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Shifting Inequality and Recovery of Sparse Signals

T. Tony Cai* Lie Wang' and Guangwu Xu?

Abstract

In this paper we present a concise and coherent analysis of the constrained ¢
minimization method for stable recovering of high-dimensional sparse signals both in
the noiseless case and noisy case. The analysis is surprisingly simple and elementary,
while leads to strong results. In particular, it is shown that the sparse recovery
problem can be solved via f; minimization under weaker conditions than what is
known in the literature. A key technical tool is an elementary inequality, called
Shifting Inequality, which, for a given nonnegative decreasing sequence, bounds the
¢5 norm of a subsequence in terms of the ¢; norm of another subsequence by shifting

the elements to the upper end.

Keywords: ¢; minimization, restricted isometry property, Shifting Inequality, sparse re-

covery.

1 Introduction

Reconstructing a high-dimensional sparse signal based on a small number of measurements,
possibly corrupted by noise, is a fundamental problem in signal processing. This and other
related problems in compressed sensing have attracted much recent interest in a number
of fields including applied mathematics, electrical engineering, and statistics. Specifically
one considers the following model:

y=28+z (1)

where the matrix & € R"*? (with n < p) and z € R" is a vector of measurement errors.

The goal is to reconstruct the unknown vector § € RP. In this paper, our main interest is
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the case where the signal 3 is sparse and the noise z is Gaussian, z ~ N(0,0%I,). We shall
approach the problem by considering first the noiseless case and then the bounded noise
case, both of significant interest in their own right. The results for the Gaussian case will
then follow easily.

It is now well understood that the method of ¢; minimization provides an effective way
for reconstructing a sparse signal in many settings. The ¢; minimization method in this
context is

(Pg) mliRn |7]|1 subject to y — &y € B (2)
yERP

where B is a bounded set determined by the noise structure. For example, B = {0} in the
noiseless case and B is the feasible set of the noise in the case of bounded error.

The sparse recovery problem has now been well studied in the framework of the Re-
stricted Isometry Property (RIP) introduced by Candes and Tao [7]. A vector v = (v;) € RP
is k-sparse if |[supp(v)| < k, where supp(v) = {7 : v; # 0} is the support of v. For an n X p
matrix ¢ and an integer k, 1 < k < p, the k-restricted isometry constant op(P) is the

smallest constant such that

V1= 0k(®)]lcll2 < [[Pella < /1 4 0(®)[[cll2 (3)

for every k-sparse vector c. If k+ k" < p, the k, k'-restricted orthogonality constant 6y j(P),
is the smallest number that satisfies

[{Pe, R < O (D)[|cll2Ic]]2, (4)

for all ¢ and ¢ such that ¢ and ¢ are k-sparse and k’-sparse respectively, and have disjoint
supports. For notational simplicity we shall write d; for 05 (®) and 6y, 5 for 0 1 (P) hereafter.

It has been shown that ¢; minimization can recover a sparse signal with a small or
zero error under various conditions on d; and 0. See, for example, Candes and Tao
[7, 8], and Candes, Romberg and Tao [6]. These conditions essentially require that every
set of columns of & with certain cardinality approximately behaves like an orthonormal
system. For example, the condition 0y + 6y + k2 < 1 was used in Candes and Tao [7],
d3k + 34, < 2 in Candes, Romberg and Tao [6], and dax, + O 21, < 1 in Candes and Tao [8].
Simple conditions involving only ¢ have also been used in the literature on sparse recovery,
for example, o5, < % was used in Cohen, Dahmen and DeVore [9], and da, < V2 — 1 was
used in Candes [5]. In a recent paper, Cai, Xu and Zhang [4] sharpened the previous results
by showing that stable recovery can be achieved under the condition &; 51 + k1.5, < 1 (or

a stronger but simpler condition 07 75, < V2 — 1).



In the present paper we provide a concise and coherent analysis of the constrained ¢,
minimization method for stable recovery of sparse signals. The analysis, which yields strong
results, is surprisingly simple and elementary. At the heart of our simplified analysis of the
/1 minimization method for stable recovery is an elementary, yet highly useful, inequality.
This inequality, called Shifting Inequality, shows that, given a finite decreasing sequence
of nonnegative numbers, the ¢, norm of a subsequence can be bounded in terms of the ¢,
norm of another subsequence by “shifting” the terms involved in the ¢5 norm to the upper
end.

