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Abstract. Subordination of a killed Brownian motion in a domain D C R? via an «/2-sta-
ble subordinator gives rise to a process Z, whose infinitesimal generator is —(—A|p)%/?, the
fractional power of the negative Dirichlet Laplacian. In this paper we establish upper and
lower estimates for the density, Green function and jumping function of Z; when D is either
abounded C!! domain or an exterior C!"! domain. Our estimates are sharp in the sense that
the upper and lower estimates differ only by a multiplicative constant.

1. Introduction

Let X, be a d-dimensional Brownian motion in R4 and T; an o /2-stable subordi-
nator starting at zero, 0 < o < 2. It is well known that ¥, = X7, is a rotationally
invariant a-stable process whose generator is —(—A)%/2, the fractional power of
the negative Laplacian. The potential theory corresponding to the process Y is the
Riesz potential theory of order «.

Suppose that D is a domain in R¢, that is, an open connected subset of RY.
We can kill the process Y upon exiting D. The killed process ¥ ” has been exten-
sively studied in recent years and various deep properties have been obtained. For
instance, when D is a bounded C!:! domain, sharp estimates on the Green function
of Y were established in [4] and [14].

Let A|p be the Dirichlet Laplacian in D. The fractional power —(—A|p)%/?
of the negative Dirichlet Laplacian is a very useful object in analysis and partial
differential equations, see, for instance, [19] and [16]. There is a Markov process
Z corresponding to —(—A| )% which can be obtained as follows: We first kill
the Brownian motion X at tp, the first exit time of X from D, and then we subor-
dinate the killed Brownian motion using the «/2-stable subordinator 7;. Note that
in comparison with Y ? the order of killing and subordination has been reversed.
For the differences between the processes Y D and Z, see [18].

Despite its importance, the process Z has not been studied much. In [11], arela-
tion between the harmonic functions of Z and the classical harmonic functions in D
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was established. In[13] (see also [9]) the domain of the Dirichlet form of Z was iden-
tified when D is a bounded smooth domain and « # 1. In the recent paper [18] with
Vondracek, we studied the process Z in detail and established, among other things,
the behaviors of the jumping function J and the Green function G p of Z when D is
abounded C1-! domain. Recall that a bounded domain D in Rd, d > 2,is said to be
abounded C'+! domain if there exist positive constants ro and M with the following
property: for every z € 8D and r € (0, ro], there exist a function ', : R~ — R
satisfying the condition |VI';(§) — VI';(n)| < M|§ —n|forall &, € R~ and
an orthonormal coordinate system CS, such thatif y = (y1,..., yg) in the CS;
coordinates, then

B(Zv")mD:B(Za’")m{)“yd > Fz()’lv--~a}’d—l)}~

A bounded domain in R! is a finite open interval. So when speak of a bounded
C'! domain in R!, we mean a finite open interval. It is well known that for a
bounded C!'! domain D, there exists r; > 0 depending only on D such that for
any z € 3D and r € (0, r1], there exist two balls B (r) and B3 (r) of radius r such
that Bf(r) C D, B3(r) C (D)¢ and {z} = dBi(r) N dB3(r). One of the main
results of [18] is the following

Theorem 1.1. Suppose that D is a bounded C'' domain in R¢ and o € (0, 2).
Let p(x) stand for the Euclidean distance between x and the boundary 9 D of D.

(1) There exist positive constants C1 and C, such that forall x,y € D,

1
Cip()p() < J(x,y) < Cs (p(x)p(y) )

Ix — yI? |x — y|d+e

(2) If d > «, then there exist positive constants C3 and Cy4 such that for all
x,y €D,

1
C3p()p() < Golx, y) < Cy ("(’“)p(yz) A 1) _
=y ) =y

The lower bounds in the theorem above are very poor when |x — y| is small.
One of the main purposes of this paper is to establish sharp lower bounds which
differ from the upper bounds only by multiplicative constants. We are also going
to establish sharp estimates on the transition density of the process Z.

The content of this paper is organized as follows. In Section 2 we review some
preliminary results on subordinate killed Brownian motions obtained in [18]. In
Section 3 we review the sharp estimates obtained in [20] and [21] of the transition
density of killed Brownian in D when D is a bounded C!'! domain or an exterior
C!! domain in R? (d > 3) and extend the sharp estimates in the bounded domain
case to dimensions 1 and 2. In Section 4 we establish sharp estimates for the density,
Green function and the jumping function of Z when D is a bounded C!-! domain
or an exterior C!'! domain.



608 R. Song

2. Preliminary results on subordinate killed Brownian motion

Let X' = (@', 71, F!, X!, 6!, P1) be a d-dimensional Brownian motion in R9,
and let T2 = (Q2, G2, le, P2) be an « /2-stable subordinator starting at zero,
0 < a < 2. We will consider both processes on the product space Q = Q! x Q2.
Thus we set F = Fl x G2, F, = ftl xG% and P, = IP’}C x P2, Moreover, we define
X(w) = X", Ty(w) = T?(®?), and 6,(w) = 6} (w"), where w = (0!, w?) €
Q. Then X = (2, F, F;, Xy, 6;, Py) is a d-dimensional F;-Brownian motion, and
T = (2,4, T;, Py) is an «/2-stable subordinator starting at zero, independent of
X for every P,. From now on, all processes and random variables will be defined
on Q.

Let A, = inf{s > 0 : T; > ¢} be the inverse of 7. Since (7;) is strictly
increasing, (A;) is continuous. Further, A7, =t and Ty, <s < Tq,.

