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Abstract. We study branching random walks in random environment on the d-
dimensional square lattice, d > 1. In this model, the environment has finite range
dependence, and the population size cannot decrease. We prove limit theorems
(laws of large numbers) for the set of lattice sites which are visited up to a large
time as well as for the local size of the population. The limiting shape of this set
is compact and convex, and the local size is given by a concave growth exponent.
Also, we obtain the law of large numbers for the logarithm of the total number of
particles in the process.

1. Introduction and results

We start with an informal description of the model we study in this paper.
Particles live in Z? and evolve in discrete time. At each time, every particle is
substituted by (possibly more than one) offspring which are placed in neighboring
sites, independently of the other particles. The rules of offspring generation depend
only on the location of the particle. The collection of those rules (so-called the
environment) is itself random, it is chosen randomly before starting the process,
and then it is kept fixed during all the subsequent evolution of the particle system.
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This model considered in this paper was introduced in Comets and Popov (2007).
The random environment here affects both branching and transition mechanisms,
and (as opposed to the models of Comets et al. (1998); Gantert and Miiller (2006);
Machado and Popov (2000, 2003)) the immediate descendants of a particle are not
supposed to be independent. In Comets and Popov (2007) we proved a dichotomy
for recurrence/transience, depending only on the support of the environmental law,
and we gave sufficient conditions for recurrence and transience. In the recurrent
case, the tails of the hitting times are studied and a shape theorem is obtained in
a preliminary form. The recurrence/transience classification was later completed
in Miiller (2007b,a). We refer also to Baillon et al. (1993); Englander (2005); den
Hollander et al. (1999); Volkov (2001) for other work related to branching random
walks in random environment.

Now, let us look at the subject of this paper from a different angle. For = € Z¢,
let p(z, -) be the transition probabilities from z to its nearest neighbors, and r(z) >
1. Consistently with the notation introduced later in this section, we denote by
w = (wy; € Z%) the collection of coefficients w, = (p(z,z + -),7(x)) (as explained
below, r(z) stands for the mean offspring in x), and by A“ the corresponding
discrete Markov operator,

Af(x) =Y p(x,y)lf(y) - f())-

Yy~

In this paper we will study for z € Z¢ the solution u,,(x) = u?(z) of the equation

{ Upi1 — Up = DU, + (r — Du,, €79 n=0,1,..., (1.1)

uo(x) = 1{z = z}.

It is easily checked, for instance by the discrete Feynman-Kac formula, that the
solution uZ is given by the expectation uZ(x) = E,n%(z) of the number nZ(z) of
particles in z at time n in a discrete-time branching random walk starting from a
single individual located at site x at time 0. The evolution rule of this branching
random walk is that particles at 2 branch with an average of r(z) children which
then move independently to a neighboring site randomly chosen from p(x,-). We
will be interested in the case where the coefficients w are given by a stationary
and finitely dependent random field. The model has other possible formulations.
In the case of continuous time, the above equation becomes the parabolic partial
differential equation

%ut(x) = Au(x) + V¥ (2)ue(x)

with V() the branching rate. In our case the mean number of offspring is greater
than or equal to 1 and bounded from above, or, equivalently, V*(z) is nonnegative
and bounded.

In the case where p(z,-) are the simple random walk transition probabilities
(1/2d,...,1/2d), so that A is the standard Laplace operator, this equation is
known as the parabolic Anderson problem, and has also continuous-space ver-
sions, see Sznitman (1998) and Sznitman (1994). These models have motivated
a huge scientific activity, with particular interest on localization and intermittency
(e.g. Gértner et al. (2007); van der Hofstad et al. (2006)) and survival analy-
sis (Antal (1995)), leading to fine pictures in the different cases of bounded or
unbounded V’s. We stress that the Markov operator A“ is random in the present
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paper, a case that seems not to have been studied so far. Moreover, A is non
symmetric, this makes the model non-reversible with a possibly large drift, and
prevents the use of a spectral theory as in the above references.

The present paper represents a step towards the understanding of the equa-
tion (1.1). We will prove that the solution u? behaves like uZ(z) = exp{nf((z —
x)/n)+o(n)} as n — 400 (see Remark 1.8 where we comment on the function j).
We will even get into the finer study of the population size n*(2) itself, and we prove
the same asymptotics under the assumption that particles cannot die. Hence, the
growth of the population is rather smooth at the coarse scale z — 2 = O(n). The
occurrence of shape theorems and local growth rate goes back at least to Biggins
(1978) and Laredo and Rouault (1983) for branching random walks, and to Greven
and den Hollander (1992) in random environment. In fact, our model is slightly
more general than described above. As mentioned in the beginning of this section,
the branching and the displacement may be dependent. Also, the environment
that we consider is not necessarily independent, but we allow for a finite range
dependence. We believe that the results extend to more general dependence, but
considering this case would require an important additional technical work.

The model. We now describe the model, keeping the notations of Comets and
Popov (2007) whenever possible. Let Z; = {0,1,2,...} and e;-s be the coordinate
vectors of Z¢. We use the notation [|z| = |20 |4 -+|z@ | for z = (21, ... 2D) €
R? (or x € Z%). Define the distance between two sets A, B C R? (or A, B C Z%) by

dist(A, B) = Ii4n£ B||a—b||.
acA,be

Fix a finite set A C Z% such that +e; € A for all i = 1,...,d. Define

V= {UZ(Um,IEQI)t’Uw EZJF,ZUJC > 1},
zeA
and for v € V put |[v] = > o ve; note that [v| > 1 for all v € V. Furthermore,
let M be the set of all probability measures w on V:

M = {w = (w),veV):w) >0forallve V,Zw(v) = 1}.

veY

Then, suppose that w := (w, € M,z € Z%) is a stationary ergodic random field,
and denote by P, E the probability and expectation with respect to w. Throughout
this paper we suppose that this field is also finitely dependent, that is, the following
condition holds:

Condition I. There exists a positive number g such that for any two sets A, B C Z¢
with dist(A, B) > p the following holds: the sigma-algebra generated by (w,,z € A)
is independent under P from the sigma-algebra generated by (w.,x € B). Note that
o = 1 corresponds to the case of independent identically distributed environment.

The collection w = (w,,z € Z%) is called the environment. Given the environ-
ment w, the evolution of the process is described in the following way: start with
one particle at some fixed site of Z¢. At each integer time the particles branch in-
dependently using the following mechanism: for a particle at site z € Z¢, a random
element v = (vy,y € A) is chosen with probability w,(v), and then the particle is
substituted by v, particles in  +y for all y € 2. Note that the population never
gets extinct, since every individual has at least one direct descendant.
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For the process starting from one particle at x, let us denote by 7% (y) the number
of particles in y at time n. Define the random variable

Zr=> ny),

y€eZd

i.e., Z7 is the total number of particles at moment n for the process starting from .
We denote by P?,EZ the (so-called “quenched”) probability and expectation
for the process starting from x in the fixed environment w. We use the notation
P*[-] = EPZ]-] for the annealed law of the branching random walk in random
environment, and E” for the corresponding expectation. Also, sometimes we use
the symbols P, E,,, P, E without the corresponding superscripts when it can create
no confusion (e.g. when the starting point of the process is indicated elsewhere).
Throughout this paper, and often without recalling it explicitly, we suppose that

the two conditions below are fulfilled:
Condition B.
Plthere exists v € V such that wg(v) > 0 and |v| > 2] > 0.

Condition UE. For some gy > 0,

IP’[ Z wo(v) > €g for any e € {:I:el,...,:lzed}} =1

Vive>1

Condition B ensures that the model cannot be reduced to random walk without
branching, and Condition UE is a natural uniform ellipticity condition which en-
sures that the walk is really d-dimensional. In this paper, the weaker ellipticity
Condition E of Comets and Popov (2007) will usually not be enough for our pur-
poses. In fact, we believe that most of our results do not generally hold if one only
assumes Condition E.

For technical reasons we need also the following two conditions:

Condition D. There exists a positive constant D( such that the expectation of
the total number of the immediate descendants of any particle is at most Dy, i.e.,

P[Zvev [v|wo(v) < Do] =1.

Condition A. There exist z € A,v € V with ||z| even and v, > 1 such that
Plwo(v) > 0] > 0.