The main contribution of the present paper is two-fold: firstly it is shown that the
sparse recovery problem can be solved under weaker conditions and secondly the analysis
of the 1 minimization method can be very elementary and much simplified. In particular,

we show that stable recovery of k-sparse signals can be achieved if

0125k + Or1.050 < 1.

This condition is weaker than the ones known in the literature. In particular, the results
in Candes and Tao [7, 8], Cai, Xu and Zhang [4] and Candes [5] are extended. In fact,
our general treatment of this problem produces a family of sparse recovery conditions.
Interesting conditions include

Sreosk < V2 — 1 and b3 < 4 — 2v/3 =~ 0.535.
In the case of Gaussian noise, one of the main results is the following.
Theorem 1 Consider the model (1) with z ~ N(0,0%1,). If 3 is k-sparse and
0125k + Ok,1.050 < 1,

then, the ¢, minimizer 3P = argmin{||v||; : 197 (y — ®v)[|oo < ov/2l0gp} satisfies, with
high probability,

16°5 — Blla < —— 0 VEr/2ToB. 5)

0195k — Ok,1.25K

and the ¢, minimizer 3 = argmin{||y||1 : ||y — ®y|l2 < o/n + 2v/nlogn} satisfies, with

high probability,

: ENeiEa
18 — 8|2 < Lask) \/n+2\/nlogn (6)

51 25 — 6k125k



In comparison to Theorem 1.1 in Candes and Tao (2007), the result given in (5) for 3P5
weakens the condition from gy, + 0 21 < 1 t0 01.95 + 05,1.25x < 1 and improves the constant
in the bound from 4/(1 — da, — Oxar) to V/10/(1 — 1955 — O.1.25%). Although our primary
interest in this paper is to recovery sparse signals, all the main results in the subsequent
sections are given for general signals that are not necessarily k-sparse.

Weakening the RIP condition also has direct implications to the construction of com-
pressed sensing (CS) matrices. It is important to note that it is computationally difficult
to verify the RIP for a given design matrix ® when p is large and the sparsity k& is not
too small. It is required to bound the condition numbers of (i) submatrices. The spectral
norm of a matrix is often difficult to compute and the combinatorial complexity makes
it infeasible to check the RIP for reasonable values of p and k. A general technique for
avoiding checking the RIP directly is to generate the entries of the matrix ® randomly and
to show that the resulting random matrix satisfies the RIP with high probability using the
well-known Johnson-Lindenstrauss Lemma. See, for example, Baraniuk, et al. [2]. Weak-
ening the RIP condition makes it easier to prove that the resulting random matrix satisfies
the CS properties.

The paper is organized as follows. After Section 2, in which basic notation and defini-
tions are reviewed, we introduce in Section 3.1 the elementary Shifting Inequality, which
enables us to make finer analysis of the sparse recovery problem. We then consider the
problem of exact recovery in the noiseless case in Section 3.2 and stable recovery of sparse
signals in Section 3.3. The Gaussian noise case is treated in Section 4. Section 5 discusses
various conditions on RIP and effects of the improvement of the RIP condition on the
construction of CS matrices. The proofs of some technical results are relegated to the

Appendix.

2 Preliminaries

We begin by introducing basic notation and definitions related to the RIP. We also collect
a few elementary results needed for the later sections.

For a vector v = (v;) € RP, we shall denote by Umaxk) the vector v with all but the
k-largest entries (in absolute value) set to zero and define v_ max(k) = U — Umax(k), the vector
v with the k-largest entries (in absolute value) set to zero. We use the standard notation
vlly = (2L, |v:]9)Y4 to denote the £,-norm of the vector v. We shall also treat a vector
v = (v;) as a function v : {1,2,--- ,p} — R by assigning v(i) = v;.

For a subset T" of {1,- -, p}, we use @1 to denote the submatrix obtained by extracting



the columns of ® according to the indices in 7". Let SSVr = {A : A an eigenvalue of ®/.dr},
and Anin(k) = min{Uj7r|<xSSVr}, Amax(k) = max{Uj7<xSSVr}. It can be seen that

1— 5k S Amin(k) S Amax(k) S 1 + 5k

Hence the condition (3) can be viewed as a condition on Ay, (k) and Ayax (k).

The following relations can be easily checked.