We define a process Y subordinate to X by ¥; = Xr,. Itis well known that Y is
a rotationally invariant «-stable process in R4, If W is the distribution of 7; (i.e.,
(s, t = 0) is the one-sided «/2-stable convolution semigroup), and (P, t > 0)
the semigroup corresponding to the Brownian motion X, then for any nonnegative
Borel function f on RY, Ex(f(¥;)) = Ex(f(X7,)) = Ex(Jy° f(Xy) s (ds)) =
J5 Py f () (ds).

Let D R be domain, and let rg =inf{t > 0: Y; ¢ D} be the exit time of
Y from D. The process Y killed upon exiting D is defined by

Y[D:{Yt,t<r§ :{XT,,f<fé
9, t>r1p 9, t>1p

where 0 is an isolated point serving as a cemetery.

Let tp = inf{t > 0 : X; ¢ D} be the exit time of X from D. The Brownian
motion killed upon exiting D is defined as

XD_ Xtvt<TD
;=
d, t>1p

We define now the subordinate killed Brownian motion as the process obtained
by subordinating X via the o/2-stable subordinator 7. More precisely, let Z, =
(XP)r,,t > 0. Then

7, = XTtaT‘[<TD_ XTf7t<ATD
"Tle. Tizwm T |a, 1= A,

where the last equality follows from the fact {T; < tp} = {t < A,}. Note that
Ay, is the lifetime of the process Z. Moreover, it holds that A;,, < rg. Indeed, if
s < Aqp, then Ty < tp, implying that Yy = X7, € D. Hence, s < Tg. Therefore,
the lifetime of Z is less than or equal to the lifetime of Y.

For any nonnegative Borel function f on D, let

O f(x) =By [f (Y] = Ex[f(Yp), t < 5] = B[ f(X7,), 1 < 7]
R f(x) = Ey[f(Z)] = Bx[f (XP) 1] = Bul £ (X7,), t < Agp]

Since A, < tl’;, it follows that R; f(x) < Q; f(x) for all > 0.
The following result was established in [18].
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Proposition 2.1. Suppose that there exists C € (0, 1) such that Py(X; € D) < C
foreveryt € (0, 1) and every x € dD. Then

1-00-R1x) =1-0/1(x) =1—R1(x) 2.1
foreveryt € (0, 1) and every x € D.

A domain D C R is said to satisfy an exterior cone condition if there exist a
cone K with vertex at the origin and a positive constant rg, such that for each point
x € dD, there exist a translation and a rotation taking the cone K into a cone Ky
with the vertex at x such that

K, N B(x,ry) C D°N B(x,rp).

Here B(x, ro) denotes the ball of radius ry centered at x. It is easy to show that
the condition in Proposition 2.1 is true for a any domain D C R¢ satisfying an
exterior cone condition. It is well known that bounded C'-! domains and exterior
C!! domains satisfy the exterior cone condition.

Letq(t, x, y) = q(t, y—x) be the transition density of the rotationally invariant
a-stable process Y. Itis well known that the transition semigroup Q, corresponding
to the killed stable process also has a density. Let ¢ (¢, x, y) be this density. Let
r(t, x, y) be the density of R; and let pD (t, x, y) be the transition density of the
killed Brownian motion X . The density (¢, x, y) is given by the formula

r,x,y) = /0 pD(s, x, y) u(t, s)ds, (2.2)

where (¢, s) is the density of the one-sided «/2-stable convolution semigroup
u:. Let Gp(x,y) and G g(x, y) denote the Green functions of Z and Y D respec-
tively.The Green function of Z is given by

1
T(e/2)

o0 o0
Gp(x,y) = / r(t, x,y)dt = / PP, x, > ar.  (2.3)
0 0

The following elementary result was shown in [18].
Proposition 2.2. Let D be a domain in R,

(i) The transition density r(t, x, y) of Z is jointly continuous in (x, y) for each
fixedt. Further, r(t,x,y) < qP(t,x,y) forallt > Oandall (x,y) € D x D.

(ii) When d > «, the Green function G p(x, y) is finite and continuous on D x
D\ {(x,x),x € D}.

It is well known (see, for instance, Example 1.4.1 of [10] and (2.20) of [2]) that
the Dirichlet form (€7, F) associated with Y is given by

1 - _
£ (u.v) = JAW. ~o) A’W /R,, (u(x) —u(y)(wx) —vy) dxdy

|x—y|d+"‘

((x) — u(y))?

= L2(RY) -
d {ue (& R JrRa  |x — y|dte

dxdy < oo} ,
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where
ol (%)

T2 2T = %)

Ald, —a)

If D is a domain in R, then the Dirichlet space on LZ(D, dx) of the killed
rotationally invariant a-stable process Y2 is (£Y, FP) (cf. Theorem 4.4.3 of [10]),
where

FP ={feF: f=0qe. onDY}.

Here q.e. is the abbreviation for quasi-everywhere with respect to the Riesz capacity
corresponding to the process Y. For u, v € F D g¥ (u, v) can be rewritten as

€ (u.v) = /D /D () — u()) ) — v I (x. y) dxdy
—i—/ u(x)v(x)/cy(x)dx,
D
where

1 _
JV(x,y) = SAW, —)lx =yl dte) (2.4)

1

Y
k' (x) = Ald, —a) _
pe |x — yldte

dy. (2.5)
JY and k¥ are called the the jumping and killing functions of ¥ ? respectively.

Z is a symmetric Markov process and so there is a Dirichlet form (£, D(£))
associated with Z. Let P,” be the transition semigroup corresponding to the Brown-
ian motion killed upon exiting D and recall that the corresponding transition density
is denoted by pD (t, x, y). It follows from [3] and [15] (see also [12]) that the jump-
ing function J (x, y) and the killing function « (x) of the process Z are given by the
following formulae respectively:

J(x.y) = /O PPt x. ) v(dn) 2.6)
K(X)Z/ (1 — PP1(x)) v(dr), 2.7)
0
where )
v(dt) = Lt‘“‘/z‘l dt
r(l—a/2)

is the Lévy measure of the «/2-stable subordinator.

