘)(x, A) and for the Narumi

polynomials N\®(x), we derive two explicit formulas for special values of the Bell polynomials of the
second kind
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Lemma 2.1. Leta, b € C.

1. Whenn > k > 0 and n € N, the Bell polynomials of the second kind By, j(Xi, X, ..., Xn_k+1) Satisfy

bZ _ a2 b3 _ a3
Bnk(

> yeeey

bn—k+2 _ an—k+2
2 3 '

n-k+2

b2 _ a2
Bn,k( 2 ’

(-D*

yeee

3 " n-—k+2

b3 — a3 pn-k+2 _ an—k+2)

n!

k-1 n-k
k n+k
1 b2ll+q n+k—(2¢+q)
k! (n+k)!{;1( )(E)Z(2€+q) “

q=0

e j .
x [Z(—l)l‘("ﬁ) i ( ) )(e —jyrame + q>ml
j=0 J m=0 m

j=0

k j .
_1\kpn+k n+k 1 k ( J ) _ i\n+k-m
+ [(~Dkbmk 4 @tk Y ( 1))(]')2 o (k-j) (n+k)m}.

2. Whenn = k > 0, the Bell polynomials of the second kind B, x(x1, X, ..., Xn_k+1) Satisfy

m=0

j=0 m=0

bz _ az b3 _ (13
Bn,k(

2

S NS (L

* r+s=ke+m=n

x [i(—l)’f(e § T)sae +m>” ) (—1)51‘(’" ’ .S)S(m +j,j)}.
j=0 r=J j=0 $J

Proof. For b > a > 0, let

It is easy to see that

and

Employing the formula

X;
Bn,k(_2

2 >

bn—k+2 _ an—k+2
T3 7T n—k+2

(7))

ebu — eau "0
Ga,p(u) = u ’

b-a, u=0.

b
69 w) = Jt"e“‘dt, ke {0}UN

a

G(k) bk+1 _ ak+1 K

)= —F, € {0} UN.
90 = 7 — 0}

3 Xn—k+2 n!

yeeey = B O,X,X,
3 n—k+2) (n s r 0,2

k-¢ (k—2) d j
x Z<-1)1( ]. )Z(m)<k—e—j)'“k-@“q)-m(n+k—<2e+q)>m

~~-,Xn+l)

DE GRUYTER

(18)

19)

(20)

(21

(22)

(23)
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n [2, p. 136], we acquire

b2 _ aZ b3 _ (13 bn—k+2 _ an—k+2
—k
Bn,k(GL;,b(O)r G(;I,b(o)’ LRRE] G(gflb +1)(0)) = Bn,k( 2 ’ 3 EEREE) n— k + 2
|
= (ni'k)'Bmk’k(O, b2 - a, b3 - a, ..., b — g™t)),
n+k)!
Making use of the formula (14) yields
k
- kinl vk (& M
ZBrH—k,k(le XZ)---,Xn+1)7' . me—' >
s (n+k)! n! opom
k
i BYH—k,k(Xl’ X25--us Xn+1) tYl+k _ ix ﬂ
("+k) n! "m! ]’
n=0 k m=1
tm

n+kY, d|
Bn+k,k(Xl’ X2y .uns Xn+l) = ( k )hm _[ z Xm+lo———
m=

Accordingly, considering (2), we obtain

Bn+k,k(0’ b2 _ (12, b3 _ a3 bn+l _ an+1)
k
n+k ar
1 bm+l m+1
( k )tggdt" mzl( a )( +1)|]
_(n+k)hmi_(ebf—bt—1)—(e‘”—at—1) ‘
k Jt—o dt"| t
n+ k). d| Dk & (k) )
= 1 — _1@ bt_bt_li at _ t_lke
("3 ] S S (e -
n _1\k k 00 p
(”;k)hm;n D Z(-Df(k) 0y St 1)bq— k-0 Y S k-t Dart
o dtf{ 5 ¢ q=2 p=2(k-1) p:

< S(2¢ + g, £; 1)b%*e — g5 1)ak-0+p

k 12
[r Soof §oaeatt

Sk -0 +p,k
[2(k - &) + p]!

