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SHARP PALEY-TITCHMARSH
INEQUALITIES IN ORLICZ SPACES

Abstract

Let (Tf)(z) = xf(z), where f is the Fourier transform of f. If
P(t) = tf(f s72Q(s) ds, t > 0, where Q is some non-negative continuous
function, then there is a constant A > 0, such that

[Qurs@n s <a [ Pis@

holds. Moreover, if this inequality is satisfied for all f, then tfots_zQ(s)ds
< CP(t), t > 0, for some constant C' > 0.

Corresponding Orlicz space and dual inequalities for this and the
Hardy averaging operator are also given.

1 Introduction

The classical Paley-Titchmarsh inequality asserts that if f € LP, 1 < p < 2,
then

(oo} . oo
| b i@ra<c [ if@pds, (1)
—o0 —00
where f is the Fourier transform of f defined by

o0

f(x):/ et f(t)dt, xeR.

— 00
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The object of this note is to extend this inequality to the form

[i@@ﬂ —f<A/ PH(f( (1.2)

where P* and @ are certain non-negative continuous, non-decreasing functions.
Moreover, it is shown (Theorem 2.1) that the P* and @ for which (1.2) is
satisfied are in some sense the best possible. Since (1.1) fails where p = 1,
one might also expect that () and P* are convex. However this need not be
the case (cf. Ex. 2.1). Since (1.2) is proved via an interpolation argument
one might expect that sharp estimates of the form (1.2) can be obtained for
operators other than those of Fourier type. This is indeed the case, and we
illustrate this for the Hardy averaging operator.

Although modular inequalities such as (1.2) imply corresponding Orlicz
space inequalities, we show also in Section 2 that these inequalities are sharp.

Typically LP-inequalities imply dual inequalities, so specifically the dual
estimate of (1.1) is

oo " o0
[ @i ze [ pri@pds g2,
— o0 — 00
In Section 3 we obtain dual inequalities of (1.2) which are established by
modifying recent results of S. Bloom and R. Kerman [1]. Since these estimates
are in terms of complementary functions we require that @@ be a Young’s
function.

If ® is a non-nmegative increasing function on RT = [0,00), then a
p-measurable function f on X belongs to the Orlicz space Ly, if

1 fllow = inf{)\ >0: /x P (lf(;)'> du(z) < 1}

is finite. If du(x) = w(z)dz, u a non-negative weight function then we write
[flloc) or, if u=1, || flle.

Constants are denoted by A, B, C, D and may be different at different
places, while p’ and ¢ are as usual the conjugate indices of p and ¢, respectively.
Finally xg denotes the characteristic function of the set E.

Other notations are given as they arise and we refer to [5] and [6] for
additional notation and elementary properties used.

2 Sharp Inequalities

The following known interpolation result is an extension of a result of A. Zyg-
mund [8]. See also S. Koizumi [3] where a similar result is given.
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Theorem 2.1 ([2, Theorem 2 )/Let T be a quasi-linear operator defined for
simple functions on (X, M, pn) with values in the space of functions on
(Y,N,v). Suppose T is of weak type (a,a) and (b,b), 1 < a < b < oo and Q
a non-negative continuous, non-decreasing function, such that Q(0) = 0 and

Q(22) = 0(Q(x)), x — co. If

P(z) = 2° /Omt—l—“Q(t) dt (2.1)
and
/m Trrpdt = O(atP(x), @ oo (2.2)
/ L P dt = 0P, @ 0:
then x

t/mwmmsc/Pwmw. (2.3)
Y X

In particular T can be extended uniquely to the space of all P(|f]) — u
integrable functions preserving (2.3).