Ok <Oy, ifk <k <p (7)
ek,k/ < ekhk/l, if k < kl, k/ < kll, and kl + kll < p. (8)

Candes and Tao [7] showed that the constants 05, and 6y are related by the following
inequalities,
Op, iy < Oty < Oppr + max(dp, Op). (9)

Cai, Xu and Zhang obtained the following properties for 6 and € in [4], which are

especially useful in producing simplified recovery conditions:

l [
Ot b S| D S A[ D O (10)
=1 =1

Consider the ¢; minimization problem (Pg). Let ( be a feasible solution to (Pg), i.e.,
y — @4 € B. Without loss of generality we assume that supp(Bmaxx)) = {1,2,--- , k}. Let
3 be a solution to the minimization problem (Pg). Then it is clear that ||3]: < ||8]:.
Let h = B — f and hg = hl ... ky for some positive integer & < p. Here I4 denotes the
indicator function of a set A C {1,2,--- p}, ie,[4(j)=1if j€ Aand 0if j ¢ A.

The following is a widely used fact. See, for example, [4, 6, 8, 13].

Lemma 1
1R = holly < ||holl1 + 2/ B=mae) |l 1-

This follows from the fact that [|[8]1 > |3]li = ||Bmax) + holli + |k — ho + B maxm 1 >

[ Bmax(iy I = 1Poll1 + 2isq il = 11 8= mai |1
Note also that the Cauchy-Schwarz Inequality yields that for v € R*

lully < VE [Jull2. (11)



3 Shifting Inequality, Exact and Stable Recovery

In this section, we consider exact recovery of high-dimensional sparse signals in the noiseless
case and stable recovery in the bounded noise case. Recovery of sparse signals with Gaussian
noise will be discussed in Section 4. We begin by introducing an elementary inequality
which we call the Shifting Inequality. This useful inequality plays a key role in our analysis

of the properties of the solution to the /; minimization problem.

3.1 The Shifting Inequality

The following elementary inequality enables us to perform finer estimation involving ¢; and

{5 norms as can be seen from the proofs of Theorem 2 in Section 3.2 and other main results.

Lemma 2 (Shifting Inequality) Let q,r be positive integers satisfyingr < q < 3r. Then

any descending chain of real numbers
ap>ay>-a,>2by > bg>cr > >¢ >0

satisfies

izﬂ + i& <l Gt yib (12)
=1 ' =1 T q+7’

In particular, any descending chain of real numbers

satisfies

Proof of this lemma is presented in the Appendix.

Remark 1 A particularly useful case is ¢ = 3r. Let
dy 2 2d, 2dpy1 2 2 dyy > -+ > ds 2 0.

Then Lemma 2 yields
51 1 4r 2
2
> < (3a)-
j=r+1 j=1
We will see that the Shifting Inequality, albeit very elementary, not only simplifies the
analysis of /; minimization method but also weakens the required condition on the RIP.



3.2 Exact Recovery of Sparse Signals

We shall start with the simple setting where no noise is present. In this case the goal is
to recover the signal (§ exactly when it is sparse. This case is of significant interest in its
own right as it is also closely connected to the problem of decoding of linear codes. See,
for example, Candes and Tao [7]. The ideas used in treating this special case can be easily
extended to treat the general case where noise is present.

Suppose y = ®5. Based on (®,y), we wish to reconstruct the vector 3 exactly when
it is sparse. Equivalently, we wish to find the sparest representation of the signal y in
the dictionary consisting of the columns of the matrix ®. Let B be the minimizer to the
problem

(Exact) m]iRn |7]li subject to Py =y. (13)
YERP

Note that this is a special case of the ¢; minimization problem (Pg) with B = {0}. We

have the following result.

Theorem 2 Suppose that (3 is k-sparse and that

k
(SI.H_Q + \/;9;%@717 <1 (14)

holds for some positive integers a and b satisfying 2a < b < 4a. Then the solution B to
the €1 minimization problem (Exact) recovers 3 exactly. In general, if (14) holds, then B

satisfies

A -0 a+6 a
13— 8], < hta T Thtab f||ﬁ maz(iy |11

1— 5k+a - k+a b

Remark 2 We should note that in this and following main theorems, we use the general
condition 0y, + \/%Hkmb < 1, which involves two positive intergers a and b, in addition
to the sparsity parameter k. The flexibility in the choice of @ and b in the condition allows
one to derive interesting conditions for compressed sensing matrices. More discussions on
special cases and comparisons with the existing conditions used in the current literature

are given in Section 5.

