
IEEE TRANSACTIONS ON PATTERN ANALYSIS AND MACHINE INTELLIGENCE, VOL. PAMI- 6, NO. 2, MARCH 1984 137

S h a p e  M a t c h i n g  o f  T w o - D i m e n s i o n a l  O b j e c t s

B IR BHANU, m e m b e r , i e e e , a n d  O L IV IE R D. F AUGERAS , m e m b e r , i e e e

A bs tract - In  this  pape r  we  pre s e nt re s ults  in the  areas  o f  s hape  

m a tc h ing  o f  nono cc lud e d  a nd o c c lude d two- dime ns iona l obje c ts . 

Shape  m a tc hing  is vie we d as a “ s e gme nt m a tc h ing ”  p r o b le m . Unlike  

the  pre vious  w o r k , the  t e c hn ique  is bas ed o n  a s tochas tic  labe ling p r o 

ce dure  w hic h  e x plic it ly  ma x imize s  a c r ite r ion func t io n  bas ed o n  the  

a m b ig u ity  a nd incons is te nc y  o f  c las s ifica t ion. T o re duce  the  c o m p u t a 

t io n  t im e , the  t e c hn ique  is hie rarchica l and uses re s ults  ob ta ine d  a t  low 

levels  to  s peed up and im pr ove  the  accuracy o f  re s ults  a t  highe r  leve ls . 

T his  bas ic t e c hnique  has  be e n e x te nde d to  the  s itua t io n whe re  var ious  

obje c ts  pa r tia lly  oc c lude  each o th e r  to  fo r m an appa r e nt  ob je c t  and 

o ur  inte re s t is to  fin d  a ll the  obje c t s  p a r t ic ip a t ing  in the  oc c lus ion. In  

s uch a case several h ie r a r chica l processes  are  e x e cute d in pa ra lle l for  

every obje c t  p a r t ic ip a t ing  in  the  oc c lus ion a nd are  c o or d ina te d  in such 

a way th a t  the  s ame  s e gme nt o f  the  app a r e n t  ob je c t  is no t  m a tc he d to  

the  s e gme nts  o f  d iffe r e n t  a c tua l obje c t s . These  te chnique s  have  be e n 

app lie d  to  two- dime ns iona l s imple  c lose d curves  re pre s e nte d by  p o ly 

gons  and the  po w e r  o f  the  t e chnique s  is de mons t ra te d  by  the  e xample s  

take n fr om  s y n the t ic , ae r ia l, indus t r ia l a nd bio log ica l images  whe re  

the  m a tc h ing  is d o ne  a fte r  us ing the  ac tua l s e gme nta t ion me tho ds .

Inde x  T e r m s - Co o r d ina t io n , hie rarchica l r e lax a t ion , o c c lus ion, 

o p t im iza t io n , p e na lty  fu nc t io n  a pp r oa c h, p r o je c t ion  g r adie nt  m e th o d , 

r e c og nit ion , r e la x a t ion , s e gme nt m a tc h ing , s hape  m a tc h ing , s tochas tic  

labe ling, 2- D obje c ts .

I .  I n t r o d u c t i o n

T HE P ROBLEM o f ass igning name s  or labe ls  to a set o f 

units /obje c ts  is the  key proble m in c ompute r  vis ion, 

image  analys is , and pa tte rn re cognition. Since  all the  labels  

are no t  poss ible  for  a given un it , cons traints  based on con 

te x tua l in fo rm a t io n, called the  wor ld mode l, are used to  o b 

t a in a cons is te nt and unambiguous  valid ass ignment o f  the  

units . Local paralle l processes are a very e ffic ie nt way o f  

ass igning labels . The  features  o f such algor ithms  include  the  

propaga tion o f  local conte x tua l info r ma t ion in a paradigm 

o f c ompe tit ion and coope ra t ion, loca lity , and speed. In  

general, the  tas k o f  ass igning name s  to  units  only  on the  basis 

o f features  o f  the  units  is very d iffic ult  since any s egme nta 

t ion based on low- level analys is  is bound to conta in errors 

and the  compute d features  are nois y. The  s olut ion to this  

proble m is to de lay any firm c ommitme nt  un til all the  con 

te x tua l info r ma t ion  has been used. De pe nding upon  the 

type  o f  cons traints  e mbodying the  wor ld mode l, the  proble m 

can be a ttacke d by discrete me thods  (discrete  r e laxation) or 

cont inuous  me thods  (cont inuous  re laxation, also called sto-
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chas tic labe ling). Re ce nt the ore tical de ve lopme nt and surveys 

on  these a lgor ithms  applie d to  low level vis ion and s ymbolic  

ma tching can be found  in [ 1 ] -  [3 ] .

In  this  pape r  we solve the  “ segment ma tc hing” proble m [4] 

o f  shape ma tching, de fine d as the  re cognition o f  a piece o f  a 

shape as an approx imate  ma tc h to a par t o f larger shape , by 

us ing a hie rarchical s tochas tic labe ling te chnique  [ 5] . The 

te chnique  e xplic it ly  maximize s  a c r ite r ion func tion  based on 

the  ambiguity  and incons is te ncy o f  c las s ification. The  hie r 

archical nature  o f the  a lgor ithm reduces  the  c omputa t ion  time  

and uses results  obta ine d at low levels to  speed up and improve  

the  accuracy o f results  obta ine d at higher  levels. The  class 

o f  shapes tha t  we cons ide r  are represented by  s imple  closed 

curves and are two- dimens ional in nature  s uch as the  boundary  

o f a region in an aerial image , outline s  o f  biological cells , in 

dus tr ial parts , e tc. These shapes are approx imate d by polygons . 

The shapes are a llowe d to  unde rgo trans la tion, r o ta t ion, 

scaling, and in general s ignificant changes . T aking these vari

a tions  into  account is essential if  one  is conce rne d w ith  real 

images , because in  practice  the  results  o f  a s e gme ntation 

te chnique  will be diffe re nt whe n it  is applie d to the  images  o f 

the  same scene take n unde r  diffe re nt condit ions . In the  next 

s ection we present the  basic hie rarchical s tochas tic labe ling 

te chnique  to  do shape ma tching o f 2- D nonocc lude d objects . 

Se ction III exte nds  this  te chnique  to  the  shape ma tching o f 

par t ia lly  occlude d obje cts . Several s ynthe tic  and real examples  

are presented. F ina lly , Se ction IV presents  the  conclus ions  o f 

the  pape r .

II. S h a p e  M a t c h i n g  o f  2- D N o n o c c l u d e d  O b j e c t s

Past te chnique s  used in the  shape ma tching o f  2- D non 

occ lude d objects  are: chain code  cross - corre lation, Fourie r  

descriptors  and mome nts , s tatis tical pa tte rn re cognition te ch 

nique s , s ymbolic  ma tching, s yntactic  and re laxation me thods . 

A review o f  these te chnique s  can be found  in [ 5] , [ 6] . We 

solve the  segment ma tching proble m by e x te nding the  s to 

chas tic labe ling te chnique  [ 7] , [8] in a hie rarchical manne r . 

The  shape ma tching a lgor ithm is hie rarchical in the  sense 

tha t  at the  highe r  levels, there  are more  cons traints  and wor ld 

knowle dge . In the  fo llowing we present a two stage hie r 

archical s tochas tic labe ling me thod  for  ma tching the  segments  

o f  a te mpla te /mode l against the  segments  o f an observed 

obje ct.

Hierarchical Stochas tic Labe ling A lgorithm : Let T = (7 ’1, 

T 7 , • ■ • , Tn ) and O = ( , 0 2 , '  ' ' , 0 L _ x) be the  polygonal 

re pre s e ntation o f  the  mode l and the  obje c t , respectively, 

where  Tj and Oj are line  segments , / = 1, ■ • • ,  N  and /  = 1, ■ • •,  

L  -  1. In  gene ral, L  ma y  be greater, e qual to  or  less than N. 

Mode l e lements  w ill be referred to as units  and obje ct e lements
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as classes. We ide nt ify  par t o f  the  mode l T  w ith in  the  observa 

t ion  O. We are the re fore  trying to  labe l each o f  the  segments  

Tj (i = 1, • • • ,  N )  e ithe r  as a segment 0 /  ( /  = 1, • • • ,  L  -  1) or  

as no t  be longing to  O (labe l = Nil). T hus  each segment 7, 

can have L  poss ible  labels . Us ing a te chnique  described subse 

que ntly  we compute  for  every segment Tj a set o f  L  pos itive  

numbe rs  p,{/), I = 1, • • • ,  L ,  forming a ve ctor  p,-  = [ p ,( l) ,  • • ■, 

P i(L )] T . p,{7) can be thought  o f  as the  pr oba bility  o f labe ling 

the  segment Tt as Oh so 2 f= l p t( l) = 1 and p ,( / )  >  0 . The  set 

o f all vectors  p,-  (i = 1, • • • ,  N )  is calle d a s tochas tic labe ling o f 

the  set o f units .

Init ia lly  the  s tochas tic labe ling is ambiguous  (e xce pt in some 

very special cases) and we make  it  evolve toward a less a m 

biguous  labe ling by compar ing the  loca l s tructure  o f  T  and O. 

F r om now on the  indexes  i are take n m od ulo  N . To every 

segment Th we associate the  two ne ighbor ing segments  Tt_ x 

and T i+ , .  In  order  to  compare  the  loca l s tructures  o f T  and 

O, a wor ld mode l is represented by two c om pa tib ility  func 

t ions  Ci and C2 mapping  S 2 X O1 and S 3 X O3 in to  [ 0, 1] 

where , S 2 and S 3 are two subsets  o f T 2 and T 3 de fine d by

Si = { (T, ,Tj )} ,  j  ~ i ~ 1 or  i' + 1

S 9 = { ( r „ 7 ’/_ I , 7 ’/* I )},

The c ompa tib ility  func t ion  C\ (Th Ok , Tj, Oj) ( /  = i -  1 or 

i + 1) and C2(T it Ok , Tl. l , Ot, Ti+1, Om ) will be de note d 

more  s imply by C\ (i, k , / , / )  and C2(i, k , i -  1, /, / + 1, m ). In 

ce r tain s ituations  Ci and C2 may have c ondit iona l pr oba bility  

inte rpre ta tion [ 1 ] , but  here  the y  do no t . Ci O', k , i  -  1, /) me a 

sures the  re semblance  o f the  set [T h T / .j } w ith  the  set { Ok , 

0{\ . Simila r ly , C2(i, k , i  -  1, /, / + 1, m )  measures  the  resem

blance  o f the  set [T h T i ^ l , Ti+l } w ith  the  set { Ok , Oh Om }. 

A good (ba d ) ma tc h  me ans  tha t  the  value  o f  Ci or  C2 is close 

to  1 (0 ). We associate  to every segment 77 a c ompa tib ility  

ve ctor  <?,-= [<7/(1), • • • ,  qi(L)\ T . Intuit ive ly , this  vector  

represents  what the  ne ighbors  o f  segment Tt (tha t  is to  say 

segment 7’,_1 and Ti+ 1) “ t h in k ” a bout  the  way it  s hould be 

labe le d whereas  p,-  represents  what the  segment Ti “ th inks ” 

a bout  its  own labe ling. Ma the matica lly  speaking we compute

j = i- l , i+ l

Qijik )  = £  C i (/ , *, / , I)  p j{ l) , / = 1, • • • ,  N  (1) 
/ - i

k  = 1, ■ • • , L

Q?\ k ) = £( &/ - , ( * ) + < W* ) )

Q f \ k )= j r  C2(i, k , i  -  1, / ] ,/ '+  1, /2)

■ Pi- l(ll)P i+l02)-

Q t i~ A t jPj

Q j1̂  = jC4 <f- i P i-1 + A ii+l Pi+1) 

Q f ){ k )= p / L , B ik p i+1

i - 1, li, i+ 1, l2), respective ly. The numbe rs  Q{p(k) and 

Q f X k ) ,  k =  1, • • • ,  L  are pos itive . The idea is tha t  the y are 

large whe n the  probabilit ie s  o f  the  labe ls  o f  the  ne ighbors  o f 

Tt compatible  w ith  labe l Ok are large and small othe rwise . 

The  numbe rs  Q^\ k )  and Qf \ k )  are normalize d so tha t  the y 

add up to 1 yie lding two vectors  q ^  and $ 2) such tha t

qfXk)-
Q\ nXk )

t  Qin)(0 
/= 1

n =  1 ,2
(7)

It  is desired to decrease the  discre pancy be twe e n what every 

segment Tt thinks  a bout  its  own labe ling (p ,)  and what its  

ne ighbors  th ink  a bout  it  { q ^ ,  n = 1 ,2 ). We can the re fore  de 

fine  local cons is tency as the  a mo unt  o f  diffe re nce  be tween p t 

and q ^ i n  = 1 ,2 ) .  A good measure  o f  it  is the  angle  be twee n 

these two vectors ,

C f  > = cos di = "Tpj
Pi ■ Ti

(n)

(8 )
Up ,-ll2 l l ^ l l a

whe n Pj = P ;"\  cos 0,- = 1 and is smalle r tha n 1 if  p t and q\ n '> 

are diffe re nt w ith  a m in im um  value  o f 0 (because  p ( and q^ 

are pr oba bility  vectors ). Simila r ly, a local measure  o f  a m 

biguity  can be  de fine d as the  quadratic  e ntropy,

H i= z  P / (0 (1  - p «( 0 ) =  1 -  IIp / IIj. (9)
/=1

Since  Ht is large whe n | | p/| |  is small and vice versa, we can use

/ / ; =  HAH* d o )

as a local measure  o f  a mbiguity . Fur the r , s ince we want to 

ma x imize  local cons is tency and minimize  ambiguity , we can 

use the  produc t o f  (8 ) and (1 0 ) as a measure  o f b o th qua n 

titie s , i.e .,

Pi  •

l l ^ l l a
(11 )

C ^ H l  is ma x imum whe n p,-  = q ^  (m a x imum cons is te ncy) 

and p t is the  unit  vector  (m in im um  ambiguity). We can 

de fine

Ji'(n) = W q ^ X c ^ H ' ^ P i  ■ q jn\  n = 1, 2 (1 2 )

(2)

(3)

as a local measure  o f  a mbiguity  and cons is tency. Note  tha t 

J { ^  is m a x imum for  p t = q W  and p t = unit  vector. There fore , 

a good “loca l” measure  o f  a mbiguity  and cons is te ncy is the  

inne r  produc t  p t ■ q^n\  n =  1, 2. By c omputing  the  average 

over the  set T  o f these local measures  we obta in two global 

cr ite ria:

Using vector- matrix no ta t ion  (1 ), (2 ), and (3 ) can be wr itte n 

more  s imply as

N

J (n )= I  
i= 1

n =  1 ,2 . (13 )

(4)

(5)

(6)

where  A y  and Bik  are L X  L matr ices . The  (k , / )t h  e le me nt 

A tj  and ( / , ,  /2)th  e le me nt o f  B ik  are CiO', k , / , / ) and C2(i, k ,

The proble m o f  labe ling the  segments  Tt is the re fore  e quiva 

le nt  to  an op t im iza t io n  proble m: given an init ia l labe ling pj°\  

/ = 1, ■ • ■, N , find  a loca l m a x imum o f the  crite ria J ^ ( n  = 

1, 2) closest to the  or iginal labe ling subject to the c o n 

s traints  tha t  the  p,- ’s are pr oba bility  vectors . Since  C2 is a 

be tte r  measure  tha n Ci o f  the  local ma tc h be twe e n T  a n d  <).
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we are actually inte re s ted in finding local max ima  o f the  cr i

te r ion j ( 2\  On the  othe r  ha nd, ma x imizing  is easier 

from the  computa t iona l s tandpoint . We the re fore  use the  fo l

lowing hie rarchical approach: s tar ting w ith  an init ia l labe ling 

p^°\  we look for  a local m a x imum p j^  o f the  cr ite r ion 

This  labe ling is less ambiguous  than p y ’ in  the  sense tha t  many 

labels  have been droppe d (the ir  probabilit ie s  p t{k ) are e qual 

to  ze ro). We the n use the  labe ling p ^  as an init ia l labe ling 

to  find  a local ma x imum o f the  cr ite r ion J^ 7\  The  c omputa 

t iona l saving comes  from the  fact tha t the  values  C2(i, k , i-  1, 

li> i + 1. h ) corre s ponding to  pr oba bilit ie s p t .  1 ( / j ) or p j+ 1( l2) 

e qual to  zero are no t  compute d.

The  proble m o f ma x imizing (13 ) can be e ffic ie ntly  solved 

us ing the  gradie nt proje c tion me thod  [ 9] . The gradie nt o f 

the  cr ite r ion at the  firs t stage o f  hie rarchy is given by

9 7 (1)

where

(15 )
/=i

and x  is a L  X 1 ve ctor  o f l ’s, i.e ., x  = [1, 1, • • • , l ] r . The 

firs t te rm in (14 ) corresponds  to  the  s imple  ma x imiza t ion  o f 

the  produc t p,- • in the  global cr ite r ion J^ \  and the  sec

ond te rm corre s ponds  to the  c oupling between units  through 

the  c ompa tibility  func t ion CV Note  tha t  in general C i( / ,  I, 

i, k ) ¥= Ci (/, k, j, I)  since it depends  upon the  manne r  in which 

the  c ompa tibility  is c ompute d. At the  second stage o f hie r 

archy the  gradie nt o f  the  cr ite r ion J ^  is obta ine d as

9y(2) [Qj(k ) - D jP j • q j2)] ,
9 Pi i k) i

j = i- 1,i+1

where

Qi- \ (k) = pf - i CPi- j, Qi+ 1(k ) = p j+! D p i+2

, 9Z), , -,T 
D - l =- r !̂ r = x T C p l. t , 

dp,{k )

dA'+ i

dpj(k )

*>1-1 = 1 .  A + i = z  Q f M i) .  
1=1 1=1

(16 )

(17 ) 

- x T D p  i+2

(18) 

(19 )

$ n + i> = + p{p ] Pin)
d J(ny

dPi J

i = 1, ■ • 

n =  1 ,2

where the  proje c tion o f the  gradie nt is given by

p in ) 8 J (n)

. 9 P; _

if  none  o f the  c ompone nts  o f  p ( are zero. The  c omputa t ion  o f 

the proje c tion whe n some o f  the  compone nts  o f p t are zero

can be found in [ 7] , [ 9] . Normally , is ke pt cons tant for  

all units  dur ing each ite r a tion and is de te rmine d to have the  

largest possible  value such tha t p f  s at the  (n  + l) t h  ite ra tion 

s till lie  in the  bounde d conve x region o f the  /^V- dimens ional 

Euclide an space de fine d by i Pi(k ) = 1 and Pj(k ) >  0 , i  =

I,  ,N .  Howe ve r, to ob ta in a fas ter convergence  r a t e p ^  

is obta ine d as

= a  ■ min  [ max p,^(A:)] (22 )

where  a  is a cons tant be twee n 0 and 1 and can be used to con 

trol the  rate o f  convergence . Normally  it is take n as 0 .99 . 

p jn\ k) is given by

= + Z  7 ~  [Afi Pi - (Pj ■ q j^ X A f i  x)]  (14 ) 
i Ui

p W (k ):

1 - P?\ k ) 

A ^ X k )

' P /n)(fe)

A\ n\ k) >  0 

A (P\ k )< 0. (23)

A side e ffe ct o f comput ing  p| ”  ̂ for  every unit  is tha t  we may 

not  be fo llowing the  gradie nt exactly. However, it  can be  ex 

pe cte d tha t we are approx imate ly  in the  dire ction o f the  gradi

e nt and the  cr ite r ion (1 3 ) is s till ma x imize d. It  is evidenced by 

a large numbe r  o f e xpe rime nts . Now we present the  de tails  

o f the  shape ma tching a lgor ithm.