= (- l)k%llm tq][ OZO: tl’l]
p=0
i S(2¢ + g, ¢; Db Sk - €) + m — g, k — ¢; Da2k-0+m-q pmik
(2 + g)! [2(k — &) + m — q]!

q=0

- (- 1)"("+k) lim dtn Z( ey

m=0

"KS(20 +q, & Db S(n + k- 20 — g, k - & 1)an+k2€ql

q;) (2¢ + g)! (n+k-2-q)!

= (-Dk(n + k)! Z(—l)el

£=0

Consequently, we acquire

bz _ az b3 _ a3 bn—k+2 _ an—k+2
Bn,k ’ LEERE]
2 3 n-k+2

k n_k . 20+q _ _ _p. n+k-2¢-q
- (1)n! Z(—l)z Z S(2e + g, ¢; )b Sm+k-20-q,k—-¢ Da '
(2 + g)! n+k-2-q)!

=0 q=0

(24)

Further applying Proposition 1.1 to (24) yields

bz _ az b3 _ a3 bn—k+2 _ an—k+2
Bn,k ’ LR
2 3 n-k+2

- - 1)kn'kf (_ 1)/12" S(2¢ + g, €&; D29 S(n + k — 2¢ — g, k — ¢ 1ar+k-2-4
) 2¢ + g)! n+k-2-q)!

e=1 q=0
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¥S(q, 0; 1)b’1 S(n + k - g, k; Da"+k-4 + (CDn S(0, 0; DB° S(n + k, k; 1a+k

k
+(1)"'Z n+k-gq)! Y n+ k!

gq=1
n-k-1

. 2k+q _ _ . n-k-q
+ (~Dknl (~1)k z Sk + q, k; Db Sin-k-gq,0; Da

4=0 (2k + q)! (n-k-q)!
+ (Db (e S@E K ks DB S(0, 05 Da®
' (n+k)! 0!
b= ”'SQe+qblmﬂwsm+k—2e_qk_@1mmbﬂw
— (_1\k _1)\¢ > ) s
- l)n!;( Dq:zo (2¢ + g)! (n+k-2-¢q)!
T (=1l S(n + k, ks Da™k  S(n + k, k; Dbk
' (n +k)! ' (n + k)!
1 nk b2+q antk-2¢-q j j ‘
= k e _ 20+q-m
= n';I( Y (k- ©)! Zo(ze +q@)! (n+k-2t-q)! [Z( DJ(;),"ZO(m)m (=) l

k-t i .
|:Z( 1)]( ] ) i(};)(n +k-20 - q>m(k - _j)n+k—2€—q—ml

j=0 m=0

n+ n+ k j s \n+k-m
- DS Z( )I( )Z(m)<n+k>m<k—;) e,

m=0

which can be rearranged as the explicit formula (19).
In [36, Section 1.8], it was given for n > k > O that

11 1 ket n+k)
B"”‘(z’a""’n—k+2) (n+k)'2( 1) (k S(n + ¢, 0). (25)

n [2, p. 136, equation [3n]], it was given that the Bell polynomials of the second kind B,  satisfy

Bn,k(xl T Y X2t Vos oo s Xn—k+1 t Yo k+1) = Z z ( )Be P, X%, .. Xe—r+1)Bm,s(y1’ Y5, --~,ym_5+1)- (26)

r+s=ke+m=n

Therefore, by virtue of the identities (26), (13), and (25) in sequence, we obtain

bz _ az b3 _ (13 bn—k+2 _ an—k+2
Bn,k

> yeee

2 3 " n-—k+2

b2 b3 b(’,—r+2 _aZ —(13 _am—s+2
Z Z ( ) Ty T ey Bm,S Ty T ey T
3 e-r+2 2 3 m-s+2

r+s=k¢+m=n

Z Z( )bl’,+rB (1 1 1 )( l)s m+sg (1 1 - 1 )
2 3 -1+ 2 2 3 m-s+2

r+s=k¢+m=n

Y X 1)5( )amﬂb“'l( o7 2 Z( )"f(“’)saﬂnl

r+s=k¢+m=n

[(ms)‘ Yy I( ].S)s<m+j,j>l
T Z > )S(k)( )(?j) (ZTZ) Z( 1)”( ;)S(EHJ)}

r+s=ke+m=n .