Remark 3 A particularly interesting choice is b = k and a = k/4. Theorem 2 shows that
if (3 is k-sparse and
0125k + Ok 1250 < 1, (15)

then the ¢; minimization method recovers (8 exactly. This condition is weaker than other

conditions on RIP currently available in the literature. Compare, for example, Candes and

7



Tao [7, 8], Candes, Romberg and Tao [6], Candes [5], and Cai, Xu and Zhang [4]. See more

discussions in Section 5.

Proof. The proof of Theorem 2 is elementary. The key to the proof is the Shifting
Inequality. Again, set h = B — (. We shall cut the error vector h into pieces and then
apply the Shifting Inequality to subvectors.

Without loss of generality, we assume the first & coordinates of § are the largest in

magnitude. Making rearrangement if necessary, we may also assume that
|h(k +1)| = |h(k+2)| =

Set To ={1,2,-- k}, T. ={k+1,k+2,--- Jk+a}and T; = {k+a+(i—1)b+1,--+ [ k+
a+ib}, i = 1,2,..., with the last subset of size less than or equal to b. Let hy = hly,,
h. = hly, and h; = hlg, for ¢ > 1.

h=p3—p ho | he | My ho hs
Support Size: k a b b b

To apply the Shifting Inequality, we shall first divide each vector h; into two pieces. Set
Th=4k+a+@GE—-1)b+1,--- k+ib}and Tjo =T; \ Ty = {k+1+1b,--- ,k+ a+ib}.
We note that |T;;| = b — a and |Tj2| = a for all i > 1. Let hyy = hillp, and hy = hlr,.

hovr [

length a b—a a

Note that a < b —a < 3a. Applying the Shifting Inequality (12) to the vectors
{h*, hll, hlg} and {h(i_l)Q, hih hz2} for ¢ = 2, 3, ylelds

[7elln + (|71 4 Rzl + [[horlln
Vb Vb

It then follows from Lemma 1 and the inequality (11) that

[hg-vells + [hall

[Pz < NG ;

Nhall2 <

hill2 <

e < Vet T s _ ol
i>1 a \/_

Hho”l +2H6—max k)”l \/7”}1 || Hﬁ—max k)”l

“ﬂ—ma:c(k)”l
< —|lho + s _
S \/;H o+ Rz + /b




Now the fact that ®h = 0 yields
0 = [(Bh, ®(ho+ h))| = [(D(ho + ha), ®(ho + 1)) + Y (Dh, B(ho + h))|
i>1
> (1= 0ksa)llho + hall3 =Y Orasllho + Ball2l|hill2

1>1

k 2 67mam
R0 + A2 ((1 — Opya — \/;e,m’b) lho + ulls — @Ha’b%)

v

This implies
9k+a,b 2||6—maz(k’)“1

1-— 5k+a - \/%ekJra,b \/B

Therefore,

k 2/8_777,0,1;
bl < Bho+ bl Wil < (1 5 ot 2zl
i>1 Vb

1 - 5k+a + 9k+a,b 2
< - _bHﬁ—maa:(k)Hl-
- 6kz+a - \/;9k+a,b

If 3 is k-sparse, then B_,,4.k) = 0, which implies § = B [ ]

The key argument used in the proof of Theorem 2 is the Shifting Inequality. This simply

analysis requires a condition on the RIP that is weaker than other conditions on the RIP

used in the literature.

In addition to Theorem 2, we also have the following result under s simpler condition.

Theorem 3 Let k be a positive integer and suppose
Ok + Vb1 < 1.

Then (3 satisfies
2(1 — 0k + bk1)

1— 0, — V&b,

In particular, if B is k-sparse, the {1 minimization recovers (3 exactly.