Poly gonal A pprox im ation and Features: Polygonal approx i

ma tion  for  the  mode l and obje ct is obta ine d by de te cting the  

points  o f high curvature  [ 10] . The features  derived from the  

polygona l a ppr ox ima t ion o f the  bounda ry  o f an obje ct are: 

le ngth o f a s egment, inte rvertices  dis tance , s lope o f a segment, 

angle  be twe e n the  two segments  called the  inte r ior  angle , and 

angle  be twee n the  two segments  called the  exangle  as s hown 

in Fig. 1. The exangle  corre s ponding to a vertex is e qual to 

the  angle be twee n the  two s traight lines , where one  line  is o b 

ta ine d by e x te nding the  line  jo ining  this  vertex and its  ne igh 

bor ing counte rclockwis e  vertex and the  othe r  line  is obta ine d 

by e x te nding the  line  jo in ing  the  two clockwise  ne ighbor ing 

vertices.

Init ial Ass ignment o f  Probabilitie s : The  init ia l ass ignment o f 

probabilit ie s  for  a unit  is obta ine d by compar ing its  feature  

values  w ith  the  feature  values  o f all the  segments  o f the  obje ct. 

In  general, the  qua lity  o f correspondence  o f  a unit  i to  an 

obje ct segment k  is given by

C and D  are Z, X L  matr ice s , whose  (/ t , /2 )th  e le me nt is given 

by C2{i -  1, l i , i -  2, l2 , i, k ) and C2(i + 1, l x, i + 2, l2 , i, k ), 

respectively. Now the  ite r a tion o f p {s  is given by

M(T i, Ok )= Y ,  I f tp  ‘  fop I WP 
p= i

where  P  is the  to ta l numbe r  o f features

(24)

(20 )

(21)

f tp -  p t h  feature  value  for  the  mode l segment

f op = p t h  feature  value  for  the  obje ct segment

Wp = we ight fac tor  for  the  p t h  feature .

Note  tha t for  a perfect ma tc h M (T t, 0 *)  = 0 and for  a poor  

ma tc h M(T i, Ok) will be large. The  init ia l probabilit ie s  chosen 

pr opor tiona l to 1/(1 + M(T i, Ok ), for  k  -  1, • • • , L - 1 are 

normalize d so tha t  the y sum to 1. The  weights  o f  features  

are nee de d to account for  the ir  impor tance  and the  diffe re nt 

range o f values.
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\ A
\

\

\

\

M(T R(T j), O,) ■ Z  \ fsp- fop\  
p = i

Wn

C i( i , k , j ,  I)-
1

1 + M(T R(T j), Ot)

T Rl: T, Ok and 77? 2: Tj -»■ Ot.

Now the average r o ta t ion, average scale and average trans la 

t ion o f these two trans formations  are c ompute d. The  trans 

fo r ma tion associated w ith these paramete rs  called T V, is now 

applie d to the  unit  i and unit  j  and the  ma tching errors  be 

twe e n the  trans forme d units  and the  segments  Ok and Oj are 

compute d as in the  firs t me thod and fina lly ,

C i( i , k , j ,  l)  =
1

1 + tota l error

Fig. 1. Illu s t r a t io n  o f  the  d e fin it io n  o f  e xangle .

Com putat ion o f  Com patibilitie s : The  c ompa tibility  func t ion 

de te rmine s  the  degree by which the  ass ignments  o f  two or 

three  ne ighbor ing units  are c ompa tible  w ith  each othe r . 

and C2 take  values  be twe e n 0 and 1. There  are at least 4  ways 

o f c omput ing  th? c ompa tibilit ie s  C x and C2.

Firs t Me thod: At  the  firs t stage, we compute  a trans for 

m a tion  T R from a unit  Tj to labe l Ok , i.e ., T R: Tt - * Ok . T R 

cons is ts  o f  scaling, r o ta t ion , and trans la tion in the  X  and Y  d i

rections . This  t r ans formation is applie d to the  unit  T j(j = i - 

1 or /' + 1) and the  error be twee n the  trans forme d Tj and 0\  is

At  the  s econd stage ins te ad o f finding two trans formations , we 

find three  trans formations  and take  the  average o f  these values. 

This  average tr ans formation is the n applie d to units  i , i  -  1, i + 1 

and the  to ta l e rror be twee n the  trans forme d units  and obje ct 

segments  k , l lt  and l2 is compute d to get C2(i, k , i-  1, l lt  

i+  1, l2) as in the  firs t stage c ompa tib ility  c omputa t ion.

T hird Me thod: This  me thod is s imilar  to the  second me thod 

in tha t  we compute  two trans formations  77? 1 and 77? 2. Now 

77? 1 is applie d to Tj giving matching error M (T R l(T j) ,  0{) 

and T R l is applie d to 77 giving matching error M (T R 2(7’,), 

Ok ). Average o f this  e rror is take n and

C t Q .k . j ,  l) =
1

1 + average error

At  the  second stage, we w ill find  three  tr ans formations  and the  

average error will be the  average o f six error terms and the  

c ompa tib ility

1

1 + average error

(25 )

where  f t 'p = p ih  feature  value  for  the  trans forme d un it , and 

the  othe r  quantit ie s  are s imilar  to those  de fine d in (24).

Note  tha t here  the  features  ma y be slope  and le ngth o f  a seg

me nt, so we shall need the  we ights  for  these features . How 

ever, it  is possible  to avoid these paramete rs  if  we use only  the  

dis tance  be twee n the  ends  o f Ot and trans forme d Tj as the  

matching error be twe e n two segments , i.e ., ma tching error 

M(T R(T j), Oi) = A B  + CD [ refer Fig. 2 (a )] . In practice  we 

have used this  approach for c omputing  the  ma tching error. 

The  c ompa tib ility  at the  first stage is given by

Fourth Me thod: In this  me thod we  c ompute  ma the matica lly  

the  best t r ans formation from units  i and /  such tha t the  sum 

o f the  squares o f  the  error be tween the  trans forme d units  and 

the  obje ct segments  is m in im um . Here we can use only  the  

dis tance  in the  c omputa t ion  o f  the  ma tching error (unlike  the  

firs t three  me thods  where  in pr inc iple  we could use a c ombina 

t ion o f  s lope and le ngth) so tha t  the  error cr ite r ion is quadratic  

and Unear least squares te chnique s  can be applie d. For  e x 

ample , le t the  be ginning and e nd coordinate s  o f the  segments  

j,  k , and I be given by  (- Y1, / I ) ,  (X 2 , Y 2), ( D X 1, D Y 1), 

(D X 2, D Y 2), (/? 1, S l) , ( R 2 , S 2 ) , ( U l,  K l) a n d  (U 2, I r r e 

spective ly, the n

M X  = b

where

The proble m w ith  this  me thod o f c omput ing  the  c ompa ti

bilitie s  is tha t  the y are not  s ymme tr ic , i.e ., C i( i,  k , j,  I)  #  

C i( j ,  I, i, k ). As  we have seen, the  c omputa t ion  o f the  gra 

die nt  requires  C i( j ,  I, i, k ), so if  this  me thod is used we shall 

also require  the  c omputa t ion  o f  C i( j ,  I, i, k ). Moreover, 

s ince we are us ing o nly  one  t r ans formation, compatibilit ie s  

so obta ine d w ill no t  be very accurate  compare d to the  othe r  

three  me thods  described be low.

S e cond Me thod: Unlike  the  firs t me thod, here  we find  two 

trans formations  77? 1 and 77? 2 such tha t

M  =

~DXl - DY  1 1 0 ~U\

D Y l DX  1 0 1 VI

D X  2 - DY 2 1 0 X cos 6 U2

DY 2 D X  2 0 1 X sin 6 V2
, x  = , b =

X I - Y l 1 0 Xo R l

Y l X I 0 1 - Vo . S 1

X2 - Y2 1 0 R2

Y2 X2 0 1_ S2_

and X is a scaling fac tor , 9 is the  r o ta t ion , and X 0 and Y 0 are 

the  trans lations  in the  X  and Y  dire ctions , respectively. The
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0

(b) MODEL OBJECT

HETH0D FIRST SECOND THIRD FOURTH

C| (t .k, J .O  
U) ,kt6 , J«9,1*5

Transformstion-  
(Scale , Rotation, 
X- Tran*., 
T- Trana.)

T *:T ,- 06
(0 ,7^,- iSb*
9.75.10.5)

TR1, Sane a sTft 
TR2 :Tq - *Os 
(0- 79.- 161.56* 
9- 25.H.75)
Avg. Tran*.,TV 
(0.77,- 170.TB* 
9- 50,11.12)

TUI and TR? 
a* In the 
second method

Least Squares 
Beal Transfo
rmation, 
from T, to 0^ 
and Tcj to 0y 
(0,77,- 173.29* | 
9- 77,11.18)

Tranaf oraatlon 
Applied lo 
Uni la

9 i ,9 rut to  9
TR2 to 1

1,9

Beginning i 
End Coordinates  
(X,t ) o f the 
Transformed 
Units

Unit 9 
(7 .5 ,7 .5 ), 
(6 .9)

Unit 1
(5.9*i .8 .98), 
(2.91 ,8 .«i9) 
Unit 9 
(7 .71 ,7 .71). 
(5 .91 ,8.98)

Unit 9 1 
(7 .5 ,7 .5 ),
(6 .9)
Unit 1
(6 .9 ),
(3.8)

Unit 1
(6 .09 .9 .18), 
(3,8- 81)
Unit 9 
(7 .81 ,7 .8 1),
(6 .09.9.18)

Total Error 
Between tha 
Tranaforaed Units  
and obje ct labe ls

0.707 1.033 1.707 0.811

Average Error 0.8«5

Compatibility 0.586 0.192 0.510 0.512 |

C jt l.k , l- l , l lp 
1*1. *i) , 1«» ru*6, 
I, *5. Ly7)

Transformstlon-  
< Scale .Rotation, 
X- Trans., 
r- TR.na.)

TR as above TRl and TR2 
as ebove
TS3:Tt ^ 0 7 
(0.6,- 180* , 
a .1,10.2)
Avg. T rans ., TV 
<0.72.- 173.85*, 
9.13,10.81)

n il,  T*2 and 
TR3 as in the 
Second Method

Least Squares 
Best Transfo
rmation, j 
f rom T , lo  06,
T to 0 and 
T to 0 7 
(0.72,- 179.2* 
9.63,10.68)

Tranaf ormatlon 
Applied to 
Units

9,2 1.9,2 TK1 to 9,2 
TR2 to 1,2 
TR3 to 1,9

1,9,2

Beginning t 
End Coordinate* 
(X.T) o f the 
Transformed 
Units

Unit 9.
S ue  as
Above, 
Unit 2 
(3 ,9) 
(3 ,5 .25)

Unit 1
(5 .73 .9 .01), 
<2 .9 ,8 .7 0  
Unit 9
(7 .31 .7 .75),
(6 .73.9.01) 
Unit 2 
(2- 9,8.71) 
(3- 28.5.16)

TUI;
Unit 9
(7 .5 .7 .5 ),(6 .9 )  
Unit 2
(3 .9 ),(3 ,5 .2 5 ) 
TR2:
Unit 1
(6 .9 ),(3 .8 )
Unit 2
(3 .9 ),(3 ,5 .25 ) 
TR3:
Unit 1
(5 .1 .9 ).(3 ,9 ) 
Unit 9
(6 .6 .7 .6 ).
(5 .1 .9 )

Unit l j
(6 .03.9.19) 
(3 .13 ,9.15)
Unit 9
(7- 19,7.76),

(6 .03 .9 .19)
Unit 2 
(3- 13,9.15)
(3 .1,5 .53 )

Total Error 
Between the 
Transformed Unlta 
and obje ct Labela

1 - *57 2.752 5.820 1 .856

Average Error 0.970

Compatibility 0.407 0.267 0.508 0.350

Fig. 2. (a ) Ma tc h ing  dis tance  e rror  = A B  + CD. (b ) An  e x a mple  il

lus t ra t ing the  fo ur  m e th o d s  o f  c o m p u t in g  c o m p a t ib ilit ie s  C i a nd C2.

previous  set o f e quations  is an ove rde te rmine d sys tem. It  can be 

trans forme d as M TM X  = M Tb which can us ually be unique ly  

solved for  X, 6, X 0 , Yo ■ This  c ompute d  tr ans formation can 

the n be applie d to obta in c ompa tibilit ie s  at the  firs t stage by 

us ing the  approach used in the  second me thod. At the  second 

stage M  is a 1 2 X 4  matr ix  and b a 12 X 1 c o lumn vector. It 

can be solved e xactly as in the  firs t stage case to obta in the  

best tr ans formation and c ompa tibilit ie s  at the  second stage. 

This  me thod requires  more  c omputa t ion  t ime  than any o f the  

othe r  me thods . Note  tha t  the  trans formations  used in this  

me thod a llow polygons  to unde rgo r o ta t ion, tr ans la tion and 

scaling de formations  only . However, a more  general trans for 

ma tion can be easily c ompute d. Als o note  tha t  the  second, 

third, and four th me thod lead to  s ymme tr ic  compatibilit ie s . 

In practice  we have chosen the  third me thod. Fig. 2 (b) de m

ons trate s  the  four  me thods  o f  c omput ing  Ci and C2 on a 

specific e xample .

Init ial Probability  and  Com patibility  f o r the  N il Class: 

P / (Nil) is ass igned a s mall cons tant value , de pe nding upon  the  

a priori info r ma t ion tha t  we may have a bout  the  possible  

numbe r  o f  matche s . Normally , we have take n P / (Nil) be twee n 

0.05 to  0 .30. The  actual value  is no t  cr itical, however, it  a f

fects  the  convergence  o f  probabilitie s , he nce  the  numbe r  o f 

ite rations . The c ompa tibilit ie s  involving the  Nil class are as 

s igned as follows .

C i (i, k , i  -  1, Nil) = C i (/ , k , i + 1, Nil)

= C2( i , k , i -  1, Nil, / + 1, Nil)

= P i(k )

C i(i,  N il, /  -  l , 0  = C 1( / ,N U ,i+  1, / )

= C2(i, Nil, / -  l , / , , i +  l , / 2)

= P /(Nil)

C2 (i, k , i  - 1, Nil, i + 1, /2) = C i( i,  k , i+  \ , l 2)

C2(i, k , i  - 1, / i , /+  1, Nil) = C i(i,  k , i  -  1, / ,) .

Strategies T hat Le ad to Fas ter Com putat ion:

1) We set a pr oba bility  value  p t (k ) to zero if  it is less than 

a specified percentage  (nor ma lly  5 pe rce nt) o f  the  largest c om 

pone nt  o f  p j at a given ite r a tion. Whe n some o f  the  c om 

pone nts  o f Pj be come  ze ro, we do not  compute  the  gradients  

and c ompa tibilit ie s  for  the m.

2) We set a proba bility  vector  p t to the  unit  vector if  any o f 

the  c ompone nts  o f  p t becomes  greater than a ce rtain thre sh

o ld (nor ma lly  0 .9). The  c ompa tibilit ie s  and gradients  are not 

s ubs e que ntly compute d for this  unit .

3 ) We compute  c ompa tib ility  and gradie nt for  a limite d  

numbe r  o f  mos t like ly ass ignments  o f ne ighbors  (nor mally  

1 or  2) for  a given unit .

Control o f  the  Stochas tic Labe ling Process: T wo cr itical 

que s tions  re lated to any re laxation process in general [11] 

a re : 1) how do we evaluate  the  progress o f the  labe ling process? 

and 2 ) how ma ny  ite rations  do we need and how do we s top? 

The  answer to the  firs t que s tion is provide d by the  formula 

t ion o f  our  te chnique . It  guarantees  tha t  cons is te ncy will 

increase  and a mbiguity  w ill decrease as the  process progresses. 

This  is no t  true  for  ma ny  re laxation schemes which ofte n con 

verge to  results  which are quite  poor  a lthough the  firs t few
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it e r a t io n s  p r o v id e  s ig n if ic a n t  im p r o v e m e n t . T o  a n sw e r  th e  

se c o n d  q u e s t io n , th e  n u m b e r  o f  it e r a t io n s  at th e  first  an d  

se c o n d  s ta g es  are d e te r m in e d  su c h  th a t  all th e  u n it s  are f ir m ly  

a ss ig n e d . T h e  p r o c e s s  th e n  s to p s .

Ex amples : In u sin g  th e  sh a p e  m a tc h in g  a lg o r ith m  in  p r in c ip le  

it  d o e s  n o t  m a tte r  w h e th e r  w e  m a tc h  an  o b je c t  w it h  th e  m o d e l  

o r  v ic e  v ersa . G e n e r a lly , it  m a y  b e  p r eferr ed  to  la b e l th e  se g 

m e n ts  o f  th e  o b je c t  o r  m o d e l ,  w h ic h e v e r  h a s th e  sm a ller  n u m 

b er  o f  s e g m e n ts ,  b e c a u se  in  th a t  c ase  th e  la b e lin g  o f  a sm a ller  

n u m b e r  o f  u n its  is  r e q u ire d . W e s h o w  th e  m a tc h in g  r e su lts  

in  th e  fo r m  o f  a ta b le . O n ly  th e  la b e l a n d  th e  p r o b a b ili ty  o f  

th e  m o s t  l ik e ly  a ss ig n m e n t are sh o w n .

Ex am ple  1: F ig . 3  sh o w s  a m o d e l a n d  an  o b je c t .  T h e  p e r im 

e te r  is  sh o w n  as d o t t e d  p o in ts .  N o t e  th a t  th e  u p p e r  p o r t io n  

o f  th e  m o d e l  is  a n o is y  v e r s io n  o f  th e  o b je c t  so  th e ir  p o ly g o n a l  

a p p r o x im a tio n s  are d i f fe r e n t . T h is  m a k e s  th e  m a tc h in g  p r o b 

le m  so m e w h a t m o r e  c o m p lic a te d  th a n  in  [ 1 2 ]  w h e r e  D a v is  

in tr o d u c e s  th e  n o is e  a fte r  th e  p o ly g o n a l a p p r o x im a t io n  so  

th a t  th e  n u m b er  o f  se g m e n ts  r e m a in s  th e  sam e  b e fo r e  an d  

a fte r  th e  in tr o d u c t io n  o f  n o is e . T a b le  I sh o w s  th e  r e su lts  o f  

la b e lin g . O n ly  th e  in te r io r  a n g le  is  u se d  in  th e  in it ia l  p r o b a 

b il it y  a ss ig n m e n t. T h e  r e su lts  o f  la b e lin g  are g o o d . L ab e l 11 

is  th e  N il c la ss . T a b le  II s h o w s  th e  r e su lts  w h e n  o n ly  6  ite r a 

t io n s  o f  th e  f ir st  s ta g e  are u se d . N o w  th e  la b e l o f  u n it  4  is 

w r o n g . T h is  illu s tr a te s  th e  n e e d  fo r  th e  s e c o n d  sta g e  w h ic h  

c o r r e c ts  th e  m is ta k e s  o f  th e  first s ta g e . S u b se q u e n t  e x a m p le s  

su p p o r t  th is  fa c t .

Ex am ple  2: F ig . 4  s h o w s  t w o  m o d e ls  a n d  an o b je c t .  M o d e l 

1 a n d  M o d e l 2  o c c lu d e  e a c h  o th e r  t o  fo r m  an  a p p a r e n t  o b je c t  

sh o w n  in  F ig . 4 ( c ) .  N o t e  th a t  th e r e  is  a c h a n g e  o f  sca le  fo r  th e  

M o d e l 1 in  th e  a p p a r e n t  o b je c t .  T a b le s  I I I  a n d  I V  sh o w  th e  

r e su lts  o f  la b e lin g  fo r  M o d e l 1 a n d  M o d e l 2 . N o te  th a t  a ll  th e  

a ss ig n m e n ts  o f  M o d e l 1 a n d  M o d e l 2  are c o r r e c t  e x c e p t  th e  a s 

s ig n m e n t  o f  u n it  1 fo r  M o d e l 2 . A lt h o u g h  th e  p r o b a b ili ty  o f  

a ss ig n in g  la b e l 19  t o  u n it  1 in c r e a se s , la b e l 1 is  f in a lly  a ssig n e d  

to  th is  u n it . L ab e l 19  is th e  N il  c la ss . T h is  e x a m p le  is  a lso  

d e sc r ib e d  in  S e c t io n  I I I  to  illu s tr a te  th e  o c c lu s io n  a lg o r ith m . 