If T is defined by (T'f)(z) = zf(z), z € R, then it is well known (c.f. [7])
that T is of weak type (1, 1) and strong (hence weak) type (2,2) with respect
to the measure

u(E):/ x ?dx, EcCR\{0}. (2.4)
E

It is now easy to prove the following result:
Theorem 2.2 Suppose Q satisfies the hypotheses of Theorem 2.1. If P is
defined by (2.1) with a = 1, b = 2 and satisfies (2.2), then (1.2) holds for

some constant A > 0, if and only if, P(x) < BP*(x) for some constant
B> 0.

Proor. By Theorem 2.1 witha=1,b=2and X =Y =R
2 dz .
@i 5 < [ PUs@Dde<cB [ PAs@Dds.

0 (1.2) holds with A = CB.
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Conversely, if (1.2) holds for all f, then with f(z) = r"'x((z|), 7 >0
fixed, (1.2) yields

2Ar P (i) _af P (i) dx:A/RP*(|f(m)|)da:

00 r + d 1/r r d
> / Q x/ ST it —xz/ 0 E/ cosatdt) &
0 0 r .')32 0 ™ Jo $2
1/r 1 1/r

dx dx
> ; Q(xcosl)ﬁzﬁ ; Q(x)ﬁ,

where the last inequality follows from the fact that Q(2z) < DQ(z). Writing
x = 1/r, the result follows with B = 2AD. O

Remark 2.3 The higher dimensional analogue of the Paley-Titchmarsh in-
equality (1.2) is

Q")) o < A [ P da
R" || R
If P and Q are as in Theorem 2.2, then this inequality holds if and only
if P(x) < BP*(x). The sufficiency is proved with the obvious modifications
again via Theorem 2.1. To prove necessity one defines the test function by
f(x) = r""x@n(z]), z € R", r > 0. This is radial and since the Fourier
transform of a radial function f is radial and given by

o)
(27_‘_)1—'”/2 tl—”/2 / SH/QJ(H,Q)/2(tS)f(8) ds ’

0
where
9—n/2,.—1/2 t (n—2)/2 /2
Jin—2)/2(ts) = il — ( 81) / cos(ts cosy) sin™ 2y dy
r(3-3) 0

n

is the Bessel function. On estimating this from below and writing x = r—",

one obtains the result (c.f. [6], where such detailed estimates are given).

Besides the Fourier type operator considered in Theorem 2.2 one also ob-
tains such modular inequalities as (1.2) for other classical operators such as
the Hardy-Littlewood maximal operator or the Hardy averaging operator

(Tf)(x) =2t /Ox f(t)dt, r>0. (2.5)

For this operator we have the following result:
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Proposition 2.4 Suppose P and Q satisfy the conditions of Theorem 2.2.
Then the inequality

/OOO Q<|x—1/:f>dx < A/OOOP*(If)dx (2.6)

holds, if and only if there is a constant B > 0, such that P(x) < BP*(x),
x> 0.

PROOF. Since T given by (2.5) is of weak type (1,1) and strong type (2,2)
(in fact (p,p), 1 < p < 0), (2.6) follows from Theorem 2.1.
Conversely, if f(z) = r~x(o,m(z), r >0, in (2.6), then
0o r o 1/r
ArP*(1/r) > / Q(x_l/ r=tdt) dx :/ Q(1/x)dx = (s)s~2ds
T 0 T

0

and the result follows with © = 1/r and B = A. O
Example 2.5 a) Let 1 < p < ¢ < 2 and define Q by

| 2/ if 0<ax<1
Q(‘T)_{ 1/p—1/q+xP/p if x=>1.

Since P(t) = tfg s72Q(s) ds, an easy calculation shows that

[ t9/q if 0<t<1
P(t){ Vg—1/p+t?/p if t>1.

Clearly P and Q satisfy the conditions of Theorem 2.2 and hence (1.2) holds
in this case.
b) If 1 <p <2 and 0 < « define Q by

P [p if 0<z<l1
Qz)=< =z—1/p if >1anda=0
1/p+z(lnz)* if 2>1anda>0,
then
t?/p if 0<zx<1
Pt)=4 1/p+tint if t>1anda=0

t+t(nt)*(a+1)—1/p" if t>1anda>0.