Hﬂ_6”2 < Hﬁ—max(k)Hl-

(16)

Proof. The proof is similar to that of Theorem 2. For each i > 1, let T; = {k + ¢} and



h; = hlz,. We note

[(@h, Dho)| = |(Dho, Dho) + > _(®h;, Dhy)]

1>1

> (1=060)lholl3 = D Orallhollzl il

i>1

= |[|holl2 ( (1= 6i)[lholl2 = b1 D> [|ha ||2>

i>1
= |[lholl2 ( 1= 6i)[lholl2 = 1 > [|ha ||1>

i>1
> lholl2 (1 = dr)llholl2 = k1 (1ol + 21| B-mazmy 1))
> holla (1= 80)lIhollz = 01 (VEllAoll2 + 2018 macI1))
> kol (1= 8 = V8 I roll2 = 260115 -masti |1 )

The remaining steps are the same as those in the proof of Theorem 2. =

3.3 Recovery in the Presence of Errors

We now consider reconstruction of high dimensional sparse signals in the presence of
bounded noise. Let B C IR™ be a bounded set. Suppose we observe (®,y) where y = G+ 2z
with the error vector z € B, and we wish to reconstruct 3 by solving the ¢; minimiza-
tion problem (Pg). Specifically, we consider two types of bounded errors: Bi(n) = {z :
|9'2]|0s < 1} and Ba(n) = {z : ||z]]2 < n}. We shall use 325 to denote the solution of the
¢, minimization problem (Pg) with B = By(n) and use 5 to denote the solution of (Pg)
with B = By(n).

The Shifting Inequality again plays a key role in our analysis in this case. In addition,

the analysis of the Gaussian noise case follows easily from that of the bounded noise case.

k
6k+a + \/;ka—&-a,b <1 (17)

holds for positive integers k, a and b where 2a < b < 4a. Then the minimizers BDS and
BKQ satisfy

Theorem 4 Suppose

1875 = Blla < An + BB a1,

and

187 — B2 < Cn + Bl|B-maztir 11

10



where
k Vk+a

b 1- 5k+a - \/%Qk-‘ra,b

0 1+k/b
B — 2 1 ktapy/ 1+ K/ ’
1 —Okya — \/%ka,b

Vb

b
k /14 0ksa
C = 24/1+- 1 Ot . (20)
b k
1— 5k:+a - \/;9k+a,b

A proof of Theorem 4 based on the ideas of that for Theorem 2 is given in the appendix.

Remark 4 As in the noiseless setting, an especially interesting case is b = k and a = k/4.

In this case, Theorem 4 yields that if 3 is k-sparse and

0125k + Or1.050 < 1 (21)

holds, then the ¢; minimizers 4”5 and 572 satisfy

A v 10
1675 = B2 < -V, (22)
1 — 01.256 — Ok 125k
and
A 2+4/2(1 4+ 67
15 = B2 < Ut o) (23)
1 — 01956 — Ok,1.25K

Again, the condition (21) for stable recovery in the noisy case is weaker than the existing
RIP conditions in the literature. See, for example, Candes and Tao [7, 8], Candes, Romberg
and Tao [6], Candes [5]), and Cai, Xu and Zhang [4].

Remark 5 A generalization of Theorem 3 can also be obtained for the bounded noise case.
Suppose (3 is k-sparse and
Ok + Vb1 < 1.

holds. Then the ¢; minimizers 425 and 3% satisfy

2VE2+ K

214+ 0v1+ K
1— 0, — V&b, K

1— 0, — V&b,

1675 = Bll2 < and 3% — 6|, <

11



4 Gaussian Noise

The Gaussian noise case is of particular interest in statistics and several methods have
been developed. See, for example, Tibshirani [19], Efron, et al. [14], and Candes and Tao
[8]. The results presented in Section 3.3 on the bounded noise case are directly applicable
to the case where the noise is Gaussian. This is due to the fact that Gaussian noise is

“essentially bounded”. Suppose we observe
y=®8+2 2z~ N(0,0%L,) (24)

and wish to recover the signal 3 based on (®, y). We assume that o is known and that

the columns of ® are standardized to have unit 5 norm. Define two bounded sets

Bs={z: [|®72]|eo < oy/2logp} and By={z: ||z]|2 < U\/n—i— 2y/nlogn}  (25)

The following result, which follows from standard probability calculations, shows that
the Gaussian noise z is essentially bounded. The readers are referred to Cai, Xu and Zhang

[4] for a proof.