T h e re  it  w il l  b e  se e n  th a t  u n it  1 o f  M o d e l 2  is n o t  a ss ign e d  to  

la b e l 1.

Ex am ple  3: F ig . 5 s h o w s  th r e e  r e g io n s  c o n s is t in g  o f  th e  

g o ld e n  g a te  park  o b ta in e d  b y  u s in g  th e  r ec u r siv e  r e g io n  sp lit t in g  

m e th o d  [ 1 3 ]  o f  se g m e n ta t io n  a p p l ie d  to  t w o  c o lo r  im a g e s  o f  

San  F r a n c isc o . R e g io n s  in  F ig . 5 (a )  a n d  ( b )  are o b ta in e d  

fr o m  th e  sa m e  im a g e  w ith  s lig h tly  d i ff e r e n t  p a ra m e ter s  in  th e  

se g m e n ta t io n  s c h e m e . F ig . 5 ( c )  s h o w s  th e  r e g io n  o b ta in e d  

fr o m  th e  im a g e  ta k e n  a t  a d i f fe r e n t  t im e  a n d  r o ta te d  w ith  

r e sp e c t  t o  th e  o th e r  im a g e . S in c e  th e  r e g io n  in  F ig . 5 ( c )  d id  

n o t  c h a n g e  w ith  s l ig h t ly  d if fe r e n t  p a r a m e ter s , w e c o n s id e r  it  

a s th e  m o d e l a n d  r e g io n s  in  F ig . 5 (a )  a n d  ( b )  a s o b je c ts .  In  

o rd e r  to  r e d u c e  th e  c o m p u ta t io n a l  c o m p le x i t y  w e r e d u c e  th e  

r e g io n s  s h o w n  in  F ig . 5 b y  a fa c to r  o f  1 4 . T h e  p o ly g o n a l  

a p p r o x im a tio n s  o f  th e  r e d u c e d  r e g io n s  are sh o w n  in  F ig . 6 . 

W e w a n t t o  m a tc h  th e  sh a p e  o f  o b je c ts  [F ig . 6 ( a )  a n d  (b ) ]  

a g a in s t  th e  m o d e l  [F ig . 6 ( c ) ] , so  o b je c t  se g m e n ts  are u n its  

in  th is  e x a m p le . T h e se  sh a p e s  a p p ea r  to  b e  v e r y  d if fe r e n t  

fr o m  e a c h  o th e r . T h e  le f t  s id e  o f  th e  g o ld e n  g a te  park  in  F ig . 

5 (a )  a n d  ( b )  d id  n o t  c lo s e , w h e r e a s  in  F ig . 5 ( c )  i t  is  c lo s e d .  

T h is  is  t y p ic a l o f  sh a p e  m a tc h in g  c o m p le x i t y  w h e n  w e  d ea l

I

i

F ig . 3 . (a )  M o d e l ,  p e r im e te r  = 2 1 ,  n u m b e r  o f  s e g m e n ts  = 6 .  ( b )  O b 

j e c t ,  p e r im e te r  = 3 8 ,  n u m b e r  o f  s e g m e n ts  = 1 0 .

T A B L E  I

L a b e l  o f  U n i t s  o f  t h e  M o d e l . E x a m p l e  I.

. L a b e l s  a t  d i f f e r e n t  i t e r a t i o n s
U n i t s  o f  t h e

M o d e l  0  1 3  1 4

1 1 ( .  3 8 )  1 ( . 4 8 )  1 ( • 7 0 )  1 ( . 8 1 )  1 ( 1 . 0 )

2 5 ( .  3 1 )  5 ( .  3 0 )  2 ( . 4  1 )  2  ( . 0 3 )  2 ( 1 . 0 )

3 7 ( . 5  3 )  7 ( . 5 5 )  1 1 ( . 6  1 )  1 1 ( 1 . 0 )  1 1 ( 1 . 0 )

4  1 ( . 4 4 )  1 ( . 4 2 )  1 ( . 6 0 )  1 1 ( . 6  1 )  9 ( 1 . 0 )

5  4 ( . 3 2 )  4 ( . 2 9 )  1 1 ( .  3 3 )  1 1  ( . 4 6 )  1 0 ( 1 . 0 )

6  I D  ( . 7 5 )  1 0  { . 8  3 )  1 0 ( 1 . 0 )  1 0 ( 1 . 0 )  1 0 ( 1 . 0 )

C r i t e r i a

T o t a l  C o m p u t a t i o n  T i m e  =  1 8 . 2 7  s e c o n d s

w it h  real im a g e s. T h er e  is a c lu e  o f  s im ila r ity  o f  sh a p e s  in  

F ig s . 5 o r  6 . S e g m e n ts  13 a n d  17 o f  o b je c t  1 m a tc h  w it h  seg 

m e n t s  7 a n d  1 4  or  1 6  o f  th e  m o d e l r e s p e c t iv e ly . S im ila r ly  

se g m e n ts  10  a n d  15  or  16  o f  o b je c t  2  m a tc h  w ith  th e  se g m e n ts  

7  a n d  1 4  or 16  o f  th e  m o d e l. R e su lt s  o f  sh a p e  m a tc h in g  are 

sh o w n  in  T a b le s  V  a n d  V I. M o st o f  th e  a ss ig n m e n ts  are v e ry  

r e a so n a b le  a n d  c o r r e c t  a l th o u g h  a f e w  are in c o r r e c t .  L a b e l 3 0  

is  th e  N il c la ss.

F r o m  th e  r e su lts  o f  la b e l in g , th e  r e la t iv e  r o ta t io n  b e tw e e n
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Fig. 4.

TABLE II
La b e l  o f  U n it s  o f  t h e  M o d e l . E x a m p l e

U n i t s  o f  t h e
L a b e l s  a t d i f f e r e n t i t e r a t i o n s

m o d e l 0 1 3 5 6

1 1 ( . 3 8 ) 1 ( . 4 8 ) 1 ( . 7 0 ) 1 ( 1 . 0 ) 1 ( 1 . 0 )

2 5 ( . 3 1 ) 5  ( . 3 0 ) 2  ( . 4 1 ) 2 ( 1 . 0 ) 2  ( 1 . 0 )

3 7 ( . 5 3 ) 7  ( .  5  5 ) 1 1 ( . 6 1 ) 1 1 ( 1 . 0 ) 1 1  ( 1 . 0 )

4 1 ( . 4 4 ) 1  ( .  4 2 ) 1  ( . 6 0 ) 1 ( 1 . 0 ) 1 ( 1 . 0 )

5 4 ( . 3 2 ) 4 ( . 2 9 ) 1 1 ( . 3 3 ) 9  ( . 7 5 ) 9 ( 1 . 0 )

6 1 0 ( . 7 5 ) 1 0  ( . 8 3 ) 1 0 ( 1 . 0 ) 1 0 ( 1 . 0 ) 1 0  ( 1 . 0 )

V a l u e  o f  

C r i t e r i o n
" .  7 1 1 . 4 2

j (1)

1 .  7 0 2 . 0 3

T o t a l C o m p u t a t i o n  T i n e  = 4 . 2 4  s e c o n d s

(a ) (b )

( c )

( a )  M o d e l  1 , p e r im e te r  = 3 4 ,  n u m b e r  o f  s e g m e n ts  =  0 .  ( b )  M o d e l  2 , p e r im e te r  =  3 5 ,  n u m b e r  o f  s e g m e n ts  = 9 .

( c )  O b je c t ,  p e r im e te r  = 6 7 ,  n u m b e r  o f  s e g m e n ts  = 1 8 .
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T ABLE III
La bel  o f  Unit s o f  t he Model  1. Exampl e 2.

U n i t s  o f  

t h e  M o d e l 1 0

L a b e l s

1

a t  d i f f e r e n t  i t e r a t i o n s  

3 1 3 6

1 1 ( . 2 0 ) 1 ( . 3 3 ) 1 ( . 5 0 ) 1  ( .  5  3 ) 1 ( 1 . 0 ) 1 ( 1 . 0 )

2 2 ( . 5 1 ) 2  { . 6 2 ) 2 ( 1 . 0 ) 2 ( 1 . 0 ) 2 ( 1 . 0 ) 2 ( 1 . 0 )

3 3  ( . 6 3 ) 3 ( . 7 4 ) 3 ( 1 . 0 ) 3 ( 1 . 0 ) 3 ( 1 . 0 ) 3 ( 1 . 0 )

4 4 ( . 2 8 ) 4 ( . 4 3 ) 4 ( . 7 1 ) 4 ( 1 . 0 ) 4 ( 1 . 0 ) 4 ( 1 . 0 )

5 1 9  ( . 1 5 ) 1 9 ( . 2 4 ) 1 9 ( . 3 0 ) 1 9 ( . 3 3 ) 1 9 ( . 3 7 ) 5 ( 1 . 0 )

6 1 9  ( . 1 5 ) 1 9  ( . 2 1 ) 1 9 ( . 2 7 ) 1 9 ( . 3 1 ) 1 9  ( . 4 5 ) 1 9 ( 1 . 0 )

7 1 9  ( . 1 5 ) 1 9  ( . 2 6 ) 1 G { . 3 9 ) 1 6 ( . 5 1 ) 1 6  ( .  7 4 ) 1 6 ( 1 . 0 )

8 1 7  ( . 3 0 ) 1 7  ( . 4 3 ) 1 7 ( 1 . 0 ) 1 7 ( 1 . 0 ) 1 7 ( 1 . 0 ) 1 7 ( 1 . 0 )

9 1 8 ( . 2 9 ) 1 8  ( . 4 6 ) 1 8  € . 6 8 ) 1 8  ( 1 . 0 ) 1 8 ( 1 . 0 ) 1 8 ( 1 . 0 )

V a l u e o f
1 . 0 3 1 .  5 6 1 . 3 3 1 . 4 4 1 .  4 4

c r i t e r i a

J ( 1 ) J ( 2 )

T o t a l  C o m p u t a t i o n  T i m e  =  5 2 . 7 9  s e c o n d s

T ABLE IV
La bel  o f  Unit s of  t h e Model  2. Exampl e 2.

L a b e l s  a t  d i f f e r e n t  i t e r a t i o n s

t h e  M o d e l 2  C1 1 3 1 3 5

1 1 9  ( . 1 5 ) 1 9  ( . 2 6 ) 1 9 ( . 3 6 ) 1 9  ( . 4 3 ) 1 9  ( . 6 5 ) 1 ( 1 . 0 )

2 10 ( . 1 5 ) 1 9 ( . 2 0 ) 1 9 ( . 2 4 ) 1 9 ( . 3 0 ) 1 9  ( . 4 5 ) 1 9  ( 1 . 0 )

3 9  ( . 2 4 ) 9 ( . 5 6 ) 9 ( 1 . 0 ) 9 ( 1 . 0 ) 9 ( 1 . 0 ) 9 ( 1 . 0 )

4 10 ( . 6 7 ) 10 ( 1 . 0 ) 10 ( 1 . 0 ) 10 ( 1 . 0 ) 10 ( 1 . 0 ) 10  ( 1 . 0 )

5 11 ( . 66 ) 1 1 ( 1 . 0 ) 1 1 ( 1 . 0 ) 1 1 ( 1 . 0 ) 1 1 ( 1 . 0 ) 1 1 ( 1 . 0 )

6 12  ( . 6 5 ) 12 ( 1 . 0 ) 12 ( 1 . 0 ) 12 ( 1 . 0 ) 12 ( 1 . 0 ) 12 ( 1 . 0 )

7 1 3  ( . 0 6 ) 1 3 ( 1 . 0 ) 1 3 ( 1 . 0 ) 1 3 ( 1 . 0 ) 1 3 ( 1 . 0 ) 1 3 ( 1 . 0 )

8 1 9  ( . 1 5 ) 1 9 ( . 2 2 ) 1 9  ( .  2 7 ) 1 9  ( .  32) 1 4 ( . 4 2 ) 1 4 ( 1 . 0 )

9 1 ( . 1 6 ) 1 ( *  2 3 ) 1 ( . 3 3 ) 1 ( . 3 6 ) 1 9 ( . 4 0 ) 1 9 ( 1 . 0 )

V a l u e  o f
1 . 8 1 2 . 6 9 2 .  7 4 2 .  3 6 3 .  1 9

C r i t e r  i a

j ' 11 j ( 2 »

T o t a l C o m p u t a t i o n T i m e  = 4 2 . 9  s e c o n d s

th e  m o d e l  an d  th e  o b je c t  c a n  b e  c o m p u te d . T h is  is d o n e  b y  

u sin g  th e  f o llo w in g  fo rm u la :

average r e la t iv e  r o ta t io n

s lo p e  o f  th e  / t h  u n i t —slo p e  o f  th e  

a ss ig n e d  la b e l to  th e  i th  u n it

n u m b e r  o f  u n it s  n o t  a ss ign e d  to  N il c la ss

(a)

(b)

( C )

,<! ?1 jiai jl61 p81

( 2 6 )

w h e r e  N  is  th e  n u m b e r  o f  u n it s . T h e  id e a  b e h in d  th is  fo r m u la  

t o  c o m p u te  th e  r o ta t io n  is  th a t  a lth o u g h  so m e  la b e ls  m a y  b e  

w r o n g ,  it  is e x p e c t e d  th a t  th e  s lo p e  o f  th e  m a tc h in g  se g m e n ts  

w il l n o t  b e  w id e ly  d i f fe r e n t .  In  p r a c tic e  w e  c o n s id e r  tw o  c a se s  

w h e n  u sin g  th is  fo r m u la .

Case 1: I f  it  is  g iv e n  th a t  th e  r e la t iv e  r o ta t io n  is  sm a ll ( <  9 0 ° ) ,  

w e  su b tr a c t  a n y  te rm  g r ea te r  th a n  1 8 0 °  in  th e  su m m a t io n  o f

F ig . 5 . R e g io n s  o b ta in e d  u s in g  a re c u rs iv e  re g io n  s p l i t t in g  t e c h n iq u e  o f  

s e g m e n ta t io n .  R e g io n s  in  (a )  a n d  (b )  a re  o b ta in e d  f ro m  th e  sa m e  

a e r ia l  im a g e  o f  S a n  F ra n c is c o  w i th  s l ig h tly  d i f f e r e n t  p a r a m e te r s  in  

th e  s e g m e n ta t io n  s c h e m e .  R e g io n  in  (c )  is o b ta in e d  f ro m  a n o th e r  

im a g e , t a k e n  a t  a  d i f f e r e n t  t im e , b y  u s in g  th e  s a m e  p a r a m e te r s  u s e d  to  

o b t a i n  (a )  a n d  (b ) .  R e g io n s  s h o w n  a re  a t  d i f f e r e n t  s c a le s , (a ) S iz e  = 

2 9 9  ro w s  b y  2 5 8  c o lu m n s ,  ( b )  S iz e  = 2 9 7  ro w s  b y  2 6 1  c o lu m n s ,  (c) 

S iz e  = 3 8 1  ro w s  b y  2 5 3  c o lu m n s .

( 2 6 ) ,  fr o m  3 6 0 ° .  S o  a ll th e  ter m s  c o n tr ib u tin g  to  th e  su m  in

( 2 6 )  w ill  b e  le s s  th a n  1 8 0 ° .

Case 2: I f  th e  re la tiv e  r o ta t io n  is g re a ter  th a n  9 0 ° ,  w e  d o  

n o t  su b tr a c t  a n y  te r m  in  th e  s u m m a t io n  o f  ( 2 6 )  fr o m  3 6 0 °  as 

in  ca se  1 , b u t  w e  n e g le c t  th e  ter m s  c o n tr ib u t in g  le s s  th a n  3 0 °
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(b )

(c)

F ig . 6 .  P o ly g o n a l  a p p r o x im a t io n  o f  th e  r e g io n s  s h o w n  in  F ig . 5 a f te r  

r e d u c in g  th e m  b y  14  t im e s ,  ( a ) ,  ( b ) ,  a n d  (c )  c o r r e s p o n d  t o  F ig . 5 ( a ) ,  

( b ) ,  a n d  (c ) ,  r e s p e c t iv e ly ,  ( a )  O b je c t  1 , n u m b e r  o f  s e g m e n ts  = 2 3 . 

( b )  O b je c t  2 ,  n u m b e r  o f  s e g m e n ts  = 2 3 .  ( c )  M o d e l ,  n u m b e r  o f  se g 

m e n ts  = 2 9 .

a n d  b y  th e  sa m e  a m o u n t th e  n u m b e r  o f  u n its  is  r e d u c e d  in  th e  

d e n o m in a to r  o f  ( 2 6 ) .

T a b le s  V II  a n d  V III  s h o w  c a lc u la t io n s  o f  th e  re la tiv e  r o ta 

t io n  fo r  o b je c t  1 a n d  o b je c t  2 . T h e  re la tiv e  r o ta t io n  b e tw e e n  

o b je c t  1 a n d  th e  m o d e l a n d  b e tw e e n  o b je c t  2  a n d  th e  m o d e l  

are fo u n d  to  b e  3 6 .1 °  a n d  3 5 .5 ° ,  r e sp e c t iv e ly . T h e  a c tu a l  

r o ta t io n  is 3 5 ° .

Ex am ple  4 : F ig . 7 (a )  s h o w s  th e  to p  v ie w  o f  a p ie c e  o f  car  

sh o c k  a b so r b e r  a n d  7 ( b )  th e  s u p e r p o s i t io n  o f  tw o  su c h  p ie c e s ,  

th e  o n e  b e lo w  b e in g  th e  o n e  o f  F ig . 7 (a ) .  T h e  p o ly g o n a l a p 

p r o x im a tio n  is sh o w n  in  F ig . 7 ( c )  a n d  (d ) .  F r o m  a p r a ctica l 

s t a n d p o in t ,  i t  is  im p o r ta n t  t o  id e n t i fy  in  th e  sh a p e  o f  F ig . 7 (d )  

( th e  o b se r v a t io n )  th e  v is ib le  part o f  th e  sh a p e  o f  F ig . 7 ( c )  

( th e  m o d e l) . In  th is  e x a m p le  TV =  L  =  2 8 .  T a b le  IX  s h o w s  th e  

r esu lts . H ere  th e  u n it s  8 ,  9 ,  1 0 , 11 an d  2 6 ,  2 7 ,  2 8 ,  1 are

TABLE V
L a b e l  o f  S e g me n t s  o f  t h e  O b j e c t  1. E x a m p l e  3.