It is easy to see from (2.6) that J(x, y) < JY(x, y) for every x, y € D. The
following result, proven in [18], shows that the killing functions « (x) with kY (x)
are comparable.

Proposition 2.3. Suppose that there exists C € (0, 1) such that Py (X; € D) < C
foreveryt € (0, 1) and every x € dD. Then

(1-0Cx(x) <k¥(x) <kx), foreveryx € D. 2.8)
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Remark 2.4. When D is a bounded C''! domain or an exterior C!'! domain, it
follows easily from (2.5) that there exists a positive constant C such that

Crlp)™ =i’ (0) = Ci(p(x) ™, x€D.
By using this and Proposition 2.3 it follows that there exists a constant C; such that

Cyl (p(x) ™ <k(x) < Calp(x)™*, x€D.
3. Estimates on the density of killed Brownian motion

Recall that, for any domain D in R?, p? (¢, x, y) stands for the transition density of
killed Brownian motion in D. In this section we will concentrate on getting sharp
estimates on pP.

Theorem 3.1. If D is a bounded C-' domain in R?, then there exists a constant
C > 0 such that for any t > 0 and any x,y € D,

2
_d/ze _|x_y| ).

p(x)p(y) xp(
t P 6t

pP(t, x,y) < C( A Dt

Proof. Let ¢y be the ground state of the Dirichlet Laplacian —A p. It is well known
that when D is a bounded C!*! domain, there exists a constant c1 such that

Tl o) < gox) <c1p(x), xeD.

Now we can repeat the proof of Theorem 4.6.9 of [7] to show that there exists a
constant ¢ > 0 such that for any # > 0 and any x, y € D,

Ix — y|?

PP, x,y) < cat 7Dy (x) o (y) exp(— <

).

Combining the two displays above we get that there exists ¢z > 0 such that for any
t >0andany x,y € D,

2
—(d+2))2 |x — ¥ )

pP(t, x,y) < cat PEP(Y) exp(——

Now the theorem follows by combining the above with the trivial estimate

—-dJ2 |x _y|2)
2t 7

pD(t,x, y) < (2mt) exp(— t>0,x,yeD. |

The following result was recently established in [20].

Theorem 3.2. If D is a bounded C L1 domaininR?, d > 3, then there exist positive
constants Ty, C1 and Cy such that for any t € (0, To] and any x,y € D,

)
px)p(y) A l)t_d/zexp(—C2|x ¥yl ).

pP(t,x,y) = Ci( .
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Remark 3.3. From Theorem 4.2.5 of [7] we know that, when D is a bounded C!!
domain, there exists S > 0 such that forallz > Sand x,y € D,

! 3
5¢ 1 90(0)P0 () < pP (1. x.y) < ST g0 (0)do (),

where Ag is the eigenvalue of the Dirichlet Laplacian —A|p corresponding to the
ground state ¢p. Therefore one can not expect the lower bound in the theorem above
to be true for all r > 0.

One of the main goals of this section is to show that the theorem above holds
in dimensions 1 and 2 also. Before we do that, we establish some lemmas first.

Lemma 3.4. If D is a bounded C L1 domain in R?, there exists C > O such that
forall x,y € D with2|x —y| > p(x) V p(y),

1 -

_p(x)p(yQ) <G y) < Cp(x)p(yz)’

C [x—yl lx — yl

where G p stands for the Green function of the killed Brownian motion in D.

Proof. 1t follows from Theorem 6.23 of [6] that there exists ¢; > 0 such that for
allx,y € D,

1 .
—1n(1+m> SGD(x,y)fclln<1+&p();)). 3.1)
¢ lx — vl lx — ¥l

When x, y € D satisfies 2|x — y| > p(x) V p(y), we have

p(x)p(y)

<4.
lx =yl
Therefore in this case the inequalities in (3.1) are equivalent to

1p@e» _
o lx—yP =

Gp(x. y) < ,20P0)
lx — ¥l

for some ¢y > 0. O

Lemma 3.5. Suppose that D is a bounded C'' domain in R, d = 1, 2. For any
ay > 1, there exist positive constants Tyg, C1 and C, depending only on D and a;
such that whenever t € (0, Ty, pz(x) > ait and pz(y) > ait we have

C Colx — yI?
PPt %, y) 2 s exp(— 2,
t t
Proof. One can repeat the proof of Lemma 2.1 of [20] to get this result. O

Lemma 3.6. Suppose that D is a bounded C' domain in R¢, d = 1, 2. For any
ay > 1, there exist positive constants To, C1 and Cy depending only on D and a;
such that whenever t € (0, Ty, p2(x) < ait and pz(y) > 16at we have

Cip(x) Calx — y|?
D
p (@t x,y) > NP ESTY) exp(— ;

).
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Proof. This proof is similar to the proof of Lemma 2.2 of [20]. We first deal with
the case d = 2. Let Ty = ¢~ 6 o where r; is the constant specified at the end of
paragraph before Theorem 1.1. Given x € D such that p?(x) < ajt,letx € 3D be
such that [x — x| = p(x). Let x; be chosen so that: x — x; and x — X are co-linear,

p(x;) = N 2a1t, |x — x;| < +/2a1t. Then for any y € D satisfying p2(y) > 16ayt,

3
ly —x| = p(y) — p(x) = 3Jait > —|x — x|

V2
Hence
Iy—xtlZly—XI—Ix—xtlzély—XI (3.2)
[y —x| = Ix =yl +|x — x| < 4lx —yl. (3.3)

