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Abstract

We characterize the family of non-contestable budget-monotone rules

for the allocation of objects and money as those obtained by maximiz-

ing a min social welfare function among all non-contestable allocations.

We provide three additional seemingly independent approaches to con-

struct these rules. We present three applications of this characterization.

First, we show that one can “rectify” any non-contestable rule without

losing non-contestability. Second, we characterize the preferences that

admit, for each budget, a non-contestable allocation satisfying a mini-

mal or maximal individual consumption of money constraint. Third, we

study continuity properties of the non-contestable correspondence.

JEL classification: D61; D63; D70.

Keywords: solidarity; allocation of objects and money; non-contestable

allocations.

1 Introduction

A group of roommates pay the rent of their apartment in such a way that no

roommate prefers the room of another roommate if she has to pay the other

roommate’s share of the rent. The landlord increases the rent. This paper char-

acterizes the ways in which the roommates can redistribute the house and rent

payments, so they all, in welfare terms, contribute to the higher rent without

compromising the initial equitability property of the allocation.

Formally, we study an assignment problem with money. There are n agents

who are endowed with n objects. Agents consume exactly one object and an
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amount of an infinitely divisible good that we refer to as money. We assume

that, ceteris paribus, more money is better for each agent. We refer to the ag-

gregate consumption of money at an allocation as its budget. This model ac-

commodates the allocation of rooms and rent described above, the division of

a partnership, and the allocation of tasks and salary among workers.

We study systematic ways of making recommendations for each possible

budget. We refer to each such a function as a “rule.” We axiomatically study

rules. We require two axioms. The first is non-contestabilty, i.e., no agent should

prefer the allotment of another agent to her own (Foley, 1967).1 This axiom

has been central in the theory of equitable allocation (see Thomson, 2010, for

a survey). It captures the idea of equal opportunity (Kolm, 1971) and precludes

a form of clear-cut bias (Varian, 1974). The second axiom is budget-monotoni-

city, i.e., the welfare of each agent should be an increasing function of the bud-

get (Moulin and Thomson, 1988). This axioms captures the idea of solidar-

ity when budget changes. The roommates case illustrates it. If the rent to be

collected increases, agents should all be responsible for the change and thus

be affected in a comparable way. Since money is desirable to each agent, this

leads to the requirement that each agent’s welfare decreases as the rent to be

collected increases.

Alkan et al. (1991) introduce four approaches to construct non-contestable

budget-monotone rules. The first is to fix a continuous representation of pref-

erences and for each budget maximize the min social welfare functional (swf)

among all non-contestable allocations. The second is again to fix a continu-

ous representation of preferences and for each budget minimize the max’ swf

among all non-contestable allocations. The third is to fix a list of continu-

ous and increasing functions, one for each object, and then for each budget

maximize the minimal transformed consumption of money among all non-

contestable allocations. The fourth is again to fix a list of continuous and in-

creasing functions, one for each object, and then for each budget minimize

the maximal transformed consumption of money among all non-contestable

allocations. Our main result, Theorem 1, states that each of these four ap-

proaches spans the whole family of non-contestable budget-monotone rules.

Thus, these seemingly independent constructions are actually equivalent: by

choosing the parameters of one of these rules, one is implicitly choosing the

parameters for the other constructions.

Our contribution goes beyond showing that each of the four constructions

above are equivalent. Alkan et al. (1991)’s proof that these rules are budget-

1This axioms is commonly referred to as “no-envy.” See Velez (2015) for a discussion why

“non-contestability” reflects better the normative content of the axiom.
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monotone is based on linear programming and linear approximation tech-

niques. We present a new constructive proof of this result, which is of indepen-

dent interest. Indeed, we show that one can obtain budget-monotonicity prop-

erties of the non-contestable set directly from the existence of non-contestable

allocations results available in the literature (e.g. Svensson, 1983, 1987; Maskin,

1987; Velez, 2015) without using approximation techniques.

We present three applications of Theorem 1. First, we show how one can

“rectify” a non-contestable rule that fails to be budget-monotone. A rule is

budget monotone at a certain budget, if each agent is worse off at each lower

budget and better off at each higher budget. We show that one can “iron” any

non-contestable rule preserving both non-contestability and the rule’s recom-

mendations for budgets at which it is budget-monotone. That is, given an ar-

bitrary non-contestable rule, say f , one can find a non-conestable rule that is

“weakly budget-monotone” and coincides with f for the budgets at which f is

budget-monotone (Theorem 3). Then, we show that given an arbitrary non-

contestable rule, say f , and a positive δ, one can find a non-contestable rule

that is budget-monotone and coincides with f on the budgets at which f is

budget-monotone up to a set that can be covered by a set of Lebesgue mea-

sure δ (Theorem 4). Our second application is to characterize the set of pref-

erences that admit for each budget a non-contestable allocation satisfying a

minimum or maximum individual consumption of money constraint (Propo-

sition 1). Our third application is to show that the non-contestable correspon-

dence not only is continuous in welfare space, but also admits a continuous

selection, a feature that is usually difficult to guarantee for a correspondence

that is not convex (Michael, 1956). This allows us to show the existence of non-

contestable budget-monotone efficient rules in the extension of our model where

there are more objects than agents (Sec. 4.3).

Our approach to study rules and their properties, as opposed to studying

isolated allocation problems, can be traced back to Thomson (1983). Previous

literature has explored the performance of allocation rules when one consid-

ers other dimensions of assignment problems with money as variable. Most

notably, Alkan et al. (1991) and Alkan (1994) study solidarity notions under the

arrival of objects; Alkan (1994) and Tadenuma and Thomson (1995) study sol-

idarity notions under the arrival of new agents; and Tadenuma and Thomson

(1991) study the consistency axiom, which can be interpreted as a form of sol-

idarity when allocations have to be reassessed for a subset of agents with their

corresponding initial allotments (Thomson, 2012).
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2 Model

2.1 Environment

Let N be a set of n agents and A a set of n objects. Generic agents are i , j , and

generic objects are α,β . Each agent consumes one object and an amount of a

perfectly divisible good we refer to as money. Agent i ’s generic consumption

bundle is (xi ,α) where xi ∈ R and α ∈ A. Each agent has complete and transi-

tive preferences on consumption bundles. Agent i ’s preference is R i and fixed

throughtout. The symmetric and asymmetric parts of Ri are denoted by I i and

Pi respectively. Preferences are money monotone: ceteris paribus, each agent

prefers a higher consumption of money. Preferences also satisfy the compen-

sation assumption: for each bundle (xi ,α) and each object β , there is x ′i such

that (xi ,α) Ii (x
′
i ,β ).2 The profile of preferences is R ≡ (R i )i∈N .