S e g m e n t s  L a b e l s  a t  d i f f e r e n t  i t e r a t i o n s

o f  t h e

O b j e c t  1 0  1 5  2  4 7

1 3 0  ( . , 0 8 ) 2 7  ( . 2 0 ) 2 7 ( 1 . . 0 ) 2 7  ( 1 . 0 ) 2 7 ( 1 . 0 ) 2 7 ( 1 . 0 )

2 2 8  { . 1 6 ) 2 8 ( . 2 2 ) 2 8  ( . 7 8 ) 2 8  ( 1 . 0 ) 2 8 ( 1 . 0 ) 2 0 ( 1 . 0 )

3 2 5  ( . 0 8 ) 2 9  ( . 1 1 ) 2 9  ( . 2 5 ) 2 0  ( . 4 4 ) 2 8 ( 1 . 0 ) 2 8  { 1 . 0 )

4 5  ( . 0 8 ) 3 0  ( . 1 0 ) 3  ( . 3 3 ) 3  ( . 3 9 ) 3 ( 1 . 0 ) 3 ( 1 . 0 )

5 3 0  ( . 0 8 ) 5 ( . 1 1 ) 5  ( . 2 3 ) 5  ( . 3 2 ) 5 ( . 5 1 ) 5 ( 1 . 0 )

6 3 0  ( . 0 8 ) 4 ( . 1 4 ) 4 ( . 3 9 ) 5  ( . 5 6 ) 5 ( 1 . 0 ) 5 ( 1 . 0 )

7 6  ( . 1 0 ) 6  ( . 1 1 ) 6  ( . 7 7 ) 6 ( 1 . 0 ) 6 ( 1 . 0 ) 6 ( 1 . 0 )

0 1 9  ( . 1 0 ) 1 9  ( . 1 2 ) 1 { . 2 5 ) 7  ( . 4 4  ) 7 ( . 6 7 ) 7 ( 1 . 0 )

9 3 0  ( . 0 8 ) 3  ( . 1 3 ) 3  ( . 3 0 ) 5  ( . 3 1 ) 5 ( 1 . 0 ) 5 ( 1 . 0 )

1 0 5  ( . 0 9 ) 3 ( . 2 0 ) 3 ( 1 . 0 ) 3 ( 1 . 0 ) 3 ( 1 . 0 ) 3 ( 1 . 0 )

1 1 4 ( . 2 1 ) 4 { . 3 5 ) 4 ( 1 . 0 ) 4 ( 1 . 0 ) 4 ( 1 . 0 ) 4 ( 1 . 0 )

1 2 3 0  ( . 0 8 ) 5  ( . 1 5 ) 5  ( . 4 7 ) 5  ( . 7 9 ) 5 ( 1 . 0 ) 5 ( 1 . 0 )

1 3 7  ( . 1 1 ) 7  ( . 2 0 ) 7 ( 1 . 0 ) 7 ( 1 . 0 ) 7 ( 1 . 0 ) 7 ( 1 . 0 )

1 4 3 0  ( . 0 8 ) 8  ( . 1 3 ) 8  ( . 5 3 ) 8 ( 1 . 0 ) 8 ( 1 . 0 ) 8 ( 1 . 0 )

1 5 3 0  ( . 0 8 ) 3 0  ( . 1 0 ) 9  ( . 1 6 ) 9  ( . 3 6 ) 9 ( . 5 0 ) 8 ( 1 . 0 )

1 6 1 7  { . 0 8 ) 1 7  ( . 1 4 ) 1 7  ( . 6 3 ) 1 3 ( 1 . 0 ) 1 3 ( 1 . 0 ) 1 3 ( 1 . 0 )

1 7 3 0  ( . 0 8 ) 3 0  ( . 1 1 ) 3 0  ( . 1 7 ) 1 8  ( . 1 9 ) 1 6 ( . 2 8 ) 1 6 ( 1 . 0 )

1 8 3 0  ( . 0 8 ) 3 0  ( . 1 2 ) 2 0  ( . 3 5 ) 2 0  ( . 7 1 ) 2 0 ( 1 . 0 ) 2 0 ( 1 . 0 )

1 9 3 0  ( . 0 8 ) 3 0  ( . 1 2 ) 3 0  ( . 1 ?1 2  3 ( . 2 6 ) 2 3  ( . 4 4  ) 2 3 ( 1 . 0 )

2 0 1 8  ( . 1 0 ) 2  ( . 1 2 ) 1 8  ( . 4 0 ) 3 0  ( . 6 3 ) 3 0 ( 1 . 0 ) 3 0 ( 1 . 0 )

2 1 1  ( . 1 1 ) 2 1 ( . 1 2 ) 2 1  ( . 4 4 ) 1 9  ( 1 . 0 ) 1 9 ( 1 . 0 ) 1 9  ( 1 . 0 )

2 2 2 2  ( . 1 4 ) 2 2  ( . 1 7 ) 2 2  ( . 5 3 ) 2 2  ( . 7 7 ) 2 2  ( 1 . 0 ) 2 2 ( 1 . 0 )

2 3 3 0  ( . 0 8 ) 3 0  ( . 1 0 ) 2 6  ( . 2 4 ) 2 6  ( . 3 3 ) 2 6 ( . 5 3 ) 2 6 ( 1 . 0 )

V a l u e  o f  

C r i t e r i a
.  8 9 8  

J ( 1 )

2 .  2 3 6 1 . 6 0 4 1 . 6 8 8

J ( 2 )

1 . 7 1 8

T o t a l  C o m p u t a t i o n  T i m e  =  2 4 3 . 7 5  s e c o n d s

T A B L E  V I

L a b e l  o f  S e g m e n t s  o f  t h e  O b j e c t  2 .  E x a m p l e  3.

S e g m e n t s  L a b e l s  a t  d i f f e r e n t  i t e r a t i o n s

o f  t h e

O b j e c t  2  0  1 6  1 4 6

1 1 ( . 1 5 ) 1 ( . 2 0 ) 1 ( . 6 4  ) 1 ( 1 . 0 ) 1 ( 1 . 0 ) 1 ( 1 . 0 )

2 2  ( . 1 1 ) 2 ( . 1 9 ) 2  ( . 4 9 ) 2 ( . 5 7 ) 2 ( 1 . 0 ) 2 ( 1 . 0 )

3 3 0  ( . 0 8 ) 2 7  ( . 1 2 ) 2 7  ( . 3 6 ) 2 7  ( . 3 4 ) 3  { . 4 0 ) 3 ( 1 . 0 )

4 2 8  ( . 0 9 ) 2 8  ( . 1 5 ) 2 8  ( . 6 8 ) 2 8  ( . 7 9 ) 2 8  ( 1 . 0 ) 2 8 ( 1 . 0 )

5 3 0  ( . 0 8 ) 3 0  ( . 1 2 ) 2 9  ( . 3 1 ) 2 9  ( . 3 5 ) 2 9  ( 1 . 0 ) 2 9 ( 1 . 0 )

6 3 0  { . 0 3 ) 2 ( . 1 4 ) 2  ( . 6 6 ) 2 ( 1 . 0 ) 2 ( 1 . 0 ) 2 ( 1 . 0 )

7 3 ( . 1 2 ) 3 ( . 2 8 ) 3 ( 1 . 0 ) 3 ( 1 . 0 ) 3 ( 1 . 0 ) 3 ( 1 . 0 )

8 4 ( . 1 2 ) 4 ( . 2 0 ) 4 ( 1 . 0 ) 4  ( 1 . 0 ) 4 ( 1 . 0 ) 4 ( 1 . 0 )

9 3 0  ( . 0 8 ) 5  ( . 1 3 ) 5  ( . 4 0 ) 5  ( . 6 6 ) 5 ( 1 . 0 ) 5 ( 1 . 0 )

1 0 7  ( . 1 1 ) 7  ( . 2 0 ) 7 ( 1 . 0 ) 7 ( 1 . 0 ) 7 ( 1 . 0 ) 7 ( 1 . 0 )

1 1 3 0  ( . 0 C ) 8  ( . 1 1 ) 8  ( . 3 8 ) 8  ( . 4 2 ) 8 ( 1 . 0 ) 8 ( 1 . 0 )

1 2 1 1  ( . 0 8 ) 1 1  ( . 1 2 ) 9  ( . 4 9 ) 9  ( . 6 5 ) 9 ( 1 . 0 ) 9 ( 1 . 0 )

1 3 3 0  ( . 0 8 ) 3 0  ( . 1 0 ) 1 2  ( . 2 7 ) 1 2  ( . 3 0 ) 1 1 (  . 6 2 ) 1 1 ( 1 . 0 )

1 4 3 0  ( . 0 8 ) 1 3 ( . 1 5 ) 1 3 ( . 5 5 ) 1 4  { 1 . 0 ) 1 4  ( 1 . 0 ) 14 ( 1 . 0 )

1 5 1 4  ( . 1 4 ) 1 4  ( . 3 1 ) 1 4  ( 1 . 0 ) 1 4 ( 1 . 0 ) 1 4 ( 1 . 0 ) 14 ( 1 . 0 )

1 6 3 0  ( . 0 8 ) 1 6  ( . 1 6 ) 1 6  ( . 6 1 ) 1 6  ( 1 . 0 ) 1 6  ( 1 . 0 ) 1 6 ( 1 . 0 )

1 7 3 0  ( . 0 8 ) 3 0  ( . 1 3 ) 1 7  ( . 3 3 ) 1 9  ( . 3 8 ) 1 9  ( 1 . 0 ) 1 9 ( 1 . 0 )

1 8 3 0  ( . 0 8 ) 1 5  ( . 1 0 ) 1 9  ( . 2 0 ) 1 9  ( . 2 6 ) 1 9  ( . 4 5 ) 2 0 ( 1 . 0 )

1 9 1 8  ( . 1 2 ) 1 8  ( . 1 3 ) 1 8 ( 1 . 0 ) 1 8  ( 1 . 0 ) 1 8 ( 1 . 0 ) 1 8 ( 1 . 0 )

2 0 1 ( . 0 9 ) 1 9  ( . 1 8 ) 1 9  ( . 8 0 ) 1 9  ( 1 . 0 ) 1 9  ( 1 . 0 ) 1 9 ( 1 . 0 )

2 1 3 0  ( . 0 8 ) 2  3 ( . 1 3 ) 2 2  { . 4 1 ) 2 0  ( . 6 3 ) 2 0  ( 1 • 0 ) 2 0 ( 1 . 0 )

2 2 2 3 ( . 0 8 ) 2  3  ( . 1 1 ) 2  3 ( . 4 4 ) 2 3 ( . 4 9 ) 2 2  ( . 6 1 ) 2 2 ( 1 . 0 )

2 3 1 8  ( . 1 1 ) 2 9  ( . 1 1 ) 2 9  ( . 3 5 ) 2 9  ( . 7 2 ) 2 9  ( 1 . 0 ) 2 9 ( 1 . 0 )

V a l u e  o f  

C r i t e r i a
0.

J

9 1 7

( 1 )

1 . 9 8 5 1 . 6 0 6 1 . 6 5 8  1 

J ( 2 )

. 6 7 2

T o t a l  C o m p u t a t i o n  T i m e  =  2 1 9 . 2 0  s e c o n d s

a ssig n e d  to  th e  sa m e  la b e ls  b e c a u se  o f  th e  g r ea t  s im ila r ity  o f  

th e ir  lo c a l s tr u c tu r e . T h e  la b e lin g  c o u ld  c o r r e c t ly  id e n t i f y  th e  

v is ib le  part o f  th e  m o d e l w ith in  th e  o b se r v a tio n . T h e  r e la 

t iv e  r o ta t io n  is f o u n d  to  b e  6 .3 ° .  T h e  a c tu a l r o ta t io n  is  5 ° .

III. S h a p e  M a t c h i n g  o f  2 -D  O c c l u d e d  O b j e c t s  

M a tc h in g  o f  o c c lu d e d  o b je c ts  is  o n e  o f  th e  p r im e  c a p a b il it ie s  

o f  a n y  sh a p e  a n a ly s is  s y s te m . W e v ie w  th e  o c c lu s io n  p r o b le m
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Comput a t ion  of  t he Rel a t ive Rot a t ion  Bet ween t he Objec t  1 
a nd  t he Model . Exampl e 3.

TABLE VI I

U n i t s  o f  t h e  

o b j e c t  1

1
2
3

4

5

6
7

8 
9

10
11
12
1 3

1 4

1 5

1 6

1 7

18
1 9

20 
21 
22 
2 3

S l o p e  o f  t h e  

u n i t s  o f  o b j e c t  

i n  d e g r e e s  

a

2 0 7  

2 4 3  

3 1 5  

3 3 . 7  

1 3 5  

4 5  

3 5 1  

2 2 5  

2 6 .  6 

5 6 .  3 

0.0 
2 6 .  6 

1 1 7  

9 0  

1 3 5  

1 0 7  

2 0 7  

1 8 0  

2 1 9  

3 4 9  

1 9 1  

2 7 0  

3 1 5

L a b e l  o f  t h e  

u n i t s  o f  

o b j e c t  1

S l o p e  o f  t h e

s e g m e n t s  o f  t h e  [ a —L>j

l a b e l s  i n  d e g r e e s  i n  d e g r e e s  

b

R e l a t i v e  R o t a t i o n

2 7 2 2 5 1 8

2 8 2 5 2 9

2 3 2 5 2 6 3

3 G 3 .  4 2 9 .  7

5 4 3 9 0

5 4 5 0 . 0

6 3 4 6 5

7 9 0 1 8 0

5 4 5 1 8 . 4

3 6 3 . 4 7 . 1

4 0 . 0 0 . 0

5 4 5 1 8 . 4

7 9 0 2 7

C 4 5 4 5

a 4 5 9 0

1 3 9 0 1 7

1 6 1 8 0 2 7

2 0 1 3 5 4 5

2 3 2 2 5 6

3 0 - -

1 9 1 6 2 2 9

2 2 2 4  3 2 7

2 6 2 7 0

. , ,  , o

4 5

Su m  = 7 9 6 . 6

T A B L E  V III

Comput a t ion  o f  t h e  Rel a t ive Ro t a t ion  Bet ween t he Objec t  2 
a nd t he Mod el . Exampl e 3.

S l o p e  o f  t h e  . , f  . S l o p e  o f  t h e

U n i t s  o f  t h e  u n i t s  o f  o b j e c t  2 °  e  s e g m e n t s  o f  t h e  | a —L>j

o b j e c t  2  i n  d e g r e e s  , 1 ° _  l a b e l s  i n  d e g r e e s  i n  d e a r e e sJ J* o b j e c t  2 ^  '
b

1 1 9 1 1 1 8 0 1 1

2 2 9 2 2 2 9 7 5

3 2 7 0 3 6 3 . 4 2 0 6 . 6 '

4 2 8 8 2 8 2 5 2 3 6

5 1 5 . 9 2 9 3 3 7 3 2 1 .  l '

6 2 8 8 2 2 9 7 9

7 7 8 .  7 3 6 3 . 4 1 5 .  3

8 0 . 0 4 0  . 0 0

9 2 6 . 6 5 4 5 1 3  . 4

1 0 1 1 7 7 9 0 2 7

1 1 9 0 8 4 5 4 5

1 2 1 3 5 9 9 0 4 5

1 3 9 8 . 1 1 1 9 0 8

1 4 9 0 1 4 1 5 3 6 3

1 5 1 6 6 1 4 1 5 3 1 3

1 6 2 2 5 1 6  ' 1 8 0 4 5

1 7 1 8 0 1 9  ‘ 1 6 2 1 8

1 8 1 8 0 2 0 1 3 5 4 5

1 9 3 3 3 I S 2 8 4 4 9

2 0 1 9 4 1 9 1 6 2 3 2

2 1 2 2 5 2 0 1 3 5 9 0

2 2 2 0 7 2 2 2 4  3 3 6

2 3 3 5 1 2 9 3 3 7 1 4

T h e  c o n t r i b u t i o n o f  t h e s e  t e r m s  i n t h e  s u m  w i l l  b e  3 6 0 - - v a l u e Sun - S
R e l a t i v e  r o t a t i o n = 8 1 7 . 1 : 2  3 =  1 5 . 3 °

in  2 -D  b a s ic a lly  as a b o u n d a r y  m a tc h in g  p r o b le m  [ 1 4 ] ,  [ 1 5 ] .  

H o w e v e r , c o m p a r e d  to  th e  p r e v io u s  s tu d ie s , th e  fr a m e w o r k  

p r e se n te d  h e re  p r o v id e s  a firm  m a th e m a t ic a l b a sis  fo r  th e  s o lu 

t io n  o f  th e  o c c lu s io n  p r o b le m . T h e  o c c lu s io n  p r o b le m  tr e a te d  

as a se g m e n t  m a tc h in g  p r o b le m  in v o lv e s  m a tc h in g  th e  seg 

m e n ts  o f  t w o  o r  m o r e  a c tu a l o b je c ts  w it h  th e  a p p a r e n t  o b je c t ,  

w h ic h  is  fo r m e d  b y  th e  o c c lu s io n  o f  th e s e  o b je c t s .  S o m e  seg 

m e n t s  o f  th e  a c tu a l o b je c ts  m a y  n o t  m a tc h  w it h  a n y  o f  th e  

se g m e n ts  o f  th e  a p p a r en t o b je c t . A lso  th e  m a tc h in g  a lg o r ith m  

sh o u ld  n o t  a ss ign  th e  sam e se g m e n t o f  th e  a p p a r e n t  o b je c t  to  

se g m e n ts  o f  d if fe r e n t  a c tu a l o b je c t s .  In  th is  s e c t io n  w e  e x te n d  

th e  a lg o r ith m  p r e se n te d  in  S e c t io n  II su c h  th a t  se ve ra l h ie r 

a r ch ica l p r o c e sse s  are e x e c u t e d  in  p a r a lle l fo r  e v e r y  o b je c t  

p a r tic ip a tin g  in  th e  o c c lu s io n  a n d  are c o o r d in a te d  in  su c h  a 

w a y  th a t  th e  sam e  se g m e n t o f  th e  a p p a r en t o b je c t  is  n o t  

m a tc h e d  t o  th e  se g m e n ts  o f  d i ff e r e n t  a c tu a l o b je c t s .  T h is  is

d o n e  b y  c o m b in in g  th e  g r ad ie n t  p r o je c t io n  m e th o d  w it h  th e  

p e n a lty  fu n c t io n  a p p r o a c h  [ 1 6 ] .  In  th e  f o llo w in g  w e  fo r m u 

la te  th is  p r o b le m  as an o p t im iz a t io n  p r o b le m , d is c u s s  th e  o c 

c lu s io n  a lg o r ith m  a n d  p r e se n t  severa l e x a m p le s  in  w h ic h  2  or

3  o b je c t s  p a r t ia lly  o c c lu d e .

Problem Form ulat ion: C o n s id e r  a g en e ra l ca se  in  w h ic h  

M ( > 2 )  a c tu a l o b je c t s ,  c a l le d  m o d e ls  ( X t , - • • , X M ) o c c lu d e  

o n e  a n o th e r  to  fo r m  a sin g le  a p p a re n t  o b je c t  c a l le d  th e  o b je c t .  

L e t a m o d e l X m b e  r e p r e se n te d  b y  X m =  (T t , T2 , • • • , T y m ), 

w h e r e  N m is  th e  n u m b e r  o f  se g m e n ts  in  th e  p o ly g o n a l p a th  

r e p r e se n ta t io n  o f  th e  m o d e l X m . S im ila r ly , le t  O = (Ox , 0 2, 

■ • • , Ol - i ) b e  th e  p o ly g o n a l  p a th  r e p r e se n ta t io n  o f  th e  o b je c t .  

T h e  o b je c t  h as L -  1 se g m e n ts . W e w a n t t o  m a tc h  th e  seg 

m e n ts  o f  th e  m o d e ls  a g a in st  th e  se g m e n ts  o f  th e  o b je c t  su ch  

th a t  th e  f o llo w in g  t w o  c o n d it io n s  are sa t is f ie d .

1 )  N o n e  o f  th e  se g m e n ts  o f  th e  d i f fe r e n t  m o d e ls  are a ssig n ed



BHANU AND FAUGERAS:  SHAPE MATCHI NG OF  2- D OBJ ECTS 147

TABLE I X

L a b e l  o f  U n it s  o f  t h e  M o d e l . E x a m p l e  4.