[Z( 1) ’( )S(m+11)l

The explicit formula (20) is thus proved. The proof of Lemma 2.1 is complete. O
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Table 1: The first few values of the Bell polynomials of the second kind in (18) for1 < n,k < 4

By, n=1 n=2 n=3 n=4
k=1 L2 - a?) Lb® - a3 1% - a% 2b° - @)
k=2 0 (a? - b?)? %(05 - a°b? - a’b? + b%) %(Sa6 - 3a%? - 4a°b3 - 3ab* + 5b%)
k=3 0 0 %(b2 - a?)3 —1(a - b)*(a + b)X(a® + ab + b?)
= 0 0 0
k=4 16( — b2)4

Remark 2.1. The first few values of the Bell polynomials of the second kind in (18) for 1 < n, k < 4 can be
computed by the explicit formula (19) and listed in Table 1.

Remark 2.2. For new results and applications about the Bell polynomials of the second kind B, x, please
refer to the papers [6,7,18,19,25,28,36,39-42] and closely related references therein.

3 Explicit formulas for degenerate Narumi and Cauchy numbers

In this section, we state and prove an explicit formula for degenerate Narumi numbers N (1), derive an
explicit formula for degenerate Cauchy numbers C,(A), and list the first seven explicit expressions of
degenerate Narumi numbers N 5{")(/1) forO<n<eé6.

Theorem 3.1. For n € N, degenerate Narumi numbers N ‘(1) can be computed by

k
NEQ) = 1>'Z(Akl)l Z( el )4 )HZ( Dz(gf“Z( 1)1(’;”)s<k+1 1)} @)

Proof. Let F,(t) denote the generating function of degenerate Narumi numbers N ®(A). If applying
fw) = (e“u— l)a andu = g(t) = % to the Faa di Bruno formula (12), then we can write

k a A-1 _ A-2
M() zd( 1)Bn’k(/\(l+/\t) ’/1(/1 1)511”) ’

28
AQ = D-[A = (n - BICL + t)"(”k”)) )

A

Utilizing the formula (25) and the Faa di Bruno formula (12), we arrive at
d“ (et - 1) et - 1) (e*-1Y et — 1\ki+D)
lim — =1i a-ig A —, | ——1,...,
ul—r>l(l)duk( u ) w0 z<a>’v k{( u ) ( u ) ( u )
k
11 1
=Y (@B =, =5y ——— 2
2. (i ""(2 3 k—i+2) 29

—zk:(a)Li(—l)i‘j k+1i Sk +,7)
"&£ i P10

where v = v(u) = ¢

® et —1\® Wl R i 1Y 1
v (u)z( u ) - ].;] ;(1+1)' _)€+1

asu — O for¢ e N,
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Employing (13) and (17), we acquire

B k( AL+ O AA-DA+O2 AA-D-A - (-1 + t)"‘("‘k“))

A ’ A T A
(1 + )"
= TBn,k(<A>l s <A>2 IRERE) <A>n—k+l)

(30)

R AP R I e(k)(/\ﬂ—l)
- O™ Z(l)ee n-1

(1)"(n 1) Ae
= Z( 1)%( )(n—l)

ast — 0.

Taking t — 0, which is equivalent to u — 0, on both sides of (28) and making use of (29) and (30) give

O
lim d—FMm

el a A-1 _ A-2
Z lim _( -1 ) lim Bn,k( AQ+ O AA = DA+ O
t—0

A A
/1(/1 D [A-(n- k)](l + t)"‘(""‘*l))

gt oo [ Eo )

k=1| i=
- | (CD* k\( Al - (a); fk+i
= (n- 1)!1(;[ = Z( 1)%( )( )HZ T oL 2 Z( ) ’( )S(k +Js 1)}
Considering the equation (11) leads to the formula (27). The proof of Theorem 3.1 is complete. O

Corollary 3.1. For n € N, degenerate Cauchy numbers C,(A) can be computed by

c 1
C,(A) = ! e . 31
) = (n - )kzl(k 1),Ak12< )()( 1) 31)
Proof. This follows from setting a = 1 in the formula (27) and simplifying. O

Remark 3.1. From the explicit formula (27) in Theorem 3.1, we can obtain the first seven explicit expressions
of degenerate Narumi numbers N f,,"‘)(/\) for 0 < n < 6 as follows:

NED =1 NED =5, NEW) = %a(Ba + 61— 5),

N@OQ) = la[az + a(61 = 5) + 412 — 10 + 6],

N®OQ) = 40 a[15a3 + 30a%(6A — 5) + 5a(84A% — 180A + 97) + 1203 — 58042 + 9601 — 502],
NOQ) = —6 a[3a* + 1003(6A — 5) + 5a%(60A% — 1201 + 61) + 2a(180A3 — 690A2 + 910\ — 401)

+ 8(6A% — 4503 + 14042 - 1961 + 95)],

NOQ) = ﬁa[@oﬁ + 315a4(6A — 5) + 315a3(52A2 — 1001 + 49) + 7a%(6480A3 — 22320A% + 263701

- 10543) + 42a(744A% — 4320A% + 9910A% — 104107 + 4075)
+ 8(2524° — 2478]% + 11970A% — 3198312 + 413281 — 19087)].

Remark 3.2. The explicit formula (31) in Corollary 3.1 is slightly different from the explicit formula (8).
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4 Explicit formulas for degenerate Narumi polynomials and
numbers

In this section, with the aid of the explicit formulas (19) and (20), we establish two explicit formulas for
degenerate Narumi polynomials N{*(x, 1), deduce a different formula for degenerate Narumi numbers
N ;“)()l) from the formula (27), and list the first five values of degenerate Narumi polynomials N,(,“)(x, A)
forO<n<4.

Theorem 4.1. For n € N, degenerate Narumi polynomials N\*(x, ) can be computed by

n _1\k k a-¢
T et

e=1

k-t +q k+e-(2p+q)
><<Z( 1)1)( Z(k+e) _f) (f)
o 2 +q a a

[ j
x ( 1)’( Z (p - jyPram2p + q>ml (32)
| j=0 m=0
- PR
x Z(—l)l( ; ) Z( )(e p - @D 4 £ — (2 + Q)
| j=0 m=0

=

g (3P RRERE R T

and

N1y (1 - 1)!2[( 1') L Z(—l)ﬁe(lé)(/llﬂ_—ll)]
1

k=1

AT 2, 2o )(7%/?))”@ o

x lZ(_p’f(iﬁ;)S(e +m’>l Y -1y 1(”’ * S)s<m +, ;)}]
j=0

j=0 $

Proof. Let Fy ,,(t) denote the generating function of degenerate Narumi polynomials N{®(x, A) in (10).
Applying f(u) = ( ) eandu =g(t) = % to the Faa di Bruno formula (12) yields

u

G oS gk [fer—1)\®
lim g Phaa(0) = lim kzd—[(—) ]B

y ()l(l + O AN -DA+ O AA =D [A - (n-K)]A + t)“nk+1>)
> N - :

Since

ev — 1\* eil-x/a) _ oux/a x
(T) ex = [7 = G)?/a,lfx/a(u)s

where G, ,(u) is defined by (21), we obtain
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k
= 1111m G)?/L‘(,l x/a(u)
= illl;l) Z Bk Z(G)I(/al x/a(Ws Gx/al /a0, - G)El;azfl;)(/a(u)) (34)
< 2x at i /i (k—2+1)
= Z(O()z 1- ; Bk,(’.(Gx/a,l—x/a(O)’ Gx/a,l—x/a(o)’ Gx/al x/a(o))
=1
_ i @ (1 . g)“*“Bk (1 - xfa) - fa) (1= xfa)k 2 - (xja)k-¢+2
U« ¢ 2 k—¢+2 ’

where
2x
w=w{) = Gx/a,l—x/a(u) —-1- ;’ u—~0

and we used the formulas (22) and (23). Consequently, we acquire

a—-¢€ _ 2 2 _ 2 3
}im ¢ ——Fax(t) = Z[Z<a>e(l - g) Bk,e( a x/a)2 (x/a) , a x/a)3 (x/er) ;
k=1] ¢=1

(1 = x/a)k=t+2 — (x/o)*=4+2 ) [[ (D)% (n - 1)! Ae
e 112 )H = Z( 1)%( )(n—l)]’

where we used the limit in (30). Further making use of the explicit formula (19) in Lemma 2.1 leads to

