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1 Preliminaries and motivations

In this section, we first recall several known notions and mention our motivations.

1.1 Stirling numbers

The Stirling numbers of the first kind ( )s n k, for ≥ ≥n k 0 can be generated [1,2] by
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which was derived in [3, Corollary 2.3] and can be reformulated as
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The Stirling numbers of the second kind ( )S n k, for ≥ ≥n k 0 can be generated [1,2] by
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and can be computed [4] by
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In [5, p. 303, equation (1.2)], see also [6–8], the r-associate Stirling numbers of the second kind, denoted by

( )S n k r, ; , were defined by
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It is clear that ( ) ( )=S n k S n k, ; 0 , .

Proposition 1.1. ([5, p. 306, (3.11)] and [6, Theorem 3.1]) For ≥k 1, the 1-associate Stirling numbers of the

second kind ( )S n k, ; 1 satisfy ( ) =S 0, 0; 1 1, ( ) =S n, 0; 1 0 for ≥n 1, and
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1.2 Degenerate Narumi and Cauchy numbers and polynomials

The Narumi polynomials ( )( )N xn
α were defined by means of the generating function
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in [9, p. 127]. In particular, the quantities ( )( ) ( )=N N0n
α

n
α are called the Narumi numbers. In [10], several

Sheffer sequences and many relations of several polynomials arising from umbral calculus were dealt with.

In [11], the Narumi polynomials of the Barnes type were defined and many interesting identities in the light

of umbral calculus were established.

When letting =α 1 and =x 0 in (3), the quantities ( )( )N xn
α become the Cauchy numbers of the first kind

Cn, which have been investigated in [3,12–14] and closely related references therein.

In [15], Kim and two coauthors defined degenerate Cauchy numbers ( )C λn by
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and showed that the family of nonlinear differential equations
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This should be what the word “degenerate” means.

In previous study [16], for simplifying and signifying those expressions in (5), (6), and (7), by virtue of

the Faà di Bruno formula (12), the identity (13), and the closed-form expression (15), Qi and his two

coauthors established the following two conclusions.

1. For ≥n 0, degenerate Cauchy numbers ( )C λn and the Cauchy numbers Cn can be explicitly computed by
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respectively. See [16, Theorem 1].

2. For �∈n , the function ( )F tλ in (4) and its derivatives satisfy
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with
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See [16, Theorem 2].

From the explicit formula (8), we obtain the first seven values of degenerate Cauchy numbers ( )C λn for

≤ ≤n0 6 as follows:
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In recent years, the authors also investigated other sequences of special numbers and polynomials in

[17–28] and closely related references therein.

1.3 Motivations

In this paper, we introduce degenerate Narumi polynomials ( )( )N x λ,n
α by
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When =x 0, we call ( )( )N λ0,n
α degenerate Narumi numbers and denote them by the notation ( )( )� λn

α , that

is, taking =x 0 in (10),
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It is easy to see that ( )( ) =N x λ, 1α
0 and ( )( ) =� λ 1α

0 .

In this paper, we mainly aim at establishing explicit formulas for degenerate Narumi numbers ( )( )� λn
α

and degenerate Narumi polynomials ( )( )N x λ,n
α . Consequently, we derive explicit formulas for the Cauchy

numbers Cn and degenerate Cauchy numbers ( )C λn .
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2 Properties of second kind Bell polynomials

The Bell polynomials of the second kind ( )… − +B x x x, , ,n k n k, 1 2 1 for ≥ ≥n k 0 were defined in [2, p. 134] by
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For �∈n , the Faà di Bruno formula is described in [2, p. 139] in terms of the Bell polynomials of the second

kind ( )… − +B x x x, , ,n k n k, 1 2 1 by
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The explicit formula (15) has been applied and reviewed in [16, Lemma 3], [30, Lemma 2.6], [31, Section 2],
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where �∈n and generalized binomial coefficient ( )zw is defined by
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For establishing explicit formulas for degenerate Narumi polynomials ( )( )N x λ,n
α and for the Narumi

polynomials ( )( )N xn
α , we derive two explicit formulas for special values of the Bell polynomials of the

second kind
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in [2, p. 136], we acquire
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Making use of the formula (14) yields
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Accordingly, considering (2), we obtain
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Consequently, we acquire
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Further applying Proposition 1.1 to (24) yields
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which can be rearranged as the explicit formula (19).