An allocation is a pair z ≡ (x ,µ )where x ≡ (xi )i∈N ∈R
n and µ : N → A is a

bijection. Agent i ’s bundle at z is zi ≡ (xi ,µi ), where xi is her consumption of

money and µi her assigned object. The set of allocations is Z . We denote the

set of allocations whose aggregate consumption of money is m ∈ R, i.e., (x ,µ)

such that
∑

i∈N xi =m , by Zm . Each agent’s preferences induce a preference

on allocations: for each pair {z , z ′} ⊆ Z , z Ri z ′ if zi Ri z ′i . For an allocation z ≡

(x ,µ) we denote the consumption of money of the agent who receives object

α ∈ A at z by xα.

For each i ∈ N , each pair {α,β} ∈ A, and each xα ∈ R, let q i (xα,α,β ) ∈ R

be the amount such that (xα,α) Ii (qi (xα,α,β ),β ). For each m ∈ R and each

z ≡ (x ,µ) ∈ Zm , let d i j (z ) ≡ qi (xi ,µi ,µ j )− x j . For each x , y ∈ R2, seg(x , y ) ≡

{z ∈R2 : z =λx + (1−λ)y ,λ∈ [0, 1]} is the segment from x to y .

2.2 Socially desirable allocation rules

We search for socially desirable systematic ways to provide recommendations

for each possible configuration of resources in our environment. We refer to

such an object as a rule, i.e., a function that assigns to each possible aggregate

consumption of money, say m , an allocation in Zm . We denote the generic rule

by f : R→ Z . We denote the consumption bundle assigned to agent i ∈ N at

f (m ) by fi (m ).

By studying rules we can evaluate our recommendations with two differ-

ent perspectives. First, we can formulate axioms, i.e., properties of allocations

that can be justified in normative terms. The following two axioms capture the

2Money-monotonicity and the compensation assumption imply continuity.
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idea that, in welfare terms, an allocation should not be unambiguously domi-

nated by another feasible allocation and should not be unambiguously biased

towards any agent:

z ∈ Zm is efficient if there is no z ′ ∈ Zm such that for each i ∈ N , z ′Ri , z

and for at least one j ∈ N , z ′Pj z ; z ∈ Z is non-contestable if for each pair

{i , j } ⊆N , zi Ri z j (Foley, 1967; Varian, 1974).

In our environment, non-contestable allocations exist (Svensson, 1983; Alkan

et al., 1991; Velez, 2015) and are efficient (Svensson, 1983). We denote the set

of non-contestable allocations by F and the set of non-contestable allocations

with aggregate consumption of money m by Fm . We say that a rule f is non-

contestable if for each m , f (m ) is non-contestable.

Second, by studying rules instead of individual allocations we can articu-

late the idea of “solidarity,” i.e., given a change in the conditions that describe

the resource allocation problem, agents should share the welfare gains or losses

in comparable ways. Since interpersonal comparisons of utility are difficult, an

uncontroversial requirement is that each agent’s welfare change in the same di-

rection (Thomson, 1983). In our model, in which the aggregate consumption

of money is the only parameter that can change and money is desirable to all

agents, this solidarity principle takes a simple form:

A rule f is budget-monotone at m ∈R if (1) for each l < m , each agent

prefers f (m ) to f (l ); and (2) for each h >m , each agent prefers f (h ) to f (m );

f is budget-monotone if it is budget-monotone at each m ∈R.

We now introduce five families of rules based on intuitive criteria of dis-

tributive justice. The first four families allow us to make a simple description

of the non-contestable and budget-monotone rules. The other two families of

rules are non-contestable but violate budget-monotonicity; in Sec. 4.1 we show

how we can reconcile these intuitive approaches to fair allocation with budget-

monotonicity.

An non-contestable rule f is:

• Value-Maxmin (Alkan et al., 1991):3 if there is a continuous representa-

tion of preferences u ≡ (ui )i∈N such that for each m ,

f (m ) ∈ argmax
z∈Fm

n
min
i∈N

ui (zi )

o
.

3This family of rules can be seen as the implementation of the Rawlsian principle of distribu-

tive justice (Rawls, 1972) constrained by efficiency and no-envy.
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• Money-Maxmin (Alkan et al., 1991; Velez, 2011): if there is a profile of

continuous strictly increasing functions g ≡ (gα)α∈A where for each α,

gα :R→R and for each m ,

f (m ) ∈ argmax
z≡(x ,µ)∈Fm

n
min
α∈A

gα(xα)
o

.

• Value-Minmax (Alkan et al., 1991): if there is a continuous representa-

tion of preferences u ≡ (ui )i∈N such that for each m ,

f (m ) ∈ argmin
z∈Fm

n
max
i∈N

ui (zi )

o
.

• Money-Minmax (Alkan et al., 1991; Velez, 2011): if there is a profile of

continuous strictly increasing functions g ≡ (gα)α∈A where for each α,

gα :R→R and for each m ,

f (m ) ∈ argmin
z≡(x ,µ)∈Fm

n
max
α∈A

gα(xα)
o

.

• Utilitarian: if there is a continuous representation of preferences u ≡

(ui )i∈N such that for each m ,

f (m ) ∈ argmax
z∈Fm

¨∑

i∈N

ui (zi )

«
.

• Equal-compensation rule (Tadenuma and Thomson, 1995): if for each m ,

f (m ) ∈

§
z ∈ Fm : for each z ′ ∈ Fm , min

i , j∈N , i 6= j
di j (z )≥ min

i , j∈N , i 6= j
di j (z

′)

ª
.

3 Budget-monotone rules

Each of the families of value-maxmin, money-maxmin, value-minmax, and

money-minmax rules defined in Sec. 2.2 coincides with the family of non-contes-

table budget-monotone rules.

Theorem 1. Let f be non-contestable. The following are equilivalent:

1. f is budget-monotone

2. f is Value-Maxmin.
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3. f is Money-Maxmin.

4. f is Value-Minmax.

5. f is Money-Minmax.

We first prove that statement 1 implies statements 2-5 in Theorem 1.

Proof. Let f be non-contestable and budget monotone. We first prove that f is

value-maxmin and value-minmax. We construct a profile of continuous util-

ity functions u ≡ (ui )i∈N representing R such that for each m , and each pair

{i , j } ⊆ N , ui ( fi (m )) = u j ( f j (m )). We claim that f (m ) is a value-maxmin rule

for u . Suppose by contradiction that there is m ∈ R and z ∈ Fm such that

mini∈N ui (zi ) > mini∈N ui ( fi (m )). Then, for each i ∈ N , ui (zi ) > ui ( fi (m )).

Thus, f (m ) is not efficient. Thus, f (m ) 6∈ F (Svensson, 1983). This is a con-

tradiction. A symmetric argument shows that f is a value-minmax rule for u .

For each i ∈N , let wi be a continuous representation of Ri and vi ≡wi ◦ fi . We

claim that each vi is a continuous function. Let m ∈ R and {mk }k∈N be a se-

quence converging to m as k →∞. We prove that as k →∞, vi (mk )→ vi (m ).