Let yp € D be chosen so that: X — yg and x — X are colinear, p(yg) = 4\/57 Then
Ix — yo| < 4y/ait. Now write u(z,s) = pP(s,z,y) and v(z) Gp(z, y0).
Both u and v are positive solutions of the equation d;u = Auw in the region
(B(x,3.5\/aif) N D) x (0, 00) and u(z,s) = v(z) = 0 when z € dD. By the
local comparison theorem in [8], there exists ¢; > 0 such that

u(x,r) - u(xy, t/2)

>l
v(x) v(xr)
that is,
Gp(x, y0) D
PPt x,y) = o) = (— X1, ¥).
GD(Xt, YO)
Obviously we have
px) p( 0)
x = Yol = p(0) = p() = 3art > 2/art = = v
(X) (o)
% — Yol = p(y0) — p(x) = 24/ant = 252 Ty
Thus by Lemma 3.4 we have
p(x)p(yo) |xi —yol* p ¢ p(x)

PD(LX,)’)ZQ p (vaszz 1/217 ( ) t,)’)

lx — yol2 p(x)p(y0)
Here we used the facts that |x; — yo|/|x — yo| = 1/2 and p(x;) = +/2a;t. Since
,oz(xt) = 2ayt and p2(y) > 16at, the previous lemma implies that

2 2
p,t 4 cslxr — yl C6 c7lx — yl
=, X1, y) > —exp(————) > —exp(——
p(zty)tp( ; )tp( ; )

where in the last inequality is due to (3.3). The proof of the lemma in the case of
d = 2 is now complete.

The proof of the case d = 1 is similar to that of d = 2, we only need to replace
Lemma 3.4 by the exact formula for G p in this case. O
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Lemma 3.7. Suppose that D is a bounded C' domain in R, d = 1, 2. For any
ay > 1, there exist positive constants Ty, C1 and C, depending only on D and a>
such that whenever t € (0, Ty, pz(x) < art and pz(y) < axt we have

Cip(x)p(y) Calx — y|?
D
prt,x,y) = t(d—Q——Z)/ZeXp(_f

).

Proof. With the two lemmas above, one can now repeat the proof of Lemma 2.3 in
[20] to get this result. |

Now we are ready to extend Theorem 3.2 to dimensions 1 and 2.

Theorem 3.8. If D is a bounded C L domain in Re, d = 1,2, then there exist
positive constants Ty, C and Co such that for any t € (0, Tp] and any x,y € D,

C 412
A )42 exp(= 2T

px)p(y)
t t

PPt x, y) = Ci(
Proof. Foranyt > 0 anda; > 1, put

Dy = {(x,y) € D x D: p*(x) = ait, p*(y) > ait}

Dy = {(x,y) € D x D: p*(x) < ait, p*(y) > 16a;t}
D3 ={(x,y) € D x D: p*(x) > 16ait, p*(y) < ajt}
Dy = {(x,y) € D x D: p*(x) < 16a1t, p>(y) < 16a1t},

then D x D = D1UD>UD3U D4.In D1, we use Lemma 3.5, while in D4 we apply
Lemma 3.7. When (x, y) € Dy we know by Lemma 3.6 that there exist positive
constants ¢; and ¢, such that

c1p(x) colx — y|?
PP X, y) = s exp(— ).

Using the simple fact that p(y) < p(x) + |x — y|, we get that

p(y) calx =yl lx =l calx =yl
exp(— < a + exp(——— ) <c¢
7 p( ; ) = Wai NG ) exp( ; ) =3
for some constant c¢3. Thus
D cap(x)p(y) 2cp]x — y|?
pt,x,y) = t(dJr—z)/zeXP(—f)-
D3 can be treated similarly. O

The following result extends the above result to arbitrary finite time intervals.

Theorem 3.9. If D is a bounded C'' domain in R¢, then for any T > 0, there
exist positive constants C1 and C such that for any t € (0, T] and any x,y € D,

_Gofx — yI?
t

p(x)p(y) .

pP(t,x,y) = Ci( 1) ~4/% exp( ).
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Proof. We are only going to prove the result for 7 = 2Ty, where Ty is the constant
specified in Theorem 3.2 when d > 3 and Theorem 3.8 when d < 3. Then we
can repeat the argument to go from 27y to 4Tp, and then 87y, 16Ty, ..., to get the
general case.

Throughout this proof, Cy stands for the constant C» in Theorem 3.2 when
d > 3 and for the constant C, in Theorem 3.8 when d < 3. Without loss of gener-
ality we may assume that C; > 1/6. For any ¢ < Ty, by Theorems 3.2 and 3.8 we
have

PPt x. y) / PPt %, PP 2, y)dz
D

Cl/(p(x)tp(z) Al)fd/ze,w(p(z)tp(y)

v

A2

_ 20—yl
e T dz

Putting s = #/(12C3) and using the elementary fact that for any ¢ > 1,

L@r) oy o PDPW) yy  PDPD) 0k y e D,
c t ct t
(3.4)
we get that

pD(2t,x, y)

v

CZ/(M/\I)S
D N

p(z)sp » N

x(

v

63/ pP (s, x, 2)pP (s, 2, y)dz = c3pP (25, x, y),
D

where in the last inequality we used Theorem 3.1. Since 2s = ¢/(6C2) < Ty, we
can apply Theorems 3.2 and 3.8 to get

C —_ v|2
p (2t X,y) > cq (M A 1)(25)7d/2 exp(— 2|)C2 ¥ )
s
p(xX)p(y) —dp colx — y|?
——= A 12 =z
> c5( 2 A 1)(2t) exp( 5 ),
where in the last inequality we used (3.4). 0

A domain D in R? (d = 2) is said to be an exterior domain if its comple-
ment is a compact set. An exterior domain is said to be an exterior C!*! domain
if there exist positive constants o and M with the following property: for every
z € dD and r € (0, rol, there exist a function ', : RY~! — R satisfying the
condition |VI',(§) — VI, (n)| < M|€ — | forall £, n € R¥~! and an orthonormal
coordinate system CS; such thatif y = (y1, ..., y4) in the CS; coordinates, then

B(z,r)ND = B(z,r) N {y:ya>T:(y1,....ya-1)}.

