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ABSTRACT In this paper, an analytical model is presented to calculate the low frequencymagnetic shielding

effective (SE) of the spherical shell with a circular aperture and finite conductivity. This model is obtained

by the combination of two submodels: the finite conductivity shell without the aperture, and the perfect

conductor shell with the aperture. Both the submodels have existing analytical solutions. The first submodel

represents the diffusion effect of magnetic field penetration through the conducting shell, and the second

one denotes the aperture effect of magnetic field leakage through the aperture. The total magnetic field is the

superposition of these from the two submodels. Calculation results are provided for an aluminum spherical

shell of radius 0.1m for frequencies between 10Hz and 1MHz. The results are in good agreement with

these form 2D axisymmetric finite element simulations. It is shown that there is a critical frequency. Below

this frequency, the diffusion effect is dominant and the SE enhances with the increase of frequency. Above

this frequency, the aperture effect is dominant and the SE keeps unchanged with the variation of frequency.

In addition, the phase shift characteristics are also analyzed for the two effects respectively, and are employed

to elucidate the mechanism of the resonance phenomenon of the SE around the critical frequency. Further,

the effect of aperture depth is investigated numerically, which shows that increasing the depth has similar

effect on SE like reducing aperture radius.

INDEX TERMS Shielding effectiveness, spherical shield, a circular aperture, the resonance phenomenon,

magnetic shielding.

I. INTRODUCTION

Low frequency magnetic shielding has wide applications in

many fields, like electric vehicles [1], [2], wireless power

transmission (WPT) system [3]–[5], ultrasensitive atomic

sensors [6], and control circuit boards of IGBT devices [7].

Usually, a metallic shell is employed as shielding enclosure.

For the complete shield without openings, there are known

analytical solutions for few simple configurations such as

spherical shell [8], infinite cylindrical shell [8], [9] or infinite

plate [10].

Frequently, there are some apertures or slots on a shield-

ing enclosure for ventilation or cabling purposes, which can

The associate editor coordinating the review of this manuscript and

approving it for publication was Amedeo Andreotti .

reduce the shielding effectiveness (SE). For shields with

openings, usually numerical techniques are needed to analyze

the shielding performance [1], [2].

This paper aims to provide a case of shields with openings

which can be treated analytically: a spherical shell with a

circular aperture. This geometry can be divided into two

canonical problems with analytical solutions: closed spheri-

cal shell with real conductivity and perfect electric conductor

(PEC) spherical shell with an aperture. The first problem

corresponds to themagnetic diffusion effect in conductor, and

its analytical solution is well known [8]. The second problem

is related to the aperture effect of magnetic leakage, and its

solution had been reported in [11], [12] under the quasi-

static frame. [13]–[16] also studies electromagnetic scatter-

ing or penetration of spherical shells with aperture, but in
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FIGURE 1. A finite-conductivity spherical shell with a circular aperture is
divided into two submodels: a closed finite-conductivity shell and a PEC
shell with aperture remained.

these studies the shell was assumed to be perfectly conducting

and infinitesimally thin, and was illuminated by a plane wave.

It should be noted that the idea of replacing a real shield with

aperture by using two sub-models is not new. At least, this

idea had been used in [1]. Nevertheless, we think that the

present work is desirable because it is an infrequent analytical

case which can be applied to elucidate the two magnetic

shielding effect with clear physical significance. Especially,

the low frequency resonance phenomenon observed in the

transition region of the two effect can be explained very well.

It should also be noted that the low frequency resonance

phenomenon had been analyzed in earlier work [17], [18],

where the shields were metallic boxes with seams, which can

not be dealt with analytically. In fact, in [17] experimental

data had been used to separate the contributions from the two

effects, and in [18] the aperture effect was only contained

in the experimental results but can not be treated by the

numerical model.

This paper is organized as follows. Section II introduces

the analytical model. In section III, the validation of the

model is verified by comparison with finite element sim-

ulations, and its feasibility to larger aperture is discussed

in section IV. Section V pays attention to the mechanism low

frequency resonance phenomenon. In addition, the influence

of the aperture depth on shielding effectiveness is analyzed

numerically in section VI. Finally, the conclusions are sum-

marized in section VII.