Since {mk }k∈N converges, it is bounded. Thus, since f is budget-monotone,

{vi (mk )}k∈N is bounded. Thus, it suffices to show that if {vi (mk )}k∈N converges,

its limit is vi (m ). Now, since {mk }k∈N is bounded and f is non-contestable,

{ f (mk )}k∈N is bounded in RN ×AN (endowed with the box topology). Select a

subsequence of { f (mk )}k∈N that converges as k →∞ and let z ≡ (x ,µ) be its

limit. Since each vi is continuous, as k →∞, vi (mk )→ wi (zi ) . Since prefer-

ences are continuous, then z ∈ F . Since each subsequence of {mk }k∈N con-

verges to m , then
∑

i∈N xi =m and z ∈ Fm . There are two cases.

Case 1: there is a subsequence of {mk }k∈N, {fmk }k∈N, such that for each k ∈

N,fmk ≤m . Then, for each k ∈N, vi (fmk )≤ vi (m ). Thus, for each i ∈N , wi (zi )≤

vi (m ). Thus, for each i ∈ N , wi (zi ) = vi (m ) = wi ( fi (m )), for otherwise z is

neither efficient nor non-contestable.

Case 2: there is a subsequence of {mk }k∈N, {fmk }k∈N, such that for each k ∈

N,fmk ≥m . Then, for each k ∈N, vi (fmk )≥ vi (m ). Thus, for each i ∈N , wi (zi )≥

vi (m ). Thus, for each i ∈ N , wi (zi ) = vi (m ) = wi ( fi (m )), for otherwise f (m ) is

neither efficient nor non-contestable.

Let i ∈N and (xi ,α)∈R×A. Let ui (xi ,α)≡m such that wi (xi ,α) =wi ( f (m )).

We claim that ui is well defined. Since preferences are money-monotone and

satisfy the compensation assumption, there is l ∈ R such that for each z ∈

Fl , wi (zi ) ≤ (xi ,α); symmetrically, there is h ∈ R such that for each z ∈ Fh ,

wi (xi ,α) ≤ wi (zi ) ≤. Thus, vi (l ) ≤ wi (zi ) ≤ vi (h ). Since vi is continuous, there
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is m ∈R such that vi (m ) =wi (m ). Since f is budget-monotone, vi is strictly in-

creasing and such m is unique. We claim that ui represents Ri . Let (xi ,α) and

(x ′i ,α′) be such that (x ′i ,α′)Ri (xi ,α). We claim that ui (x
′
i ,α′) ≥ ui (xi ,α). Sup-

pose by means of contradiction that ui (xi ,α) > ui (x
′
i ,α′). Since f is budget-

monotone, wi ( fi (ui (xi ,α)))>wi ( f (ui (x
′
i ,α′))). Thus, wi (xi ,α)>wi (x

′
i ,α′). This

contradicts (x ′i ,α′)Ri (xi ,α). Now, let (xi ,α) and (x ′i ,α′) be such that ui (x
′
i ,α′)≥

ui (xi ,α). Since f is budget-monotone, wi ( fi (ui (x
′
i ,α′)))≥wi ( f (ui (xi ,α))). Thus,

(x ′i ,α′)Ri (xi ,α). By construction, for each m ∈ R and each pair {i , j } ⊆ N ,

ui ( fi (m )) = u j ( f j (m )) =m . Finally, we claim that ui is continuous. Let {(x k
i ,αk )}k∈N

be a convergent sequence in R× A and let (xi ,α) be its limit as k →∞. With-

out loss of generality we can assume that the sequence {αk }k∈N is constant. We

claim that ui (x
k
i ,α) converges to ui (xi ,α). For each k ∈ N, let mk ≡ ui (x

k
i ,α).

Since {x k
i }k∈N is convergent, it is bounded. Since preferences are money-mono-

tone, {mk }k∈N is bounded. Thus, we can suppose without loss of generality

that {mk }k∈N is convergent and prove that its limit is ui (xi ,α). Let m be the

limit as k →∞ of {mk }k∈N. For each k ∈ N, let z k ≡ f (mk ). Since {mk }k∈N
is bounded, so is {z k }k∈N. Thus, one can select a convergent subsequence of

{z k }k∈N. Let z be the limit of such a convergent subsequence. Since wi is

continuous, {wi (z
k
i )}k∈N converges as k → ∞ to wi (zi ). Since for each k ∈

N, wi (z
k
i ) = wi (x

k
i ,α), then {wi (x

k
i ,α)}k∈N converges as k →∞ to wi (xi ,α).

Thus, wi (zi ) = wi (x ,α). From our argument above, wi (zi ) = wi ( fi (m )). Thus,

wi (xi ,α) =wi ( fi (m )) and ui (xi ,α) =m .

We now prove that f is money-maxmin and money-minmax. We construct

a profile of continuous increasing functions g ≡ (gα)α∈A where for each α, gα :

R → R, with the following property. For each m and each pair {α,β} ⊆ A, if

f (m ) ≡ (x ,µ), then gα(xα) = gβ (xβ ). We claim that f is a money-maxmin rule

for such a profile of functions. Suppose by contradiction that there is m ∈ R

and z ≡ (y ,µ) ∈ Fm such that minα∈A gα(yα) >minα∈A gα(xα). Since each gα is

increasing, then for each α ∈ A, yα > xα. Thus,
∑
α∈A yα >m . This is a contra-

diction. A symmetric argument shows that f is a money-minmax rule for g .

For each α ∈ A and each m ∈ R, let yα(m ) ≡ xα where f (m ) = (x ,µ). Since f is

budget-monotone, by the Decomposition Lemma (Alkan et al., 1991), which we

state in the Appendix, each yα is a strictly increasing function. We claim that

each yα is continuous. Let {mk }k∈N be a convergent sequence and m its limit as

k →∞. Let z ≡ (x ,µ)≡ f (m ). We prove that {yα(mk )}k∈N converges as k →∞

to yα(m ) = xα. Since {mk }k∈N converges, it is bounded. Thus, since yα is strictly

increasing, {yα(mk )}k∈N is bounded. Thus, we can suppose without loss of

generality that {yα(mk )}k∈N is convergent and prove that its limit as k → ∞

is yα(m ). Since {mk }k∈N is bounded and f is non-contestable, { f (mk )}k∈N is

bounded in RN × AN . Let {ez k ≡ (ex k , eµk )}k∈N be a convergent subsequence of
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{ f (mk )}k∈N and ez ≡ (ex , eµ) be its limit as k →∞. Since preferences are contin-

uous, ez ∈ F . Since as k →∞,fmk →m , ez ∈ Fm . There are two cases. If there is a

convergent subsequence of { f (mk )}k∈N, { f (fmk )}k∈N, such that for each k ∈N,

fmk ≤m . Let ez ≡ (ex , eµ) be the limit as k →∞ of { f (fmk )}k∈N. Since f is budget-

monotone, by the Decomposition Lemma, for each k ∈N, ex k ≤ x . Thus, ex ≤ x .