For exterior C!'! domains we have the following result.
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Theorem 3.10. If D is an exterior C L1 domain in RY, d > 3, then there exist
positive constants Cy1, Co, C3z and Cy4 such that for any t > 0 and any x,y € D,

Cylx—y|?
CI(P(X)P()’) A 1)t_d/2e_ 21
t A1

< pP@t,x,y)

iy Calx—yP?
=< C5( d12e==,

px)p(y) At
tAl

Proof. 1t follows from Theorem 1.1 of [21] that there exist positive constants c1,
¢, ¢3 and ¢4 such that for any r > 0 and any x, y € D,

p(x) p(y) —d/2 _M
01(\/;A1/\1)(\/;A1/\1)t e

< pPt,x,y) < es(

p(x) A p(y) Al)z*d/zef‘"”?‘"z.

JEA JEA

So the upper bound in the theorem follows immediately.
When p(x) V p(y) < /T A 1, or when p(x) A o(y) = J/t A1, we have

p(x) A Py A 1):(p(x)p(y) o

Vial NN tal

If p(x) < /tAland p(y) > /1 A1, then using the inequality p(y) < p(x)+|x—y|
and the fact that for any ¢ > 0 the function se=¢ is bounded on (0, 00) we see
that

( 1).

p(x) p(y) —dy kol
c Al A )t e 1
l(ﬁA n )(ﬁA 1 )
opla—y?
= p(x) t_d/ze_zli
VAL
> s p(x)  py) e,lext—xﬁ fd/ze,cwt—.vlz
T OUOVIALVEAL
2e9 lx—y|?
_ Csp(x)p()’)t_d/ze_%
tnl
205 x—y|?
> c5(p(x)p(y) A l)t_d/ze_zf}.
tAl
The proof is now complete. O

4. Sharp bounds on the density, Green function and the jumping kernel

We start this section with sharp estimates on the Green function and jumping func-
tion in the case of when D is a bounded C'-! domain.

Theorem 4.1. Suppose that D is a bounded C"' domain in R? and o € (0, 2).
Let J and G p stand for the jumping function and Green function of Z respectively.
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(1) There exist positive constants C| and C, such that forall x,y € D,

p()P() 1
“ ( x—yp2 " 1) = yjra =)

-0 <p(X)p(y) . 1) 1

Ix — yI? |x — y|dte

(2) If d > «, then there exist positive constants C3z and Cy4 such that for all
x,y €D,

. (M A 1) e <Gy
x =yl =yl

§C4<MM> !

Ix — yI? lx — y|4—«

Proof. The upper bounds were established in [18], so we only need to prove the
lower bounds. The proofs of the lower bounds for J and G p are similar, we are
only going to write down the details for G p. It follows from (2.3) that

1 o0
/ pP @, x, y** ar.
0

T(a/2)

GD(X, )’) =

Thus it follows from Theorem 3.9 that for any 7" > 0 there exist positive constant
c1 and ¢; such that

o CZ‘X*.\'|2

T
Gp(x,y) = F(Cl/z)/ (p(x)tp(y) A DS o~ gy
(04 0

We may and do assume that x # y. Let R be the diameter of the domain D. Without
loss of generality we may assume that R> = 7. Then for any x, y € D, we have
p(x)p(y) < R? = T. We now prove the lower bound by dealing with 2 separate
cases.

2 i
() 222~ 2 1n this case we have

p(xX)p(y)
p(x)p(y) « ey lx—y|?
Gp(x,y) = —— / S e Ty
~ T(a/2) Jo
—(d-a)/2 00
cic 1
= T /‘:2\X—v|2 s e ds
y PP
—(d-a)/2 00
5 1% 1 / Jd=a)/2-1 =5 g
C(a/2)  |x —yld=e Jp,
c104c2_(d_a)/2 1

F/2)  |x =yl

2 .
(i1) pl(); ;g ly) > 2. In this case we have
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T 2
¢ X o colx—y|
Gp(x,y) > M/ t7%72+7e7 2l dt
F@/2)  Jpmpm
—(d—a)/2-1 vyl
c1c,y d-a)/ pxX)p(y) / O (s g
_ yl|d+2— e lr—y|2
T(a/2)  |x —yl[dt27e Jakor?
—(d—a)/2—1
ag T _swe0) / 262 sd=)/2,=s g
I'(a/2) |x — y|d+2—ot o
—(d—a)/2—1
B c1csc2( @)/ p(X)p(y)
I'(/2) |x — y|d+2—a”
The proof is now complete. a

As a consequence of this result, we immediately get the following very useful
3G inequality. For an example of an application of this inequality, see [5].