Lemma 3 The Gaussian error z ~ N(0,021,,) satisfies

1 1
—_— d P(zebBy)>1—-—. 26
2/ logp o (2 1z n (26)

Lemma 3 indicates that the Gaussian variable z is in the bounded sets B3 and B, with

P(ZEBg)Zl—

high probability. The results obtained in the previous sections for bounded errors can thus
be applied directly to treat Gaussian noise. In this case, we shall consider two particular

constrained ¢; minimization problems. Let 3”° be the minimizer of

m%gn ll7]l1  subject to y— Py € Bs (27)
TERP

and let Bb be the minimizer of
mIiRn 7]l subject to y — Py € By. (28)
YERP

The following theorem is a direct consequence of Lemma 3 and Theorem 4.

k
5k+a + \/;0;%&71, <1 (29)

12

Theorem 5 Suppose



holds for some positive integers k, a and b with 2a < b < 4a. Then with probability at least

1 o ADS -
1—5 NG the minimizer 37° satisfies

1375 = 3l < Ao\/Z1ogp + Bl st |1

and with probability at least 1 — %, the minimizer 342 satisfies

||B€2 _ 5”2 < C'O-\/n—l— 2\/@‘}‘ BHﬁ—maaz(k)Hl?

where the constants A, B and C are given as in Theorem 4.

Remark: Again, a special case is b = k and a = k/4. In this case, if § is k-sparse and

0125k + Op,1.050 < 1,

then, with high probability, the ¢; minimizers BDS and 542 satisfy

1875 — gl < VAL o (30)

1—5125k—9k125k

. 2 )
162 — gy < 2Y2LHOm) Sy nlogn. (31)

1—5125—9k125k

The result given in (30) for 3PS improves Theorem 1.1 of Candes and Tao [8] by weakening
the condition from do; + Ok 2r < 1 to 0195k + 1,125 < 1 and reducing the constant in the
bound from 4/(1 — o — O 2x) to V10/(1 — 61050 — Ok.1.25c). The improvement on the error
bound is minor. The improvement on the condition is more significant as it shows signals
with larger support can be recovered accurately for fixed n and p.

Candes and Tao [8] also derived an oracle inequality for 3PS in the Gaussian noise setting
under the condition dg; + Ok 2r < 1. Our method can also be used to improve Theorems

1.2 and 1.3 in Candes and Tao [8] by weakening the condition to dy 95r + 05 105 < 1.

5 Discussions

The flexibility in the choice of a and b in the condition 05+ \/% O+ap < 1 used in Theorems
2, 4 and 5 enables us to deduce interesting conditions for compressed sensing matrices. We
shall highlight several of them here and compare with the existing conditions used in the
current literature. As mentioned in the introduction, it is sometimes more convenient to
use conditions only involving the restricted isometry constant ¢ and for this reason we shall
mainly focus on §. By choosing different values of @ and b and using equation (10), it is
easy to show that each of the following conditions is sufficient for the exact recovery of

k-sparse signals in the noiseless case and stable recovery in the noisy case:

13



1. 0125k + Ok o5k < 1

2. Orgose < V2 —1~0.414
3. dor < V6 — 2~ 0.449

4. 03, < 2(2 —/3) = 0.535

5. O < 2—1/220.585

For instance, Condition 2 follows from Condition 1 and equation (10). In fact, if d1 gosx <
V2 — 1, then

0195k + O,1.256 < 01.625% + \/5k+0.625k + dkto0.625k < 1.

These conditions for stable recovery improve the conditions used in the literature, e.g., the
conditions dz; + 304 < 2 in [6], dop, + Opor < 1in [8], S1sp + Orspp < 1in [4], G < V2 — 1
in [5], and 175, < v/2 — 1 in [4]. It is also interesting to note that Condition 4 allows dsy,
to be large than 0.5.

The flexibility in the condition &g, + \/%Qkﬂﬁ < 1 also enables us to discuss the
asymptotic properties of the RIP conditions. Letting a = tk,b = 4tk and using the
equations (7), (8), and (10), it is easy to see that each of the following conditions is

sufficient for stable recovery of k-sparse signals:

V2t 1
L d@ern < 550 123

'3)

3. 5(1+t)k < 1_:_/3%, te (O, %]

V2t
2. 59t27+1k<m, tE(

==

These conditions reveal two asymptotic properties of the restricted isometry constant
9. The first is that 0 can be close to 1 (as t gets large), provided that checking the RIP for
® must be done for sets of columns whose cardinality is much bigger than k, the sparsity
for recovery. The second is that if  is allowed to be small, then checking the RIP for ®

can be done for sets of columns whose cardinality is close to k (as ¢ gets small).