Since
∑
α∈A xα =
∑
α∈A exα = m , then ex = x . Since {yα(mk )}k∈N is convergent

and {ex k
α }k∈N is one of its subsequences, as k →∞, yα(mk ) → exα = xα. The

argument is symmetric if there is a convergent subsequence of { f (mk )}k∈N,

{ f (fmk )}k∈N, such that for each k ∈ N, fmk ≥ m . Let α ∈ A. For each xα ∈ R,

let gα(xα)≡m such that the consumption of money of the agent who receives

object α at f (m ) is xα. As above, by the Intermediate Value Theorem, gα is well

defined. By construction, for each m and each pair {α,β} ⊆ A, if f (m )≡ (x ,µ),

gα(xα) = gβ (xβ ) =m . Since f is budget-monotone, each gα is strictly increas-

ing. Finally, we prove that each gα is continuous. Let {x k
α }k∈N be a conver-

gent sequence and let xα be its limit as k → ∞. We prove that as k → ∞,

gα(x
k
α ) → gα(xα). Since {x k

α }k∈N converges, it is bounded. Since {x k
α }k∈N is

bounded and gα is increasing, {gα(x
k
α )}k∈N is bounded. Thus, it is enough to

prove that if {mk ≡ gα(x
k
α )}k∈N converges, its limit as k →∞ is gα(xα). Let m be

the limit as k →∞ of {mk }k∈N. We proved above that yα is continuous. Thus,

as k →∞, x k
α = yα(mk )→ yα(m ). Thus, yα(m ) = xα. Thus, gα(xα) =m .

We now discuss the proof that each of numerals 2-4 imply numeral 1 in

Theorem 1. This was first stated and proved by Alkan et al. (1991). A prefer-

ence is “piece-wise linear” if it is represented by a function whose marginal

utility of money is constant over a finite set of intervals.4 Alkan et al. (1991)

base their work on linear programming applied to linear preference profiles,

the local linearization of piece-wise linear preferences, and the approximation

of a continuous preference by piece-wise linear preferences. We present an

alternative direct proof based only on the existence of non-contestable alloca-

tions for a continuous economy. The key to our proof is the following result.5

Theorem 2 (Positive monotonicity). Let m ∈R, z ∈ Fm , and ǫ > 0. Then, there

is an allocation in Fm+ǫ that each agent prefers to z .

Proof. Let m ∈R and z ≡ (x ,µ)∈ Fm . We first prove that there is∆> 0 such that

for each δ ∈ (0,∆) there is zδ ∈ Fm+δ that each agent prefers to z . Let m ∈ R

4The domain of piece-wise linear preferences can be defined without reference to utility rep-

resentations by interpolating a finite set of ordered indifference sets.
5The Positive Monotonicity Theorem was first stated by Alkan (1994) as a corollary to Alkan

et al. (1991)’s results. Our contribution here is to provide a direct proof of it that requires no

linear approximation.
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and z ≡ (x ,µ) ∈ Fm . Let Ai = {α ∈ A : zi Ii (xα,α)} (Fig. 1 (a)). If for each i ∈ N ,

Ai = A, the lemma follows from Svensson (1983, 1987).6 Suppose that there is

i ∈ N such that Ai 6= A. For each such i and α ∈ A \ Ai , qi (xi ,µi ,α)− xα > 0.

Let ∆ ≡ min{qi (xi ,µi ,α)− xα : i ∈ N ,α ∈ A \ Ai }. Since z ∈ F , ∆ ≥ 0. Since

there is i ∈N for whom A 6= Ai , ∆> 0. Let 0< δ <∆. We prove that there is an

allocation zδ ∈ Fm+δ that each agent prefers to z . We do this by constructing an

auxiliary profile of preferences represented by a utility profile that we denote

by v ≡ (vi )i∈N . We denote the set of non-contestable allocations for v by F v and

the subset of F v with aggregate consumption of money m ∈ R by F v
m . Profile

v has the following properties: (1) there is (y ,σ) ∈ F v
δ such that y ≫ 0; (2) if

(x +A y ) ∈RN is the vector whose i -th component is xσi
+ yi , (x +A y ,σ) ∈ Fm+δ.

By the Decomposition Lemma, the existence of v proves the lemma.

α

β

µi

ρ

Ii (x ,σ)

u

u

u

u

b

b

b

b

b

b

b

b

(xi ,µi )

(xρ ,ρ)

(xβ ,β )

(xα,α)

Ri

b

b

b

b

bl (b )0

b

b

vivi

(a) (b) (c)

b

b

b

b

δl n (η)0

b

b

b

b

vi vi

(d)

Figure 1: Construction of vi in lemma 2. Each point xα in the axis labeled by objectα represents

consumption bundle (xα,α). Indifference sets of preferences in the construction are joined by

lines. Arrows represent the direction in which welfare increases.

6See also Velez (2015) for a constructive proof.
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Let u ≡ (ui )i∈N be a continuous numerical representation of R . We define v .

For each i ∈ N , each b ≥ 0, and each α ∈ Ai , let vi (b ,α) = ui (xα + b ,α).7 For

each b ≥ 0, let l (b ) ≡ min{qi (xα + b ,α,β )− xβ : i ∈ N ,{α,β} ⊆ Ai }. Since for

each i ∈ N and each pair {α,β} ⊆ Ai , (xα,α) Ii (xβ ,β ), for each b > 0, l (b ) > 0.

By definition, for each b ≥ 0, each a ≤ b , each i ∈N , and each pair {α,β} ⊆ Ai ,

vi (b ,α)≥ vi (a ,β ) (Fig. 1 (c)). Thus, for each (y ,σ) ∈ F v such that y ≫ 0, if there

is i ∈N and b ≥ 0 such that vi (l (b ),µi )≥ vi (yi ,σ), then for each β ∈ Ai , yβ ≤ b .

Let η ≡ δ/[n (n + 1)]. For each i ∈ N and each β ∈ A \ Ai , let vi (·,β ), be a

continuous and strictly increasing function such that: (1) for each ρ ∈ A \ Ai ,

vi (·,β ) = vi (·,ρ); (2) vi (0,β ) = ui (xi ,µi ); and (3) vi (δ,β ) =min{ui (l
n (η),α) :α ∈

Ai }. (Fig. 1 (d)). For each i ∈N and each pair {α,β}⊆ A, vi (0,α) = vi (0,β ). Thus,

there is (y ,σ) ∈ F v
δ such that y ≥ 0 (Svensson, 1983, 1987). Let (y ,σ) ∈ F v

δ . Since

δ > 0, (y ,σ) ∈ F v
δ , and for each i ∈N and each pair {α,β} ⊆ A, vi (0,α) = vi (0,β ),

y ≫ 0. We claim that for each i ∈ N , σi ∈ Ai . Suppose by contradiction

(and w.l.o.g.) that σ1 6∈ A1. Then, y1 ≥ δ/n for there is i ∈ N such that yi ≥

δ/n ≥ l n (η). Suppose w.l.o.g. that σ2 = µ1. Since (y ,σ) ∈ F v
δ , y2 ≤ l n (η) and

v2(yµ2
,µ2) ≤ v2(y2,σ2). Now, by construction v2(l

n (η),σ2) ≤ v2(l
n−1(η),µ2).