We refer to Condition A as the “aperiodicity condition” because, without it, the
process starting from the origin would live on even sites at even times, and on odd
sites at odd times. If (with x,v of Condition A) a site y is such that w,(v) > 0,
we say that this site is an aperiodic site, and when w,(v) > d, we say that this site
is d-aperiodic. We briefly mention that suitably adjusted versions of all our results
are also true without Condition A; the proofs are either the same or even simpler,
since we do not have to care about searching for the aperiodic sites, e.g. the proofs
of Theorems 1.4 and 1.7.

Remark 1.1. A particular case of the model considered here is the usual construc-
tion of the branching random walk, that was already mentioned in the beginning
of this paper: for each z, specify the transition probabilities p(x,y), y € 2, and
branching probabilities r;(z), i = 1,2, 3,.... A particle in z is first substituted by i
particles with probability r;(x), then each of the offspring jumps independently
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to & +y with probability p(z,y). The pairs ((r;(x))i>1, (p(x,y))yen) are chosen ac-
cording to some i.i.d. field on Z%. In our notations, w, is a mixture of multinomial
distributions on A:

Wac() = Zrz(x) MU|t(i;p((L‘, y)>y € Q[)()

i>1

Statement of the results. All through the paper, we will assume the above five
conditions. Following Comets and Popov (2007), we define the notions of transience
and recurrence:

Definition 1.2. For the particular realization of the random environment w, the
branching random walk is called recurrent if

P [the origin is visited infinitely often] = 1.
Otherwise, the branching random walk is called transient.

The following result is a consequence of Propositions 1.2, 1.3, and Theorem 1.6
of Comets and Popov (2007), and also Theorem 3.2 of Miiller (2007a); in Section 2.1,
we comment about the validity of (i) and (ii) below in the non-i.i.d. case o > 1.

Proposition 1.3. We have either:

(i) For P-almost all w, the branching random walk is recurrent, in which case
PZ[the origin is visited infinitely often] = 1 for all x € Z¢, or:
(ii) For P-almost all w, the branching random walk is transient, in which case
PZ [the origin is visited infinitely often] = 0 for all x € Z2.
The classification criterion: In the case of an i.i.d. environment, i.e., o = 1, the
branching random walk in random environment is transient if and only if there exist
s € R4\ {0} and \ > 0 such that P-almost surely we have

S s <1, (1.2)

yeU

where p; = E.n)(y) is the mean number of particles sent to y € 2 by one particle
at the origin.

It is interesting to observe that, in the case of an i.i.d. environment, one has
a simple explicit criterion of transience/recurrence for the branching random walk
in random environment; however, for the many-dimensional random walk without
branching in random environment the problem of finding such a criterion is still far
from being solved. In Comets and Popov (2007) one can find more evidence that
branching makes random walks in random environment “simpler”; see, for instance,
the results about the tails of first hitting times.

Now, we are ready to formulate the main results of this paper. In what follows,
for any A C R%, A is the closure of A, and A° is the interior of A.

First, we obtain a shape result about the sites that can contain a particle at
time n.

Theorem 1.4. There exists a compact conver set F C R? such that for any e > 0,
for almost all w there exists n(w,€) such that

Pu[nl (z) =0 for all x € Z4\ (1 +e)mF] =1 (1.3)
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and
P2 (z) =0] < 1 for all x € Z*N (1 — e)mF (1.4)
for all m > n(w,e).
Next, we characterize the (quenched) mean local number of particles.

Theorem 1.5. There exists a conver downwards, continuous function 3 : F° — R
such that for any closed G C F°
max [n~'InE,nd(x) — B(x/n)| — 0 P-a.s., (1.5)
rENGNZA

as n — Q.

The function § is called the local growth exponent for the branching random
walk. Denote B = {x € R?: g(z) > 0}; by the convexity of 3, the set B is compact
and convex. All through, convex functions will mean convex downwards.

Theorem 1.6. The branching random walk in random environment is recurrent if
and only if 8(0) > 0.

Note that the border case 8(0) = 0 is transient. Note also that, from the
property (1.7) below, one obtains that 3(0) > 0 if and only if 0 € B°. Thus,
given B, one can determine whether the branching random walk is recurrent or
transient.

The next result does not only tell us, similarly to Theorem 1.10 of Comets
and Popov (2007), where the particles are located at time n, but it also gives an
important information about the local size of the population.

Theorem 1.7. For any closed G ¢ Be,
16n3ﬂ2d|n 77n( ) ( /n)| ( )

asn— oo, a.s.

Remark 1.8. (Equivalence of models.) The local growth exponent 3 is defined by
(1.5). By definition it only depends on the quenched expectation of the number of
particles, and further, only on the mean number y; of particles sent in one step
to y by one particle at the origin. Indeed,

n
(2)
Eono(x) =Y [[rs .
=1

where w(® is the environment shifted by z;_1, and where the sum ranges over all
sequences (x;;0 < i <n) with o0 = 0,2, = z,z; — x;—1 € 2. In particular, for any
mapping w — @ from M to itself such that py = u;;” for all y € A,w € M, the
two branching random walks in the environments w and w are equivalent, in the
sense that they have the same local behavior at the logarithmic scale. Fine details
of the branching and displacement do not matter, under the above five conditions.
Moreover, for results that only concern the expected number of particles (such as
Theorem 1.5) we really do not need the assumption that any particle produces at
least one offspring; this can be substituted by a weaker assumption E,, Z{ > 1 P-a.s.

Finally, we formulate a result about the total size of the population:
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Theorem 1.9. The function 8 has the property

sup B(z) > 0. (1.7)
xeFe
For the total size of the population Z°, it holds that
In 20
20, sup [(x) (1.8)
n rEF°

a.s., as n — Q.

7

Note that, by (1.7), B # 0, and B° # () by convexity. From Theorems 1.5 and 1.7
it follows that for P-almost all w, for any € > 0

P, [for all m large enough n°, (x) = 0V € (1 +¢)mB,
n2.(x) > 1Yz € (1 —e)mB] = 1.

As opposed to Theorem 1.10 of Comets and Popov (2007), here we prove this result
both in transient and recurrent cases.

Example 1.10. (Constant branching) More information can be obtained in the
particular case when there exists a constant p > 1 such that

Z Py = P-a.s.

yeA

In this case, the expected size of the population is E,Z? = p™. This is the case for
instance when p; does not depend on w, and then the branching random walk is
equivalent to a tree-indexed Markov chain (since in this case we can suppose also
that the immediate descendants jump independently, and the offspring distribution
does not depend on the site, cf. Remark 1.8). In the general case, we can define
the transitions

pPoy)=—L, yed
W

(recall that p; only depends on wo), and consider the random walk in random
environment , with transition probabilities P, [xn+1 = 4y | xn = z] = p¥=(y) for
y € 2. We see here that E,n°(z) = pu"P,(xn = x), and therefore, by Theorem 1.5,

6(a) = lnlu, —+ hm nil lnPw [Xn = [na]]

with [na] the integer part of na (coordinatewise). The limit can be expressed in
terms of the quenched large deviation rate function 79, which have been studied in
the nestling case in Zerner (1998) and in complete generality in Varadhan (2004):
it holds that
Bla) =Inp —1(a).

These references are for i.i.d. environment and estimate the probability of sets in the
scale n instead of the probability of points, but one can see that they apply to our
discussion here. This example shows that the convex function 3 is not necessarily
strictly convex. Indeed, it is known that the rate function has a flat horizontal part
if the random walk in random environment is nestling with a non-zero speed v, in
which case I%(a) = 0 for a in the whole interval with endpoints 0 and v. Finally,
it is straightforward to see from the nearest neighbor jumps case, that the shapes
F and B may have “facets”, i.e., flat parts on their boundaries (cf. e.g. Example 7
of Comets and Popov (2007)).
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2. Proofs

The rest of this paper is organised as follows. First, in Section 2.1 we recall
some concepts from Comets and Popov (2007), such as recurrent seeds and induced
random walks. In Section 2.2 we study the set of sites which can be reached up to
time n (this amounts, basically, to applying the Subadditive Ergodic Theorem). In
Section 2.3 we prove the results related to the expected local population size, and
in Section 2.4 we study the local population size itself. Finally, in Section 2.5 we
prove the equation (1.7), i.e., that the expectation of the total number of particles
grows exponentially (somewhat surprisingly, this is one of the most difficult results
of this paper), and then we prove Theorem 1.9.