(a )

U n i t s  o f  

t h e  M o d e l

L a b e l s

0

a t  d i f f e r e n t  i t e r a t i o n s  

1 3 2

1 2 8  ( . 2 5 ) 1 < . 4 0 ) 1 ( 1 . 0 } 1 ( 1 . 0 )

2 2 8  ( . 2 5 ) 2 8  { . 5 4 ) 2 8 ( . 7 2 ) 2 0 ( 1 . 0 )

3 2 8  ( . 2 5 ) 2 3  ( . 4 9  ) 2 8  < . 6 8 ) 2 3  ( 1 .  0 )

4 2 8  { . 2 5 ) 2 8  ( . 5 4 ) 2 8 ( . 6 7 ) 28 ( 1 .  0 )

5 2 8  ( . 2 5 ) 2 8  ! . 4 9 ) 2 8  ( . 7 3 ) 2 8 ( 1 . 0 )

6 2 8  ( . 2 5 ) 2 8  ( . 5 4 ) 2 8  ( . 6 7 ) 28 ( 1 . 0 )

7 2 8  ( . 2 5 ) 2 8  ( . 5 7 ) 2 8  ( . 1 0 ) 2 8 ( 1 . 0 )

8 2 8  ( . 2 5 } 2 8  ( . 5 1 ) 2 8  ( . 5 2 ) 2 5  ( 1 . 0 )

9 2 8  ( . 2 5 ) 2 8  ( . 3 7 ) 2 6  ( . 6 0 ) 2 6  ( 1 . 0 )

1 0 2 7  { . 4 6 ) 2 7  ( . 6 5 ) 2 7 ( 1 . 0 ) 2 7 ( 1 . 0 )

1 1 2 8  ( . 2 5 ) 2 8  ( . 3 7 ) 2 6  ( .  5  3 ) 1 ( 1 . 0 )

12 2 £  ( . 2 5 ) 2 8  ( • 5 1 ) 2 C  ( . 5 9 ) 8 ( 1 . 0 )

1 3 2 S< • 2 5 ) 2 8  ( . 4 3 ) 2 8  ( . 6 2 ) 2 8  ( 1 . 0 )

14 2 0  ( . 2 5 ) 2 8  ( . 6 5 ) 2 8 ( 1 . 0 ) 2 8 ( 1 . 0 )

1 5 2 8  { . 2 5 ) 2 8  ( . 5 1 ) 2 8 ( 1 . 0 ) 2 3 ( 1 . 0 )

1 6 2 8  ( . 2 5 ) 2 8  ( . 6 6 ) 2 0 ( 1 . 0 ) 2 8 ( 1 . 0 )

1 7 2 8  ( . 2 5 ) 2 8  ( . 5 5 ) 2 6 ( . 7 6 ) 2 8 ( 1 . 0 )

I D 2 8  ( • 2 5 ) 2 6  ( ■ 7 7 ) 2 8 ( 1 . 0 ) 2 8 ( 1 . 0 )

1 9 2 8  ( • 2 5 ) 2 8  ( . 6 2 ) 2 8 ( 1 . 0 ) 2 8 ( 1 . 0 )

2 0 2 8  ( . 2 5 ) 2 8  ( . 5 6 ) 2 8  ( 1 . 0 ) 2 8 ( 1 . 0 )

2 1 2 8  ( • 2 5 ) 2 8  ( . 5 9 ) 2 8 ( 1 . 0 ) 2 8 ( 1 . 0 )

2 2 2 8  ( . 2 5 ) 2 8  ( . 5 9 ) 2 8 ( 1 . 0 ) 2 8 ( 1 - 0 )

2 3 2 8  ( . 2 5 ) 2 8  { . 5 8 ) 2 8  ( .  7 3 ) 2 2 ( 1 . 0 )

2 4 2 8  ( • 2 5 ) 2  3  ( . 5 2 ) 2 3 ( 1 . 0 ) 2 3 ( 1 . 0 )

2 5 2 4  ( . 4 3 ) 2 4  ( . 6 7 ) 2 4  ( 1 . 0 ) 2 4 ( 1 . 0 )

2 6 2 5  ( . 4 4 } 2 5  ( . 6 2 ) 2 5  ( 1 . 0 ) 2 5 ( 1 . 0 )

2 7 2 6  { . 4 6 ) 2 6  ( . 6 7 ) 2 6 ( 1 . 0 ) 2 6 ( 1 . 0 )

2 8 2  7  { . 4 6 ) 2  7  ( . 6 2 ) 2 7 ( 1 . 0 ) 2 7 ( 1 . 0 )

V a l u e  o f  

C r i t e r i o n
3 . 14

J . (1 >

1 2 .  6 7 1 4 .  2 3  

J < 2 )

T o t a l  C o m p u t a t io n  T im e  = 7 4 .5 6  s e c o n d s

(b )

1 2

( C )

to  th e  sam e se g m e n t o f  th e  o b je c t .  T h is  is  c a lle d  th e  o c c lu s io n  

c o n d it io n .  It is n e c e ssa r y  fo r  th e  la b e lin g  t o  b e  u n a m b ig u o u s .

2 )  T h o s e  se g m e n ts  o f  th e  m o d e ls  w h ic h  d o  n o t  m a tc h  to  a n y  

o f  th e  se g m e n ts  o f  th e  o b je c t  are a ss ig n e d  to  th e  N il c la ss.

W e are th u s  tr y in g  to  id e n t i fy  p a rts o f  th e  m o d e ls  w ith in  

th e  o b je c t . W e d e s ig n a te  th e  o b je c t  se g m e n ts  as c la sse s , an d  

th e  m o d e l se g m e n ts  as u n its . A s d is c u s se d  in  th e  la s t  s e c t io n  

th e  g lo b a l c r ite r io n  th a t  m ea su re s  th e  c o n s is t e n c y  an d  a m 

b ig u ity  o f  th e  la b e lin g  o v er  th e  se t  o f  u n its  o f  a m o d e l X m is 

g iv e n  b y

N m

4 ? ) =  Z  Ptrn - V im ’ n  = 1 . 2  

/= l .

( 2 7 )

w h e r e  n  d e n o te s  th e  firs t or  s e c o n d  s ta g e  o f  th e  h ier a r c h y . L et  

um be th e  v e c to r  o f  R p = R L X ■ ■ ■ X R L (P = N m L)  e q u a l to  

(Pirn > Pirn . • • • . PNm )• T h e n  ( 2 7 )  ca n  be w r itt e n  as

W =  Z  
i= 1

( 2 8 )

(d)

F ig . 7 . (a ) A n  a u to m o b ile  p ie c e . (b )  S u p e r p o s it io n  o f  tw o  su ch  

p ie c e s , (c )  M o d e l, n u m b e r  o f  se g m e n ts  = 2 8 . (d )  O b je c t , n u m b e r o f  

seg m e n ts  = 2 7 .

w h e re

J<im (V m )=Pim  # 1 = 1 , 2 .

N o w  th e  to ta l c r ite r io n  o f  c o n s is t e n c y  a n d  a m b ig u ity  for  all 

th e  M  m o d e ls  is g iv e n  b y

M  N m

F( v l t v2 ,-  ■ ■ ,VM) =  Z  Z  J im (”m )'  « = 1 , 2 .  ( 2 9 )

m = I i= l

T h e  o c c lu s io n  c o n d it io n  can  b e  w r it te n  as

M - 1 M

G ( v i , v2 , • ■ • ,  vM ) = Z  Z  £(*<> */ ) =  0  

i= 1 / = / +1

(30)
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w h e r e  s ; is  o b ta in e d  fr o m  vt w it h  th e  e le m e n ts  c o r r e s p o n d in g  

t o  th e  N il c la ss  se t  e q u a l t o  z e r o  fo r  a ll th e  u n it s  o f  th e  m o d e l  

X j an d  g(s  i, s y)  is  g iv e n  b y

-► -► /  N< ■» \  / N/  ■» \  
t>0i'i $j) ~~ ^ Z  ^ ki J  ' ^ Z  ^ Ij J

w ith  sk i = [pk i( 1 ) , • • • yp k i (L -  l ) , 0 ] r .

W h at th is  c o n d it io n  e s s e n t ia l ly  m e a n s  is  th a t  i f  a u n it  k  o f  a 

m o d e l  X j m a tc h e s  th e  c la ss  Ot (w h e r e  /  L),  th e n  th e  su m  o f  

th e  in n e r  p r o d u c t  o f  th e  p r o b a b i lity  v e c to r  o f  th is  u n it  p ki 

w it h  th e  p r o b a b i lity  v e c to r s  o f  a ll th e  u n it s  o f  a ll  th e  o th e r  

m o d e ls  sh o u ld  b e  z e r o . T h e  N il c la ss  c o m p o n e n t s  h a v e  b e e n  

e x c lu d e d  b y  u sin g  s t r a th e r  th a n  vt b e c a u s e  o n e  o r  m o r e  seg 

m e n ts  o f  d if fe r e n t  m o d e ls  m a y  m a tc h  t o  th e  N il c la ss. N o w  

th e  o c c lu s io n  p r o b le m  v ie w e d  as a se g m e n t  m a tc h in g  p r o b le m  

c an  b e  s ta te d  as fo l lo w s .

Problem S tate m e nt  (A ): G iv e n  an  in it ia l la b e lin g  v^\  

^2°^> ’ ' '  > f ° r th e  se t  M  m o d e ls  ( X ly X 2 , ■ ■ ■, X M), f in d  

th e  la b e lin g  u l , u 2 , '  ’ ’ , %  th a t  c o r r e sp o n d s  t o  th e  lo c a l  m a x 

im u m  o f  th e  c r ite r io n  ( 2 9 )  w h ic h  is  c lo s e s t  t o  v f ^ ,  v^0>, ■ ■ ■, 

v f f i  su b je c t  t o  th e  f o l lo w in g  c o n s tr a in t s .

a )  I f  “ rn =  ( P i m > P 2m , ' ’ '> Pjvm m ) th e n  p lm is  a p r o b a b ili ty  

v e c to r  fo r  /  =  1 , 2 ,  ■ • • , N m a n d  m  =  1 , 2 ,  • • • ,  M. F o r  a p ar 

t ic u la r  u n i t ^  o f  th e  m o d e l X m , th is  m e a n s  th a t  i f

Pym ~ [Py m ity ’ Py m it y ’ ' ’ >

th e n

Z * V i ( 0 = l  a n d  Py m (l) >  0 ,  fo r  I = I,  ■ ■ ■, L.
1 =1

b )  G( v i , v2 , ■ ■ ■ , vM) as d e f in e d  b y  ( 3 0 )  is  e q u a l t o  z e r o .

N o t e  th a t  c r ite r io n  ( 2 9 )  is  n o n lin e a r .  C o n s tr a in t  a )  in v o lv e s

lin ea r  e q u a l i t y  a n d  n o n n e g a t iv ity  r e s t r ic t io n ,  a n d  c o n s tr a in t  b )  

is  n o n lin e a r .  In  o rd e r  t o  so lv e  th is  o p t im iz a t io n  p r o b le m  w e  

u se  th e  p e n a lty  fu n c t io n  c o n c e p t  [ 1 6 ]  a n d  e x t e n d  th e  h ier 

a r c h ic a l sh a p e  m a t c h in g  te c h n iq u e  o f  S e c t io n  II.

Occlus ion A lgorithm : T o  so lv e  p r o b le m  ( A )  u sin g  th e  

p e n a lty  fu n c t io n  a p p r o a c h , w e  d e f in e  th e  p e n a liz e d  o b je c t iv e  

f u n c t io n  as

'I'ciVi J m ) =

M  - 1 M

+  Z  Z  ^ / 0 , y t e O V / ) ]  ( 3 1 )  
i= i  / = / + i

w h e re  0 ,y- is  a p e n a lt y  fu n c t io n  a n d  { dy }  are p e n a lty  c o n 

s ta n ts . S in c e  th e  c o n s tr a in t  b ) g iv e n  b y  ( 3 0 )  is  an e q u a lity  

c o n s t r a in t ,  th e  p e n a lt y  fu n c t io n  is  ta k e n  as th e  s im p le  q u a d ra tic  

lo s s  fu n c t io n ,  i .e . ,

<t>i,ia) i  - a2 . ( 3 2 )

N o w  p r o b le m  ( A )  b e c o m e s  e q u iv a le n t  t o  th a t  o f  m a x im iz in g  

( 3 1 )  su b je c t  t o  th e  c o n s t r a in ts  a ). It c an  b e  so lv e d  b y  u sin g  

th e  g r a d ie n t  p r o je c t io n  m e t h o d  a p p l ie d  t o  th e  lin e ar  c o n 

s tr a in ts  as it h a s  b e e n  u se d  in  th e  la s t  s e c t io n . T h e  m a x im iz a 

t io n  o f  ( 3 1 )  su b je c t  to  th e  c o n s tr a in t s  a) is  e q u iv a le n t  to

m a x im iz in g

/  m a x  F ( y , )  +  S ( i5 i , • ■ ■ , vM )

1 ^
J  m a x  F(v 2) +  S ( i ; i , • • ■, vM)
\

I  m a x  F(vm ) +  S (v 1 , • • • ,  vM) ( 3 3 )

vm

w h e r e  S ( y ! , • • • , vM ) c o r r e s p o n d s  t o  th e  s e c o n d  te rm  o f  ( 3 1 ) .  

T h u s  in  e f f e c t  th e r e  is a h ie r a r c h ic a l p r o c e s s  fo r  e v e r y  m o d e l  

p a r tic ip a tin g  in  th e  o c c lu s io n . T h e se  p r o c e s se s  are e x e c u t e d  

in  p a r a lle l a n d  c o o r d in a te d  in  su c h  a w a y  th a t  th e  o c c lu s io n  

c o n d it io n  is  sa t is f ie d . T h e  a lg o r ith m  h a s  b e e n  im p le m e n te d  in  

a ser ia l fa s h io n  o n  th e  c o m p u te r , firs t w e  m a x im iz e  w it h  re 

sp e c t  t o  v lt  th e n  w ith  r e s p e c t  t o  v2 a n d  so  o n . T h e  m a in  

m o d if ic a t io n  o f  th e  sh a p e  m a tc h in g  a lg o r ith m  p r e se n te d  in  

S e c t io n  II w ith  r e sp e c t  t o  th e  o c c lu s io n  p r o b le m  is  th e  c o m p u 

t a t io n  o f  th e  g r a d ie n t  r e la tin g  to  th e  s e c o n d  te r m  in  ( 3 3 ) .  

In g e n e r a l, t o  so lv e  ( 3 3 )  b y  m a x im iz in g  w ith  r e sp e c t  t o  vt th e  

a lg o r ith m  c a n  b e  s ta te d  a s f o l lo w s .

1 )  P ic k  an  in it ia l  e s t im a te  o f  (y^°\  u^\  • • • , v ^ ) .  T h is  is 

th e  in it ia l a s s ig n m e n t  o f  p r o b a b i lit ie s  t o  th e  u n it s  o f  th e  

m o d e ls .

2 )  P ic k  th e  p e n a lty  c o n s ta n t s  { dtj }  so  th a t  it p r o v id e s  a 

su ita b le  b a la n c e  b e tw e e n  th e  a s s o c ia te d  firs t a n d  s e c o n d  te r m s  

o f  ( 3 3 ) .  T h is  is  d o n e  a u to m a t ic a lly  a n d  w ill  b e  d e sc r ib e d  in  

th e  f o l lo w in g . P e n a lty  c o n s ta n t s  a f f e c t  th e  c o n v e r g e n c e  rate  

o f  th e  a lg o r ith m .

3 )  D e te r m in e  th e  m a x im u m  (m  =  1, 2 , • • • , M )  o f  th e  

p e n a liz e d  o b je c t iv e  fu n c t io n  ( 3 3 )  su b je c t  t o  th e  c o n s tr a in t s  a) 

b y  u sin g  th e  v a lu e  a t  th e  p r e se n t  it e r a t io n  a n d  th e  g ra d ien t  

p r o je c t io n  m e th o d .

4 )  P ic k  n e w  p e n a lty  c o n s ta n t s  { d t l} in  o r d e r  t o  r eb a la n c e  

th e  m a g n itu d e  o f  th e  p e n a lt y  te r m s . T h e  m a g n itu d e  o f  th e  

p e n a lt ie s  sh o u ld  b e  in c r e a se d  t o  fo r c e  a c lo se r  a p p r o a c h  to  

th e  b o u n d a r y ;  r ep la c e  n b y  n +  1 a n d  r e tu rn  t o  3 .

U n d e r  th e  a ss u m p tio n  - o f  th e  c o n t in u it y  o f  fu n c t io n  F  in  

( 2 9 )  a n d  c o n s tr a in t s  ( 3 0 )  in h e r e n t  in  ( 3 1 ) ,  th e  se q u e n c e  o f  

m a x im a  fo r  m = 1 , • • • ,  M  g e n e r a te d  b y  th e  a b o v e  a l 

g o r ith m  a p p r o a c h e s  a c o n s tr a in e d  m a x im u m  o f  th e  p r o b le m  

d e f in e d  in  ( A ) .  T h e  it e r a t io n  is  t e r m in a t e d  w h e n  all th e  u n its  

o f  th e  m o d e ls  are f ir m ly  a ss ig n e d . S in c e  w e  are se e k in g  o n ly  

lo c a l  m a x im a , i ll - c o n d it io n in g  p r o b le m s  n ear  th e  b o u n d a r y  

d o  n o t  o c c u r  [ 1 6 ] .

Ex amples : In  th e  e x a m p le s  p r e se n te d  h er e  w e  h a v e  ta k e n  

p e n a lt y  c o n s ta n t s  a ss o c ia te d  w it h  v a r io u s  ter m s  in  ( 3 1 )  to  b e  

th e  sa m e . W e d e te r m in e  i t s  v a lu e  a t  e v e r y  it e r a t io n  su c h  th a t  

th e  p e n a lt y  te r m  ( s e c o n d  te r m ) o f  ( 3 3 )  is  a f ix e d  p e r c e n ta g e  

( b e t w e e n  1 0 - 9 0  p e r c e n t)  o f  th e  f ir st  te r m  in  ( 3 3 ) .  S in c e  th e  

c r it e r io n  in c r e a se s  at e v e r y  i t e r a t io n , th e  p e n a lty  c o n s ta n t  a lso  

in c r e a se s  a n d  w h e n  th e  o c c lu s io n  c o n d it io n  is  sa t is f ie d , th e  

p e n a lty  c o n s ta n t  e f f e c t iv e ly  b e c o m e s  in f in it e . In  E x a m p le

4  o f  S e c t io n  II , w e  id e n t i f ie d  a p a rtia l v ie w  o f  a m o d e l w ith in  

th e  o b je c t .  In  th e  e x a m p le s  p r e se n te d  in  th e  f o llo w in g  w e  

k n o w  a priori a ll th e  m o d e ls  w h ic h  are o c c lu d in g  o n e  a n o th e r  

a n d  w e  w a n t to  id e n t i f y  a ll o f  th e m  b a sed  o n  th e ir  p a r tia l 

v ie w s .
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TABLE X

As s ig n m e n t  o f  t h e  U n it s  o f  Mo d e l  Us in g  t h e  O c c l u s io n

A l g o r i t h m . Ex a m p l e  5.