@ 1y 3 EDE - (k)(/\f,—l)
Ny (X,/l)—kzl[ =g gl( e,

k 2\ -yt e © k+¢
’ ez_lme(l_?) { e (k0! Z( )p( )Z(ZPHJ)

35)

q=0
2p+q
[(1 - —) ’ Z( 1)’( ) Z (r]n)(p —j)Pram2p + q>ml
m=0
+0-(2p+q) ¢ -
y (f)k t-(p+q) Z{” _1)]( ) Z): ( ) -p _]-)k+e7(2p+q)—m<k +2-02p + Qm
a =0 m=0

(1 = x/a)**t + (~Dt(x/a)*+* I (i e
" ¢! (k+{’,)| Z( )]( ) Zo(m)(e_])ke <k+€>m},

which can be simplified as (32).
Employing (20) in (35) arrives at

« - | (-DF ( 1) AC -1
N >(X,A):’;[ = n- Z( 1)28( )(n—l)]

K kY1 = x/a)+t (x/a)s+m
SRR R XY O ool

| Sy f(e”)sam J)HZ( 1)3-1(’””)S(m+1 ;)}
j=0 r j=0 5]

which can be rearranged as (33). The proof of Theorem 4.1 is complete. O
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Remark 4.1. The first five values of degenerate Narumi polynomials N,E"‘)(x, A) for 0 < n < 4 can be com-
puted and listed as follows:

2
N®(x, ) =1, N9®x,A)= % +x, N®O(x,A) = % + a(% +X - %) + XA+ x-1),

N{®(x, A) = é{oﬁ + a?(6A + 6x — 5) + 2a[2A2 + A(12x — 5) + 6x% — 11x + 3]
+8X[A2 +3A(x - 1) + x2 - 3x + 2]},

4 3 2
N®(x, A) = (11_6 + %(6/& + 4x — 5) + %[84/\2 + 36A(6x — 5) + 72x2 — 192x + 97]

3 2
+a A—+/t2(7x—£)+/\(9x2—ﬂ+4)+2x3—17—x+19—x—£
2 12 2 2 2 120

+ x[A3 + A2(7x - 6) + A(6x%2 — 18x + 11) + x> — 6x% + 11x — 6].

Corollary 4.1. For n € N, degenerate Narumi number N (1) can be computed by

] n (_1)k k k AL -1
NP =m-1Yy pr= ez(_l)%(e)(n—l)]

k=1 =1

) (36)
¢ (@) i R i j ( Yert-m g
S St E(Le i o]
zzzlfl(k+€)! pars j)ao\m
Proof. This follows from taking x — 0 in (32). O

Remark 4.2. The explicit formula (27) in Theorem 3.1 is different from the explicit formula (36) in Corol-
lary 4.1.

Remark 4.3. If taking x — 0 in (33), then we deduce (27) readily.

5 Explicit formulas for Narumi polynomials and numbers

In this section, we present two explicit formulas for the Narumi polynomials N{¥(x) and derive two explicit
formulas for the Narumi numbers N{¥,

Theorem 5.1. For n € N, the Narumi polynomials N\®(x) have the explicit formulas

N®(x) rzos("”)”kzlk!(mk)!(l a)

AZ ) (e

£=1 q=0

[ ¢ j o/
9 z(_l)f(‘;f) () )(e—j)2f+q'"<ze+q>m] G7)

| j=0 m=0

k-t iy
y Z(—l)i( « ; e) > ( ) )(k D SR T q>>ml
j=0

m=0

__k _£r+k £r+k k_ (k)](]) e
+_( 1)(1 (x) +(a) ]};( 1)1j D m(k ) r+km

m=0
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and

D) = (an( 2\ oK)= X/t e
N0 = qzos(n q)z k( a) Hsz:m%:q( 1)(r)(€} NG

[Z 1)m(“f)3(e+,,)”z( 1S J(f”)smm)”
j=0 j=0

Proof. Taking In(1 + t) = u in (3) yields

(eu - 1) ex — er(la)(X) (eun_! 1))‘1’

u

S

(38)

where, by (1),

ZN@‘)( )u z N(“)(X)ZS(z n) Z[ > Sa, n)N(“)(x)

n=0 n=0 i=n ! i=0| n=0

This implies that

i u _ a i
lim -3 (e—l) e"“] = Y SG, @), 0.
u n=0

u—0 du!