2.1. Induced random walks. To begin, we introduce some more basic notations. We
denote by Q the set of rational numbers, and define N := {1,2,3,...}. Let Lg to
be the maximal jump length, i.e.,

L =
o = max |z,

and let KC,, be the d-dimensional discrete ball with respect to the £;-norm:
Kn={zecZ:|z| <n}. (2.1)

As in Section 2.1 of Comets and Popov (2007), we define now the notion of
induced random walk in random environment associated with the branching random
walk in random environment. Defining

V= {(v, k) : v € V, k probability measure on {y : v(y) > 1}},

we consider some probability measure P on V2 with marginal P on VE' A sta-
tionary random field @ = ((ws, Kz ), = € Z%) with the law P defines our branching
random walk as above, coupled with a random walk in random environment with
transition probability
Pa(y) = Z wz (V) K (Y) (2.2)
veV
from = to x +y. In words, we pick randomly one of the children in the branching
random walk. To keep things simple, we will drop the tilde from the notations P.
In this paper, we need only the so-called uniform induced random walk, for which
the measure « is defined as follows:  is uniform on the locations {z € % : v, > 1}.
An important idea that will be repeatedly employed in this paper is to use the
uniform ellipticity of the walk in order to reveal some independence in the envi-
ronment: because of Condition UE, the uniform induced random walk is uniformly
elliptic as well, and so sometimes it makes its steps “without looking at the en-
vironment”. A similar construction can be found in Comets and Zeitouni (2004);
Zeitouni (2004). Specifically, let us consider the uniform induced random walk £*
(z stands for the starting location of this random walk). According to (2.2), the
transition probabilities for £# are:

wz (V)

o,z +y) =Pulgip =a+yl&=a]= ) Huou > 1))
1 . u

ViVy >
which means that, in the case when a particle has more than one offspring in the
branching random walk (i.e., it produces a configuration v with |v| > 1), the next
(relative) location for the uniform induced random walk is chosen uniformly among
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the locations {x € 2 : v, > 1}. By Condition UE, this induced random walk is
uniformly elliptic in the sense that

Pl =x+e|& =x]>& for all e € {£e;,i =1,...,d}

where &g = eo/|2|. Let Z1,25,23,... be a sequence of ii.d. random variables
with values in {0,1,...,2d}, such that P,[Z; = j] = & for j # 0 and of course
P, [ZZ = 0] = 1—2déy. We still keep the symbol P,, to denote the probability on the
enlarged probability space where both the branching random walk and the sequence
(Z:); are defined. Set Z; = 1{Z; # 0}. Let us enumerate the elements of the set
{£e;,i = 1,...,d} in some order, so that {te;,i =1,...,d} = {é;,i=1,...,2d}.
We can now construct the induced random walk as follows:
o if Z; = j for some j # 0, then £ = &7 | + €;;

o if Z; = 0, then & = £, + ¢, with probability ZE=t8iat&) =%

1—2d%, ’
& = &7 | + y with probability U(E%d;;w fory ¢ {é;,i=1,...,2d}.

In words, this means that when the value of Z-variable is 1, the random walk moves
without looking at the random environment.

In the next definition we recall the notion of (U, H)-seed (suitably adapted for
the case of finitely dependent environment), that was introduced in Comets and
Popov (2007).

Definition 2.1. Fiz a finite set U C Z containing 0, and H, C M with Plw, €
H, for allx € U] > 0. With H = (H,,x € U), the pair (U, H) is called a seed. We
say that w has a (U, 'H)-seed at z € Z¢ (or that a (U, H)-seed occurs in z) if

Wty € Hy for all x € U,
and that w has a (U, H)-seed in the case z = 0. We call z the center of the seed.

As in Comets and Popov (2007), it is easy to see that with probability 1 the
branching random walk visits infinitely many distinct (U, H)-seeds (this can be
done by showing that the uniform induced random walk does so). We now give
the argument. With r = ¢ + diameter(U), at any time a.s. there exist subsequent
times n,t = n + r such that at time ¢ the uniform induced random walk is situated
in a location x which is at distance r away from its range up to time n, without
looking at the environment (that is, Z,+1 = ... = Z; = 1). Then, by Condition I,
the environment can be constructed inside the translate z + U independently from
all what done before, and so the probability to generate a (U, H)-seed at site x is
a positive constant. By the Borel-Cantelli lemma, with probability 1 an infinite
number of (U, H)-seeds will be visited.

Then, still following Comets and Popov (2007), we define the branching random
walk restricted to set M C Z% simply by discarding all particles that step outside M,
and write Py, Eyja for corresponding probability and expectation. Next, we
consider a shortened version of Definition 2.5 from Comets and Popov (2007):

Definition 2.2. Let U be a finite subset of Z% with 0 € U. Let p be a probability
distribution on Z with mean larger than 1, i.e., p = (po,p1,P2,...) with p; > 0,
Spi=1,Yip; > 1. An (U, H)-seed is called p-recurrent if for any w such that
Wy € Hyyx € U, we have

and

o0
Pg|U[O will be visited by at least i “free” particles] > ij
j=i
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for all i > 1. By “free” particles we mean that none is the descendant of another
one.

It is important to note that, by definition of the restricted branching ran-
dom walk, the above probability only depends on the environment inside the p-
neighborhood of U.

Then, it is straightforward to see that all the discussion of Section 2.2 of Comets
and Popov (2007) readily extends to the case of finitely dependent environment as
well. In particular, the recurrence is equivalent to the existence of recurrent seeds;
this fact will be used several times in this paper.

2.2. Proof of Theorem 1.4. For arbitrary x,y € Z¢, § € [0,&0] (g0 is from Condi-
tion UE), define

TS(z,y) = min{n : there exist zq, z1,..., 2, € Z% with 29 = 2,2, = y
such that w.,(v: v, ,—z, >1) >0, i=0,...,n—1},

so that T)(z,y) is the minimal number of steps necessary for a particle in x to send
an offspring to y, with the condition also that this should happen with big enough
probability on each step. By Condition UE, it is immediate that

T3 (z,y) < llz —yll. (2.3)

Clearly, this family of random variables has the subadditive property: for any
z,y,2 €74 6 €[0,e0], and any w

T(x,y) < To(w,2) + To(2,y)- (2.4)
Consider any a € Q¢ and define

T30, k
() = i, TECIoun)

3 (2.5)

where ko is the smallest positive integer such that koa € Z¢. With (2.3) and (2.4),
the Subadditive Ergodic Theorem (see e.g. Theorem 2.6 of Chapter VI of Liggett
(1985)) shows that the (nonrandom) limit in (2.5) exists a.s. and in £1; by (2.4), this
limit verifies 1°(a) + pu?(b) > p®(a+b), pb(ra) = rp’(a), for any a,b € Q% r € Q+.
Moreover, since the jumps are bounded, we have T%(x,y) > Ly *||x —y| and finally
Lytlal < pé(a) < ||lal|. Then, by continuity one can define u®(a) for any a € R?
in such a way that x° is a norm on R,
Let

Fs={aeR?: y(a) <1}.

Clearly, for any ¢ € [0,e¢], the set Fs is compact and convex, and 0 € F¢. By
definition, for any z,y and w it holds that

T (z,y) < T2 (2, y) (2.6)

when §; < d3. So, we have that F5, C Fs, for 1 > J5. For the rest of this
paper, denote F := F; (and this is the compact convex set we are looking for in
Theorem 1.4). The following lemma shows that the family Fj is continuous in §:

Lemma 2.3. For any ¢ > 0 there exists 6 > 0 such that (1 —e)F C Fs C F.
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Proof: By covering F with finitely many small disks, we see it is enough to prove
that, for any a € Q¢,

Tg(O,koan) lim TB(O,koan)} —0 @7)

lim { lim —4———— —
6—0 Ln—oo on n— oo ]{,‘On

where kg is the smallest positive integer such that kga € Z9. Observe that, by the
Subadditive Ergodic Theorem, the left-hand side of (2.7) is equal to

4 0
tim [ g EL0Foen) ¢ BTS00 Foan)),
6—0 Ln>1 kon n>1 kon

Note that, by (2.3), T°(z,y) depends only on a finite piece of the environment, so
ET)(z,y) — ET)(x,y) (2.8)
as 0 — 0. Now, fix an arbitrary € > 0 and choose nj in such a way that