In [36, Section 1.8], it was given for ≥ ≥n k 0 that
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In [2, p. 136, equation [3n]], it was given that the Bell polynomials of the second kind Bn k, satisfy
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Therefore, by virtue of the identities (26), (13), and (25) in sequence, we obtain
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The explicit formula (20) is thus proved. The proof of Lemma 2.1 is complete. □
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Remark 2.1. The first few values of the Bell polynomials of the second kind in (18) for ≤ ≤n k1 , 4 can be

computed by the explicit formula (19) and listed in Table 1.

Remark 2.2. For new results and applications about the Bell polynomials of the second kind Bn k, , please

refer to the papers [6,7,18,19,25,28,36,39–42] and closely related references therein.

3 Explicit formulas for degenerate Narumi and Cauchy numbers

In this section, we state and prove an explicit formula for degenerate Narumi numbers ( )( )� λn
α , derive an

explicit formula for degenerate Cauchy numbers ( )C λn , and list the first seven explicit expressions of

degenerate Narumi numbers ( )( )� λn
α for ≤ ≤n0 6.

Theorem 3.1. For �∈n , degenerate Narumi numbers ( )( )� λn
α can be computed by
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Proof. Let ( )F tλ α, denote the generating function of degenerate Narumi numbers ( )( )� λn
α . If applying
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Utilizing the formula (25) and the Faà di Bruno formula (12), we arrive at
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where ( )= = →−v v u 1
e

u

1u

and
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Table 1: The first few values of the Bell polynomials of the second kind in (18) for ≤ ≤n k1 , 4

Bn k, =n 1 =n 2 =n 3 =n 4

=k 1 ( )b a−
1

2

2 2 ( )b a−
1

3

3 3 ( )b a−
1

4

4 4 ( )b a−
1

5

5 5

=k 2 0 ( )a b−
1

4

2 2 2 ( )+a a b a b b− −
1

2

5 3 2 2 3 5 ( )+a a b a b a b b5 − 3 − 4 − 3 5
1

6

6 4 2 3 3 2 4 6

=k 3 0 0 ( )b a−
1

8

2 2 3 ( ) ( ) ( )+ + +a b a b a ab b− −
1

2

3 2 2 2

=k 4 0 0 0 ( )a b−
1

16

2 2 4
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Employing (13) and (17), we acquire
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as →t 0.

Taking →t 0, which is equivalent to →u 0, on both sides of (28) and making use of (29) and (30) give
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+

→

= → →

− −

− − +

= = =

−
−

ℓ=

ℓ

=
−
ℓ=

ℓ

= =

−

t
F t

u

e

u
B

λ t

λ

λ λ t

λ

λ λ λ n k t

λ

α
k

k i

k i

i j
S k j j

λ

n

k

k λ

n

n
λ

k λ

n

α

k i

k i

i j
S k j j

lim
d

d

lim
d

d

1
lim

1
,

1 1
,

,
1 1

1 ,
1 1

1
1

1

1
1

1
1

1
1 , .

t

n

n λ α

k

n

u

k

k

u α

t
n k

λ λ

λ n k

k

n

i

k

i

j

i
i j

k

k

k

k

n k

k

k

i

k
i

j

i
i j

0
,

1
0 0

,

1 2

1

1 1 0
1

1

1
1

1 1 0

Considering the equation (11) leads to the formula (27). The proof of Theorem 3.1 is complete. □

Corollary 3.1. For �∈n , degenerate Cauchy numbers ( )C λn can be computed by

( ) ( ) ( )
( ) ( ) ⎛

⎝
⎞
⎠
⎛
⎝

⎞
⎠∑ ∑= − ! −

+ !
− ℓ
ℓ
ℓ −
−=

−
ℓ=

ℓC λ n
k λ

k λ

n
1

1

1

1
1

1

1
.n

k

n k

k

k

1
1

1

(31)

