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Abstract 

Shielded coherent synchrotron radiation is discussed 
in two cases: (1) a beam following a curved path in a 
plane midway between two parallel, perfectly conducting 
plates, and (2) a beam circulating in a toroidal chamber 
with resistive walls. Wake fields and the radiated energy 
are computed with parameters for the high-energy bunch 
compressor of the Next Linear Collider (NLC). 

I. INTRODUCTION 
We consider a bunch of particles following a curved 

path. On first sight, one would expect the particles to ra
diate coherently at wavelengths comparable to the bunch 
size or larger. A closer examination reveals that the 
long-wavelength part of the synchrotron spectrum will be 
strongly suppressed in the presence of shielding, for in
stance the conducting surfaces of the vacuum chamber in 
an accelerator. This long-wavelength cutoff is not the usual 
wave-guide cutofT, comparable to the pipe diameter, but 
has a value that depends on the radius of curvature of the 
orbit as well as the pipe diameter, and is typically much 
smaller than the wave-guide cutoff. In fact, appreciable 
radiation under shielding is expected only in an interval 
of A = A / 2 T given by Ao < A < A~i, where Ao is near the 
longitudinal bunch length a, and 
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2. IMPEDANCE, ENERGY LOSS, 
AND WAKE FIELD 

We work in cylindrical coordinates (r, 0, z) and treat a 
rigid bunch with centroid moving on a circular orbit in the 
plane 2 = 0. We are actually interested in more general 
orbits, for instance straight paths joined to arcs of circles, 
and a bunch that gradually changes shape. These situa
tions will be treated in more detail in later work; for the 
present we use provisional approximations derived from 
the simpler theory. The charge density is assumed to have 
the form 

p{r,B,z,t) = q\(e-U„t)f{T,z) , (2) 
where w0 is the revolution frequency and 

jrdr fdzf(T,z)= 1 . (3) 

The corresponding current density is Jt = <*>crp. The as
sumption of coherence enters at this point, since the atomic 
nature of the beam is ignored, and the continuously dis
tributed charge radiates as a whole. 

Since we are interested primarily in longitudinal ef
fects, we make an average of the longitudinal electric field 
over r and :, weighted with the transverse charge distribu
tion of the beam. We work with a Fourier analysis of the 
averaged field, 
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J \{9)d0 = 1 
Jo 

E»(6,t) = f rdr fdz J{r,z)E,(r,9,z,t) 

tin' E,(n,u) 

where R is the orbit radius and h is the transverse size of 
the chamber (see Refs. [1] and [2]). It follows that shield
ing can be important in typical experimental situations. 
In electron storage rings one usually has Ai < Ao, so that 
the shielding totally suppresses coherent radiation. Using 
a short bunch from a linac, and an apparatus with small 
R and large h, Nakazato et al. [3], observed coherent radi
ation. They verified a quadratic dependence on the num
ber N of particles in the bunch, and checked coherence 
by an interference experiment. This observation is quan
titatively consistent with the theory of shielding, as is the 
failure to see coherent radiation in earlier experiments at 
storage rings. 

In this paper we give a brief review of the theory of 
shielding and an application to the NLC. Further details 
can be found in Refs. [4] and [2]. 

•r (4) 

(5) 

The Fourier transform of the line density A(0 - u„0 is 
A ni(u -u„n ) , and the corresponding transform of the cur
rent is 

Il(n,u>) = I dr J dz Jt(r,n,z,bi) 

= u0 q A„ 4(u> - ui0n) . 
If the environment of the beam has no longitudinal 

inhomogeneity, as in the models treated below, then there 
exists a complex function Z(n,ui), the longitudinal cou
pling impedance, such that 

-2xRE,(n,u) = Z(n,u>) /»(n,u) . (6) 
This impedance accounts both for curvature of the orbit 
and for conductors in the environment of the beam. 

If Ei is the field due to the bunch, including effects of 
nearby conductors, then the radiated power is 

|A„|2 Re Z(n,nu0) (7) 

This result is obtained by computing the work done per 
unit time on an infinitesimal element of charge by the field 
E$, then integrating over all elements [4]. 
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Figure 1. Re£(n,nwo)/n versus n for the parallel-plate 
model, R = 149.5 m, h = 2 cm. 

The wake field £,[u>,(t + r),t] is defined as the field on 
the trajectory at an angular distance w 0 r from the bunch 
center. We take r to be positive for a point in front of the 
bunch. The wake field is expressed by 

V(uoT) = - 2 T / C £ , K ( ! + r),(] 

= w °?£„ exp[inuj0r] An Z{n,nut„ 

,! 8 > 
The function V is the wake voltage per turn. A positive 
value of V{W0T) means energy loss by particles at a distance 
-•0r from the center of the bunch. 

3. COUPLING IMPEDANCES FOR 
TWO MODELS 

In order to state the impedance in a convenient ana
lytic form, we choose a simple transverse beam profile, 
f[r,z) = W{r)H{z) , W(r) = « ( r - R)/R , (9) 

where H{:) is a rectangular step function of width 6h, 
symmetric about : = 0. More general beam profiles can 
be accomodated without much difficulty. 

In our first model we have infinite, parallel, perfectly 
conducting plates, separated by a distance h = 2g. The 
beam circulates in the median plane between the plates. 
The impedance is computed by using a Fourier analysis in 
z to meet boundary conditions on the plates. The result is 
expressed in terms of Bessel functions of high order, that 
must be evaluated by appropriate asymptotic expansions 
[4,2]. Using the Olver expansions to lowest order, we find 

?^f^ - *[a'-r-£(?n • ™ 
the value being in ohms with Z0 = 120ir Q; the bending 
radius is R. Here only the dominant term (axial mode 
number p = I) has been included, and the vertical size 
of the beam is much less than n. This simple formula, 
which seems not to have been noticed previously, gives an 
adequate representation of the exact result; a plot of the 
latter is shown in Fig. 1. 