L a b e  I s a t  d l  f  f  e r e n  t i  t e r a t i o n s

U n i t s  o f F i r s  t S t  a q e Se c o n : ] S t a q e

M o d e l  X^
C) 1 3 1 4 7 1)3 1 1

1 1 ( . . 2 0 ) 1 { . 2 2 ) 1 ( . 2 3 ) 1 ( . 2 4 ) 1 ( . 3 4 ) 1 ( . 5 6 ) 1 ( 1 . 0 ) 1 ( 1 . 0 )

2 2 ( .. 5 1 ) 2 ( . 6 2 ) 2 ( . 6 9  ) 2 ( 1 . 0 ) 2 ( 1 . 0 ) 2 ( 1 . 0 ) 2 ( 1 . 0  ) 2 ( 1 . 0 )

3 3 ( . . 6 3 ) 3 I . 7 2 ) 3 ( . 7 5 ) 3 ( 1 .  0 ) 3 ( 1 . 0 ) 3 ( 1 . 0 ) 3 ( 1 . 0 ) 3 ( 1 . 0 )

4 4 ( .. 2 6 ) 4 ( . 3 2 ) 4 ( . 3 3 ) 4 ( . 3 7 ) <1 ( . 5 6 ) 4 ( 1 . 0 ) 4 (1 . 0 ) 4 ( 1 . 0 )

5 1 9  1 .. 1 5 ) 1 9  ( . 1 9 ) 1 9  ( . 2 0 ) 1 9  ( . 2 1 ) 1 9  ( . 2 3 ) 1 9  ( . 3 3 ) 5 ( . 4 3 ) 5 ( 1 . 0 )

6 1 9  ( .. 1 5 ) 1 9  ( . 1 9 ) 1 9  ( . 2 0 ) 1 9  ! . 2 3 ) 1 9  ( . 3 2 ) 1 9  ( . 5 0 ) 1 5 1 . 7 7 ) 1 5 ( 1 . 0 )

7 1 9  < ,, 1 5 ) L9  ( . 1 8 ) 1 9  ( . 1 9 ) 1 9  ( . 2 0 ) 1 9  ( . 2 7 ) 1 6  ( . 4 7 ) 1 6 ( 1 . 0 ) 1 6 ( 1 . 0 )

8 1 7 ( . . 3 0 ) 1 7 ( . 3 4 ) 1 7  ( . 3 B ) 1 7  ( . 4 6 ) 1 7  ( 1 . 0 ) 1 7 ( 1 . 0 ) 1 7 ( 1 . 0 ) 1 7 ( 1 . 0 )

9 1 8  ( .. 2 9 ) 1 6  ( . 3 1 ) 1 8  ( . 3 3 ) 1 8  ( . 3 7 ) 1 8  ( . 5 8 ) 1 8 ( 1 . 0 ) 1 8 ( 1 . 0 ) 1 8 ( 1 . 0 )  •

F i r s t  t e r m  o f

t h e  o b j e c t i v e 1 . 0 3 7 1 . 2 5 2 1 . 0 9 5 1 . 2 4  3 1 .  3 5 2 1 . 5 1 6 1 .  32! 3

f  u n c t i o n

P e n a l t y  t e r m s

o f  o b j e c t i v e . 9 3 3 4 1 . 1 2 7 . 9 8 6 2 1 . 1 1 9 0 0 0

f u n c t  i o n

C r i  t e r  i o n . 1 0  3 7 . 1 2 5 2 . 1 0 9 5 . 1 2 4  3 1 .  3 5 2 1 .  5 1 6 l . 3 : 13

P e n a l t y  C o n s t a n t . 1 0 0 9 1 . 0 7 1 2 . 7 5 8 1 6 7 3 B . 4 - - -

T A B L E  X I

Assignment o f  th e  Units o f  M odel X2 Using th e  O cclusion 

A lgo rithm . Example 5.

L a b e l s  a t  d i f f e r e n t  i t e r a t i o n s

U n i t s  o f  F i r s t  S t a q e  S e c o n d  S t a g e

M o d e l  X j
0 1 3 1 4 7 1 0 1 1

1 1 9  ( . 1 5 ) 1 9  ( . 2 0 ) 1 9  ( .  2 2 ) 1 9  ( -  2 5 ) 1 9  ( . 2 8 ) 1 9 ( . 4  5 ) 1 9 1 . 7 1 ) 1 9  ( 1 . 0 ]

2 1 0  ( . 1 5 ) 1 9  ( . 1 7 ) 1 9  ( . 2 0 ) 1 9  ( .  2 1 ) 1 9  ( . 2 5 ) 1 0 ( . 3 9 ) 7 ( 1 . 0 ) 7 ( 1 . 0 )

3 9  ( . 2 4 ) 9  ( .  2 9 ) 9 ( . 3 1 ) 9 ( . 3 4 ) 9 ( . 3 6 ) 9 ( 1 . 0 ) 9 ( 1 . 0 ) 9 ( 1 . 0 )

4 1 0 ( . 6 7 ) 1 0 ( 1 . 0 ) 1 0 ( 1 . 0 ) 1 0 ( 1 . 0 ) 1 0 ( 1 . 0 ) 1 0 ( 1 . 0 ) 1 0 ( 1 . 0 ) 1 0 ( 1 . 0 ]

5 1 1 ( . 6 6 ) 1 1 ( 1 . 0 ) 1 1 ( 1 . 0 ) 1 1 ( 1 . 0 ) 1 1 ( 1 . 0 ) 1 1 ( 1 . 0 ) 1 1 ( 1 . 0 ) 1 1 ( 1 . 0 !

6 1 2  ( . 6 5 ) 1 2 ( 1 . 0 ) 1 2 ( 1 . 0 ) 1 2 ( 1 . 0 ) 1 2 ( 1 . 0 ) 1 2 ( 1 . 0 ) 1 2 ( 1 . 0 ) 1 2  ( 1 . 0 ]

7 1 3 ( . 6 6 ) 1 3 ( 1 . 0 ) 1 3 ( 1 . 0 ) 1 3 ( 1 . 0 ) 1 3 ( 1 . 0 ) 1 3 ( 1 . 0 ) 1 3 ( 1 . 0 ) 1 3 ( 1 . 0 !

8 1 9  ( . 1 5 ) 1 9  ( .  1 7 ) 1 9 ( . 2 0 ) 1 9 ( . 2 5 ) 1 9  ( .  2 7 ) 1 4 ( . 7 9  ) 1 4  ( 1 . 0 ) 14 ( 1 . o :

9 1 ( . 1 6 ) 1 9 ( . 2 2 ) 1 9  ( .  2 4  ) 1 9 ( - 2 9 ) 1 9 ( . 3 1 ) 1 9 ( . 7 1 ) 1 9 ( 1 . 0 ) 1 9  ( 1 . o :

F i r s t  t e r m  o f

t h e  o b j e c t i v e 1 . 8 1 2 2 .  5 8 1 2 .  3 1 2 2 . 3 8 8 1 . 9  7 4 2 . 2 0 2 2 . 2 1 2

f  u n c t  i o n  

P e n a l t y  t e r m

o f  o b j e c t i v e 1 . 6 3 1 2 . 3 2 3 2 . 0 8 1 2 . 1 4 9 0 0 0

f u n c t  i o n

C r i t e r i o n  

p e n a l t y  C o n s t a n t

. 1 8 1 2  

. 1 7 6 4

. 2 5 8 1  

2 . 2 0 7

. 2 3 1 2  

5  . 3 2 0

. 2 3 8 8  

3 2 1 5 8 . 9

1 . 9 7 4 2 . 2 0 2 2 . 2 1 2

Ex am ple  5 : F ig . 4  s h o w s  tw o  m o d e ls  a n d  X 2 w h ic h  

o c c lu d e  e a c h  o th e r  to  fo r m  an  a p p a r e n t  o b je c t . T h is  is  th e  f ig 

u re  u se d  in  E x a m p le  2 . H e re  w e  u se  th e  o c c lu s io n  a lg o r ith m  

t o  id e n t i f y  m o d e ls  Xj, a n d  X 2 w ith in  th e  a p p a r en t o b je c t .  

T h e  r e su lts  o f  la b e lin g  th e  u n its  o f  th e  m o d e ls  are sh o w n  in  

T a b le s  X  a n d  X I. H ere  w e  h a v e  u se d  th e  sa m e  p a ra m e te rs  as 

th e  o n e s  u se d  t o  o b ta in  T a b le  III a n d  T a b le  IV . W e a lso  

sh o w  v a lu e s  o f  th e  u n p e n a liz e d  o b je c t iv e  fu n c t io n  an d  p e n a lty  

f u n c t io n  te r m s  [f irs t  a n d  se c o n d  te r m s  o f  ( 3 1 ) ] ,  cr iter ia  an d  

p e n a lty  c o n s ta n ts  at v a r io u s  it e r a t io n s . N o t e  th a t  th e  c r iter ia  

and  p e n a lt y  c o n s ta n t s  in c r ea se  w it h  th e  it e r a t io n s .  T h e  a s 

s ig n m e n t o f  th e  u n its  o f  b o th  m o d e ls  are c o r r e c t  a n d  th e  c o n 

f lic t in g  la b e lin g  o f  th e  t w o  u n it s  w h ic h  o c c u r r e d  in  T a b le s  III 

a n d  IV  d o e s  n o t  o c c u r  (u n it  1 o f  b o th  Ar1 a n d  X 2 are a ss ig n e d  

t o  th e  la b e l 1 in  th e  T a b le s  III a n d  IV ) . T h e  t o t a l  c o m p u ta t io n  

t im e  fo r  th e  r e su lts  sh o w n  in  T a b le s  X  a n d  X I is  2 3 5  s.

Ex am ple  6: F ig . 8  p r e se n t s  a s y n th e t ic  e x a m p le , w h e r e  th r e e  

m o d e ls  X t , X 2 , a n d  X$  o c c lu d e  o n e  a n o th e r  t o  fo r m  a n  a p 

p a r en t  o b je c t . W e w a n t  t o  id e n t i fy  e a c h  o f  th e  m o d e ls  w ith in  

th e  a p p a r e n t  o b je c t . T h e  p r o b le m  is  a k in d  o f  “j ig -sa w  p u z z le .”  

T h e  la b e lin g  r e su lts  are sh o w n  in  T a b le s  X I I - X IV . A ll th e  

la b le s  o f  a ll th e  u n its  o f X \ ,X 2 , a n d X 3 are c o r r e c t . T h e  to ta l  

c o m p u ta t io n  t im e  fo r  m a tc h in g  is  1 5 2 .7  s.

Ex am ple  7: F ig . 9  s h o w s  5 1 2  X 5 1 2 ,  8  b it s  g ray  sc a le  im a g e s  

o f  in d u str ia l p arts w h ic h  o c c lu d e  e a c h  o th e r  t o  fo r m  a n  a p 

p a r e n t  o b je c t . T h e  im a g e s  in  F ig . 9 (a )  a n d  ( b )  are r e d u c e d  b y  

a fa c to r  o f  16  a n d  th e  im a g e  in  F ig . 9 ( c )  b y  a fa c to r  o f  1 8 . 

T h e  r e d u c e d  im a g e s  are th r e sh o ld e d  a n d  th e ir  p o ly g o n a l  

a p p r o x im a tio n  are sh o w n  in  F ig . 9 ( d ) - ( f ) .  O n ly  th e  r o ta t io n  

a n d  sc a le  in v ar ia n t  fe a tu r e s  are u s e d  in  th e  in it ia l p r o b a b ili ty  

a ss ig n m e n t . L a b e l 2 5  is  th e  N il c la ss. T h e  r e su lts  are sh o w n  

in  T a b le  X V  a n d  X V I . N o te  th a t  a ll th e  k e y  a ss ig n m e n ts  o f  

th e  u n its  are c o r r e c t . T h e  u n its  5 , 6 ,  7 , 8  o f  m o d e l X x are n o t  

m a tc h e d  t o  th e  se g m e n ts  9 ,  1 0 , 1 1 , 1 2 . T h e  r e a so n  fo r  th is  is 

th e  p r e se n c e  o f  a m b ig u ity  b e tw e e n  se g m e n ts  5 to  17  o f  F ig . 

9 ( d )  a n d  8  t o  16  o f  F ig . 9 ( f ) ;  th e  n u m b e r  o f  se g m e n ts  is d i f 

fe r e n t  as a r esu lt  o f  c h a n g e  in  sca le . T h e  to ta l  c o m p u ta t io n  

t im e  fo r  th is  e x a m p le  is 5 3 0  s.

Ex am ple  8: T h is  e x a m p le  is  p r o v id e d  in  o rd e r  t o  c r it ic a lly  

e v a lu a te  th e  o c c lu s io n  a lg o r ith m  w h e n  th e  se g m e n ta t io n  is 

d if f ic u lt  a n d  th e  p o ly g o n a l  a p p r o x im a tio n  is  c r u d e . F ig . 10  

sh o w s  tw o  1 2 8  X 1 2 8 , 8  b it  im a g e s  o f  c e l ls . T h e se  im a g es  

h a v e  b e e n  ta k e n  15 m in u te s  ap art . T h e  b a c k g r o u n d  in  th e se  

im a g e s  c o n s is t s  o f  h u m a n  sk in  c a n c e r  c e lls  a n d  th e  sm a ll c ir 

c u la r  sh a p e d  o b je c t s  are h u m a n  ly m p h o c y t e s  a n d  r ed  b lo o d  

c e l ls . O n e  c a n c e r  c e ll in  th e  im a g e  o f  F ig . 1 0 (a )  is  u n d e r g o in g
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I 2

I

(O  (d )

F ig . 8 .  (a )  M o d e l  n u m b e r  o f  s e g m e n ts  = 6 . (b )  M o d e l  X 2 , n u m b e r  o f  s e g m e n ts  = 7 . ( c )  M o d e l Xj ,  n u m b e r  o f  se g 

m e n ts  = 9 .  ( d )  A p p a r e n t  o b je c t ,  n u m b e r  o f  s e g m e n ts  = 1 4 .

T A B L E  X II

R e s u l t s  o f  L a b e l i n g  f o r  t h e  M o d e l  X i U s in g  t h e  O c c l u s i o n  

A l g o r i t h m .  E x a m p l e  6 .

U n i t s  o f
L a b o l s  a t  d i f f e r e n t  i t e r a t i o n s

M o d e l  X ^ F i r s t  S t a g e S e c o n d  S t a g e

0 1 3 1 4 6

1 4 ( 1 7 ) 1 5  ( .  2 3 ) 1 5  ( . 3 4 ) 1 5 ( . 3 7 ) 1 5  1 . 6 8 ) 1 5 ( 1 . 0 )

2 1 ( 2 0 ) 1 ( . 2 4 ) 1 ( . 3 0 ) 1 ( .  3 4 ) 1 1 . 7 1 ) 1 ( 1 . 0 )

3 l b  ( 1 5 ) 1 5 ( . 3 3 ) 1 5  ( . 4 7 ) 1 5 ( . 5 4 ) 1 5 ( 1 . 0 ) 1 5 ( 1 . 0 )

4 1 5  ( 1 5 ) 1 5 ( . 3 0 ) I S  . 3 6 ) 1 5 ( . 4 1 ) 1 5 ( 1 . 0 ) 1 5 ( 1 . 0 )

5 IS ( . 1 5 ) 1 5 ( . 2 3 ) 1 5  ( . 2 7 ) 1 5  ( . 3 3 ) 1 5 < . 6 0 ) 1 5 ( 1 . 0 )

6 1 5  ( . 1 5 ) 1 5 ( . 2 9 ) 1 5  . 3 5 ) 1 5  ( . 4 0 ) 1 5 ( 1 . 0 ) 1 5 { 1 . 0 )

F i r s t  t e r m  o f  

t h e  o b j e c t i v e  

f u n c t i o n

- . 5 1 8 3 . 9 7 8 5 1 . 0 7 4 1 . 6 0 7 1 2 .  4 3 7

P e n a l t y  t e r m  

o f  t h e  o b j e c t i v e  

f u n c t  i o n

- . 1 5 5 4 . 2 9  3 5 . 3 2 2  3 . 4 3 2 1 0

. C r i t e r i o n - . 3 6 2 8 . 6 8 4 9 . 7 5 2 2 1 .  1 2 5 2 . 4 3 7

P e n a l t y  C o n s t a n t - . 0 0 6 2 4 . 0 4 2 7 . 0 7 5 8 1 . 1 3 1 -

m it o s i s .  In  th e  im a ge  o f  F ig . 1 0 (b ) , th e  c e l l  o f  F ig . 1 0 (a )  u n 

d e r g o in g  m it o s is  (p a r e n t  c e l l )  h as  b e e n  d iv id e d  in to  tw o  c e lls  

(d a u g h te r  c e ll s ) . N o te  th a t  s ig n if ic a n t  c h a n g e s  in  sh a p e  h a v e  

ta k e n  p la c e . W e u se  a g r a d ien t r e la x a tio n  t e c h n iq u e  o f  se g 

m e n ta t io n  [ 1 7 ]  t o  o b ta in  th e  c e ll b o u n d a r ie s . F ig . 1 0 ( c ) - ( e )  

sh o w  th e  p o ly g o n a l a p p r o x im a tio n . W e w a n t  to  m a tc h  th e  

d a u g h te r  c e l ls  o f  F ig . 1 0 ( c )  a n d  ( d )  w it h  th e  p a r en t  c e ll o f  F ig .

1 0 (e ) . T h e  r e su lts  o f  la b e lin g  are sh o w n  in  T a b le  X V I I  and  

X V III . T h e  a ss ig n m e n t o f  u n its  18  a n d  19  o f  m o d e l X { are 

c o r r e c t ,  b u t  th e  la b e l  2 3  o f  u n it  2 0  i s  w r o n g . T h e  u n it  13 

sh o u ld  h a v e  b e e n  la b e le d  as 2 3 ,  b u t  a c a r e fu l e x a m in a t io n  o f  

th is  f ig u r e  s h o w s  th a t  th e  lo c a l s tr u c tu r e  o f  u n it  2 0  m a tc h e s  

2 3  b e t te r  th a n  t o  1 3 . O th e r  u n it s  are a ss ig n e d  t o  th e  N il 

c la ss . A ll th e  a s s ig n m e n ts  o f  th e  u n it s  o f  m o d e l  X 2 are c o r r e c t
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TABLE XII I

Resul t s of Label ing for t he Model  X2 Using t he Occlusion
Al gor i t hm. Exampl e 6.

U n i t s  o f  

M o d e l  X->

L a b e l s  a t  d i f f e r e n t

F i r s t  S t a g e  

1

i t e r a t i o n s

S e c o n d  S t a g e  

1 4

1

2

3

4

5

6 

7

F i r s t  t e r m  o f  

t h e  o b j e c t i v e  

f u n c t i o n

P e n a l t y  t e r m  

o f  t h e  o b j e c t i v e  

f u n c t i o n  

C r i t e r i o n  

P e n a l t y  C o n s t a n t

4 ( 1 7 ) 4 ( . 3 3 ) 4 ( . 4 2 ) 4 ( 4 8 ) 4 ( 1 . 0 ) 4 {1 . 0 )

5  ( 3 1 ) 5  ( . 5 3 ) 5 ( . 7 3 ) 5 ( 1 . 0 ) 5 i l . 0 ) 5 ( 1 . 0 )

6  ( 4 0 ) 6  ( . 6 2 ) 6 ( . 7 7 ) 6 ( 1 . 0 ) 6 ( 1 . 0 ) 6 ( 1 . 0 )

1 5  ( 1 5 ) 7 ( . 4 0 ) 7 ( . 5 5 ) 7 t . 5 6  ) 1 5 ( 1 . 0 ) 1 5  ( 1 . 0 )

1 3  ( 2 0 ) 1 3  ( . 3 0 ) 1 3  ( . 3 8 ) 1 3 ( .  3 9 ) 1 5 (  6 8 ) 1 5 ( 1 . 0 )

1 5  ( 1 5 ) 1 5  ( . 5 0 ) 1 5  ( . 7 1 ) 1 5 ( 1 . 0 ) 1 5 ( 1 . 0 ) 1 5 ( 1 . 0 )

1 5  ( 1 5 ) 1 5 ( . 2 0 ) 1 5  ( . 3 3 ) 1 5  ( . 4 4 ) 1 5  ( . (3 1 ) 3 ( 1 . 0 )

• . 3 1 9 7 1 . 5 7 0 9 1 . 3 8 7 5 2 . 7 7 2 9 3 . 4 5 1

. 2 4 5 9

. 5 7 3 8  

. 0 0 9 8 7 5

1 . 0 9 9 6  

. 0 6 8 5

. 9 7 1 2  

. 0 9 7 9

. 9 4 1 0

. 9 5 3

0

3.451

TABLE XIV

R e s u l t s  o f  L a b e l i n g  f o r  t h e  M o d e l  X, U s i n g  t h e  O c c l u s i o n  

A l g o r i t h m .  E x a m p l e  6 .

U n i t s  o f  

M o d e l  X- .