8

Thus, yµ2
≤ l n−1(η). If µ2 = σ1, we have a contradiction to Pareto-efficiency

of (y ,σ) for profile v because if agent 1 receives (l n (η),µ1) and agent 2 receives

(l n−1(η),µ2), both agents are not worse off and l n (η)+l n−1(η)≤ 2η <δ/n . Sup-

pose thatµ2 6=σ1. Renaming the agents if necessary and using successively the

same argument as above, we can find k ∈ N such that for each j ∈ {1, . . . , k},

v j (y j ,σ j ) ≤ v j (l
n+1− j (η),µ j ), ∪

k
j=1µ j = ∪

k
j=1σ j , and µk = σ1. This is a contra-

diction to Pareto-efficiency of (y ,σ) for profile v because
∑k

j=1 l n+1− j (η)≤ nη<

δ/n . Since for each i ∈N , σi ∈ Ai and δ <∆, for each i ∈N , each α ∈ Ai , and

each β ∈ A \ Ai , (xα,α)Ri (xβ +δ,β ). Thus, at (x +A y ,σ) no i ∈ N prefers the

consumption of another agent who receives an object in A \Ai . Recall that for

each i ∈ N , each ui and vi coincide for bundles with objects in Ai . Thus, at

(x +A y ,σ) no i ∈N prefers the consumption of another agent who receives an

object in Ai . Thus, (x +A y ,σ) ∈ Fm+δ. The proof concludes with an argument

introduced by Alkan et al. (1991). Since δ > 0 can be selected such that δ < ǫ,

the set {(y ,σ) ∈ Fm+δ : 0 ≤ δ ≤ ǫ, y ≫ x } is non-empty. Since preferences are

continuous, this set has a maximum. By our claim above, the maximum of this

set is necessarily ǫ.

The Positive Monotonicity Theorem implies the “weak Negative Monotonic-

7Our restriction to b ≥ 0 is w.l.o.g.
8Ifσ2 ∈ A \A2, then v2(l

n (η),σ2)≤ v2(δ,σ2)≤ v2(l
n (η),µ2).
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ity Theorem,” i.e., for each m ∈ R, each z ∈ Fm , and each ǫ > 0, there is an

allocation in z ′ ∈ Fm−δ such that each agent weakly prefers z to z ′.9 One can

easily see that the Positive and Negative Monotonicity Theorems jointly im-

ply that value-Maxmin, value-Minmax, money-Maxmin, and money-Minmax

rules are budget monotone (c.f., Alkan et al., 1991; Velez, 2011; Fujinaka and

Wakayama, 2015).

4 Applications

4.1 Reconciling intuitive fairness and budget-monotonicity

The following are two examples of rules defined by means o intuitive criteria

of fairness that violate budget-monotonicity.

Example 1 (A Utilitarian rule may violate budget-monotonicity). Let N ≡ {1, 2}

and A ≡ {α,β}. We construct a preference profile, represented by utility func-

tions u1 and u2 such that there is no budget-monotone f satisfying that for each

m ,

f (m ) ∈ Sm ≡ argmax
z∈Fm

u1(z1) +u2(z2).

Let 0 < ǫ < 1
16 , u1(xα,α) ≡ xα for each xα ∈ R, u1(xβ ,β ) ≡ xβ for each xβ ∈ R,

u2(xα,α)≡ xα for each xα ∈R, u2(xβ ,β )≡ 2ǫ
1−2ǫ xβ +

1
2(1−2ǫ) for each x ≤−ǫ, and

u2(xβ ,β )≡ 1−2ǫ
2ǫ xβ +1 for each xβ >−ǫ (Fig. 2).

α

β

− 1
2 −ǫ 0 1

2 11
2 + ǫ

2ǫ
1−2ǫ x + 1

2(1−2ǫ)
1−2ǫ

2ǫ x ′ +1x x ′

u2

Figure 2: u2 in Example 1. Each point x in the axis that.

Let m ∈ R and z ≡ (x ,µ) ∈ Fm . Since z is efficient, µ2 = β . Since z ∈ Fm , a ≤

x2 ≤ m/2 where a solves the equation u2(m − a ,α) = u2(a ,β ). For each m

one can directly calculate Fm and characterize its image in utility space, i.e.,

9Let t ≡ sup{s ≤ m − δ : ∃z ′ ∈ Fs ,∀i ∈ N , z Ri z ′}. Since preferences are continuous, the

Positive Monotonicity Theorem implies that t =m −δ.
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u (Fm ) = {(u1(z1), u2(z2)) : z ∈ Fm} (Fig. 3).

u (Fm ) =






seg
��

m
2 , 2ǫ

1−2ǫ
m
2 +

1
2(1−2ǫ)

�
,
�
2ǫm + 1

2 ,2ǫm + 1
2

��
if m ≤−2ǫ

seg
��

m
2 , 1−2ǫ

2ǫ
m
2 +1
�
,
�
m + ǫ, 1

2 + ǫ
��⋃

seg
��

m + ǫ, 1
2 + ǫ
�
, (2ǫm + 1

2 ,2ǫm + 1
2 )
� if −2ǫ ≤m ≤ 1

2

seg
��

m
2 , 1−2ǫ

2ǫ
m
2 +1
�
, ((1−2ǫ)m +2ǫ, (1−2ǫ)m +2ǫ)

�
if m ≥ 1

2

(a)

u1

u2

u2 =
2ǫ

1−2ǫ u1 +
1

2(1−2ǫ)

�
m
2 , 2ǫ

1−2ǫ
m
2 +

1
2(1−2ǫ)

�

u2 =
1−2ǫ

2ǫ u1 +1

1
2

1

(1−2ǫ)m +2ǫ

2ǫm + 1
2

u(Fm )

�
m
2 , 1−2ǫ

2ǫ
m
2 +1
�

u2 = u1

(b)

u1

u2

u
�
F1/2

�

u(F−2ǫ )

1
2

1

�
2ǫm + 1

2 ,2ǫm + 1
2

�

�
m
2 , 1−2ǫ

2ǫ
m
2 +1
�

�
m + ǫ, 1

2 + ǫ
�

Figure 3: u (Fm ) in Example 1. (a) u (Fm ), for m ≤ −2ǫ or m ≥ 1
2 , (b) Detail of u (Fm ), for −2ǫ ≤

m ≤ 1
2 .