It is clear that with weaker RIP conditions, more matrices can be verified to be com-
pressed sensing matrices. As mentioned in the introduction, for a given n x p matrix, it is
computationally difficult to check its restrictive isometry property. However, it has been
very successful in constructing random compressed sensing matrices using d, and 0, ,, see

1,2,6,7,8, 18].
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For example, Baraniuk et al [2] showed that if ® is an n X p matrix whose entries are

drawn independently according to Gaussian or Bernoulli, then ® fails to have RIP
0, < «

with probability less than

2 r
_o2@B-a) [/ Cp
Ta = 26 48 n <—> ,
ra

where c is a constant.

It is not hard to see that the probability of failing drops at a considerable rate as
the bound « increases and/or the index r decreases. In fact, with a weaker condition
0, < a+ € < 1, this rate is

2
_af(3=a) ep\T
T 26 48 e e €
- = (Oé+€)2<370476> (ra> r Z eTn(l + _)r'
) °

This rate is very large if n is large.

On the other hand, the improvement of RIP conditions can be interpreted as enlarging
the sparsity of the signals to be recovered. For example, one of the previous results showed
that the condition do; < v/2 — 1 ensures the recovery of a k-sparse signal. Replacing the
condition by 1 g25x < V2 — 1, we see that the sparsity of the signals to be recovered is

| — =~ 1.23 ti .
relaxed T 625 3 times
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APPENDIX

A-1 Proof of the Shifting Inequality (Lemma 2)

Let b; =b;11 +d; fori=1,2,--- ,g— 1. Then

(¢ + r)(z b +1b)) = (q+7) ((q +7)b2 + 2b, z_: z_: d; + Z(Z dj)2>

i=1 i=1 j=i j=i
q—1 q q—1

= (q+r)b+20q+1)bg Y idi+ (g +7)> (O dy)
i=1 =1 j=i

And

(b1 + Z b)? = ((q +7)bg + i(r + @')di>

i=1
q—1 q—1 2
= (q+7r) b2—|—2 (g+T) qu (r+i)d; + (Z(r—f—i)di)
i=1 i=1
Note that d; is nonnegative for all i, so 2(q + 7) 201 (r + i)d; > 2(q + ) 30—} id;. Also,
it can be seen that for any 1 < i < j < g — 1, the coefficient of d;d; in (Zq__ll(r +1i)d; )2
is (1+ 10 # 7)(r+14)(r+j)' And the coefficient of d;d; in (¢ +7) (Zq Ld;)? s
(1 + I(i # 7))(q + r)i. Since ¢ < 3r, we know that

(r+i)(r+7) 2 (r+4)* = (r —i)* +4ri > (¢ +r)i.

This means

(Z(r%—i)di) (g+1) Z Zd]

=1 =1 j=1

Hence the inequality is proved.

!The number I(i # j) is 1 unless i = j, in which case it is 0
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A-2 Proof of Theorem 4

Similar to the proof of theorem 2, we have
k
|<q)h7 q)(hO + h*)>| > ||h0 + h*||2 ((1 - 5k+a - \/gek—&-a,b) ||h0 + h*||2 - 9k+a,b \/E

Case I. B= {z: ||z]|]a < n}. It is easy to see that

[{®h, @(ho + h))| < [[@R|2[|®(ho + ho)ll2 < 20/ + Gkyallho + hul2

Therefore,
277 \V 1+ 5k+a + Do ||ﬁ—maz(k’) ||1
o+ helo < 2
I §k+a - \/%Qk-‘ra,b
Now
2
1RlI3 = llho + hull3 + D 1hill3 < [lho + hall3 + (D llhill2)
i>1 i>1

2 2

2
k 2||6—maz(k’)“1 2
= 14+ —||ho + hs — | < (Cn+ B|B-maz .
( +gllho - hulle + =% < (Cn+ BlB-mazity 1)

Case II. B={z: 92| < n}.
By assumption, there is a z € B such that &0 =y — 2. So
[(®h, ®(ho + h))| = [®B—y+ 2 Pror (ho + ha))l
= [(®or, (26 =y +2), (ho + )
< [0, (P8 =y + 2)llallho + hell2
< 2Vk + anllho + 2.

This implies

Ok+a
27’]\/k5+(1+ 2 Ij}%’bnﬂ—max(k)nl

1 — Opta — \/%ek-&-a,b

[ho + Rull2 <

Similar to Case I, we have

2
2)|B-maz
Vb

k
Iplz < ( L Sllho + hull2 +

< (A77+B”6—mar(k)|‘1)2 . |
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