F i r s t  t e r m  o f  

t h e  o b j e c t i v e  

f u n c t i o n

P e n a l t y  t e r m  

o f  t h e  o b j e c t i v e  

f u n c t  i o n

C r i t e r i o n

P e n a l t y  C o n s t a n t

L a b e l s  a t  d i f f e r e n t  i t e r a t i o n s

F i r s t S t a q e S e c o n d S t a g e

0 1 3 1 4 6

4 ( .. 1 6 ) 1 5 ( . 2 6 ) 1 5  ( . 3 2 ) 1 5 { . 3 9 ) 15 ( . 5 2 ) 1 5 ( 1 . 0 )

5  ( . . 2 1 ) 1 5  ( • 3 3 ) 1 5 ( . 4 6 ) 1 5 ( . 5 2 ) 15 ( 1 . 0 ) 1 5 ( 1 . ■ 0 )

1 3  ( .. 1 7 ) 1 5  ( . 3 3 ) 1 5  ( . 4 9 ) 1 5 ( . 5 3 ) 1 5 ( . 5 9 ) 1 3 ( 1 . . 0 )

1 ( . . 1 9 ) 1 5 < . 3 5 ) 1 5  ( . 4 4 ) 1 5 ( . 4 7 ) 1 5 { . 5 6 ) 1 5 ( 1 . . 0 )

2  ( . . 2 2 ) 1 5  ( . 2 0 ) 1 5  ( . 3 7 ) 1 5 ( . 4 1 ) 1 5 ( . 6 1 ) 1 5 ( 1 . . 0 )

9 ( . . 6 6 ) 9  ( . 7 7 ) 9 ( 1 . 0 ) 9 ( 1 . 0 ) 9 ( 1 . 0 ) 9 ( 1 . 0 )

1 0  ( . . 6 3 ) 1 0  ( . 7 3 ) 1 0  ( 1 . 0 ) 1 0 ( 1 . 0 ) 1 0 ( 1 . 0 ) 1 0 ( 1 . . 0 )

1 1 { . . 6 3 ) 1 1  ( . 7 6 ) 1 1 ( 1 . 0 ) 1 1 ( 1 . 0 ) 1 1 ( 1 . 0 ) 1 1 ( 1 . . 0 )

1 4  ( . . 1 6 ) 1 5  ( . 2 0 ) 1 5  ( . 2 5 ) 1 5 ( . 2 9 ) 1 2 ( . 4 0 ) 1 2 ( 1 . . 0 )

* 1 . 7 2 1 3 . 0 3 1 3 . 0 7 9 4 . 1 0 0  3 . . 6 9 2

1 .  2 0 5  

. 0 2 0 7

2 . 122 

. 1 3 2 3

2 .  1 5 5  

. 2 1 7 2

2 . 8 7 0  

2 . 8 8 7

e x c e p t  th e  a ss ig n m e n t o f  u n it  9  w h ic h  is  m a tc h e d  to  th e  la b e l 

2 1 . T h is  is aga in  b e c a u s e  o f  th e  c lo s e  r e se m b la n c e  o f  th e  lo c a l  

s tr u c tu r e . T h e  to ta l c o m p u t a t io n  t im e  fo r  th is  e x a m p le  is 

1 1 0 0  s.

IV . C o n c l u s i o n s  

T h e  su c c e ss  or  fa ilu re  o f  th e  h ie ra r ch ic a l s to c h a s t ic  la b e lin g  

te c h n iq u e  c a n  b e  m e a su r e d  o n  th e  b asis  o f  tw o  fa c ts :  1 )  th e  

f in a l la b e lin g  sh o u ld  b e  as u n a m b ig u o u s  as p o ss ib le  an d  2 )  it 

sh o u ld  b e  c o n s is t e n t  w it h  a n y  a priori k n o w le d g e  th a t  w e  m a y  

h a ve  a b o u t  th e  se t  o f  p o ss ib le  la b e lin g s . T h e  m a t c h in g  r e su lts  

are n o t  “ p e r f e c t ,”  a n d  so m e  w r o n g  la b e ls  o r  m u lt ip le  a ss ig n 

m e n t s  d o  o c c u r . H o w e v e r , th e  k e y  a ss ig n m e n ts  are c o r r e c t ly  

o b ta in e d . In  th e  c ase  o f  m u lt ip le  a s s ig n m e n ts , an  in te r p r e ta 

t io n  o f  th e  r e su lts  m a y  b e  r e q u ir e d . In th e  e x a m p le s  p r e s e n te d ,  

o u r  o b je c t iv e  h a s  b e e n  t o  e v a lu a te  h o w  w e ll  th e  te c h n iq u e  p e r 

fo r m s  w h e n  th e  se g m e n ta t io n  r e su lts  are v e r y  d if fe r e n t  a n d  th e  

p o ly g o n a l a p p r o x im a t io n  is v e r y  c ru d e  ra th er  th a n  p r o v id in g

so m e  s im p le  e x a m p le s  lik e  th e  is la n d  e x a m p le s  o f  D av is [ 1 2 ]  

w h ic h  are c la im e d  to  b e  tr iv ia lly  so lv e d  b y  th e  sy n ta c t ic  sh a p e  

a n a ly z e r  o f  P a v lid is  [ 1 8 ] ,  In su c h  s it u a t io n s ,  th e  te c h n iq u e  

d e p e n d s  to  so m e  e x t e n t  o n  th e  s im ila r ity  o f  th e  lo c a l s tr u c 

tu r e s  o f  th e  m o d e l a n d  o b je c t .  M a n y  t im e s  an in c o r r e c t  la b e l 

o c c u r s  b e c a u se  th e  lo c a l s tr u c tu r e  o f  th e  in c o r r e c t  m a tc h  is  

m o r e  sim ilar  th a n  th a t  o f  th e  c o r r e c t  o n e . In c a se s  w h e re  an  

o b j e c t /m o d e l  se g m e n t  is b r o k e n  in to  m o re  se g m e n ts ,  th e  a lg o 

r ith m  is n o t  a b le  to  a c c o u n t  fo r  it  c o m p le te ly .  B u t, th e  t e c h 

n iq u e  is  q u it e  r o b u st  an d  e f f e c t iv e  w h e n  a p p lie d  to  real im a g es  

a n d  it  is a b le  to  c o p e  to  a c e r ta in  e x t e n t  w ith  c o m m o n  p r o b 

le m s  in  sc e n e  a n a ly s is  su c h  as n o is y  fe a tu r e s , e x tr a  a n d  m iss in g  

se g m e n ts  a n d  a large n u m b e r  o f  se g m e n ts  [ 5 ] ,  M o re o v e r , in  

th is  regard  th e  a lg o r ith m  w o r k s  b e tte r  th a n  th e  H o u g h  tr an s 

fo r m  te c h n iq u e  o f  D a v is  [ 1 9 ]  a n d  B a llard  [ 2 0 ] .  T h e  first  

sta g e  d o e s  n o t  c o r r e c t  a ll th e  m is ta k e s  o f  th e  in it ia l a s s ig n m en t  

b e c a u s e  it  u se s  le s s  w o r ld  k n o w le d g e  a n d  so m e  c o r r e c t  a ss ig n 

m e n ts  are n o t  a m o n g  th e  e a r ly  c a n d id a te s . T h e  s e c o n d  stage
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(a)

17

(b ) (c )

(d) (e)

F ig . 9 .  ( a )  A n  in d u s t r ia l  p ie c e ,  ( b )  A n  in d u s t r ia l  p ie c e , ( c )  P a r t ia l  o c c lu s io n  o f  in d u s t r ia l  p ie c e s  in  (a )  a n d  (b ) .  ( d )  M o d e l 

X\ ,  n u m b e r  o f  s e g m e n ts  = 2 6 .  (e )  M o d e l X 2 , n u m b e r  o f  s e g m e n ts  = 1 4 . ( f )  A p p a r e n t  o b je c t ,  n u m b e r  o f  s e g m e n ts  = 2 4 .

c o rrec ts  m is takes in th e  labeling  o f  th e  first stage, an d  since 

it uses m o re  w o rld  k now ledg e , it in creases th e  co n fid en ce  in 

th e  m atch in g  resu lts. It  is possib le  to  gen eralize th e  shape 

m atch in g  alg o rith m  to  in clude  h igher levels o f  h ie ra rc h y  at 

th e  ex pe nse  o f  inc reased  co m p lex ity . T he te c h n iq u e  has been  

e x te n d e d  for th e  shape  m atch in g  o f  3-D o b jec ts  [2 1 ] .

T he shape m atch in g  te c h n iq u e  is tru ly  h ie ra rch ica l in th e  fo l 

low ing  sense: a t th e  first o r seco n d  stage th e  c r ite rio n  / ^  or 

increases o f  co urse, b u t  at the first stage if  we co m p u te  

th e  c r ite rio n  J ®  o r at th e  seco n d  stage if  we c o m p u te  the 

c r ite rio n  J ^ \  it  also co n tin u a lly  increases w ith  th e  ite ra tio n . 

T his has be en  verified  ex p e rim en ta lly . T hu s o u r  c o m p u ta tio n  

o f  c o m p a tib ilitie s  is soun d. T he  algorithm s are im p le m e n ted  

in SA IL  an d  th e  c o m p u ta tio n  tim e varied  from  4  s to  2 0  m in 

o n  a PD P-10 (K L -10  p ro cesso r, w h ich  p e rfo rm s a b o u t 1.8 

m illion  o p e ra tio n s /s )  fo r m atch in g  o f  vary ing  co m p lex ity  an d  

n u m b e r o f  oc c lu d in g  ob jec ts . I t  inc lu des th e  tim in g  fo r seg 

m e n ta tio n , b o u n d a ry  fo llow ing , fea tu re  c o m p u ta tio n , m a tc h 

ing an d  several I /O  o p e ra tio n s. A b o u t 70  p e rc e n t o f  th is  tim e 

is sp en t in co m p u tin g  th e  grad ie n t. T he  c o m p u ta tio n  o f  th e  

g rad ie n t a t th e  seco n d  stage is th e  m o st exp ensive. In  the 

p re sen t im p le m e n ta tio n  o f  th e  program s we do n o t  s to re  th e  

c o m p a tib ility  values w h en  w e co m p u te  th e  c o m p a tib ility  vec 

to r . We re co m p u te  th em  w hen th e  g ra d ie n t is n eeded . T he 

c o m p u ta tio n  tim e can  be reduced  by  60  p e rcen t if we store  

c o m p a tib ility  values. I t  can  also be re d u ced  in ce rta in  s itu a 

tio n s  if  w e assum e th a t  th e  o b jec ts  are rigid bodies. F u rth e r  

savings co m e by allow ing  th e  g lobal m ax im iz a tio n  o f  th e  

c rite ria  J^" \n  = 1, 2 ) by  local c o m p u ta tio n s  o n ly , i.e ., a p ro 

cessor fo r a u n it c o m m u n ica te s  o n ly  w ith  th e  ne ig hb orin g  

processors  to  c o m p u te  th e  grad ie n t an d  th e  p ro jec tio n  o p e r 

a to r . T hu s a large a m o u n t o f  parallelism  can  be in tro d u ce d . 

T he g rad ie n t o f  th e  c rite ria  can  be c o m p u te d  in tw o  seq uentia l 

step s. W ith in  each  s tep  th e  p ro cessors can w o rk  in parallel. 

In th e  first step  w e d e te rm in e  th e  co m p a tib ility  vec to rs  and  

in th e  second  s tep  ac tu a lly  c o m p u te  th e  g rad ien ts . A processor 

assoc ia ted  w ith  a u n it  p erfo rm s sim ple o p e ra tio n s  m os tly  in 

para llel w hile th e  seq u en tia l p rocess  o f  going from  on e ite ra 

t io n  to  th e  n e x t allow s these processors to  w o rk  to w ard s  the 

final goal in a co o rd in a ted  fash ion . T h e a m o u n t o f  c o m p u 

ta tio n  p er p ro cesso r is o f  th e  o rd e r o f / , 2 , w here L is th e n u m 

be r o f  classes. It  is d iff icu lt to  dev elop  an y  usefu l absolu te 

m o d el fo r th e  co m p lex ity  o f  th e  sto ch astic  labeling  process, 

because as th e  p ro c ed u re  ite ra te s , m an y  labels fo r a u n it  b e 

com e zero  an d  th e  co m p lex ity  goes d o w n . As a resu lt th e  co m 

p u ta tio n  tim e p er i te ra tio n  fo r th e  la te r stages o f  th e  process  is
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TABLE XV
R e s u lt s  o f  L a b e lin g  f o r  t h e  M o d e l  Xi U s in g  t h e  O c c lu s io n

A l g o r i t h m . 'Ex a m p l e  7.

U n i t s  O f  

M o d e l

1
2
3

4

5

6
7

8
9

10 
11 
12
1 3

1 4

1 5

1 6  

1 7  

10
1 9

20 
21 
22
2 3

2 4

2 5

2 6

F i r s t  t e r m  

o f  t h e  

o b j e c t i v e  

f u n c t i o n

P e n a l t y  t e r m  

o f  t h e  

o b j  e c t i v e  

f u n c t i o n

C r i t e r i o n

P e n a l t y  

C o n s  t a n t

L a b e l s  a t  d i f f e r e n t  i t e r a t i o n s

F i r s t  S t a g e S e c o n d S t a g e

0 1 3 1 3 5

5 ( .  2 5 ) 5 ( . 3 7 ) 5  ( . 6 2 ) 5 ( 1 . 0 ) 5 ( 1 . 0 ) 5 ( 1 . 0 )

6 ( . 2 6 ) 6  ( .  4 2  ) 6  ( . GO ) 6  ( . 6 4 ) 6 ( 1 . 0 ) 6 ( 1 . 0 )

2 5 ( . 2 0 ) 2 5 ( .  2 5 ) 7  ( . 3 4 ) 2 5 ( . 3 9 ) 7  ( . 5 5 ) 7 ( 1 . 0 )

2 5 ( . 2 0  ) 2  5 ( .  2  3 ) 8 ( . 5 9 ) 8 ( . 6 1 ) 8 ( 1 . 0 ) 8 ( 1 . 0 )

2 5  ( .  2 0 ) 2 5  ( .  2 3 ) 2 5 ( 1 . 0 ) 2 5 ( 1 . 0 ) 2 5 ( 1 . 0 ) 2 5  ( 1 . 0 )

2 5 ( . 2 0 ) 2 5  ( .  2 3 ) 2 5 ( 1 . 0 ) 2 5 ( 1 . 0 ) 2 5 ( 1 . 0 ) 2 5 ( 1 . 0 )

2 5  ( .  2 0  ) 2 5  ( .  2 3 ) 2 5 ( 1 . 0 ) 2 5 ( 1 . 0 ) 2 5 ( 1 . 0 ) 2 5 ( 1 . 0 )

2  5 ( .  2 0 ) 2 5  ( .  2 3 ) 2 5 ( 1 . 0 ) 2 5 ( 1 . 0 ) 2 5 ( 1 . 0 ) 2 5 ( 1 . 0 )

2  5  ( .  2  0 ) 2 5  ( .  2 3 ) 2 5 ( 1 . 0 ) 2 5 ( 1 . 0 ) 2 5 ( 1 . 0 ) 2 5 ( 1 . 0 )

2 5 ( . 2 0 ) 2  5  ( .  2  3 ) 2 5 ( 1 . 0 ) 2 5  ( 1 . 0 ) 2 5 ( 1 . 0 ) 2 5 ( 1 . 0 )

2  5 { .  2  0 ) 2 5  ( .  2 3 ) 2 5 ( 1 . 0 ) 2 5 ( 1 . 0 ) 2 5 ( 1 . 0 ) 2 5  ( 1 . 0 )

2 5  ( . 2 0 ) 2 5  ( . 2  3 ) 2 5 ( 1 . 0 ) 2 5 ( 1 . 0 ) 2 5 ( 1 . 0 ) 2 5 ( 1 . 0 )

2  5  ( .  2 0 ) 2 5  ( .  2  3 ) 2 5  ( 1 . 0 ) 2 5 ( 1 . 0 ) 2 5 ( 1 . 0 ) 2 5 ( 1 . 0 )

2 5  ( .  2 0 ) 2 5  ( .  2 3 ) 2 5 ( 1 . 0 ) 2 5 ( 1 . 0 ) 2 5 ( 1 . 0 ) 2 5 ( 1 . 0 )

2 5  ( . 2 0  ) 2  5  ( .  2 3 ) 2 5 ( 1 . 0 ) 2 5 ( 1 . 0 ) 2 5 ( 1 . 0 ) 2 5 ( 1 . 0 )

2  5 ( .  2 0 ) 2  5 ( . 2 8 ) 2 5 ( . 3 2 ) 2 5  ( . 5 1 ) 1 4  ( 1 . 0 ) 1 4 ( 1 . 0 )

2  5 ( .  2 0 ) 2 5  ( . 3 3 ) 2 5  ( . 5 1 ) 2 5 ( . 7 4 ) 2 5 ( 1 . 0 ) 21( 1 . 0 )

2 5 ( . 2 0 ) 2 5 1 . 2 9 ) 2 5  ( . 4 1 ) 2 5  ( . 7 3 ) 2 5 ( 1 . 0 ) 2 5 ( 1 . 0 )

2 5  ( . 2 0 ) 2  5 ( .  2  3 ) 2 5 ( 1 . 0 ) 2 5 ( 1 . 0 ) 2 5 ( 1 . 0 ) 2 5 ( 1 . 0 )

2 5 { . 2 0 ) 2  5 { . 2  3 ) 2 5 ( 1 . 0 ) 2 5 ( 1 . 0 ) 2 5 ( 1 . 0 ) 2 5  ( 1 . 0 )

2  5 ( .  2 0 ) 2 5 1 . 2 3 ) 2 5 ( 1 . 0 ) 2 5 ( 1 . 0 ) 2 5  ( 1 . 0 ) 2 5  ( 1 . 0 )

2 5 ( .  2 0  ) 2 5  ( . 2 3 ) 2 5 ( 1 . 0 ) 2 5 ( 1 . 0 ) 2 5  ( 1 . 0 ) 2 5 ( 1 . 0 )

2 5 { . 2 0 ) 2  5  ( .  2  3 ) 2  5  ( . 8 0 ) 2 5 ( 1 . 0 ) 2 5 ( 1 . 0 ) 2 5  ( 1 . 0 )

1 4 { . 2 2 ) 1 4 ( . 3 1 ) 1 4  ( . 5 1 ) 1 4  ( . 5 6 ) 1 4  ( 1 . 0 ) 1 4  ( 1 . 0 )

2 5  ( .  2 0 ) 2 5  { . 2 8 ) 2  5  ( . 5 1 ) 2 5  { - 6 0 ) 2 5 ( 1 . 0 ) 2 5 ( 1 . 0 )

2 5  ( .  2 0  ) 2 5  ( . 2 8 ) 4 ( . 3 9 ) 2  5 ( . 4 0 ) 2 5 ( 1 . 0 ) 2 5 ( 1 . 0 )

4 . 7 1 5  1 6 . 2 1  1 7 . 0 4  1 7 . 2 0

0 . 3 3 5 0  . 4 7 1 5  1 . 6 2 1

3 . 0 1 5  4 . 2 4 4  1 4 . 5 9  

. 0 0 2 5  . 0 0 8 5  1 . 6 9 6

1 7 . 0 4  1 7 . 2 0

T A B L E  X V I

R esu lts  o f  Labeling f o r  th e  M odel X2 Using th e  O cclusion 

A lgo rithm . Example 7.