Corollary 4.2. Suppose that D is a bounded C"' domain in R¢ and o € (0, 2). If
d > «, then there exists a constant C > 0 such that

Gp(x,y)Gp(y,2) <C (MG p(y)

, —=Gp(y, Coxy, D.
Gp(x,z2) = o) p(x y)+p(z) p(y z)> X,y,7 €

Proof. See the proof of Proposition 4.2 of [5]. O

Theorem 4.3. If D is an exterior C LY domain in RY, d > 3, then there exist
positive constants C1, Co, C3 and Cy4 such that forall x,y € D,

px)p(y) 1
G| A —— < T,
1(Ix—ylz/\l )Ix—y|d+"’_ (x.3)

§C2( p(x)p(y) M) 1

Ix —y> Al |x — y|d+e

p(x)p(y)
. (m A 1) oy <Gy

1
< px)p(y) Al
Ix —y> Al |x — y|9=«

Proof. The proofs for J and G p are similar, and so we only spell out the details
for G p. It follows from (2.3) that

1
T(e/)2)

o0
Gp(x,y) = / pPt, x, y)e** 1 ar.
0

From this and the trivial bound p?(z, x, y) < (4m)_d/ze_|x_Y|2/(4t) we can imme-
diately get that there is a ¢; > 0 such that

ci
Gp(x,y) < m, x,y€D.
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From the upper bound in Theorem 3.10 we get that

Gplx,y) <

00 2
(p(x)p(y) A 1) —doipy Gt

e
tAl

T (a/2)

where C3 and Cy4 are the constants in Theorem 3.10. Therefore we have for all
x,y € D, Gp(x,y) is bounded from above by

Cylx—y?
t

3 ! _i_2+2 —
e /0 P i e

Cylx—yP?

o0 d o )
/ p(X)p(Nt~ 2T 2e T dt
1

T(e/2)
p(xX)p(y) /oo e P

Cylx—yI?
t

C3
<<
= T« /2>
(ot [ Gt
Ta /2>p HPY ¢
- c2p(x)p(y) c3p(x)p(y) - p(x)p(y) 1
Tk =yl T =y T Sy Al x — e

The proof of the upper bound is now complete.

Now we prove the lower bound. It follows from the lower bound in Theorem
3.10 that

p(x)p(y) _d_jya Qo
p(x y)_F(a/Z)/ (———— A1 ADT27 T 2e dt

where C1 and C; are the constants in Theorem 3.10. We consider the following 4
separate cases.

(i) p(x)p(y) = 1. In this case we have

o« _ Coli—yl? c
: bt Rty o
C(a/2) Jo |x — y4=«

Gp(x,y) >

(i) p(x)p(y) < land |x — y|2 < 2p(x)p(y). In this case we have

px)p(y) a oy
/ t_%_“r?e_cz‘ = dt
L(e/2) Jo

o0
C6 d—a 1 _
= —d/ 5 s 2 16 Sds
e =yl Jo

P(x)p(y)

c6 d—a_q _ c7
iﬁ/ ST 2
|x — ¥ 20, lx — yl

Gp(x,y) >
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(i) p(x)p(y) < 1,|x —y|? = 2p(x)p(y) and |x — y|® < 1. In this case we have

C 1 o _ Coli—y?
Gp(r.y) = — ! PP g1 -2y,
[(a/2) p(x)p(y) t
-y
_ 08p(x),0(y) /J(X)p(y) dT =S ds
|)C - yld Co|x—yl|?
csp(X)p(y)  [2© ey
Y T, S
|x _ y|d+2fa C
cop(x)p(y) p(x)p(y) 1

= — = 09 P
|x — y|d+2—« Ix =y Al |x — yld—@

(iv) p(X)p(y) < 1, |x — y|? = 2p(x)p(y) and |x — y|* > 1. In this case we have

Cy o 142 Colx—yP?
Gp(x,y) > F/2) p)p(rE e
_clop)p(y) [CRP T
Tl =yl o ’ ’
clop()p(Y) [P aw_y
e e S
cip()ply) px)p(y) 1
=yl T My =y AT x = yde
The proof is now complete. O

Similar to Corollary 4.2, we have the following

Corollary 4.4. If D is an exterior C L1 domain in RY, d > 3, then there exists a
constant C > 0 such that

Gp(x,y)Gp(y,2) (p(y) Py
<C|—=Gpx,y)+ ——=Gp(,2) x,y,z€D.
Gp(x,z) p(x) p(2)
By using the same argument as in the proof of Theorem 4.3, we get the fol-
lowing sharp estimates for the Green function G p of killed Brownian motions in
exterior C1'1 domains. As far as we know, these estimates are new.

Theorem 4.5. If D is an exterior C L1 domain in RY, d > 3, then there exist
positive constants C1 and Cy such that for all x, y € D,

p(X)p(y) 1
o (RESRT ) ey = G

1
<0 px)p(y) N .
lx —y> Al Ix — y|4=2

Proof. The proof is similar to that of Theorem 4.3. We omit the details. O
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Now we deal with estimates on the density of (¢, x, y) of Z. We start with the
case of exterior C!! domains.

Theorem 4.6. If D is an exterior C LY domain in RY, d > 3, then there exist
positive constants C1 and Cy such that

_d+ta
p(x)p(y) _d Ix —y[2\ " 2
Cl((tz/o‘+|x—y|2)/\1/\1 tTe 1+ i/ <r(,x,y)

PP () e =y
SC2<<r2/°f+|x—y|2>A1“> (” /“>

Proof. Itis easy to see that the function on (0, o) x R? defined by

(t,8) +—>/ s~4/2 ‘*u(z s)ds

is comparable to the transition density ¢ (¢, &) of the rotationally invariant o-stable
process Y on R, Thus it follows from scaling and Theorem 2.1 of [1] that there
exist positive constants ¢ and ¢, such that for all £ € R4,

4 [k * —ap -l a N
(1 + m) S /(; s ,u(t S)dS < C2t « 1 + t2/a
4.1

Q

From this and the trivial bound p? (s, x, y) < (4ns)_d/ze_‘x_y|2/(4s) we immedi-
ately get that