0 0
ET,)(0, koan1) f ET)(0, koan) .-
k0n1 n>1 kon

By (2.6) and (2.8), there exists d; > 0 such that
ET2(0, koan,) — ETO(0, koan,) < konie
for all 5 < §1. So, we obtain that

ET?(0, koan) ET0(0, koan)

- _. .
prand b R O
which implies (2.7). O

Now, we are ready to prove the first part of Theorem 1.4. Denote
Wi(n) = {z € 2% : T5(0,2) < n},

and let W2(n) = Wi(n) + (—1/2,1/2]%
By a standard argument (see e.g. Alves et al. (2002); Bramson and Griffeath
(1980); Durrett and Griffeath (1982)) one can show that, for any € > 0,
W
(1—¢e)F5C # C (1+¢e)Fs (2.9)

for all n large enough. In particular, since n71W£(n) C (14 ¢)F for all n large
enough, the first claim of Theorem 1.4 follows.
In order to prove the second claim, let us define by

R%%(n) = {y € Z : there exist 29, 21, ..., 2, € Z* with 20 = z, 2, =y
such that w., (v : v, ,—z, > 1) >0, i=0,...,n—1}, (2.10)

the set of sites that can be reached in ezactly n steps (with our usual restriction on
the probabilities of the steps). Clearly, if y € R%?(n), then E,nZ(y) > ™. Denoting
also R%9(n) = R%(n) + (—1/2,1/2]%, we intend to prove that, for any ¢ > 0 and
almost all w
70,6
(1—-¢e)Fs C —= (n) C(1+¢)Fs (2.11)
n

for all n large enough.
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Let (recall the definition of K from (2.1))
M;i ={w: for any z € K, there exists a d-aperiodic site y
such that ||z — y| < n'/2}.

Since the random environment is finitely dependent, one obtains that there are
some positive constants dg, C1, Ca such that for all § < dg

P[M?] > 1 — Cin?exp(—Cyn~?). (2.12)
By Borel-Cantelli lemma,
P[there exists n(w) such that M? occurs for all n > n(w)] = 1. (2.13)

Fix any € > 0 and consider a site z € (1 — ¢)nF5. As we know from (2.9), if n
is large enough, then T3(0,z) < (1 — £)n and the event M? occurs. Now, consider
two cases:

(1) n — T5(0,z) is even. Then it is trivial to obtain that z € R%’(n) (one
can complete the path of length 7(0,2) which ends in z by = + ey, z, z +
€1,T,y...).

(2) n—T2(0,z) is odd. Suppose also that n is so large that max{Lo,n'/?} < .
Since M2 occurs, there exists an aperiodic site y such that ||z — y| < £2.
Then, to complete the path of length 7(0, ) which ends in z, essentially
one goes from z to y in exactly ||z —y|| steps, then jumps from y to some y;
with ||y — y1]| even, then goes back to = (and then, if necessary, one puts
x4+ e, x,x+e1,x,... to the end of the path).

In both cases we obtain that # € R%°(n), and this concludes the proof of (2.11)
and thus of Theorem 1.4. ]

2.3. Proof of Theorems 1.5 and 1.6. We begin by showing that the function § can
be defined in the following way:

Lemma 2.4. For anya € F°NQ?, a # 0, the following quantity 3(a) is well-defined
and s a.s. constant:
InE,n? (kona
B(a) = lim M a.s., (2.14)
n—oo kon
where ko is the smallest positive even integer number such that koa € 277,
Proof: The expected number of particles E,n has a supermultiplicative property:
for any x,y,2 € Z9, ny,ny >0
Eutln, (Y)Ew, (2) < Bl 1, (2), (2.15)
so the family of random variables
Sm,n = kal In Ewn;:szztim)(kona)
is superadditive. Note, however, that the random variables of the latter family may
assume the value —oo.
Suppose first that ||a]| < 1. Then, from Condition UE we obtain that
Ewn]go (ko&) Z 51505

and so, taking Condition D into account, the existence of the limit in (2.14) imme-
diately follows from the Subadditive Ergodic Theorem.
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However, if one wants to apply the Subadditive Ergodic Theorem to the family
Sm.n in the case ||al| > 1, there is the following difficulty: there may be some a €
FNQ?, such that with positive probability it happens that 72(0, kgna) > kon, which
means that E(—InE,np, ,(kona))™ = oo (even P[(—InE,np ,(kona))™ = oo] > 0).
So, for the case ||al]| > 1 we need a different approach.

For the rest of the proof of Lemma 2.4 we suppose that |la|| > 1 and let ¢ be
such that a € Fy. Define
InE, 7y, . (koan)

Bla) = lim sup Tt

(2.16)

(in principle, B(a) could depend also on w, but in the next few lines we will show
that it is a.s. constant). By (2.11), P-a.s. there exists n(w) such that (recall (2.10))
koan € R4 (kon) for all n > n(w). Using (2.15), we obtain that for all n > n(w)

In Ewngo(n+m)(koa(n +m)) > InE,ny, ,(koan) + In Ewngszl"(koa(n +m))

for all m such that koa(n +m) € RF0%9(kym), which means that

koan

_ InE,ny, . (koam) _ InE 700" (koa(n +m))
lim sup B > lim sup B
m— o0 om m—oo om

for all n > n(w). Since the sequence

) In Ewnlgszl"(koa(n +m))
(hm sup 3 )
m— o0 om n=0,1,2,...

is stationary ergodic, this shows that the upper limit in (2.16) is a.s. constant.
Now, our goal is to prove that

W Eution (koan) o g (2.17)

Choose r € QN (1,400) in such a way that ra € Fg; let kq be the smallest positive
integer such that kyr € Z. Fix a small a > 0. By (2.11), for all n large enough we
have kokira|an| € R%(koki|an]). Recall that, if y € R%%(n), then E,ny(n) > 0",
=)

Ewngokl lan] (kokl ra \_OZHJ) > 6k0k1 Lom] : (218)

To proceed, we use the approach of Steele (1989). Fix any € > 0 and define the
events

H™(N) = {Smm+t < k(B(a) —¢) forall k=1,...,N},
G™(N) = (H™(N))*.
By definition, we have that
PH™(N)] — 0 as N — oo. (2.19)

Now, we divide the integer interval [k17|an],n) into some subintervals and some
singletons using the following algorithm. Begin with k = k1r|an]; inductively, let k
be the smallest integer not yet assigned. If the event G*(N) occurs, then there exists
¢ < N such that S ¢ > £(6(a) — €). In this case we add the interval [k, k + £) to
our collection (and then pass to k' = k+£). On the other hand, if the event H*(N)
occurs, then we declare k to be a singleton (and then pass to k' = k+1). As a result
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of this procedure, we obtain u intervals [r;,7; + ¢;), i = 1,...,u, and w singletons
01,...,0y. For each of the above intervals, we have Sy, r,+¢, > ¢;(8(a) —¢€), so that

w’;i‘)?“(koa(n +£;)) > exp (koli(B(a) — €)), (2.20)
t=1,...,u

Then, Condition UE implies that
wn,’i"l‘m(lﬂoa(m +1)) > 5’50”(1” (2.21)
for any m. So, abbreviating ¢1(n) = >.1, 4, p2(n) = w =n — kyralan| — ¢1(n),
tn = kow1(n) + kolla|lpz2(n), we obtain from (2.15), (2.18), (2.20), and (2.21) that

Ew’q?n"l‘k[)kl lan] (koan) > Ewngokl Lan] (Kokiralan]) H Ewn/gogn (koa(7: + £i))
=1

koao;
X H Ewnk(’”a” (koa(o; + 1))

> g o exp (kops(n) (B(a) — €)1, (2.22)

By construction of the intervals, we have

n

ifi >n—kirlan] — N — Z LHivy,

i=1 j=kir|lan]

so, by Birkhoff’s theorem

lim inf *Dlr(L”) > (1 - PHO(N)])(1 — kira); (2.23)
then,
tim sup 225 < PIEO(N)|(1 = kyra). (2.24)