L a b e l s  a t  d i f f e r e n t  i t e r a t i o n s

U n i t s

M o d e l

o f

x i

F i r s t  S t a g e

0  1 3 1

S e c o n d

3

S t a g e

5

1 2 5  ( . 2 0 ) 2 5 ( . 3 1 ) 2 5  ( . 5 0 ) 2 5  ( . 5 1 ) 2 5 ( 1 . 0 ) 2 5 ( 1 . 0 )

2 2 5 ( . 2 0 ) 2 5  ( .  3 4 ) 2  5 ( . 4 4 ) 2 5 ( . 4 7 ) 2 3 ( . 5 4 ) 2 3 ( 1 . 0 )

3 2 5  ( . 2 0 ) 2 5 ( . 3 2 ) 2 5  ( . 5 2 ) 2 5  ( . 5 5 ) 2  5  ( . 6 2 ) 2 5  ( 1 . 0 )

4 2 5  ( . 2 0 ) 2 5  ( . 2 8 ) 2 5 ( . 3 8 ) 2  5 ( . 3 9 ) 2 5  ( . 4 4 ) 2 5 ( 1 . 0 )

fi 2 5  ( . 2 0 ) 2 5 ( . 2 8 ) 2  5 ( . 3 9 ) 2  5 ( . 4 9 ) 2 5 ( 1 . 0 ) 2 5 ( 1 . 0 )

6 2 5  ( . 2 0 ) 2 5 ( . 3 0 ) 2  5 ( . 3 9 ) 2 5  ( . 4 2 ) 2 5 ( . 4 4 ) 1 5 ( 1 . 0 )

7 2 5  ( . 2 0 ) 2 5  ( . 2 9 ) 1 8  ( . 4 4 ) 1 8  ( . 4 9 ) 1 8  ( 1 . 0 ) 1 8 ( 1 . 0 )

8 2 5  ( . 2 0 ) 2 5  ( .  3 3 ) 2  5 ( . 4 9 ) 2 5  ( . 5 7 ) 2 5  ( 1 . 0 ) 2 5 ( 1 . 0 )

9 2 5  ( . 2 0 ) 2 5 ( . 2 3 ) 2 5 ( 1 . 0 ) 2 5 ( 1 . 0 ) 2 5 ( 1 . 0 ) 2 5 ( 1 . 0 )

1 0 2  5  ( . 2 0 ) 2 5  ( .  2 3 ) 2 5 ( 1 . 0 ) 2 5  ( 1 . 0 ) 2 5 ( 1 . 0 ) 2 5 ( 1 . 0 )

1 1 2 5  ( . 2 0 ) 2  5 ( .  2 3 ) 2 5 ( 1 . 0 ) 2 5 ( 1 . 0 ) 2 5 ( 1 . 0 ) 2 5 ( 1 . 0 )

1 2 2 5 ( . 2 0 ) 2  5 ( .  2 8 ) 2 5  ( . 3 6 ) 2 5  ( . 5 1 ) 2 5  ( . 5 4 ) 1 9 ( 1 . 0 )

1 3 2 5 ( . 2 0 ) 2 5 ( . 3 3 ) 2 5 ( . 6 4  > 2  5  ( . 7 5 ) 2 2  ( 1 . 0 ) 2 2 ( 1 . 0 )

1 4

F i r s t t e r m

2 5  ( . 2 0 ) 2 5  ( .  3 0 ) 2 5 ( . 4 3 ) 2  5  ( . 4 4  ) 2 5 ( 1 . 0 ) 2 5 ( 1 . 0 )

o f  t h e  

o b j  e c t i v e  

f u n c t i o n

P e n a l t y  T e r m  

o f  t h e  

o b j  e c t i v e  

f u n c t i o n

C r i t e r i o n

P e n a l t y

C o n s t a n t

1 . 3 7 7  2 . 8 2 1  5 . 6 8 4  5 . 4 5 0  7 . 1 3 6

. 1 3 7 7  . 2 8 2 1  . 5 6 8 4  0  0

1 . 2 3 9  2 . 5 3 9  5 . 1 1 6  5 . 4 5 0  7 . 1 3 6

. 0 0 1 0 3  . 0 0 5 1 1  . 5 9 4 7  -  -

le ss  th a n  th e  e a r ly  it e r a t io n s . N o r m a lly , fo r  4 2  u n it s  a n d  31  

c la sse s, w e  n e ve r  n e e d e d  m o r e  th a n  a t o ta l  o f  15  it e r a t io n s  o f  

th e  first  a n d  s e c o n d  s ta g es  o f  s to c h a s t ic  la b e lin g . In th e  w o r s t  

c a se , o n ly  o n e  la b e l  is  s e t  e q u a l to  z e r o  a t  e v e r y  ite r a t io n .

W e a lso  p r e se n te d  an  e x t e n s io n  o f  th e  h ie r a r c h ic a l s to c h a s t ic  

la b e lin g  t e c h n iq u e  to  d o  sh a p e  m a t c h in g  o f  p a r t ia lly  o c c lu d e d  

2 -D  o b je c t s  b y  c o m b in in g  th e  g r a d ie n t  p r o je c t io n  m e t h o d  a n d

th e  p e n a lty  fu n c t io n  a p p r o a c h . P e n a lty  c o n s ta n ts  are c h o s e n  

in  a n  a u to m a tic  m a n n e r . T h e  c o m p u ta t io n  t im e  v a r ie s lin e a r ly  

w it h  t h e  n u m b e r  o f  o b je c t s  o c c lu d in g  o n e  a n o th e r . I f  th e  o b 

j e c t s  are r ig id  as h a s b e e n  m o s t ly  a ssu m e d  in  th e  p a s t  w o r k ,  

m a tc h in g  w ill  b e  r e la t iv e ly  s im p le . A f te r  m a tc h in g  a c tu a l o b 

j e c t s  w it h  th e  a p p a r e n t  o b je c t ,  it  w ill  b e  e a s ier  t o  tr ac k  th e m  

an d  carry  o u t  th e  m o t io n  a n a ly s is .
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(e )

F ig . 1 0 . ( a )  T h e  c a n c e r  c e ll  u n d e r g o in g  m ito s is ,  ( b )  T h e  c e ll  in  (a )  is d iv id e d  in to  2 d a u g h te r  c e lls  a f te r  15  m in . ( c )  M o d e l 

X i , n u m b e r  o f  s e g m e n ts  = 2 1 .  ( d )  M o d e l  X 2 , n u m b e r  o f  s e g m e n ts  = 2 0 .  ( e )  A p p a r e n t  o b je c t ,  n u m b e r  o f  s e g m e n ts  = 2 8 .
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T ABLE XV II
R e s u l t s  o f  L a b e l i n g  f o r  t h e  M o d e l  X i U s in g  t h e  O c c l u s i o n  

A l g o r i t h m .  E x a m p le  8 .

U n i t s  o f
L a b e l s  a t  d i f f e r e n t i t e  r a t i o n s

M o d e l F i r s t  S t a g e S e c o n d S t a g e

0 1 3 1 7

1 2 9  ( ■ 2 5 ) 2 9  ( . 3 2 ) 2 9  ( . 4 7 ) 2 9  ( . 5 0 ) 2 9  ( 1 . 0 )

2 2 9  ( . 2 5 ) 2 9  ( . 2 9 ) 2 9  ( . 4 4 ) 2 9  ( . 4 7 ) 2 9 ( 1 . 0 )

3 2 9  { . 2 5 ) 2 9  ( . 3 1 ) 2 9  ( . 4 7 ) 2 9  ( . 4 8 ) 2 9 ( 1 . 0 )

4 2 9  C• 2 5 ) 2 9  ( . 3 6 ) 2 9  ( . 4 6 ) 2 9  ( . 4 7 ) 2 9 ( 1 . 0 )

5 2 9  ( 2 5 ) 2 9  ( . 3 2 ) 2 9  ( . 5 0 ) 2 9  ( . 5 4 ) 2 9 ( 1 . 0 )

6 2  9  ( 2 5 ) 2 9  ( . 3 1 ) 2 9  ( . 4 8 ) 2 9  ( . 4 9 ) 2 9 ( 1 . 0 )

7 2 9  ( . 2 5 ) 2 9  ( . 3 3 ) 2 9  ( . 4 5 ) 2 9  ( . 4 9 ) 2 9 ( 1 . 0 )

8 2 9  ( . 2 5 ) 2 9  ( . 2 9 ) 2 9  ( . 4 1 ) 2 9  ( ■ 4 2 ) 2 9 ( 1 . 0 )

9 2 9  ( 2 5 ) 2 9  ( . 3 0 ) 2 9  ( . 3 7 ) 2 9  { . 4 0 ) 2 9 ( 1 . 0 )

1 0 2 9  ( . 2 5 ) 2 9  ( . 3 2 ) 2 9  ( . 4 2 ) 2 9  ( . 4 3 ) 2 9 ( 1 . 0 )

1 1 2 9  ( . 2 5 ) 2 9  ( . 3 1 ) 2  9  ( . 4 5 ) 2 9  ( ■ 4 7 ) 2 9 ( 1 . 0 )

1 2 2 9  ( 2 5 ) 2 9  ( . 3 1 ) 2 9  ( . 4 0 ) 2 9  ( . 4 3 ) 2 9 ( 1 . 0 )

1 3 2 9  ( . 2 5 ) 2 9  ( . 2 9 ) 2 9  ( . 3 6 ) 2 9  ( . 4 0 ) 2 9 ( 1 . 0 )

14 2 9  ( . 2 5 ) 2 9  ( . 3 1 ) 2 9  { . 5 1 ) 2  9  ( . 5 4 ) 2 9 ( 1 . 0 )

1 5 2 9  ( . 2 5 ) 2 9  ( .  3 2 ) 2  9  ( . 4 1 ) 2 9  { . 4 4  ) 2 9 ( 1 . 0 )

1 6 2 9  ( . 2 5 ) 2 9  ( . 3 1 ) 2 9  ( ■ 3 7 ) 2 9 . 3 8 ) 2 9 ( 1 . 0 )

1 7 2 9  ( 2 5 ) 2 9  ( . 2 8 ) 2 9  ( . 4 1 ) 29 .  4 3 ) 2 9  ( 1 . 0 )

1 8 2 9  ( . 2 5 ) 2 9 . 3 0 ) 2 9  ( 3 6 ) 29 ( .  3 8 ) 2 6 ( 1 . 0 )

1 9 2 9  ( . 2 5 ) 2 9 . 3 1 ) 2 9  ( . 4 5 ) 2 9  ( . 4 9 ) 2 6 ( 1 . 0 )

2 0 2  9  ( . 2 5 ) 29 ( . 3 0 ) 2 9  ( . 4 8 ) 2 9  ( . 5 6 ) 2 3 ( 1 . 0 )

2 1 2 9  { 2 5 ) 2  9  ( . 2 9 ) 2 9  ( . 4 4 ) 2 9  ( . 4 5 ) 2 9 ( 1 . 0 )

F i r s t  t e r m

o f  t h e  

o b j  e c t  i  v e
1 . 8 6 2 3 . 1 3 7 3 . 7 5 5 1 5 . 9 9

f u n c t i o n

P e n a l t y  t e r m

o f  t h e  

o b j e c t i v e
1 . 4 9 0 2 . 5 0 9 3 . 0 0 4 0

f u n c t i o n

C r i t e r i o n .  3 7 2 5 . 6 2 7 4 . 7 5 1 1 1 5 .  9 9

P e n a l t y  

C o n s t a n t
. 0 2 0 6 . 5 4 2 0 1 5 . 4 4 -

T A B L E  X V I I I

R e s u l t s  o f  L a b e l i n g  f o r  t h e  M o o n .  X i  U s in g  t h e  O c c l u s i o n  

A l g o r i t h m .  E x a m i’ i e 8.

L a b e l s a t  d i  f  f  e r o n : i t e r a t i o n  s

U n i t s  o f  

M o d e l  a2 F i r s t  S t CO S e c o n d S t a g e

0 1 3 1 7

1 2 9  ( . 2 5 ) 2 9  ( . 5 6 ) 2 9  ( ■ 7 4 ) 2  9  { - 7 7 ) 2 9 ( 1 . 0 )

2 2 9  ( . 2 5 ) 2  9  ( . 5 5 ) 2 9  ; 1 . 0 ) 2 9 ( 1 . 0 ) 2 9 ( 1 . 0 )

3 2 9  ( • 2 5 ) 2 9  ( . 3 9 ) 2 9  ( . 5 2 ) 2 9  ( . 5 4 ) 2 9  ( 1 . 0 )

4 2 9  ( • 2 5 ) 2 9  ( . 5 0 ) 2 9  ( . 7 3 ) 2 9  ( . 7 5 ) 2 9 ( 1 . 0 )

5 2 9  ( . 2 5 ) 2 9  ( . 3 7 ) 2 9  ( . 5 5 ) 2 9  ( . 6 4 ) 9 ( 1 . 0 )

6 2 9  ( . 2 5 ) 2 9  ( . 4 0 ) 2 9  [ . 6 8 ) 2 S ( . 7 4 ) 2 9  ( 1 . 0 )  '

7 2 9  ( . 2 5 ) 2 9  ( . 4 1 ) 2 9  ( . 6 0 ) 2 9  {. 6 3 ) 2 9 ( 1 . 0 )

8 2 9  ( . 2 5 ) 2 9  ( . 4 1 ) 2 9  ( . 5 3 ) 2 9  ( . 5 6 ) 1 4 ( 1 . 0 )

9 2 1  ( . 4 3 ) 2 1  ( . 5 1 ) 2 1  ( . 5 6 ) 2 1  ( . 6 1 ) 2 1 ( 1 . 0 )

1 0 14*< - 4 7 ) 1 4  ( . 5 4 ) 1 4  ( . 5 6 ) 2 9  ( .  6 0 ) 2 9  ( 1 ■ 0 )

1 1 2 1  ( . 4 3 ) 2  1 ( . 4 9 i 2 1  ( . 5 4 ) 2  9  ( . 7 9 ) 2 9  ( 1 . 0 )

1 2 1 4  ( . 2 6 ) 2 9  ( . 3 6 ) 2 9  ( . 4 2 ) 2 9  ( . 4 3 ) 1 4  ( 1 . 0 )

1 3 2 9  ( . 2 5 ) 2 9  ( . 3 7 ) 2 9  ( . 5 2 ) 2  9  ( . 5 6 ) 1 5 ( 1 . 0 )

1 4 2 9  ( . 2 5 ) 2 9  ( . 5 7 ) 2  9 ( 1 . 0 ) 2 9  ( 1 . 0 ) 2 9 ( 1 ■ 0 )

1 5 2 9  ( . 2 5 ) 2 9  ( . 5 4 ) 2 9 ( 1 . 0 ) 2 9  ( 1 . 0 ) 2 9  ( 1 . 0 )

1 6 2 9  ( . 2 5 ) 2 9  ( . 5 5 ) 2 9  ( . 7 2 ) 2 9 ( 1 . 0 ) 2 9  ( 1 . 0 )

1 7 2 9  ( . 2 5 ) 2 9  ( . 4 6 } 2 9  ( . 6 0 ) 2 9  ( . 6 5 ) 2 9  ( 1 . 0 )

1 8 2 9  ( . 2 5 ) 2 9  ( . 5 0 ) 2 9 ( 1 . 0 ) 2 9 ( 1 . 0 ) 2 9  ( 1 . 0 )

1 9 2 9  ( . 2 5 ) 2 9  { . 6 0 ) 2 9  ( . 7 2 ) 2  9  ( . 8 0 ) 2 9  { 1 . 0 )

2 0 2 9  ( . 2 5 ) 2 9  ( . 4 6 ) 2 9  ( . 6 2 ) 2 9  ( . 6 7 ) 2 9  ( 1 . 0 )

F i  r s t  t e r m

o f  t h e  

o b j e c t i  v e
- 1. 6 7 6 5 . 2 1 0 8 . 1 6 9 1 1 . 0 0

f u n c t  i o n

P e n a l t y  t e r m

o f  t h e  

o b j e c t i v e
- 1. 3 4 1 4 . 1 6 8 6 . 5 3 5 0

f u n c t  i o n

C r i t e r i o n - . 3 3 5 2 1 . 0 4 2 1. 6 3 3 1 1  . 0 0

P e n a l t y

C o n s t a n t - . 0 1 8 5 . 9 0 0 2 3 3 . 5 9 -
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A  R e p r e s e n t a t i o n  f o r  S h a p e  B a s e d  o n  P e a k s  a n d  

R i d g e s  i n  t h e  D i f f e r e n c e  o f  L o w - P a s s  T r a n s f o r m

JAM E S L . C R O W LE Y , m e m b e r ,  i e e e ,  a n d  A L IC E  C. P A R K E R , m e m b e r ,  i e e e

Abstract - T his  pape r  de fines  a multiple  re s olution re presentation for 

the  two- dimens ional gray- scale shapes in an image. T his  representation 

is cons tructe d by de te cting peaks  and ridges in  the  diffe rence  o f low-  

pass (DOLP ) trans form. Des cr iptions  o f shapes which are encoded in 

this  re presentation may be matche d e ffic ie ntly despite  changes  in size, 

or ie nta tion, or  pos ition.

Motivations  for  a multiple  re s olution re presentation are presented 

firs t, followe d by the  de finit ion o f the  DOLP  trans form. T echniques  

are then presented for  e ncoding a s ymbolic  s tructural de s cr iption o f 

forms  from the DOLP  trans form. T his  process involves  de te cting local 

peaks  and ridges in each bandpass  image  and in the  entire  three- dimen

s ional space de fine d by the  DOLP  trans form. Linking  adjace nt peaks  in 

diffe re nt bandpass  images gives a multiple  re s olution tree which de 

scribes shape. Peaks which are local max ima  in this  tree provide  land 

marks  fo r  aligning, manipula t ing , and matching shapes. De te c ting and 

linking the  ridges in each DOLP  bandpass  image  provides  a graph which 

links  peaks  within a shape in a bandpass  image  and describes the  pos i

t ions  o f the  boundar ie s  o f the  shape at  multip le  re solutions . De te cting 

and linking the  ridges in the  DOLP  three- space describes e longated forms  

and links  the  largest peaks  in the tree.

The  pr inciple s  for  de te rmining the  correspondence  be tween symbols  

in pairs  o f such des cr iptions  are the n described. Such correspondence  

matching is shown to be s implifie d by us ing the  correspondence  at 

lowe r re solutions  to cons train the  poss ible  correspondence  at higher 

re solutions .
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Index  Terms - Corre s ponde nce  matching, diffe rence  o f Gauss ian, dif

ference o f low- pass trans form, image  pyramid, multir e s olution represen

ta t ion, shape matching.

I. In t r o d u c t i o n

A  R E PR E S E N T A T IO N  is a formal system  fo r m ak ing  ex 

p lic it ce rta in  en titie s  o r  ty p es o f  in fo rm a tio n , an d  a 

sp ec ificatio n  o f  how  th e  sy stem  does th is [2 0 ] .  R e p re se n ta 

t io n  p lays a crucia l ro le in d e te rm in in g  the co m p u ta tio n a l 

c o m p le x ity  o f  an  in fo rm a tio n  pro cessing  pro blem .

T his p ap er describes a re p resen ta tio n  fo r tw o-d im en sion al 

shape w hich  can  be used  fo r a v ar ie ty  o f  task s in w h ich  the 

shapes (o r gray-level fo rm s) in an im age m u st be m an ip u la ted . 

A n im p o rta n t p ro p e r ty  o f  th is re p re se n ta tio n  is th a t it m akes 

th e  task  o f  co m p arin g  th e  s tru c tu re  o f  tw o  shapes to  d e te r 

m in e th e  co rre sp o n d en ce  o f  th e ir  c o m p o n e n ts  c o m p u ta tio n a lly  

sim ple. H ow ever, th is re p re sen ta tio n  has o th e r  desirab le p ro p 

er tie s  as w ell. F or ex am p le , th e  n e tw o rk  o f  sym bo ls th a t d e 

scribe a shape in th is re p re sen ta tio n  have a s tru c tu re  w h ich , 

e x c e p t fo r th e  e ffe c ts  o f  q u a n tiz a tio n , is invarian t to  th e  size, 

o r ie n ta tio n , an d  p o sitio n  o f  a shape . T hus  a shape can be co m 

p a red  to  p ro to ty p e s  w ith o u t having  to  norm alize its size or 

o r ie n ta tio n . A n o b jec t can  be trac k ed  in a seq uence  o f  images 

by  m atch in g  th e  largest peak(s) in its d e sc rip tio n  in each  image. 

T h is re p re se n ta tio n  can  also desc ribe  a shape w hen its b o u n d 

aries are b lu rre d  or p o o rly  d ef in ed  or w hen th e im age has 

been  c o rru p te d  by  various sou rces o f  im age noise.

T his  re p re sen ta tio n  is based  on  a reversib le tra n sfo rm  referred  

to  as th e  “ d iffe ren ce o f  low -pass” (D O L P ) tran sfo rm . F rom
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