Proof. This follows from setting =α 1 in the formula (27) and simplifying. □

Remark 3.1. From the explicit formula (27) in Theorem 3.1, we can obtain the first seven explicit expressions

of degenerate Narumi numbers ( )( )� λn
α for ≤ ≤n0 6 as follows:

( ) ( ) ( ) ( )
( ) [ ( ) ]
( ) [ ( ) ( ) ]
( ) [ ( ) ( ) ( )

( )]
( ) [ ( ) ( ) (

) ( )
( )]

( ) ( ) ( )

( )

( )

( )

( )

= = = + −

= + − + − +

= + − + − + + − + −

= + − + − + + − + −

+ − + − +

= + − + − + + − +

− + − + − +
+ − + − + −

� � �

�

�

�

�

λ λ
α

λ α α λ

λ α α α λ λ λ

λ α α α λ α λ λ λ λ λ

λ α α α λ α λ λ α λ λ λ

λ λ λ λ

λ α α α λ α λ λ α λ λ λ

α λ λ λ λ

λ λ λ λ λ

1,
2

,
1

12
3 6 5 ,

1

8
6 5 4 10 6 ,

1

240
15 30 6 5 5 84 180 97 120 580 960 502 ,

1

96
3 10 6 5 5 60 120 61 2 180 690 910 401

8 6 45 140 196 95 ,

1

4032
63 315 6 5 315 52 100 49 7 6480 22320 26370

10543 42 744 4320 9910 10410 4075

8 252 2478 11970 31983 41328 19087 .

α α α

α

α

α

α

0 1 2

3
2 2

4
3 2 2 3 2

5
4 3 2 2 3 2

4 3 2

6
5 4 3 2 2 3 2

4 3 2

5 4 3 2

Remark 3.2. The explicit formula (31) in Corollary 3.1 is slightly different from the explicit formula (8).
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4 Explicit formulas for degenerate Narumi polynomials and

numbers

In this section, with the aid of the explicit formulas (19) and (20), we establish two explicit formulas for

degenerate Narumi polynomials ( )( )N x λ,n
α , deduce a different formula for degenerate Narumi numbers

( )( )� λn
α from the formula (27), and list the first five values of degenerate Narumi polynomials ( )( )N x λ,n

α

for ≤ ≤n0 4.

Theorem 4.1. For �∈n , degenerate Narumi polynomials ( )( )N x λ,n
α can be computed by

⎜ ⎟

⎜ ⎟

⎜ ⎟

⎜ ⎟ ⎜ ⎟

( ) ( ) ⎡
⎣⎢
( ) ( ) ⎛

⎝
⎞
⎠
⎛
⎝

⎞
⎠
⎤
⎦⎥

( ) ⎛⎝ ⎞⎠ ( )
⎧
⎨⎩

( ) ⎛⎝
⎞
⎠

⎛
⎝

⎞
⎠
⎛⎝ ⎞⎠ ⎛⎝ ⎞⎠

⎡
⎣⎢

( ) ⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠( ) ⎤

⎦⎥

⎡
⎣⎢

( ) ⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠( ) ( ) ⎤

⎦⎥

⎡
⎣⎢
⎛⎝ ⎞⎠ ( ) ⎛⎝ ⎞⎠

⎤
⎦⎥

( ) ⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠( ) ⎫

⎬⎭

( )

( )

( )

∑ ∑ ∑

∑ ∑

∑ ∑

∑ ∑

∑ ∑

= − ! − − ℓ
ℓ
ℓ −
−

− − ⟨ ⟩
ℓ! + ℓ !