Since an easy calculation shows that P and @ satisfy the conditions of Theo-
rem 2.2, both (1.2) and (2.6) hold in this case.
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Note that if « =0, p = 2, the function P does not satisfy conditions (2.2).
Yet it follows from a recent result of S. Koizumi [4, §2] that a Paley- Titchmarsh
inequality of the form (1.2) with

e [ t2)2 if 0<t<1
P(t)—{ /21 +nt) if t>1

holds. However, since the operator Tf(x) = xf(x) is of strong type (2,2)
and Theorem 2.1 requires only that T is of weak type (2,2), this result is not
unexpected.

Observe also that Q(x) for 1 <z < el™% 0 < a <1 is not convez.

Denote by 77 and T5 the operators
. x
T f(z) =xf(z), z € R, Tgf(x):x_l/ f, x>0,
0
then we have the following Orlicz space estimates:

Theorem 2.6 Suppose P and @ are as in Theorem 2.1 and p is defined by
(2.4). If P* is convex and satisfies P*(2z) < CP*(z), then

1Ty fllog < Allflle- and — |[Tafllq < Allf]

P, (27)
if and only if there is a constant B > 0, such that P(x) < BP*(x).

ProOF. Consider T3 first. By Theorem 2.2

1Ty flogy = inf{)\>0: AQ(W) dr 1}

22
inf{)\>0: A/P* <|f(z)|) da:ﬁl} .

R A
But P* is convex, hence (w.l.g. take A > 1), AP*(t/A) < P*(t), so that

T3 fll g < inf{A()\/A) >0: /RP* (“”J;(x)') da < 1} = A|lf|

IN

P .

Conversely, if (2.7) holds for all f, then specifically with f(z) =
X, (), 7> 0
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v
r(P)" (35)

= Ainf<A>0:P" S Si = Ainf )\>O:/ P S der <1
Ar 2r r Ar

= Alfllp-

1/r T r dx
T, > inf : — — <1
| 1f||Q(u)_1n {)\>O /0 Q(/\TA cosxtdt) o }
1/r
inf{)\>0: / Q<x6081> dfgl} (xcosl = At)
0 A X

cos1/(rA) 1)2
_ inf{)\>0:/ o 2 s dtgl}
0

A

Y

v

cosl A2¢2
51 P cos 1 1
= inf§A>0: g(ivri\)ﬁl =inf<A>0: rP cos <1
A Cgi\ rA
__cosl
S P

Since (P*)~! is concave this yields

s ()2 (3) =k ()

and with z = P71 (1) we get (P*)"}(P(z)) < 24 2, or

P(z) < P* ( 2A1 x) < DP*(z).

(¢0)]

To prove the result for 75, the sufficiency part follows from Proposition 2.4,
and the necessity part is obtained by considering the test function f(z) =
r‘lx(o_yr)(x), r >0, x > 0. We omit the details. O

3 Dual Estimates

Recall ([5]) that a function P defined by

P(m)/omp(t)dt, x>0,
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where p is non-decreasing, right continuous on (0,00) and p(0) = 0, is called
a Young’s function. If p~! is the right continuous inverse of p, then the com-
plementary Young’s function of P is

P = [ r e

or equivalently P(z) = sup;>zt — P(t)].
The following two results are extensions of results of S. Bloom and R. Ker-
man [1, Prop. 2.5 and Cor. 2.7):

Proposition 3.1 Suppose (X, M,u) and (Y,N,v) are o-finite measure
spaces. Let T be an operator mapping functions f on X to Tf on Y. If
P and Q are Young’s functions, then

| arswhay < [ Pels@)du) (3.1)
is satisfied for all f, if and only if there is a C' > 0, such that for every e >0

||Tf||Q(EdV) < CHfHP(EdH) (32)
holds. Here C > 0 is independent of €.