Making use of the result in (34) gives

i i a—L _ 2 _ 2 _ i—0+2 _ i-e+2
z S(l, n)NrEa)(X) — Z <a>€(1 _ z) Bi,z (1 X/a) (X/a) S (1 X/a). (X/a)
o Py a 2 i—-€+2
fori e N. In [43, p. 171, Theorem 12.1], it is stated that if b, and a; are a collection of constants independent
of n, then

n n
an= ) S(n, b, ifandonlyif b, =) s(n, k)a.
a=0 k=0

Accordingly, we derive

@ g o (a- x/a)z - (o (1= X/ — ey R
N®(x) = HZ;)S(I n)kzl(a)k 1 0( By k( 2 n-k+?2
i a-k n Zk”'k n+k
Zs(l ”)Z<“>k 1‘_ { kKl (n+ k! z(_l)( )qzo(Z’Hq)

[(1——)%%( 1)1( )i( ) j)2f+q-m<ze+q>ml

n+ +q) k-t j :
y [(g) o q)Z( 1)1( )Z( ] )(k—e—j)"+k-<2“+q>-m<n+k—(2e+q)>ml

m=0

—n! X\ k k j i yn+k-m
+ s ! [(1 - E) + (=1 ((x) ] (- 1)1( ) Z (m)(k -1 (n + k)m},

m=0

where we used the formula (19) in Lemma 2.1. The explicit formula (37) is thus proved.
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If we use the formula (20), then

a-k _ 2 _ 2 _ n-k+2 _ n-k+2
N@G0) = Zs(l n)Z<a>k(1 . z) Bn,k(“ xja? = (cfe)® (1= x/a) (x/at) )

n=0 k= 2 n-k+2

= Ysi s A - x/a)™* (xfa)**m
_gos(l’n)glw(l__) 'mzkh;,,( 1)( )( ) GG

[z( 1)r—1(“ )S(€+11)”Z( 1)5-1( .S)S(m+j,j>l,
j=0 j=0 -J

which can be rewritten as (38). The proof of Theorem 5.1 is complete. O

Corollary 5.1. For n € N, the Narumi numbers N\*' have the explicit formulas

(@) _ % k ( ] ) _ i yr+k-m
N; ,Z(:)S(n r)r'zl e 001 2 Z( )](])mzo m (k-7j) r+ k)m (39)
and
N© = 3 stn, g)q! Z <“>" Z( Dk ,( )s«m ). (40)
q=0 J
Proof. These follow from taking x — 0 in (37) and (38), respectively. O

Remark 5.1. When taking a = 1 in (39) or (40), we derive the explicit formula (9) for the Cauchy numbers
C,= N forn e N.

Remark 5.2. The first six values of the Narumi polynomials N{®(x) for 0 < n < 5 can be computed by

2
NP(x) =1, NO(x) = % +x, NO(x) = % + a(x - %) + (- Dx,

N{(x) = %[a3 + a?(6x — 5) + 2a(6x% — 11x + 3) + 8x(x2 - 3x + 2)],

2 2
Né“)(x)za— 1a3(4x 5) + a) — X —4x+2 vaofpe - X0, X 51 +x(x3 - 6x2 + 11x - 6),
8 2 48 2 2 120

N®(x) = % [3a5 +10a*(3x — 5) + 5a3(24x? — 84x + 61) + 2a%(120x3 — 660x2 + 1025x — 401)
+4a(60x* — 460x3 + 1140x% — 991x + 190) + 96x(x* — 10x> + 35x% — 50x + 24)].
The first nine values of the Narumi numbers N{® for 0 < n < 8 are
N®=1, N®=2% N®- LoGa-5), N = Lo~ 5a +6),
2 12 8
N©® = 1 _a(15% - 1502 + 485a - 502),
240
N = 9i6a(3a4 - 5003 + 305a2 — 802a + 760),
N® = ﬁ(@cﬁ 157504 + 1543503 — 7380102 + 171150a — 152696),

N = é(%ﬁ — 315a° + 4515a* — 3381743 + 139020a2 — 295748 + 252336),

N® = 34;%(135017 — 6300a® + 124110a° — 1334760a” + 84379754 — 3123150002 + 62333204a — 51360816).
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