Take a small so that kyra < 1. Note that ¢, = ko(n — kirlan] + ([|al| — 1)p2(n)),
so, by (2.24) and (2.19),

n

lim sup = < (1 —kira)(1+ ([la]] = PIHO(N)]) < 1 — kiov (2.25)
n—oo RQT

if N is so large that P[H°(N)] < ki(r — 1)a(l — kyra)~*(||lal| — 1)~t. Thus, us-

ing (2.22), we obtain

Bty (oan) > B, yospony (0GB, o (an)
ko(|la n n———k an
> grokilan] oxp (kop1(n)(B(a) — 6))500(H le2(m)+ tlen)).
The inequality (2.17) now follows from (2.19), (2.23) (note also that, trivially,
limsup,,_, ., 7 tp1(n) < 1), and (2.24). Letting o \, 0, this concludes the proof of
Lemma 2.4. (]

Lemma 2.5. The function 3(a) is convex downwards on F° N Q% (and so it can
be defined for all a € F° by continuity, preserving the convezity).
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Proof: Consider a,b € F° such that ||a — b|| < 1, and note that there exists 6 > 0
such that a,b € F?. Now, we have to prove that for any s € (0,1) N Q,

B(sa+ (1 —35)b) < sB(a) + (1 —5)B3(b). (2.26)
Let ko = min{k € 2N : ka € 2Z%}, k; = min{k € 2N : kb € 2Z¢}, and ¢ = min{k €
N: ks € N}. Use the abbreviation

A™(x) = 1{kok1faxn € RFF om0 (koL 0(n —m))}.

n

Note that, by (2.11), Lemma 2.4, and the bounded convergence theorem, for any = €
F¢ it holds that (with &' = min{k € 2N : kx € 2Z%}; we use the convention
0 x 00 =0)
E(1{K'zn € R%°} InE,nY,, (K'zn))
k'n
From the supermultiplicative property (2.15) we obtain
In Ewngoklgn(koklﬁ(sa +(1—s)b)n)

— fB(x) as n — 00. (2.27)

kok1fn A9, (sa) LAgn (sat(1—s)b)
0
- Sln E“’nkozﬁrg(fzklfsan) Lo, (sa)Lagn(sat(1-5)b) (2.28)
In E“nzgllzllg(sffs)n(koklf(sa + (1 —s)b)n)
B kok1£(1 — s)n 140 (sa)lasn(sa+(1—s)b)-
Since

Lagn (sat (1-s)0) BTl p o oy (Rok1 € (sa + (1 = 5)b)n)

law

= 1A[()175>n((1fs)b)Ewn20k1€(1fs)n(koklg(]‘ - s)bn),

taking expectations in (2.28) and applying (2.27), we obtain (2.26) (note also the
following elementary fact: if £ < b a.s., then E€1 4 > EE — bP[A]). O

Now, we are able to prove Theorem 1.5.

Proof of Theorem 1.5: Consider a closed set G C F° and fix any € > 0. There
exists § > 0 such that G C F¢. Clearly, for any small enough ¢’ > 0 there exist
ai,...,ae € (Q4N FY)\ {0} such that

sup min 16— (1 —¢")a;| <&'/2. (2.29)

beq i=1,...,

Let k; = min{k € 2N : ka; € 2Z%}, and let m; = max{m : kym < (1 —&')n},
i=1,...,¢. Then, by Lemma 2.4,

InE,ny . (kiaim;)

e > B(a;) — e (2.30)

for all n large enough, i = 1,...,¢. Using (2.29), we obtain that for any y € nG
there exists ¢ such that ||y — (1 — &’)a;n|| < &'n/2. Then, analogously to the proof
of the second claim of Theorem 1.4, we can show that on the event M2

By (y) > doeg ™ (2.31)
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for all n large enough (note that n — k;m; > &'n). Now, from (2.15), (2.30),
and (2.31) we obtain that

Bt (Y) > B, (Kiaimi JEonii i (y)
> exp (kimi(B(ai) — €))doeg ™
> doexp (n((1—2¢')(B(a;) —€) — 2¢’Ingg 1)).
So, from the uniform continuity of 8 in G (cf. Lemma 2.5) we obtain that
lﬂgfme?égzd(n_l InE,n2(z) — B(z/n)) > 0.
To complete the proof of Theorem 1.5, we have to show that

limsup max (n~'InE,n’(z) — B(xz/n)) <O0. (2.32)
n—oo xENGNZI

Again, for any small enough &’ > 0 there exist a1,...,a, € (Q? N F?)\ {0} such
that
sup min Ib—(1+¢&)a]| <e&'/2. (2.33)

beG =1,
Recall k; = min{k € 2N : ka; € 2Z¢}, and let m} = min{m : k;m > (1 +¢')n},
i=1,....1.
Suppose that there exists y € nG such that

0
B 5 iy /) + 2.
By (2.33), there exists ¢ such that ||y — (1 4+ &')a;n| < &'n/2. Then, on the one
hand, Lemma 2.4 implies that

Ewngimé (klalm;) < exp (kzm;(ﬂ(al) + 5))
for all n large enough, and, on the other hand,
Ewgim;(kiaim;) > Ewng(y)EwnZim;_n(kiaim; —y)

> exp (n(B(y/n) + 26)) Sek i,

This leads to a contradiction when &’ is small enough, and thus we obtain (2.32).
The proof of Theorem 1.5 is completed. O

Proof of Theorem 1.6: First, note that recurrence implies the existence of p-
recurrent seeds (cf. Lemma 3.1 of Comets and Popov (2007) and Definition 2.2
above). Such seeds give rise to a supercritical Galton-Watson process that survives
with positive probability (see Comets and Popov (2007) for details) and so the
expected number of the particles at the origin grows exponentially, thus showing
that 5(0) > 0.

On the other hand, if 5(0) > 0, then Theorem 1.5 implies that, with positive
P-probability, there exists n > 1 (possibly depending on w) such that E,n%(0) > 1.
This implies the existence of a recurrent seed. Indeed, denote

Be(w) ={® € M : &) > 0if and only if w(v) > 0, |&(v) —w(v)| < &},
and take U = K,,1,. Choose a small ¢ in such a way that EznS(0) > 1 for any @

such that @, € B.(w,) for all x € K,r,. Then, (Kpnr,, (Be(wz),z € Knr,)) is a
recurrent seed, and so the branching random walk is recurrent. ]
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2.4. Proof of Theorem 1.7. Fix ¢ > 0 and consider any y € nG. By Theo-
rem 1.5, there exists n(w,G) (which does not depend on y) such that E,n0(y) <
exp((B(y/n) + e)n) for all n > n(w, G). We write

.1 (y)

Pulin(y) > exp((B(y/n) + 2e)n)] < <eem,
[R) > exp((B(u/m) +26)m)] < el
so, by Borel-Cantelli lemma,
liminf max (n~'Inn(z) — B(z/n)) <0 P,-a.s. (2.34)
n—co zenGNZd
Now, we have to show that
limsup min  (n~'Inn?(z) — B(z/n)) >0 P,-a.s. (2.35)

n—oo xENGNZ4

In order to prove (2.35), let us first prove that, for any a € Q¢ N F°
Inn? (koan

lim inf 777]6071( oan)

where kg = min{k € 2N : ka € 2Z4}.
Step 1: First of all, we establish that, for any € > 0

> 6(a) Pu-a.8., (2.36)

Inn®  (k
Py [lim inf g\ FOATE) ko (Ko@)

n— oo on

>f(a)—¢| >0 for P-almost all w. (2.37)

Choose § > 0 such that a € Fy, then choose a positive i € Q in such a way that
a(l —h)~! € Fg, then let k1 = min{k € 2N : ka € 2Z4,kh € 2Z}. Abbreviate
gn = Plkian € R%° (k1 (1 — h)n)];
recall that, by (2.11), g, — 1 as n — oo. By virtue of (2.27),
E(1{kian € R%’(k1(1 = h)n)}In Ewngl(ph)n(klan))
k1(1—h)n
so one can choose nj such that

E(l{klanl S Rgvfs(kl(l — h)nl)} lnEwngl(lfh)nl (klanl))

- ﬂ((l - h)_la)a

> B((1-h)"la) —¢,

kl(l — h)n1
(2.38)
and also
1-2h < (1 - h)gn1 + ||a’||(1 - gn1) <1, (239)
(B((1 = h)"ta) = 2e)(1 = h) < (B((1 = h) " a) — &) (1 = h)gn,
—|laf neg " (1 = gny)- (2.40)