PrOOF. The proof is essentially that of [1, Prop. 2.5], where the case P = @
an N-function was proved. We give a proof here for completeness only.

Suppose (3.2) holds and let € = ([ P(|f]) d,u) . Then

inf{A>0:/X <|f|>5dﬂ<1}
= inf{A>0: /XP<|£|> dug/XP(|f)du}

and hence ||Tf|loav) < C. The homogeneity of the norm and the linearity
of T' then imply that || T'(f/C)||q( ) < 1. Therefore

||T<f/c>||Q<gdy)=inf{x>o: /YQ('T“;/C)')WQ} <1,

and hence

| f 1l Piedu)

[ auruiona < = [ pisya
Y X
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(3.1) follows then on replacing f/C by f.
Conversely, if (3.1) is satisfied, fix f and let a = || f||p(cau). Then

L= f/allpeap =inf{)\>0: /){P<f|>gd‘u< 1}

so that
[ r (|f>5d/l<1
X
But by (3.1)
T
AQ<|aé|)5dys/QTf/aC)|) §§:17
so that,

. T
loean =it {a> 05 [ @ (B )ear <1} <ac=clislnean.
([l
Corollary 3.2 Let u;, v;, i = 0,1 be non-negative weight functions on X,
respectively, Y. Suppose (X, M,pn), (Y,N,v), T, P and Q are as in Propo-

sition 3.1 with du(x) = uo(z)dz, dv(y) = vo(y)dy and P, Q are the comple-
mentary functions of P, respectively, Q). If T is the adjoint of T, then

/ QuiWI(Tf)(Y))vo(y) dy < / P(Cuy(2)|f ()] )uo(x) dx (3.3)
Y X
is satisfied, if and only if,
/X P((ug(w)u1 (2)) " [(T* ) (@) Juo(x) dz (3.4)
| @) law)eoto) dy

holds.

PROOF. The proof is as in [1, Cor. 2.7] and is given here for completeness
only.
Suppose (3.3) holds, let Sf = (uguy)~1T*(vivaf), then (3.4) has the form

/ PUSf)uo(e) do < / QIC flJvoy) dy - (3.5)
X Y
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But if P and Q are Young’s functions, so are P and @ and hence by Proposi-
tion 3.1, (3.5) is equivalent to

15F 1l p(eus) < Clifllgq..,, (3.6)

for every e > 0. By duality and Hoélder’s inequality in Orlicz spaces (c.f. [5])

1 pewy =  sup Awmwmmwx

1f1lP(cug) <1

IN

sup / (uour) "M (vov1 f) geuo dx
X

HgHP(EuO) Sl

= sup / vovr f T(g/u1)€ d@/’
Y

lgll p(cug) <1

IN

C s gl T/ m) o)
lgll peug) <1

C”fHQ(evo) ’

IN

provided [[v1T(g/u1)llQ(ve) < CllgllP(euo)- But if we write T1g = v1T(g/u1),
then by Proposition 3.1, this is equivalent to

/Q(|T19\)Uody§/ P(C|g|)uo dx
Y X

or
[ a@rig/uhumdy < [ P(Clghunds
Y X
and with f = g/uy, this is (3.3).
Conversely, if (3.4) holds, then so does (3.5) which by Proposition 3.1 is

equivalent to (3.6).
Now (3.3) with Thg = v1Tg has the form

[ ety < [ Pcishuods
Y X
which by Proposition 3.1 is equivalent to

T2 (f /ur)llQeeve) < ClIF NI P(eus) (3.7)
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for every € > 0. But again, duality and Holder’s inequality yield

T /elaew = s | Tl(f/ul)hwody’

1711 ey <1

= sup / v1T(f /u1)hevy dy’
%

170l vy <1

= sup /(uluo)flfT*(vovlh)uosdas
171l g(evyy <1 1/Y

IN

C  sup | fllpteu) | (wour) T (0001 )| 5oy
17l G 2y <1

C||f||P(Eu0) 9
since H(uoul)_lT*(vovlh)||15(EUO) < Cllhl[(cv,) by Proposition 3.1 and the
fact that (3.4) is satisfied. O

In order to apply Corollary 3.2 to the operators considered in Section 1,
we must ensure that @ and P (or P*) of Theorem 2.2 are Young’s functions.