Since 0 < ǫ < 1
4 , the slope of the segments that form Fm for m ≤ −2ǫ is greater

than −1 (segments are flatter than the line with slope −1); and the slope of the

segments that form Fm for m ≥ 1/2 is lower than−1 (segments are steeper than

the line with slope −1). Thus, denoting u (Sm ) ≡ {(u1(z1), u2(z2)) : z ∈ Sm}, we

can calculate that:

u (Sm ) =






��
2ǫm + 1

2 , 2ǫm + 1
2

�	
if m < 0�

(0, 1),
�

1
2 , 1

2

�	
if m = 0��

m
2 , 1−2ǫ

2ǫ
m
2 +1
�	

if m > 0

Let f be such that for each m ∈R, f (m ) ∈ Sm . Then, for each δ ∈ (0, 1/(1−4ǫ)),

u1( f (−δ))> u1( f (δ)). Thus, f violates budget-monotonicity.
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Example 2 (An Equal-compensation rule may violate budget-monotonicity).

Let N ≡ {1, 2, 3} and A ≡ {α,β ,γ}. We construct a preference profile R ≡ (Ri )i∈N

such that there is no budget-monotone f such that for each m ,

f (m ) ∈ Em ≡

§
z ∈ Fm : for each z ′ ∈ Fm , min

i , j∈N , i 6= j
di j (z )≥ min

i , j∈N , i 6= j
di j (z

′)

ª
.

Let 0 < ǫ < 1
5 and R a preference profile with numerical representation u =

(ui )i∈N , such that: (1) for each x ∈ R, u1(x ,α) = u1(x ,β ) = u1(x ,γ) = x , (2) for

each i ∈ {2, 3}, x ∈ (−∞,−1−2ǫ)∪ (−1, 0), ui (x ,α) = ui (x ,β ) = ui (x +6,γ) = x ,

(3) u2(−1− ǫ,β ) > u2(−1− ǫ,α), (4) u3(−1− ǫ,α) > u2(−1− ǫ,β ), (5) u2(ǫ,β ) =

u2(7,α) = u2(7,γ), and (6) u3(ǫ,α) = u3(7,β ) = u2(8,γ) (Fig. 4.)

| | | | | | | | |

−1 0 1 2 3 4 5 6 7

R1

α

β

γ

α

β

γ

|

| | | | | | | | |

−1 0 1 2 3 4 5 6 7

−1− ǫ

R2

| | | | | | | | | |

−1 0 1 2 3 4 5 6 7

−1− ǫ

R3

α

β

γ

Figure 4: R in Example 2.

Let (x ,µ) ∈ F0. Then, x1 ≥ 0 and µ1 = γ. We claim that if (x ,µ) ∈ E0, then

x1 ≥ 2. To prove this, suppose by contradiction that there is z ≡ (x ,µ) ∈ E0 such

that x1 < 2. Then, there is i ∈ {2, 3} such that xi > −1. Thus, 0 ≥ x2 ≥ −1 and

0 ≥ x3 ≥ −1. Since (x ,µ) ∈ F , x2 = x3 > −1. Thus, d23(z ) = 0. Now, let z ′ be

the allocation defined by z ′1 ≡ (2+ 2ǫ,γ), z ′2 ≡ (−1− ǫ,β ), and z ′3 ≡ (−1− ǫ,α).

One can verify that z ′ ∈ F0 and mini , j∈N , i 6= j di j (z
′) > 0. Thus, z 6∈ E0. This is a

contradiction.

Let (x ,µ) ∈ F1. Then, x1 ≥ 1/3 and µ1 = γ. σ(1) = γ. We claim that if

(x ,µ) ∈ E1, then x1 ≤ 1. To prove this, suppose by contradiction that there is

z ≡ (x ,µ) ∈ E1 such that x1 > 1. Then, there is i ∈ {2, 3} such that xi < 0. Thus,

mini , j∈N , i 6= j di j (z )≤ 2ǫ. Now, let z ′ be the allocation defined by z ′1 = (1−2ǫ,γ),

z ′2 ≡ (ǫ,β ), and z ′3 ≡ (ǫ,α). One can verify that z ′ ∈ F1 and mini , j∈N , i 6= j di j (z
′) =

1−3ǫ > 2ǫ. Thus, z 6∈ E1. This is a contradiction.

Thus, f (0)P1 f (1) and f violates budget-monotonicity.

Examples 1 and 2 illustrate how rules defined on intuitive criteria of fairness

may violate budget-monotonicity. It is not necessary to discard all recommen-

dations given by a rule because it violates this property, however. The following

14



lemma states that given two recommendations of a non-contestable rule that

induce no violation of budget-monotonicity, one can interpolate them with a

non-contestable budget-monotone rule.

Lemma 1 (Interpolation of two non-contestable allocations). Let {h , l } ⊆R be

such that h > l , z ∈ Fl , and z ′ ∈ Fh . Suppose that each agent prefers z ′ to z .

Then, there is a non-contestable budget-monotone rule f such that f (l ) = z and

f (h ) = z ′.

Proof. Let h , l , z , and z ′ as in the statement of the lemma. Let u ≡ (ui )i∈N be

a continuous representation of preferences. Let v ≡ (vi )i∈N be the representa-

tion of preferences given by: for each (xα,α),

vi (xα,α) = 2+
1

ui (z
′
i )−ui (zi )

(ui (xα,α)−ui (z
′
i )).

Let f be the value-Maxmin non-contestable rule associated with v . Since for

each pair {i , j } ⊆N , vi (zi ) = v j (z j ) = 1 and vi (z
′
i ) = v j (z

′
j ) = 2, then f (l ) = z and

f (h ) = z ′. By Theorem 1, f is budget-monotone.

It is always possible to recover a weaker form of budget-monotonicity in

any rule without losing the rule’s recommendations for the budgets at which

the rule is budget-monotone.

Theorem 3. Let f be a non-contestable rule and M ⊆ R the set of budgets at

which f is budget-monotone. Then, there is a rule g that coincides with f on

M and satisfies that for each pair {l , h} ⊆R such that h > l , each agent weakly

prefers g (h ) to g (l ).

Proof. Let f and M be as in the statement of the theorem. Assume without loss

of generality that M 6= ;, for otherwise the result trivially follows from Theo-

rem 1. We define rule g . For each m ∈M , let g (m )≡ f (m ). Let M be the closure

of M . Let m ∈M \M and {mk }k∈N a sequence in M that converges to m . Since

{mk }k∈N is convergent, it is bounded. Thus, { f (mk )}k∈N is bounded. Thus, the

set of limit points of { f (mk )}k∈N is non-empty. Let g (m ) ≡ z where z is a limit

point of { f (mk )}k∈N. Let {h , l } ⊆ M be such that h > l . We claim that each

agent weakly prefers g (h ) to g (l ). Let {hk }k∈N and {lk }k∈N be two sequences

in M such that as k →∞, hk → h , f (hk ) → g (h ), lk → l , and f (lk ) → g (l ).

Since h > l , there is k ∈N such that for each k ≥ K , hk > lk . Since f is budget-

monotone in M , for each k ≥ K , f (hk ) is weakly preferred by each agent to

f (lk ). Since preferences are continuous, this property is preserved in the limit

and each agent weakly prefers g (h ) to g (l ). If M is bounded below, let g coin-

cide on the set of lower bounds of M with a non-contestable budget-monotone

15



rule that coincides with g at min M . If M is bounded above, let g coincide on

the set of upper bounds of M with a non-contestable budget-monotone rule

that coincides with g at maxM . Let X ≡ {m ∈ R \M : inf M < m < supM }.