× − ℓ + ℓ
+

−

× − − ⟨ + ⟩

× − ℓ − ℓ − − ⟨ + ℓ − + ⟩

+ − + − − ℓ ℓ − ⟨ + ℓ⟩

=
−
ℓ=

ℓ

ℓ=

ℓ
−ℓ

ℓ

=

ℓ−

=

−ℓ + +ℓ− +

= =

+ −

=

ℓ−

=

+ℓ− + −

+ℓ
ℓ

+ℓ

=

ℓ

=

+ℓ−

N x λ n
λ

k λ

n

x

α

α

k

p

k

p q

x

α

x

α

p

j

j

m
p j p q

p

j

j

m
p j k p q

x

α

x

α j

j

m
j k

, 1
1

1
1

1
1 1

2

1
2

1

1 2

1 2

1 1 1

n
α

k

n k

k

k k α

p

p

q

k p q k p q

j

p
j

m

j
p q m

m

j

p
j

m

j
k p q m

m

k k

j

j

m

j
k m

m

1
1

1 1

1

1

0

2 2

0 0

2

0 0

2

0 0

(32)

and

⎜ ⎟ ⎜ ⎟

( ) ( ) ⎡
⎣⎢
( ) ( ) ⎛

⎝
⎞
⎠
⎛
⎝

⎞
⎠
⎤
⎦⎥

⎧
⎨⎩

⎛⎝ ⎞⎠ ( ) ⎛⎝ ⎞⎠⎛⎝
⎞
⎠
( ) ( )

⎡
⎣⎢

( ) ⎛
⎝

⎞
⎠
( )⎤

⎦⎥
⎡
⎣⎢

( ) ⎛
⎝

⎞
⎠
( )⎤

⎦⎥
⎫
⎬⎭

( )

( ) ( )

∑ ∑

∑ ∑ ∑

∑ ∑

= − ! −
!

− ℓ
ℓ
ℓ −
−

× ⟨ ⟩
!
− −

ℓ
− / /

× − ℓ +
−
ℓ + − +

−
+

=
−
ℓ=

ℓ

=

−

+ = ℓ+ =

+ℓ

+ ℓ

+

+

=

−

=

−

N x λ n
k λ

k λ

n

α

q

x

α

q

r

k x α x α

r

r j
S j j

m s

s j
S m j j

, 1
1 1

1
1

1

1
2

1
1

1 , 1 , .

n
α

k

n k

k

k

q

k
q

α q

r s q m k

s
r

r

r

s m

s m

s

j

r
r j

j

s
s j

1
1

1

1

0 0

(33)

Proof. Let ( )F tλ α x, , denote the generating function of degenerate Narumi polynomials ( )( )N x λ,n
α in (10).

Applying ( ) ( )= −
f u e

e

u

α
xu1u

and ( ) ( )= = + −u g t
t

λ

1 1λ

to the Faà di Bruno formula (12) yields

⎜ ⎟

( ) ⎡
⎣⎢
⎛⎝ ⎞⎠

⎤
⎦⎥

⎛
⎝
( ) ( )( ) ( ) [ ( )]( ) ⎞

⎠
( )

∑= −

× + − + … − ⋯ − − +
→ → =

− − − − +

t
F t

u

e

u
e B

λ t

λ

λ λ t

λ

λ λ λ n k t

λ

lim
d

d
lim

d

d

1

1
,

1 1
, ,

1 1
.

t

n

n λ α x
t

k

n k

k

u α
xu

n k

λ λ λ n k

0
, ,

0
1

,

1 2 1

Since

⎛⎝ ⎞⎠
⎡
⎣⎢

⎤
⎦⎥ ( )( )− = − =

− / /
/ − /

e

u
e

e e

u
G u

1
,

u α
xu

u x α ux α α

x α x α
α

1

,1

where ( )G ua b, is defined by (21), we obtain
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⎜ ⎟

⎡
⎣⎢
⎛⎝ ⎞⎠

⎤
⎦⎥
( )

( ( ) ( ) ( ))

⎛⎝ ⎞⎠ ( ( ) ( ) ( ))

⎛⎝ ⎞⎠
⎛
⎝
( ) ( ) ( ) ( ) ⎞

⎠

( )

( )