II. THE ANALYTIC MODEL

Fig.1 shows a conducting spherical shell with a circular aper-

ture in the bottom. An applied magnetic field with magnetic

flux density
⇀

B0 is perpendicular to the aperture, and the field

inside the shell is denoted by
⇀

B1. For the two submodels,

the field inside the shell are represented by
⇀

B2 and
⇀

B3,

respectively. Wherein,
⇀

B2 and
⇀

B3 are considered to be due

to the diffusion effect and aperture effect, respectively. In the

following, we assume that
⇀

B1 is the sum of
⇀

B2 and
⇀

B3:
⇀

B1 =
⇀

B2 +
⇀

B3.

SE is defined as

SE1 = 20 log10 |B0/B1| (dB) (1)

FIGURE 2. The spherical shield with a circular aperture.

SE2 = 20 log10 |B0/B2| (dB) (2)

SE3 = 20 log10 |B0/B3| (dB) (3)

Some information on the dimensions and coordinate of the

shell is displayed in Fig. 2. The spherical shield with radius

R and thickness 1 is made of material with conductivity

σ , relative permeability µr and permittivity ε. The circular

aperture has a radius of r0 and circumferential angle of θ0.

The applied uniform magnetic field
⇀

B0 pointing along the z

direction has a frequency of f .

The diffusion effect field B2 can be written exactly as [8]

B0

B2

=
cosh (γ1)

3R3γ 2µr

[3R3γ 2µr − 1(µr − 1)(R2γ 2 − 2µr − 1)]

+
sinh (γ1)

3R3γ 3µr

{R4γ 4 + γ 2[R2(2µ2
r + 1) + R1(3µr − 1)]

− µ2
r [1

2γ 2 + 2] + µr + 1} (4)

wherein, γ ≈
√
jωµ0µrσ = (1 + j) /δ is the propagation

constant with δ = 1/
√

π f µ0µrσ is the skin depth.

For the second submodel, [11] shows the magnetic vector

potential inside the shell can be expressed accurately as

−→
A =Aφ

−→e φ =

(

B0r

2
sin θ−

B0R

2

∞
∑

n=1

an

(r

R

)n
P1n (cos θ)

)

−→e φ

(5)

wherein, Pmn (x) is the first kind of the associated Legendre

function of degree n and order m, and an is expressed as

an =
− sin(n− 1)α

πn(n− 1)
−

sin nα

πn(n+ 1)
+

sin(n+ 1)α

πn(n+ 1)

+
sin(n+ 2)α

π (n+ 1)(n+ 2)
(6)

In Eq. 6, α = π − θ0 = π − arcsin (r0/R).
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Then, we deduce
⇀

B3 by solving the curl of the vector

potential.

⇀

B3

B0
= ⇀
e r

[

cos θ −
1

2

∞
∑

n=1

an

( r

R

)n−1 (

−2 cos θP(1)
n (cos θ)

+ P2n (cos θ)

)

]

− ⇀
eθ

[

sin θ −
1

2

∞
∑

n=1

an(n+ 1)
( r

R

)n−1
P1n (cos θ)

]

(7)

The field on the z-axis can be simplified into:

B3

B0
= ⇀
e r

[

1 +
∞
∑

n=1

an

( z

R

)n−1
P(1)
n (1)

]

(8)

where, z is the value of the z-axis coordinate of the field point.

Now let z/R = q, and using the recurrence formula:

xP(1)
n (x) = P

(1)
n−1 (x) + nPn (x) (9)

We get the field distribution along z-axis is

B3

B0
=

1

π

(

θ0 −
q− q−2 + (1 − q−1) cos θ0

1 + q2 + 2q cos θ
sin θ0

− (1 + q−3)arctan

(

q sin θ0

1 + q cos θ0

))

(10)

At the center of the spherical shell, Eq. 10 is simplified into

B3

B0
=

1

π

(

θ0 −
1

2
sin θ0 −

1

2
sin 2θ0 +

1

6
sin 3θ0

)

(11)

III. THE VALIDATION OF MODEL

Firstly, the aperture effect model is compared with the COM-

SOL 2D-axissymmetry FEM simulation. Tab. 1 illuminates

the results for R = 0.1m, 1 = 0.3mm with several different

values of r0.Where, three field points at the bottom, the center

and the top of the shell, respectively, are considered. It is

shown that the error between the formula solutions and the

FEM solutions is less than 1%. It can be seen from Fig. 3,

the shielding effectiveness increases gradually along the pos-

itive direction of the z-axis. That is, the leakage field will

attenuates with the field point moving far from the aperture.