Let

IN

where ¢(0) = 0, ¢ a right continuous non-decreasing function. Then @ is
a Young’s function and Q(z) = foz g (t)dt, x > 0 is the complementary
function of Q.

Now if

P(z) = /091 p(t) dt, x>0

where p(t) = ft 9) s, then P is a Young’s function and

0 s
Pz) = /Om/thf)dsdt:/omqf)(z—s)ds=xfs1dQ(s)—Q(x)
= o[sa + [ 5w a] - aw

_ ;z:/o s72Q(s) ds.

Hence (2.1) holds with a = 1. Also
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is the complementary function of P.
The result dual to Theorem 2.2 (with P* = P) is
Proposition 3.3 Suppose P and @Q are the Young’s functions given above

with complementary functions P, Q. If Q(2z) = O(Q(x)), * — oo, and P
satisfies (2.2) with b = 2, then

/ (I (2)]) de < / QClufw) Y (3.8)
R R

y?
ProoOF. By Theorem 2.2, (1.2) holds with P* = P, and since P is convex and
A>1 (wlg.) it follows that

[ @ef@ 5 < [ Pas@h .

Applying Corollary 3.2 with ug = u; = 1, vo(y) = y=2, vi(y) = |y, (3.8)
follows. O

Remark 3.4 Under the same conditions on P and Q one also obtains an
estimate for the adjoint Hardy operator:

/00013 ( /:o f(f)dt]) dr < / " Q@) de. (3.9)

Moreover, it is easily seen that (3.9) also holds for the Hardy operator if one
replaces in (2.6) the averaging operator by its adjoint.

Note also, that if f(z) = 27 X(r00)(@), 7 > 0, © > 0 then (3.9) implies
that

/Too O(A/z)dz = A OA/T O(s)s—2ds > /OTP (/TOOtht> dw = 1P (i)

and with t = 1/r, P(t) < At fOAt s72Q(s) ds.

We illustrate (3.8) by an example.

Example 3.5 Let 1 < p < 2 and define

[ ar/p if 0<z<1
Q(x)—{ (p—Dzlnz+1/p if x>1
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then @ 1is continuous and Q(2x) = O(Q(z)) as x — oo. Since P(x) =
z [ t72Q(t) dt an easy calculation shows that

{xp/p if 0<x<1

P(z) = _
() x—i—%(lnx)Q—l/p' if x>1,

satisfies (2.2) with b= 2. )
Next, we compute @@ and P. Since

(p—1)aP~! ifo<z<1
q(x) = )
(p—1)lnz+p—-1 ifzx>1,
71(8) _ (S/(p - 1))1/(;0—1) ZfO <s< (p - 1)
1 =\ e/ iFs>p_1,
Qzx) = / g (s)ds (3.10)
0
_JeEs e fo<z<p-1
=V 4 (p— D[/ @01 1) ifa > p.
Finally
t p—1 . <1
p(t) :/ slg(s)ds =140 ifo<ts
0 1+5=(Int)* +(p—1)Int ift >1,
so that

4 B /(=1 if 0<a<1
pE) = VDTt it r>1.

But since P(z) = Q(p~'(x)), it follows that

z? /p ifo<z<1
P(x) _ (p _ 1)e*1+ 2(z—1)/(p—1)+1 (3.11)
x[V20@-1)/lp—1)+1-1]+ ife>1.

Applying Proposition 3.3 it follows that (3.8) holds with P and Q given by
(3.11) and (3.10).
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