∑

∑

∑

−

=

= ′ ′ …

= ⟨ ⟩ − ′ ′ …

= ⟨ ⟩ − − / − / … − / − /
− ℓ +

→

→ / − /

→ ℓ=

ℓ

ℓ ℓ / − / / − / / − /
−ℓ+

ℓ=
ℓ

−ℓ
ℓ / − / / − / / − /

−ℓ+

ℓ=
ℓ

−ℓ
ℓ

−ℓ+ −ℓ+

u

e

u
e

u
G u

w

w
B G u G u G u

α
x

α
B G G G

α
x

α
B

x α x α x α x α

k

lim
d

d

1

lim
d

d

lim
d

d
, , ,

1
2

0 , 0 , , 0

1
2 1

2
, ,

1

2
,

u

k

k

u α
xu

u

k

k x α x α
α

u

k α

k x α x α x α x α x α x α
k

k α

k x α x α x α x α x α x α
k

k α

k

k k

0

0
,1

0
1

, ,1 ,1 ,1
1

1

, ,1 ,1 ,1
1

1

,

2 2 2 2

(34)

where

( ) ( )= = → − →/ − /w w u G u
x

α
u1

2
, 0x α x α,1

and we used the formulas (22) and (23). Consequently, we acquire

⎟

⎜( ) ⎡
⎣⎢

⎛⎝ ⎞⎠
⎛
⎝
( ) ( ) ( ) ( )

( ) ( ) ⎞
⎠
⎤
⎦⎥
⎡
⎣⎢
( ) ( ) ( ) ⎛

⎝
⎞
⎠
⎛
⎝

⎞
⎠
⎤
⎦⎥

∑ ∑

∑

= ⟨ ⟩ − − / − / − / − /

… − / − /
− ℓ +

− − !
!

− ℓ
ℓ
ℓ −
−

→ = ℓ=
ℓ

−ℓ
ℓ

−ℓ+ −ℓ+

−
ℓ=

ℓ

t
F t α

x

α
B

x α x α x α x α

x α x α

k λ

n

k

k λ

n

lim
d

d
1

2 1

2
,

1

3
,

,
1

2

1 1
1

1

1
,

t

n

n λ α x

k

n k α

k

k k k

k

k

0
, ,

1 1

,

2 2 2 3

2 2

1
1

(35)

where we used the limit in (30). Further making use of the explicit formula (19) in Lemma 2.1 leads to

⎜ ⎟

⎜ ⎟

⎜ ⎟

⎜ ⎟ ⎜ ⎟

( ) ⎡
⎣⎢
( ) ( ) ( ) ⎛

⎝
⎞
⎠
⎛
⎝

⎞
⎠
⎤
⎦⎥

⎛⎝ ⎞⎠
⎧
⎨⎩
( )

( ) ( ) ⎛⎝
⎞
⎠

⎛
⎝

⎞
⎠

⎡
⎣⎢
⎛⎝ ⎞⎠ ( ) ⎛

⎝
⎞
⎠

⎛
⎝

⎞
⎠( ) ⎤

⎦⎥

⎡
⎣⎢
⎛⎝ ⎞⎠ ( ) ⎛

⎝
⎞
⎠

⎛
⎝

⎞
⎠( ) ( ) ⎤

⎦⎥

( ) ( ) ( )
( ) ( ) ⎛

⎝
⎞
⎠

⎛
⎝

⎞
⎠( ) ⎫

⎬⎭

( )

( ) ( )

∑ ∑

∑ ∑ ∑

∑ ∑

∑ ∑

∑ ∑

= − − !
!

− ℓ
ℓ
ℓ −
−

× ⟨ ⟩ − −
ℓ!

!
+ ℓ !

− ℓ + ℓ
+

× − − − ⟨ + ⟩

× − ℓ − ℓ − − ⟨ + ℓ − + ⟩

+ − / + − /
ℓ!

!
+ ℓ !