0 _ vI2\ T 2
D _d lx — yl
rt,x,y) = po(s,x, y)u(t,s)ds <c3t e« |1+ a ,Xx,yeD,
0

for some c¢3 > 0. Using the upper bound in Theorem 3.10 we get that for all
x,y €D,

Cylx—y?

p(x )p(y)Al)s—d/ze— s u(t, s)ds,

r(rxy)<C/ (

where C3 and Cy are the constants in Theorem 3.10. Thus we have

1 2
X Cylx—yl
p( )P(y)s_d/ze_ 4oy
S

r(tvxvy)fc3/ /L(l,s)ds
0

+Cs /1 p(X)p()s™ ut, s)ds

C4\x—v|2

o0
< C3p(0)p(y) / @22 o
0
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© d/2 C4|x*)'\2
+C3p(x)p(y) / s742e™ Wt s)ds
0
| |2 7d+%+a
_d+2 X —y
<capx)p(E e <1+ 3 )

4 x—y*\ %
+esp(x)p(y)« | 1+ e

= P A
The proof of the upper bound is now finished.

12/

PP 4 (1+ |x—y|2>‘d¥“

Now we deal with the lower bound. It follows from Section 2.4 of [22] that

there exists M > 1 such that

_a_ _a_
cu 2V <p(luy<cgu 27, u=M

4.2)

for some positive constants ¢7 and cg. In the remainder of this proof, C1 and C»
stands for the constant C1 and C, in Theorem 3.10 respectively. We are going to

prove the lower bound in the following separate cases.
(i) p(x)p(y) = 1. In this case we have

Cale—y?

o0
r(tax,)’)zclf s =5 (e, s)ds
0

for some c9 > 0.

(i) p(X)p() < 1, [x—y|? < p(x)p(y) and 'xt;/{)z > 2 M. In this case, by using

the lower bound in Theorem 3.10 we get that

br=yP? d/2 Colr—yl?
rt,x,y) > C1/ 57275 (e, s)ds
0

\x—y\z Cylx—y|?
= C]/ §=d/2e= 5 1721, 12 s)ds
0

lx—y[?

=C1[_d/0[/ 2/

Cy lx—yP?

w42 2 (1, wydu

2
2l _ 2 x|
> C 4/ e U /2077 e w(l, u)du
x—y
212/

v

_dta
g (=P _
= ciot 74/ ( 2w > crot (14

where in the fifth line above we used (4.2).

Y
e (RPN (=P (x =y
€10 2/ 2/ 2/a

>a/2]
_dta
) 2
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“cen — Yz VA .
(iii) p()p() < 1 1x = y? < p)p(y). E2E < 2m, 99800 > 2 In this
case we have

px)p(y) C \x7y|2
r(t,x,y) > le sPe™ T e, s)ds
0

%/p(y) C lx—yl© v|

t o _ —&

w42 2 (1, u)du
0

2M
> clt—d/“/ w20 ,u(l wydu > it~
M

() PP < Llx =y < p@)p(y), 25552 < 2M and S = 3M. In this
case we have

1 x—y|?

_ |
r(t,x,y) > C1/ px)p(y)s wu(t, s)ds
p(x)p(y)

1
2/ 2 r—yl?
= Cipmpnt~ & / D2 T (1 u)du
P

@p )
12/«

v

_anz (M ~(d+2)/2,~ 20oM
Cip(x)pnt™ = 5 (1, u)du
M

p(x)p(y) _d
(2% +x —yH) Al

_d+2
cp@)p()t™ @ >ci3

x—y\~ 7
X (1 + e

W) p®)p() < L I1x =y < p(x)p(y), 2922 < 2M and 57 < 3M. In this
case we have

v

o —d)2 _ Gl
r(t,x,y)zC11 p@)p(y)s~ e 5 u(t, s)ds

o 2
= Cipp e [ w2 I (1, wydu

Py
. o0 200 M
Cip()p(y)e & / w2 (1, wydu
IM

p(x)p(y) 4
2+ x —yH Al

lx—yPP\" 2
X <1 + P

v

RIN

_d
clapxX)p()t~e = cis

A%
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(V) PP < 1 Ix = y12 > p(x)p(y), L9920 > 247 and ERE < 31, In
this case we have

p(x)p(y) C \xfy\z
r(t,x,y) > C1/ §=4/2g= 725 w(t, s)ds
0

PX)p(y) Cy L2
= Clt_d/“/ w42 2 (1, u)du

M 3CHoM
> Clt_d/“/ w42~ =% w(l, u)du > cret /2.
0

(i) p()P() < L | = ¥ > p(x)p(y), L9929 < 21, and E2E < 307 1n
this case we have

o0

_ _ Coli—yl?
r(tx,y) = C) / P (s D2 L ds
p(x)p(y)

a2 [° _ Gy iy
= Clp(x)p(y)[_% /( o w2, 7 e w(l, u)du
P&y
12/

_ax2 [ y—@d+2)/2 ===
> Cip(x)p(y)t— « (1, u)du
2M
_di2 p(xX)p(y)  _d
> t a > _ a
> c17p(xX)p(y) T r—
_dta
lx—y\ 2
X (1 =+ W ,
and
> —dj2 — 2k
r(t, x,y) > le px)p(y)s “'"e u(t, s)ds
p(x)p(y)
_d [ _ap —S
= Cippir ¥ [ w eI du
_d [ _ypn M
> Cip(x)p()t / u™ e T p(1, wydu
2M

v

_d _a lx —yI?
cigp(X)p(Ee = cigp()pNt« | 1+ —775—

Combining the above we get that in this case

d+a

p(x)p(y) _d lx — ¥\ 2
t,x, > tTe |1+ —F+—
r(t,x,y) O+ = yB A +
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‘ 2