Next, all the three SEs defined in Eqs.1-3 are calculated and

are compared with FEM solutions. Fig. 4 shows the depen-

dence of SEs on the frequency for different aperture radius,

thickness, and field point position. The material of the shell

is aluminum with conductivity σ =3.774 × 107(S/m) and

relative permeability µr = 1. Where the black straight line,

short dash line and short dot line denote the values of SE1,

SE2, and SE3 obtained from FEM simulations, respectively.

The red lines labelled with SE1’, SE2’, and SE3’ refer to the

analytical solutions calculated with Eq.1-3, respectively.

Taking Fig. 4(a) as an example, the frequency of the inter-

section of SE2 curve and SE3 curve is about f0 = 33.19kHz.

When f < f0, the curve of SE1 basically coincides with SE2

TABLE 1. SE date of PEC sphere shield for several different aperture
radius and field point.

FIGURE 3. Shielding effectiveness of PEC spherical shield versus field
point position along z-axis for different values of aperture radius.

and the penetration of magnetic field through metal is much

greater than that through the aperture. When f > f0, the curve

of SE1 is consistent with SE3 and the aperture leakage effect

is dominant.

There is a transition region near the critical frequency f0,

where the two effects have approximately equal contribution

for the magnetic field. Especially, the curve of SE1 contains

a tip shape as shown in Fig. 4(a), which was called low

frequency resonant phenomenon in [11], [18].

IV. THE EFFECT OF LARGER APERTURE SIZE

The feasibility of the present model for larger aperture size

is discussed in this section. Fig. 5 displays the dependence of

the SE on frequency for r0/R increasing from 0.7 to 1. It can

be seen that, for r0/R < 0.8, the model still work well for the

whole frequency range. When r0/R reach 0.9, the deviation

occurs within the low frequency region f < 100Hz and

the transition region 300Hz < f < 4kHz. The underlying

reason is that the performance of using the first submodel

to represent the real diffusion effect deteriorates with the

increasing of the aperture size. However, when f increases

further into the high frequency region (f > 4kHz), this

model is in good agreement with the FEM simulation again.
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FIGURE 4. Shielding effectiveness curves of the aluminum spherical
shield (a) r0 = 5cm, 1 = 1mm, z = 0 (b) r0 = 3cm, 1 = 1mm, z = 0
(c) r0 = 5cm, 1 = 0.5mm, z = 0 (d) r0 = 5cm, 1 = 1mm, z = −5cm.

This attributes to two aspects: in the high frequency, the skin

depth is very small compared to the shell thickness and

hence the conductor can be approximately treated as PEC

conductor; the second submodel is feasible to any aperture

size provided the material is PEC. When r0/R = 1, the above

tendencies observed in case of r0/R = 0.9 becomes more

evident. Tab. 2 lists the absolute error between SE1 and SE1’.

We can see that the error increases with the increase of

aperture size. The maximum in this table is 2.18dB, which

happens at r0/R = 1 and f = 10Hz.

V. THE TRANSITION REGION

There is a phase shift between the magnetic field after shield-

ing and the applied external magnetic field. Fig. 6(a) and

Fig. 6(b) show, respectively, the phase shift for the con-

figurations in Fig. 4(a) and Fig. 4(b). The phase shift for

B3 is always zero, which shows that aperture leakage field

is in phase with the applied field. The phase shift of B2
changes with frequency, in the beginning it slowly increases

from 0 to −π , and then oscillates between −π and π . The

underlying reason is that, the phase velocity of electromag-

netic wave in conducting medium is very slower than that

in free space and decreases gradually with the increasing

frequency.

Here, we use f1 to represent the frequency at which the

phase shift of B2 is −π . In Fig. 6(a), f0 is close to f1, and

hence at the critical frequency B2 and B3 is out of phase.

As a result, the two fields cancel out each other to a great

extent and the total fieldB1 becomes very small, which causes

the tip in the SE curve. However, in Fig. 6(b), f1(37.68kHz)

is much smaller than f0 (115.38kHz). At f0, the phase shift

of B2 is about π /2 and hence the total field B1 is about

2−1/2 times of B2 or B3. So, there is not tip existing in the

SE curve.

FIGURE 5. Shielding effectiveness versus frequency for several larger
apertures (a) r0 = 7cm (b) r0 = 8cm (c) r0 = 9cm (d) r0 = 10cm.

TABLE 2. The difference between SE1 and SE1’ versus the size of the
aperture.

FIGURE 6. The phase shift versus frequency for configurations used in
Fig. 4(a) and Fig. 4(b).