− ℓ ℓ − ⟨ + ℓ⟩

=
−

ℓ=

ℓ

ℓ=
ℓ

−ℓ ℓ

=

ℓ−

=

−ℓ

+

= =

+ −

+ℓ− +

=

ℓ−

=

+ℓ− + −

+ℓ ℓ +ℓ

=

ℓ

=

+ℓ−

N x λ
λ

n

k

k λ

n

α
x

α

k

k p

k

p q

x

α

p

j

j

m
p j p q

x

α

p

j

j

m
p j k p q

x α x α k

k j

j

m
j k

,
1 1

1
1

1

1
2 1

1
2

1 1 2

1 2

1 1
1 ,

n
α

k

n k

k

k

k α

p

p

q

k

p q

j

p
j

m

j
p q m

m

k p q

j

p
j

m

j
k p q m

m

k k

j

j

m

j
k m

m

1
1

1

1 1

1

0

2

0 0

2

2

0 0

2

0 0

which can be simplified as (32).

Employing (20) in (35) arrives at

⎜ ⎟ ⎜ ⎟

( ) ⎡
⎣⎢
( ) ( ) ( ) ⎛

⎝
⎞
⎠
⎛
⎝

⎞
⎠
⎤
⎦⎥

⎧
⎨⎩

⎛⎝ ⎞⎠ ( ) ⎛⎝ ⎞⎠⎛⎝
⎞
⎠
( ) ( )

⎡
⎣⎢

( ) ⎛
⎝

⎞
⎠
( )⎤

⎦⎥
⎡
⎣⎢

( ) ⎛
⎝

⎞
⎠
( )⎤

⎦⎥
⎫
⎬⎭

( )

( ) ( )

∑ ∑

∑ ∑ ∑

∑ ∑

= − − !
!

− ℓ
ℓ
ℓ −
−

× ⟨ ⟩ −
!

−
ℓ
− / /

× − ℓ +
−
ℓ + − +

−
+

=
−

ℓ=

ℓ

=

−

+ = ℓ+ =

+ℓ

+ ℓ

+

+

=

−

=

−

N x λ
λ

n

k

k λ

n

α
x

α q

q

r

k x α x α

r

r j
S j j

m s

s j
S m j j

,
1 1

1
1

1

1
2 1

1
1

1 , 1 , ,

n
α

k

n k

k

k

q

k

q

α q

r s q m k

s
r

r

r

s m

s m

s

j

r
r j

j

s
s j

1
1

1

1

0 0

which can be rearranged as (33). The proof of Theorem 4.1 is complete. □
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Remark 4.1. The first five values of degenerate Narumi polynomials ( )( )N x λ,n
α for ≤ ≤n0 4 can be com-

puted and listed as follows:

( ) ( ) ( ) ⎛
⎝

⎞
⎠ ( )

( ) { ( ) [ ( ) ]
[ ( ) ]}

( ) ( ) [ ( ) ]
⎡
⎣⎢

⎛⎝ ⎞⎠ ⎛⎝ ⎞⎠
⎤
⎦⎥

[ ( ) ( ) ]

( ) ( ) ( )

( )

( )

= = + = + + − + + −

= + + − + + − + − +

+ + − + − +

= + + − + + − + − +

+ + − + − + + − + −

+ + − + − + + − + −

N x λ N x λ
α

x N x λ
α

α
λ

x x λ x

N x λ α α λ x α λ λ x x x

x λ λ x x x

N x λ
α α

λ x
α

λ λ x x x

α
λ

λ x λ x
x

x
x x

x λ λ x λ x x x x x

, 1, ,
2

, ,
4 2

5

12
1 ,

,
1

8
6 6 5 2 2 12 5 6 11 3

8 3 1 3 2 ,

,
16 8

6 4 5
48

84 36 6 5 72 192 97

2
7

29

12
9

33

2
4 2

17

2

19

2

251

120

7 6 6 18 11 6 11 6 .