Now, we construct a branching process in random environment (Y,,£=0,1,2,...)
in the following way. Here, T, stands for the size of £th generation of this process.
With respect to the original process, the particles of /th generation are in kjafn; at
time t; defined below (note that it means that T, < n?e(klaﬁnl), but the equality
should not necessarily hold true, there may be also some particles in kjafn; at
time ¢y which do not belong to this branching process in random environment).
Specifically, the initial particle is considered the particle of Oth generation, and we
set To = 1, to = 0. Inductively, consider the Y,_; particles of (¢ — 1)th generation,
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situated in k1a(¢ — 1)n; at the moment t,_;. Then, the particles of fth generation
are their descendants which are in kiafny at time t,, where
|t k(1= R)ny, on {kiabny € REETIM (1 (1 = h)ny )}
to_1 + ki llalna, on {kyatny ¢ RETIM (1 (1= hyny)).
By Birkhoff’s theorem,

. lm
lim — = kiny (1= h)gn, + [lall(L = gn,)),

m—oo M

and, by Condition UE and (2.40),
ElnE,Y; > (B((1 —h)"ta) — e)ki(1 — h)nign, — killallniIneg (1 — gn,)

> (B((1 = h)"ta) — 2¢)k1(1 — h)ny. (2.41)
Assume that ¢ is so small that 3((1 — h)~ta) > 2. Since (by Condition UE and
using the fact that a(1 — k)~ € FY)

P,[T1 > 1] > minfeg!1*I™ gk (1=mmy,
one can use e.g. Theorem 1 of Athreya and Karlin (1971), or Theorem 5.5 and
Proposition 6.2 of Tanny (1977) to obtain that
P, [the process T survives] > 0 P-a.s., (2.42)

and
P, [liminf m ™ InY,, > (B((1—h)"ta) — 2&)k1(1—h)ny | T survives] = 1. (2.43)

On the event {liminf,, ..o m™'InY,, > (3((1 — h)~ta) — 2¢)ki(1 — h)n1} one
can choose mg (depending on w) such that
InY,,

> (B((1 = h) " a) = Be)k (1 = h)m
and
(1 —=2h)k1n; < bm < kim
for all m > mg. Then, at the moment ¢,, weﬂﬁave at least
Ty > exp (mkini(1—h)(B((1 — h)~'a) — 3¢))

particles in kianim. By Condition UE, each of those particles has a descendant
in kianym at time kinym with probability at least Eghklmm. So, using the large
deviation bound for the binomial distribution (cf. e.g. formula (34) of Comets and
Popov (2007)), we obtain that for some positive Cy, Co

Pw[nglmm(klcmlm) > exp (mklnl((l —h)(B((1 - h)fla) —3e) — 2hln€al))]
> 1 —exp(—Cpe®2™).

Using Condition UE again, we obtain (2.37).

Step 2: Now, let us show that (2.37) implies (2.36). This is easy in the case when
the branching random walk is recurrent. Indeed, in this case it can be shown that
a.s. the origin will be visited by infinitely many “free” particles (i.e., none of them
is a descendant of another; see Comets and Popov (2007) for more details). Each
of those particles gives rise to a copy of the branching process in random envi-

ronment constructed above (they use the same environment, but are conditionally
independent); so, with probability 1 at least one of them survives, and from this
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we obtain (2.36) in the recurrent case. However, this argument does not work in
the case when the branching random walk is transient, so we present a general
argument that works in both cases.

Abbreviate & = max{1 — h, ||al|}. Let

S, = {y € Z% : there is £ € Z, such that ||z + lkyany — y|| < Lokian, + o}.

The key observation is that the branching process T constructed above depends
only on the environment inside Sy. In particular the probability in (2.42) only
depends on w,,x € Sy. Suppose that Y,, = 0 for some m; this means that up
to (“real”) time kjtnim the branching process in random environment became
extinct.

Then, the idea is the following: with positive probability it happens that a
particle goes outside the already explored part of w “without revealing more envi-
ronment”, and we can construct a new branching process in random environment,
independent of the previous one.

At the moment k1anim (when we know that the “initial” branching process T
in random environment became extinct), let us remove all particles except one from
the process i (for definiteness, choose the remaining particle uniformly among the
particles that are present at time kjinim). Let z be the “initial” (i.e., at time
kytinym) position of this particle, note that ||z|| < Lokitinym. We let this particle
perform the uniform induced random walk &7 (i.e., immediately removing from the

process other particles that may eventually appear) until some random moment 7
defined below. Let

() ={ze Z : there exists y € Z¢ such that y € S, and
either |y|| < Lokiunim or y € {&, ... ,54‘7}}

be the set of sites from where the construction analogous to the construction of the
above branching process T may depend on already revealed pieces of the environ-
ment.

Recall the notation Z; from Section 2.1. We define

7 =min{s € N: there exists s’ < s
such that Zg41 =...=Zs;=1and & ¢ T'(s)},

and also (see Figure 2.1)
L) = {y e T(0) : dist({y}, 2\ T(£)) > Lo(k1tan1 +2) + o}

Clearly, if € € T'(¢), then I'(¢£ 4+ 1) = T'(¢). From Condition UE it follows that a.s.
there exists an infinite sequence (77, k = 1,2, 3,...) such that £ € D({)\T'(r},) for
all k. Indeed, if a € R?\ {0} is such that a-a = 0, then the fact that [(§f — &) - al
is large enough guarantees that there is k such that 7| € [t1,t2]. Since from any
u € T'(£) \T(£) the particle can perform any given Lo(k;in; + 2) + o unit steps with
Z-value 1 with uniformly positive probability (and so it can go out of I'(¢) with at
least that probability without revealing more environment), this shows that 7 < oo
a.s.

Now, at time k11inym -+ 7 we can start an independent copy Y’ of the branching
process in random environment Y constructed above. If it happens that YT’ dies
out as well, repeating this construction one can start another independent copy Y,
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Lgklﬂnl + 0. .

Lo(k/’ﬂl’nl + 2) + o

FIGURE 2.1. On the definition of the sets I'(¢) and I'(¢) (recall
that || - || is the £1-norm)

and so on. Eventually, one of those branching processes in random environment
will survive, and so (2.36) follows from (2.43).

Now, let us prove (2.35). We use the same method as in the proof of the first
part of Theorem 1.5. Namely, suppose that 6 > 0 is such that G C Fy. For any
small enough &’ > 0 there exist a1, ...,a; € (Q1N F?)\ {0} such that (2.29) holds.
Let k; = min{k € 2N : ka; € 2Z%}, and let m; = max{m : kym < (1 —e'n)},
i=1,...,¢. By (2.36), provided that €,n1, h are chosen in such a way that

(1—=h)(B((1 —h)"ta;) — 3e) — 2hIney ' > Bla;) — "

we have
In 0, . kiaimi
—n’“’z;fni ) > Bla;) — " (2.44)
for all n large enough, i = 1,...,¢. Using (2.29), we obtain that for any y € nG
there exists i such that ||y — (1 —&’)a;n|| < &'n/2. Then, we can show that on the
event Moo

Po [t i, (y) = 1] = doeg ™™ (2.45)

So, since the particles that are in k;a;m; at time k;m; act independently, again
using a large deviation bound for the binomial distribution together with (2.44)
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and (2.45), we obtain that for some positive constants Cs5, Cy

Po [ (y) = exp (Kimi(B(a;) — 2¢))] = 1 — exp(—C3e™"),
and this proves (2.35). Theorem 1.7 now follows from (2.34) and (2.35). O

2.5. Exponential growth of the total number of particles and proof of Theorem 1.9.
First, we prove the property (1.7). For the case of recurrent branching random
walk, (1.7) immediately follows from Theorem 1.6, so we only need to consider the
case of transient branching random walk. Without restriction of generality, one can
assume that any particle can generate at most two particles at the next moment,
and that there is A > 0 such that the probability of generating two offspring is
(depending on the location) 0 or h, i.e.,

Plwo(v] <2) =1] =1, Plwo(lv] =2) € {0,h}] = 1. (2.46)

This is no restriction since it can be easily shown that any branching random
walk in random environment (satisfying Condition B) dominates some branching
random walk in random environment satisfying (2.46). Also, it is clear that the
latter branching random walk in random environment can be defined in such a way
that Condition UE still holds (possibly with another constant; however, to keep the
notations simple, we will assume in our argument that Condition UE holds with
Eo).