(vii)) p(xX)p(y) < 1, |x —y|* > p(x)p(y) and ‘xt;/ﬁ > 3M. In this case we have
o0 —d)2 _ Gl—yP
r(t,x,y) = Ci PP (s e (e, s)ds
[x—yl
L (R aunr
> Cipwper s [ 7w e
12/«

—d/2
Care (=Y (1x =y
cmmmpwnd”< P 127

) —a/2—1
y (Ix yl )
12/
d+a

Laje (=P
c20p (X)p(¥)t dﬂx( tz/j

v

d+a

- e —yP\"
QwumwnW“Q+ 3 :

v

and
o0 —(d+2)/2 7C2‘X*.\"|2
r(t, x,y) > C1/ 2;0()6)p(y)s e 5, s)ds
|x—yl
21—y o
2/ _ S oyt
= Clpp e [ 1T a1 wydu
x—y
12/a

A%

—(d+2)/2
_ e = yI*\ (1x =y
e p(x)p(y)e~ D/ ( 2/a 12/

2N\ —a/2—1
X —
" (I yl >
t2/0{
_ d+2+a

_ =y 2
qmuw@n““w<—gv-

v

- e —y7\ 7
canp(x)p ()t (1 + ,z—/ay

_dta
PPy 4 =y 2
=yt (1 ,

t2/01 + |_x — y|2 t2/0{
where we used (4.2) in the third lines of both displays above. Combining the
above we get that in this case

2 _d+ta
p(x)p(y) _d [x — vl ?
tTe 1+ .
2+ x —yH Al 12/

r(t,x,y) > cn

The proof of the lower bound is now complete. O
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For bounded C!-! domains we have the following result.

Theorem 4.7. Suppose that D is a bounded C'' domain in R¢, d > 1. For any
T1 > 0, there exist positive constants C1 and Cy such that for any t € (0, T1] and
x,y €D,

d+a

p(x)p(y) _d lx—yP\ 2
C <—t2/a+|x—y|2/\1 B T <r(tx,y)

p(x)p(y) _d lx—yP\
Scz(—t2/0+|x_y|2/\l e (14 /e

Proof. The upper bound is actually valid for all # > 0. To get this upper bound, we
just need to use Theorem 3.1. So we only deal with the lower bound.

Let R be the diameter of D. Without loss of generality we may assume that
R <Ty /2. In the remainder of this proof C; stands for the constant C in Theorem
3.9. We deal with the following separate cases.

() |x —y|? < p(x)p(y) and x> z/a Z 2M. Using exactly the same argument as

in case (ii) of the proof of the theorem above we get

2\ "2
—d/a [x — |
r(t,x,y) > ct (1 + oy

The only difference is that we use Theorem 3.9 for T = T here instead of
Theorem 3.10. WP

(i) |x — yI? < p()p(y), 2922 > 20 and B2 < 2M. Using exactly the
same argument as in case (iii) of the proof of the theorem above we get

r(t,x,y) = et~

Again the only difference is that we use Theorem 3.9 for T = T} here instead
of Theorem 3.10.
(iii) [x—y> < p(x)p(y), p<j§;;<” <2M and 2 >' < 2M. In this case, by using

Theorem 3.9 for T = 4T, /%0 we get

2/a

4T Mm ColvmyP?
rt,x,y) > 03/ p@)p(y)s™ st s)ds
()P
4T12/" —_
= c3p(0)p()e T / R (1, wdu
ptz/ﬂa.v
4T12/"

20oM

T 2fa
capp (e / T T2 T (1 wydu
2M

v

\

> Csp(x)p(y)t_%-



Subordinate killed Brownian motion 627

@iv) |x —y? > p(x)p(y) and |xt;/(y1|2 > M. In this case, by using Theorem 3.9 for

T =T, we get

I C2|X*}'\2
rtx.y) = o3 / p(D)p (s~ @2~ 1 o)
px)p(y)
Ty
12/a

d+2 2/a _C iy
c3pp () / W2 (1, w)du

PX)p(y)

12/«

2
2R
G x—y?

2/ _ 2 x—yl7
CGp(x)p(y)t_% /z w27 "2 w(l, u)du

P(X)p(y)

v

12/a

2)x—y[?
d+2 2/

cep(X)p(y)t— «

_w+22, -2l
u e “ 2 u(l,u)du

v

lx—y|2
12/a

—(d+2)/2
Joni— (Y (P N
c7p(xX)p(y) e e

v

_ d+2+4«a

_ar2 (Jx—y2\ 2
crp(xX)p(y)t @ (W

_d+2+4a

i Iy —y*\ " 2
crp(xX)p(y)t— « <1+t27> ,

v

where in the fifth line above we used (4.2).

2
) |x—y|> > p(x)p(y) and |xtz/f,| < M. In this case, by using Theorem 3.9 for
T = 4T12/“M, we get
4T M oyl
r(t,x,y) = c3 / P (s~ e T5T 1w, s)ds
px)p(y)
4T12/"‘M B 5
d+2 2/a _Co l—yl?
_ Qp(}c)p(y)f%/ t w— @27 T2 w(l, u)du
PP (Y)
12/a
4T12/"‘M
d+2 2/a CoM
> cgp(¥)p(1 / e WP 1 wdu
2l
_d+2
> cgp(X)p(y) « .
Combining the five cases above we get the desired lower bound. |

Remark 4.8. One could also use the results of the two theorems above to get the
Green function estimates in Theorems 4.1 and 4.3.
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