α α α

α

α

0 1 2

2

3
3 2 2 2

2 2

4

4 3 2
2 2

3
2 2 3

2

3 2 2 3 2

Corollary 4.1. For �∈n , degenerate Narumi number ( )( )� λn
α can be computed by

⎜ ⎟

( ) ( ) ( ) ⎡
⎣⎢

( ) ⎛
⎝

⎞
⎠
⎛
⎝

⎞
⎠
⎤
⎦⎥

⎡
⎣⎢ ( ) ( ) ⎛

⎝
⎞
⎠

⎛
⎝

⎞
⎠( ) ⎤

⎦⎥

( ) ∑ ∑

∑ ∑ ∑

= − ! − − ℓ
ℓ
ℓ −
−

× ⟨ ⟩
ℓ! + ℓ !

− ℓ ℓ − ⟨ + ℓ⟩

=
−
ℓ=

ℓ

ℓ=

ℓ

=

ℓ

=

+ℓ−

� λ n
λ

k λ

n

α

k j

j

m
j k

1
1

1
1

1

1 .

n
α

k

n k

k

k

k

j

j

m

j
k m

m

1
1

1

1 0 0

(36)

Proof. This follows from taking →x 0 in (32). □

Remark 4.2. The explicit formula (27) in Theorem 3.1 is different from the explicit formula (36) in Corol-

lary 4.1.

Remark 4.3. If taking →x 0 in (33), then we deduce (27) readily.

5 Explicit formulas for Narumi polynomials and numbers

In this section, we present two explicit formulas for the Narumi polynomials ( )( )N xn
α and derive two explicit

formulas for the Narumi numbers ( )Nn
α .

Theorem 5.1. For �∈n , the Narumi polynomials ( )( )N xn
α have the explicit formulas

⎜ ⎟

⎜ ⎟

⎜ ⎟

⎜ ⎟

( ) ( ) ( )
( ) ⎛⎝ ⎞⎠

⎧
⎨⎩

( ) ⎛⎝
⎞
⎠

⎛
⎝

⎞
⎠
⎛⎝ ⎞⎠ ⎛⎝ ⎞⎠

⎡
⎣⎢

( ) ⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠( ) ⎤

⎦⎥

⎡
⎣⎢

( ) ⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠( ) ( ) ⎤

⎦⎥

⎡
⎣⎢
( ) ⎛⎝ ⎞⎠ ⎛⎝ ⎞⎠

⎤
⎦⎥

( ) ⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠( ) ⎫

⎬⎭

( )

( )

( )

∑ ∑

∑ ∑

∑ ∑

∑ ∑

∑ ∑

= ! − ⟨ ⟩
! + !

−

× −
ℓ

+
ℓ +

−

× − ℓ ℓ − ⟨ ℓ + ⟩

× − − ℓ − ℓ − ⟨ + − ℓ + ⟩

+ − − + − − ⟨ + ⟩

= =

−

ℓ=

−
ℓ

=
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=

ℓ

=
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=
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=
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N x s n r r
α

k r k

x

α

k r k

q

x

α

x

α

j
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m
j q

k

j

j

m
k j r k q

x

α

x

α

k

j

j

m
k j r k

,
1

1
2

1
2

1

1 2

1 2

1 1 1

n
α

r

n

k

r k
k

α k

k

q

r k q r k q

j

j

m

j
q m

m

j

k
j

m

j
r k q m

m

k
r k r k
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and
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Proof. Taking ( )+ =t uln 1 in (3) yields
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Making use of the result in (34) gives
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for �∈i . In [43, p. 171, Theorem 12.1], it is stated that if bα and ak are a collection of constants independent
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where we used the formula (19) in Lemma 2.1. The explicit formula (37) is thus proved.
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If we use the formula (20), then
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which can be rewritten as (38). The proof of Theorem 5.1 is complete. □

Corollary 5.1. For �∈n , the Narumi numbers ( )Nn
α have the explicit formulas
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and
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Proof. These follow from taking →x 0 in (37) and (38), respectively. □

Remark 5.1. When taking =α 1 in (39) or (40), we derive the explicit formula (9) for the Cauchy numbers
( )=C Nn n
1 for �∈n .

Remark 5.2. The first six values of the Narumi polynomials ( )( )N xn
α for ≤ ≤n0 5 can be computed by
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The first nine values of the Narumi numbers ( )Nn
α for ≤ ≤n0 8 are
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