Since M is closed, X is an open subset ofR. Suppose without loss of generality

that M is unbounded above and below. Thus, X can be written as the union of

pairwise disjoint intervals ∪k∈K (lk , hk )where K ⊆N. Let k ∈ K . We define g on

(lk , hk ). We claim that {lk , hk } ⊆M . Suppose by contradiction, and without loss

of generality, that lk ∈R\M . Thus, there is k ′ ∈ K such that lk ∈ (lk ′ , hk ′). Thus,

(lk , hk )∩(lk ′ , hk ′) 6= ;. This is a contradiction. Let N0 ⊆N be the set of agents who

are indifferent between g (lk ) and g (hk ). For each i ∈N0, and each m ∈ (lk , hk ),

let g i (m )≡ g i (lk ). Letα(lk ) be the set of objects received by agents in N0 at g (lk )

and α(hk ) the set of objects received by agents in N0 at g (hk ). By the Decom-

position Lemma, α(hk ) = α(lk ). For each i ∈ N \N0, let g coincide on (lk , hk )

with a non-contestable budget-monotone rule, for population N \N0 endowed

with objects A \αk that interpolates g (lk )|N \N0
and g (hk )|N \N0

. Let m ∈ (lk , mk )

and (x ,µ)≡ g (m ). By the Decomposition Lemma for each α ∈ A \αk , xα is less

than the consumption of money of the agent who receives α at g (hk ). Since

g (hk ) ∈ F , g (m ) ∈ F . It is straightforward to prove that for each pair {l , h} ⊆ R

such that h > l , each agent weakly prefers g (h ) to g (l ).

Let f be a non-contestable rule and M ⊆ R the set of budgets at which f

is budget-monotone. It may be impossible to find a non-contestable budget-

monotone rule that coincides with f on M .10 A satisfactory approximation is

available, however.

Theorem 4. Let f be a non-contestable rule and M ⊆ R the set of budgets at

which f is budget-monotone. Then, for each δ > 0 there is ∆ ⊆ R, which can

be covered with a set with Lebesgue measure no greater than δ, and a non-

contestable budget-monotone rule that coincides with f on M \∆.

Proof. Suppose without the loss of generality that M 6= ;, for otherwise the re-

sult trivially follows from Theorem 1. Let M be the closure of M and X ≡R\M .

Since M is closed, then X is open. Thus, X can be written as the union of

pairwise disjoint intervals ∪k∈K (lk , hk ) where K ⊆ N (here there may be an

interval whose lower limit is −∞ and an interval whose upper limit is +∞).

We claim that for each k ∈ K , lk ⊆ M ∪ {−∞} and hk ⊆ M ∪ {+∞}. Sup-

pose by contradiction and without loss of generality that lk ∈ R \M . Then,

10An example that shows this is a rule f that assigns the same allotment to an agent for an

interval say [l , h ] but otherwise the welfare of all agents increases with the aggregate budget.

Here M = (−∞, l )∪ (h ,+∞). If g is non-contestable and budget-monotone and coincides with

f on M , all agents prefers g (h ) to g ((l +h )/2). But, g (h ) is no better than f (h ). Thus, there is no

such a g .
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there are two intervals in ∪k∈K (lk , hk ) that are not disjoint. This is a contradic-

tion. Let M
∗

be the set of isolated points in M , i.e., m ∈M such that there are

{k , k ′} ⊆ K , such that hk = m and lk ′ = m . Since K is at most countable, so

is M
∗
. The set X ∪M

∗
can be written as a the union of pairwise disjoint inter-

vals ∪k∈K (lk , hk ) where K ⊆ N and for each k ∈ K , lk ∈ M \M
∗
∪ {−∞} and

hk ∈M \M
∗
∪ {+∞}. Let k ∈ K . Suppose first that lk = −∞. Then, hk ∈ R,

for otherwise M = ;. Then, let g coincide on [lk , hk ) with a non-contestable

budget-monotone rule that coincides with f at hk . Suppose now that hk =+∞.

Then, lk ∈ R, for otherwise M = ;. Then, let g coincide on [lk , hk ) with a non-

contestable budget-monotone rule that coincides with f at lk . Finally, suppose

that {lk , hk } ⊆M \M
∗
. Denote the Lebesgue measure by λ. Let ǫk be the min-

imum of δ/4k , λ({l ∈M \M
∗

: l ≤ lk , there is no m ∈ X ∪M
∗
, m ≥ l })/3, and

λ({h ∈ M \M
∗

: h ≥ hk , there is no m ∈ X ∪M
∗
, m ≤ h})/3. Since {lk , hk } ⊆

M \M
∗
, ǫ > 0. Moreover (lk + ǫ, lk ) ∩M 6= ; and (hk , hk + ǫ) ∩M 6= ;. Let

l ′k ∈ (lk + ǫ, lk ) ∩M and h ′k ∈ (hk , hk + ǫ) ∩M . Let g coincide on [l ′k , h ′k ] with

a non-contestable budget-monotone rule that interpolates f (l ′k ) and f (h ′k ). Let

C ≡ R \ ∪i∈K [l
′
k

, h ′
k
]. Since ∪i∈K [l

′
k

, h ′
k
] ⊇ X , C ⊆ M . Since M

∗
is countable,

then λ(M
∗
) = 0. Thus, λ(M \ C ) ≤

∑
k∈K δ/2

k ≤ δ. For each m ∈ C ∩M , let

g (m ) = f (m ). For each m ∈C \M , let g (m ) be the limit of a convergent subse-

quence of { f (mk )}k∈N where {mk }k∈N is a sequence in M that converges to m .

Since M \ C ⊆ M \ C and C ∩M = M \ (M \ C ), then g coincides with f on

the desired set. Since preferences are continuous g is non-contestable. Finally,

we prove that g is budget-monotone. Let m ∈ C . We claim that g is budget-

monotone at m . Let h >m . We claim that each agent prefers g (h ) to g (m ). Let

l ′ ≡ min{l ′
k

: m ≤ l ′
k

, k ∈ K }. Since h > m , there are {m ′, m ′′} ∈ (m , lk ) ∩M

such that m ′ <m ′′. Thus, each agent prefers g (m ′) to g (m ) and whether g (h )

is defined by means of a limit or not, each agent prefers g (h ) to g (m ′′). Since

{m ′, m ′′} ⊆ C ∩M , then f (m ′) = g (m ′) and f (m ′′) = g (m ′′). Since f is budget-

monotone on M , then each agent prefers g (h ) to g (m ). A similar argument

shows that for each l <m , each agent prefers g (m ) to g (l ). Since the intervals

[l ′
k

, h ′
k
] are pairwise disjoint, for each m ∈ ∪i∈K [l

′
k

, h ′
k
], g is budget-monotone

at m .