The maximum value of expression (10) is 
720 g 

R* 
9 265-^ , (11) 

e H R K ' 
in agreement with Fattens and Laslett [1]. The maximum 
occurs at n = 7r2 1 / 2 (fl /n) a / 2 , and the function cuts off 
exponentially below the threshold n„ = 7r(R/h)3'3. Ex
pressed in terms of wavelength, this threshold is A] of 
Eq.(l). 

Table 1. Energy losses for four versions of the NLC 
bunch compressor. 

Version 1 
fi(m) 
A0 (degrees) 
o{ (10" s m) 
a, (10- 6 m) 
At/ plates (MeV) 
\U torus (MeV) 

84.218 213.6 149.5 106 8 
10.89 180 180 180 
460 460 4C0 460 
37 86 61 44 

0.176 0.164 0.827 2.08 
0.123 0.0121 0.337 1.30 

AJ7 incoherent (MeV) 2.19 14.2 20.4 28.5 

In the second model the vacuum chamber is a torus 
of rectangular cross section. The cross section has height 
h = 2g and width u>. In this model we take the walls to 
be resistive. The expression for the impedance is given 
in Refs. [2] and [4]. Unlike the parallel plates, this closed 
chamber has resonances, and the impedance is negligible 
at frequencies below the lowest mode that is synchronous 
with the beam. This mode occurs at a value of »i roughly 
equal to (actually, somewhat higher than) the threshold »„ 
for the parallel plate model. 

4. NUMERICAL EXAMPLES OF 
WAKE FIELD AND LOSS 

For numerical calculations, we take a Gaussian bunch 
of rms length a; its spectral density, expressed as a function 
of A, is 

|A„|2 1 
(2»)3 exp KD (12) 

For the parallel plate model, the spectral density of radi
ated power will be proportional to the product of Eq. (12) 
and Re Z from Eq. (10). 

We illustrate with values of a and R from four differ
ent conceptual designs for the NLC high-energy (16.2 GeV) 
bunch compressor [5]. Table I shows the compressor pa
rameters, including the initial and final bunch lengths, a, 
and aj, and the total deflection angle Afl of the compres
sor arc. We take n = 2 cm for the parallel plate model. 
and h = w = 2 cm for the toroidal model. The walls of 
the torus have the conductivity of aluminum. 

To estimate the total energy loss in the arc, we assume 
that d(J/d&, the instantaneous energy loss per unit angle 
of deflection at a particular bunch length, is the same as 
in our steady-state model running at the same (but fixed) 
bunch length. Repeating the steady-state calculation Tor 
many bunch lengths, we find a curve of dU/dff versus a 
Since a decreases in the compressor almost linearly with 
0, this is equivalent to knowing dU/dO as a function of 0. 
Integration with respect to 8 produces the figures for total 
energy loss shown in Table 1. The values are in MeV per 
particle, supposing that the bunch contains N = 2 x 10 1 0 

electrons. For comparison, the values of the incoherent 
radiated energy are listed. For that, we assume that dV/dO 
for each electron has the well-known value for steady state 
rotation on a full circle. 
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Figure 2. dV /dt for the parallel-plate model in Version 3 
of the bunch compressor.. 

The curve of dl'/dS for Version 3 of the compressor 
is shown in Fig. 2, for the parallel-plate model. In all four 
versions, the energy loss is sharply concentrated near the 
end of the arc. since elsewhere the impedance is too small 
at wavelengths within the bunch spectrum |A„| 2 . The cor
responding curve for the resistive toroidal chamber has a 
similar form, but is concentrated still closer to the end of 
thi' arc. due to the higher threshold of the impedance. The 
high-threshold effect is especially pronounced in Version 2 
of the compressor, which has relatively large values of R 
and c//. 

In Fig. 3 we show the wake voltage per turn, as defined 
by Eq. (6). for the parallel-plate problem and Version 3 of 
the compressor. Particles within one a of the bunch center 
lose energy, whereas those around two a on either side gain 
energy. The peak wake voltage per unit length is compa
rable to typical wakes in the SLAC linac structure, which 
amount to a few volts per picocoulomb over a 3.5 cm cell. 

Corresponding results for the toroidal model are dis
played in Fig. 4. Within two cr of the center the behavior 
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Figure 3. Wake voltage pet turn for the parallel-plate model, 
R = 149.5 m, h = 2 cm, bunch length a — 61 /im. 
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Figure 4. Wake voltage per turn for the toroidal chamber, 
R = 149.5 m, A = w = 2 cm, bunch length a = 61 pm. 

is similar, although the voltage is somewhat lower due to 
the higher threshold of the torus impedance. The persis
tent oscillations well beyond the bunch length can be un
derstood if we refer to the limiting case of infinite conduc
tivity. As that limit is approached the peak of Re Z(n, nu„) 
narrows to a delta function, and the wake field has the form 
exp[inu 0 r] with essentially a single value of n. In fact, the 
oscillations in Fig. 4 have almost exactly the period of such 
a single exponential, if we choose n to have the value at 
the resonance peak of the impedance. For further remarks 
see Ref. (4], 

5. OUTLOOK 
There are a number of problems in this subject that re

main to be investigated. For instance: (i) evolution of the 
phase-space distribution under the wake field; (ii) trans
verse impedances; (iii) possible microwave instabilities in 
rings due to curvature effects; (iv) polarization and angular 
distribution of coherent radiation; (v) accurate nodelling 
of vacuum chambers for theory of bunch profile measure
ment through coherent radiation; etc. 
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