In the situation (2.46), if w;(|v| = 2) = h, we say that x is a branching site, in
the case when w,(Jv| = 2) = 0, we say that x is a non-branching site.

Then, we can make a further simplifying assumption: we suppose that immedi-
ate descendants of a particle jump independently (so that we are in the situation
considered e.g. in Comets et al. (1998); Machado and Popov (2000, 2003)), which
means that, for a particle in x, we first decide if the particles generate 1 or 2
offspring, and then each of these offspring jump independently with probabilities
(Puléf = yl,y € © +A). Here, £ is the uniform induced random walk starting
from z. The reason why we can make this assumption without loss of generality is
that the two branching random walks are in some sense equivalent, as mentioned
in Remark 1.8.

Denote by

Yo (x) =Py[nr(x) =0 for all n > 1]
the probability that none of the descendants of a particle in x ever comes back. In
the next lemma we prove that v, (x) is uniformly positive.

Lemma 2.6. There exists 8 > 0, depending only on h and ¢, such that, for any
transient branching random walk satisfying (2.46) and with independent immediate
descendants, we have v, (z) > 0, for all z € Z% and for P-almost all w.

Proof of Lemma 2.6: By stationarity, it is enough to prove that P[¢,,(0) > 6] = 1.
We argue by contradiction. The idea is that, when ,,(0) is small enough, the
branching random walk should be recurrent. We split the space of environments in
three parts, and consider three cases accordingly.

Case 1. Suppose that wo(|v] = 2) = h, i.e, 0 is a branching site. Abbreviating
b:=P,nl(0) =0 for all n > 1| Z9 = 1], we have t,,(0) = (1 — h)b + hb?, so

(1—h) +/(1—h)2 + 4h),(0)
2h

P,[0(0)=0foralln>1|2%=1] = —
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Thus, P,[n2(0) = 0 for all n > 1 | ZY = 1] can be made arbitrarily close to 0 by
making 1,,(0) small. Now, if

h
STen
then, as in the proof of Theorem 1.6, it is straightforward to show that there exists
a recurrent seed and so the branching random walk is recurrent.

Case 2. We suppose that wo(|v| = 2) = 0, but there is a branching site in Cp,—1 \ {0}.
In this case we can choose a branching site there which is closest to the origin,
so that it is accessible from the origin by a path of non-branching sites. This

P,[n2(0) =0foralln>1]| 2 =1]

means that there exist k < p— 1, 0 = xo,z1,..., 2, such that ||x;1 — x| = 1,
t=20,...,k x1,...,25,—1 are non-branching, and z; is a branching site (and we
have also ||xg| = k).

Then, again we obtain that if 1,,(0) is too small, then the branching random
walk should be recurrent. For this, proceed as follows. First, define

71 =min{n > 1:72(0) > 1},

so that P,[m < oo] =1 —4,(0). At the moment 7 (provided 71 < 00), consider
one of the particles which are in 0 and let

7o =min{n > 71 + 1 : at least one of the descendants

of that particle is in 0 at time n},

then, repeat this procedure to define 73 on {72 < 00}, 74 on {73 < oo}, and so on.
Clearly, Py, [Ty < 00] = (1 —1,(0))™.
Being £° the uniform induced random walk starting from 0, define the event

A={ =wmi=1,.. k& =aop_s,i=k+1,...,2k 20, =2},

i.e., the initial particle goes straight to xy, branches there, and then the “first”
descendant goes straight back to the origin (note that we do not assume anything
about the second descendant). Clearly, we have

2k
> h&_g(gfl) .

=0

1—1,(0) —
On the event A, the second particle (generated in ) goes to 0 with probability

at least ¢~'. Take m such that mheg(g_l) > 1: if ¢,(0) is small enough, then

(1-— ww(O))mmhsg(gfl) > 1. Then we obtain that there exists large enough T
(which actually depends on w) such that up to time 7' the mean number of “free”
particles that visit the origin is greater than 1. (Recall that, by “free” particles we
mean that none of them is the descendant of another one, see Definition 2.2.) As
above, this implies the existence of recurrent seeds and so the branching random
walk is recurrent.

Pu[A| 7 < oo] >

Case 3. Suppose that wg(Jv] = 2) = 0 for all z € K,_1, so that there are no
branching sites in K,—1. Let

6eICQ_1 = {,T S ’ng : diSt({l‘},]CQ_l) < LQ}

be the annulus (or extended external boundary) of K,—1. Denote by

gw(z,B) =P, [there exists n > 0 such that Z e (y) > 1}
yeEB
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the probability of ever having particles in B C Z¢ for the process starting from z.
For any = € 9.K,_1, we see from Condition UE that t,,(0) > e2"*°(1 — h)Lo(1 —
gw(fE, aeK:g—l))u SO

il (@, 0cKom1) > 1= T (1= h) Ty, (0). (2.47)
T€EOKp—1

At this point, the important observation is that, for any z € 0.K,_1, the quantity
guw(x,0.K,-1) is a function of the environment outside Kp_1, and so it is inde-
pendent of wy by Condition I. So, supposing that 1),,(0) is small enough, one can
construct a recurrent seed as follows. Define

g'¥) (x, B) = P,, |there exists 0 < n < k such that Z ne(y) > 1},
yeB
and note that gffg) (z,B) — gu(v,B) as k — oo. Then, suppose that 1,(0) < 5,
where (a small number) ¢ is such that

o—1
€o

ed 4 ey (1 — h)~Lo§
Choose first large enough ko and then small enough ¢ in such a way that

inf gl (@,0.K,m0) > 1=y (1= h)~Id (2.49)
T€EOKp—1

> (1+h)~" (2.48)

for all @ such that &, € Be(wg) for all € Kpjror, \ Ko—1 (here, B.(-) denotes
the ball of radius e in M with respect to any fixed metrics). By the contradiction
assumption and by (2.47), the set of such @’s has positive P-probability.

Then, the idea is the following: put a branching site at the origin and suppose
that in a sufficiently large region around 0 (excluding K,—1) the environment is
“close” to the environment above. More precisely, we consider the (U, H)-seed with
U= ICQJrkoLo and

{weM:w(lv|=2)=h}, forz=0,
He =< M, for x € KCp—1 \ {0},
B:(wz), for z € Kotroro \ Ko—1-

Condition I implies that Pl@ : @, € H, for all z € U] > 0.

Now, from each site in /C,_1, the uniform induced random walk goes to 0 without
leaving K,—1 with probability at least 5871, and any particle in 9.K,_1 sends at
least one descendant to 0.KC,—1 at least with probability given by (2.49). Suppose
without restriction of generality that ¢ — 1 > Ly. Then, the probability that any
particle starting from 2 sends at least one descendant to 0 is at least?

o—1
€o

e + ey (1 — h)~Lo§’

which is greater than (1 + h)~! by (2.48). So, we obtain a recurrent seed.
This concludes the proof of Lemma 2.6. O

1Compare with the following situation. There are two coins, for the coin 1 the probability of
head is p, for the coin 2 the probability of head is q. We flip the coins in an alternate fashion,

i.e., 1,2,1,2,1,2,... Then, the probability that the first head comes from the coin 1 is equal to
_r _p_
p+q—pq > p+aq’
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We continue the proof of Theorem 1.9. Let U, = {£3,£0,...,£%} be the range
of the uniform induced random walk up to time n. We now prove that, due to
Lemma 2.6, |Uy,| is of order n with at least constant probability. Let

N(z,y)=>_ 1{& =y}
i=1
be the number of times that the uniform induced random walk starting from =z
visits y. Using Lemma 2.6, we obtain that E,N(z,z) < 6! for all z € Z¢ and for
P-almost all w. On the other hand

n < Z N(0,z),

zeU,

so, taking expectation,

n < Z E,(1{z € U,}N(0,x))
rcZd
=Y E,(1{z € Us}N(0,2) | & € Up)Py[z € U]
rcZd
< (14 07HEL| Uy

Since trivially |U,| < n, using the fact that for any random variable X with 0 <
X <a as. and E, X > b it is true that P,[X > b/2] > b/(2a), we obtain that, for
P-almost all w,

P U] > (1 4+60" /2l > (1 +61)"1)2. (2.50)

Consider the evolution of the branching random walk up to time n, and let
us enumerate the Z? particles that are present at time n in random order (i.e.,
select one particle at random and attach the label “1” to it, then select one of the
unlabelled particles and put the label “2” to it, and so on). We define br(i,n) to
be the number of bifurcations on the path from the root to the particle (of the
nth generation) labelled ¢ on the genealogical tree of the branching random walk
(see Figure 2.2). Let (, be the label assigned to the particle corresponding to
the uniform induced random walk at time n; clearly, given the realisation of the
genealogical tree,

{¢, =14} has probability 272, (2.51)

Let us prove now that, on the event that the range of the uniform induced
random walk is linear in n, with large probability br({,,n) will be linear as well.
To this end, we construct a set ® C Z, in the following way: first, we have 0 € ®.
Inductively, suppose that the set ®N{0,...,k —1} was already constructed. Then,
k € @ if and only if the following holds:

e there exists y € Z? such that [|£) — y|| = o, and
o || —y|| > o for all m < k.