VI. THE EFFECT OF THE APERTURE DEPTH

In practical engineering application, when the shield has to

be perforated with a larger radius, increasing the depth of

the aperture by extending it into a tube can be employed to

improve the SE further. As shown in Fig. 7, the aperture depth

(or the tube length) is d, and the thickness of the tube is same

as that of the spherical shell.

Taking the case in Fig. 4(a) as an example, where

r0 = 5cm, 1 = 1mm and the observation point is at the
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FIGURE 7. The spherical shield with a certain depth of circular aperture.

FIGURE 8. Dependency of the shielding effectiveness on frequency for
the aluminum spherical shield with different aperture depth
(a)d/r0 = 0.25 (b)d/r0 = 0.5 (c)d/r0 = 1 (d)d/r0 = 2.

center of the sphere. The SE dependency on frequency for

different aperture depth are shown in Fig. 8. Meanwhile,

the SE dependency on the aperture depth for four different

frequencies is shown in Fig. 9. Wherein, SE4 denotes the SE

with aperture depth considered and is obtained from FEM

simulations. SE1, SE2, and SE3 have the same meaning

aforementioned.

FromFig. 8, we can see that the critical frequency enhances

with the increase of the depth. Similarly, below the criti-

cal frequency the SE follows the same trajectory like the

complete shell without aperture; above the critical frequency,

the SE approximately keeps unchanged with frequency vari-

ation. From Fig. 9, we can see that aperture depth up to five

times the radius can not improve the SE for lower frequencies

below 10 kHz. Meanwhile, SE4 is nearly equal to SE2 for

higher frequencies. For higher frequencies above 100kHz,

with the increase of the depth, the SE4 (in dB) approximately

FIGURE 9. Dependency of the shielding effectiveness of the aluminum
spherical shield on aperture depth for different frequencies (a) f = 1kHz
(b) f = 10kHz (c) f = 100kHz (d) f = 1MHz.

increases linearly at first and then keeps at the constant equal

to SE2.

VII. CONCLUSION

For a conducting spherical shell with a circular aperture in

a uniform time harmonic magnetic field, the magnetic field

inside the spherical shell can be expressed as the superposi-

tion of two analytical solutions: a spherical shell with finite

conductivity without an aperture and a PEC spherical shell

with a circular aperture. Compared with the results of 2D

axisymmetric finite element simulations, the validation of

the calculation results is verified. Taking the magnetic field

direction perpendicular to the opening surface, the calcula-

tion results of the aluminum spherical shell with a circular

aperture in this paper show that:

1) For the magnetic field penetrating the metal conductor

into the spherical shell, its amplitude decreases with the

increase of frequency, and its phase shift changes with the

frequency.

2) For the magnetic field leaking into the spherical shell

from the aperture, its amplitude remains unchanged and its

phase shift is always zero within the considered frequency

range.

3) There is a critical frequency f0. Below the critical

frequency, SE is mainly determined by the magnetic field

penetrating the metal material, and gradually enhances with

the increase of the frequency. Above the critical frequency, SE

is mainly determined by the magnetic field leaked from the

aperture and remains unchanged with frequency changing.

4) At the critical frequency f0, the amplitude of B2 and

B3 are equal. If the phase shift of B2 at this frequency is

about −π , the cancellation effect of the two fields will lead
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to a significant increase in the shielding effectiveness, which

is the physical mechanism of the low-frequency resonance

phenomenon mentioned above.

5) The critical frequency is affected by the thickness of the

spherical shell 1, the radius of the aperture r0 and the obser-

vation position. When other conditions remain unchanged, f0
decreases with the increase of r0 or 1, and enhances with the

increase of z.

6)With the increase of the aperture radius, the performance

of the present model slightly degrades, especially for the low

frequency and the transition region. In the high frequency

region, the present model is always effective even when the

aperture radius is up to the sphere radius.

7) By extending the aperture into a tube, the aperture

depth can be increased. Then, the critical frequency can be

enhanced by increasing the depth.

Finally, it is worthmentioning that the aforementioned ana-

lytical model can be extended to the case where the magnetic

field is along any direction. In [11], the analytical solutions

are given for two cases: the magnetic field direction is vertical

and parallel to the aperture surface. Then, any direction can be

considered by the superposition of the two orthogonal direc-

tions. However, for FEM simulation, 3D model is required

to handle with other directions, which will consume more

computer time and memory resources.
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