4.2 Non-conditional existence of non-contestable allocations with a

lower bound or an upper bound on consumptions of money: a

characterization

Our results concerning existence of budget-monotone rules can be used to fur-

ther our understanding of the conditions necessary for the existence of non-

contestable allocations with a minimum or maximum individual consumption
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of money constraint. Think for instance of objects in our model as tasks and

consumption of money as salaries with a minimum salary constraint. Think

also of objects in our model as rooms and consumptions of money as contri-

bution to rent, with the natural constraint that no roommate is paid to occupy

a room.

Two basic results have been previously obtained concerning this problem.

First, for a given preference profile, if budget is large enough, there are non-

contestable allocations satisfying a given lower bound in consumptions of money

(Svensson, 1983, 1987; Maskin, 1987; Alkan et al., 1991; Velez, 2015). Second,

whenever all agents are indifferent between receiving any object with no money,

for each negative budget (say the rent in the roomates case) there are non-

contestable allocations in which each agent’s consumption of money is no greater

than zero (Su, 1999). These two sets of results are not tight, however. That is,

one can find profiles of preferences violating the conditions stated in all these

results and for which (i) for each positive budget there are non-contestable allo-

cations in which each agent receives a positive consumption of money, and (ii)

for each negative budget there are non-contestable allocations in which each

agent receives a negative consumption of money. We state necessary and suf-

ficient conditions guaranteeing that (i) and (ii) above are satisfied. Interest-

ingly, these two conditions are equivalent and hold if and only if there is a non-

contestable allocation in which each agent receives an object and no money.

This last condition is well known to be characterized as follows: for each set

of k ≤ n agents, the union of their best objects (i.e., the objects in their best

bundles with no money) has at least k objects (Gale, 1960). Our characteriza-

tion easily follows from a corollary to Theorem 1 that we state first and omit its

straightforward proof.

Corollary 1 (Interpolation of one non-contestable allocation). Let m ∈R and

z ∈ F . Then there is a non-contestable budget-monotone rule f such that f (m ) =

z .

Proposition 1. The following are equivalent:

1. For each m ∈R such that m < 0, there is (x ,µ)∈ Fm such that x ≪ 0;

2. For each m ∈R such that m > 0, there is (x ,µ)∈ Fm such that x ≫ 0;

3. There is (0,µ)∈ F0;

4. For each S ⊆N ,
��⋃

i∈S {α ∈ A : for each β ∈ A, (0,α)Ri (0,β )}
��≥ |S |.

Proof. From Gale (1960, Theorem 5.2, Pag. 144) there exist a bijection µ : N →

A such that for each i ∈ N , µi ∈ {α ∈ A : for each β ∈ A, (0,α)Ri (0,β )}, if and
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only if for each S ⊆N ,
��⋃

i∈S Bi

��≥ |S |. Thus, statement 4 is equivalent to state-

ment 3. Suppose that there is z ≡ (0,µ) ∈ F0. By Corollary 1, there is f non-

contestable and budget-monotone such that f (0) = (0,µ). Thus, for each m > 0,

f (m ) ∈ Fm and each agent prefers f (m ) to f (0) = (0,µ). By the Decomposition

Lemma each agent receives a positive consumption of money at f (m ). Thus,

statement 3 implies statement 2. By continuity of preferences statement 2 im-

plies statement 3. A similar argument shows that statements 1 and 3 are equiv-

alent.

4.3 Continuity properties of the non-contestable correspondence

A byproduct of our proof of Theorem 1 is that for each non-contestable and

budget-monotone rule the welfare of each agent and for each object the con-

sumption of money associated with the object are all continuous functions of

the budget.

Proposition 2. Let f be non-contestable and budget-monotone.

1. Let w ≡ (wi )i∈N be a continuous representation of R . Then, for each

i ∈N , wi ◦ fi is continuous.

2. Let α ∈ A. For each m ∈ R, let yα(m ) ∈ R be the consumption of money

of the agent who receives object α at f (m ). Then, yα is continuous.

Proof. For statement 1 see the proof that statement 1 implies statements 2

and 4 in Theorem 1. For statement 2 see the proof of that statement 1 implies

statements 3 and 5 in Theorem 1.

Let u ≡ (ui )i∈N be a continuous representation of R . Our results allow

us to better understand the continuity properties of the correspondence that

assigns to each budget its possible utility outcomes, i.e., m ∈ R 7→ u (Fm ) ≡

{(ui (zi ))i∈N ∈R
N : z ∈ Fm}.

11 First, statement 1 in Proposition 2 directly implies

that there is always a continuous selection from the correspondence u (F·). This

is an unusual result for a correspondence that is not convex-valued (Michael,

1956). Second, Corollary 1 and Proposition 2 directly imply that u (F·) is lower-

hemicontinuous, i.e., for each m ∈ R, each sequence {mk }k∈N such that as

k →∞, mk → m , and each v ∈ u (Fm ), there is a sequence {vk }k∈N such that

for each k ∈N, vk ∈ u (Fmk
) and as k →∞, vk → v .

11The correspondence m ∈R 7→ Fm may be discontinuous, for an assignment of objects may

be sustained in a non-contestable allocation for only a subset of all possible budgets.
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Finally, statement 2 in Proposition 2 is useful in the study of the general-

ization of our model in which there are more objects than agents. Here non-

contestable allocations may be inefficient (Alkan et al., 1991). However, one can

prove that there are non-contestable and efficient allocations for each possible

budget as follows. Suppose that there are o objects and o > n . First, introduce

o −n agents who value only money. We refer to the economy with o agents as

the extended economy. Since the preferences of the fictitious agents are con-

tinuous, for each budget, say m ∈ R, there is an non-contestable allocation in

the extended economy with this budget (Alkan et al., 1991; Velez, 2015). Let z

be such an allocation. The restriction of this allocation to the “real agents”, i.e.,

(zi )i∈N is efficient for the initial economy (Alkan et al., 1991). This, does not

prove the existence of a non-contestable and efficient allocation in the original

economy for budget m , because the fictitious agents may receive some con-

sumption of money at z . Here is where statement 2 in Proposition 2 comes into

play. It directly implies that one can select for each budget a non-contestable

allocation in the extended economy in a way that the aggregate consumption

of money of the agents in N is a continuous function of the budget. Thus, by

a simple fixed point argument, one can show that for each budget, there is a

non-contestable and efficient allocation in the economy with o objects and n

agents. Moreover, these allocations can be selected so the welfare of each agent

is an increasing function of the budget.

5 Appendix

Lemma 2 (Decomposition Lemma; Alkan et al. (1991)). Let z ≡ (x ,µ) ∈ F and

bz ≡ (bx , bµ) ∈ F . Then, both µ and bµ are bijections between:

(i) {i ∈N : zi Pi bzi } and {α ∈ A : xα > bxα}.
(ii) {i ∈N : zi Ii bzi } and {α ∈ A : xα = bxα}.
(iii) {i ∈N : bzi Pi zi } and {α ∈ A : bxα > xα}.
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