Define the cubes
K = {z € Z% : max(|zV), ..., |2 D)) <m},

note that
7' = | (20 +2Lo + 1)z + Koy 1)
z€Z4
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|
-r---
|

e =R 7 5 1 3 2 6 4

FIGURE 2.2. A realisation of the branching random walk (together
with the uniform induced random walk) up to time n = 5, and the
corresponding genealogical tree. We have (5 = 3, br(i,5) = 3 for
1=1,...,6, br(7,5) = 2.

Let tg = 0, zg = 0. Inductively, define for ¢ > 1

i—1
ti=min {t: ¢ ¢ | J((20+2Lo+ 1)z + K1) |
=0
and z; is such that & € (20 +2Lo + 1)z + Koir,. Observe that, for any y € Z4
such that dist({y}, Z*\ (20 + 2Lo 4+ 1)z + Kp11,)) < Lo we have

v+ (Ko Vo) \ ( U (2 + K1) #0,

2¢(20+2Lo+1)2i+K ot L
so t; € @ for all i > 0. Since |K,yr,| = (204 2Lo + 1)%, we have
|®N{0,...,n}| > (20+ 2Lo + 1)U, |. (2.52)
Let F,, be the sigma-algebra generated by (£9, br(Cx, k), k < m). By definition
of the set P,

Plbr(Gous g, 11+ 0) > br(Gy ) + 1| F] > helPlon(lv] =2) = Al (2.53)
Write ® = {0 = ©o,¢1,92,...}, where @11 > ; for all ¢ > 0. Abbreviate
o = %, as = (20+2Lo + 1)7%, ag = helPlwo(jv] = 2) = h], and ay =
fajasasoe~!. The property (2.53) implies that, for some Cy > 0,

P[br(cw\_alaznj ) @I_alagnj) > 0447’),] >1- e_CIn'

So, using (2.50) and (2.52) together with the elementary inequality P[A | B] >
1-— %, we obtain for some Cs > 0 that
Plbr(¢n,n) > agn] > Plbr(¢n,n) > aun | |Uy| > a1n|P[|Uy| > a1n]
> P[br(@,mlam , @Lalaznj) > aun | |Uy| > ain]
x P[|Uy,| > ain]
> Cs.
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Therefore, with P-probability at least C5 = Ca/2,
P,[br(¢n,n) > ayn] > Cs.

Let F, be the sigma-algebra generated by the branching random walk up to
time n. Applying (2.51), we obtain that, for such w'’s,

Pw[br(cn, n) > ayn | ﬁn] = Z 27br(i,n) < 27&47122,

i:br(i,n)>aun

so, taking expectations, E,Z? > (329", As observed in the beginning of this
section, this proves (1.7).
Now, it remains only to prove (1.8). Since
In max n2(y) <In2Z% <dn(2Lon + 1) +In max 7°(y)

yeELLyn yeELLyn

(note that [Kryn| < (2Lon + 1)?), the property (1.8) follows from Theorem 1.7. [J

References

0. S. M. Alves, F. P. Machado and S. Yu. Popov. The shape theorem for the frog
model. Ann. Appl. Probabl. 12 (2), 533-546 (2002).

P. Antal. Enlargement of obstacles for the simple random walk. Ann. Probab. 23,
1061-1101 (1995).

K. B. Athreya and S. Karlin. Branching processes with random environments II:
limit theorems. Ann. Math. Stat. 42 (6), 1843-1858 (1971).

J.-B. Baillon, P. Clément, A. Greven and F. den Hollander. A variational approach
to branching random walk in random environment. Ann. Probab. 21, 290-317
(1993).

J. Biggins. The asymptotic shape of the branching random walk. Adv. Appl. Probab.
10, 62-84 (1978).

M. Bramson and D. Griffeath. On the Williams-Bjerknes tumor growth model II.
Math. Proc. Cambridge Philos. Soc. 88, 339-357 (1980).

F. Comets, M. V. Menshikov and S. Yu. Popov. One-dimensional branching random
walk in random environment: classification. Markov Process. Relat. Fields 4 (4),
465-477 (1998).

F. Comets and S. Yu. Popov. On multidimensional branching random walks in
random environment. Ann. Probab. 35 (1), 68-114 (2007).

F. Comets and O. Zeitouni. A law of large numbers for random walks in random
mixing environments. Ann. Probab. 32 (1B), 880-914 (2004).

F. den Hollander, M. V. Menshikov and S. Yu. Popov. A note on transience versus
recurrence for a branching random walk in random environment. J. Statist. Phys.
95 (3-4), 587-614 (1999).

R. Durrett and D. Griffeath. Contact processes in several dimensions. Z. Wahrsch.
Verw. Gebiete 59 (4), 535-552 (1982).

J. Engldnder. Branching Brownian motion with ‘mild’ Poissonian obstacles (2005).
Preprint. ArXiv math.PR/0508585.

N. Gantert and S. Miiller. The critical branching random walk is transient. Markov
Processes Relat. Fields 12 (4), 805-814 (2006).

J. Géartner, W. Konig and S. Molchanov. Geometric characterization of intermit-
tency in the parabolic Anderson model. Ann. Probab. 35, 439-499 (2007).



Branching random walks in random environments 299

A. Greven and F. den Hollander. Branching random walk in random environment:
phase transitions for local and global growth rates. Probab. Theory Related Fields
91, 195-249 (1992).

C. Laredo and A. Rouault. Grandes déviations, dynamique de populations et
phénoménes malthusiens. Ann. inst. H. Poincaré Sect. B 19, 323-350 (1983).

T. M. Liggett. Interacting Particle Systems. Springer-Verlag (1985).

F. P. Machado and S. Yu. Popov. One-dimensional branching random walk in a
Markovian random environment. J. Appl. Probab. 37 (4), 1157-1163 (2000).

F. P. Machado and S. Yu. Popov. Branching random walk in random environment
on trees. Stochastic Process Appl. 106 (1), 95-106 (2003).

S. Miiller. A criterion for transience of multidimensional branching random walk
in random environment (2007a). Preprint. arXiv.org: 0705.1874.

S. Miiller. Recurrence and transience for branching random walks in an iid random
environment (2007b). To appear in Markov Processes Relat. Fields.

J. M. Steele. Kingman’s subadditive ergodic theorem. Ann. Inst. H. Poicaré Probab.
Statist. 25 (1), 95-98 (1989).

A. S. Sznitman. Brownian motion with a drift in a Poissonian potential. Comm.
Pure Appl. Math. 47, 1283-1318 (1994).

A. S. Sznitman. Brownian motion, obstacles and random media. Springer-Verlag,
Berlin (1998).

D. Tanny. Limit theorems for branching processes in a random environment. Ann.
Probab. 5 (1), 100-116 (1977).

R. van der Hofstad, W. Koénig and P. Mérters. The universality classes in the
parabolic Anderson model. Commun. Math. Phys. 267, 307-353 (2006).

S. R. S. Varadhan. Random walks in a random environment. Proc. Indian Acad.
Sci. Math. Sci. 114, 309-318 (2004).

S. Volkov. Branching random walk in random environment: fully quenched case.
Markov Processes Relat. Fields 7 (2), 349-358 (2001).

0. Zeitouni. Random walks in random environment. In Lecture Notes Math.,
volume 1837, pages 190-812. Springer, Berlin (2004).

M. Zerner. Lyapounov exponents and quenched large deviations for multidimen-
sional random walk in random environment. Ann. Probab. 26, 1446-1476
(1998).



