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ABSTRACT. Let S be a numerical monoid with minimal generating set (ni,...,n¢). For m € S,
if m = !, xin;, then °!_, z; is called a factorization length of m. We denote by L£(m) =
{m1,...,mi} (where m; < m;q1 for each 1 < i < k) the set of all possible factorization lengths

of m. The Delta set of m is defined by A(m) = {m;y1 — m;|1 < i < k} and the Delta set
of S by A(S) = UmesA(m). In this paper, we expand on the study of A(S) begun in [3]
in the following manner. Let r1,72,...,7: be an increasing sequence of positive integers and
M, = (n,n+ri,n+ ra2,...,n + r¢) a numerical monoid where n is some positive integer. We
prove that there exists a positive integer N such that if n > N then |[A(My)|=1. If t =2 and
and 72 are relatively prime, then we determine a value for N which is sharp.

1. INTRODUCTION

Problems involving non-unique factorizations into irreducible elements in an integral domain or
monoid continue to be a popular topic in the recent mathematical literature (see the monograph [6]
and the references cited therein). In this paper, we continue the study of factorization properties of
numerical monoids which was begun in [3] and [1]. Before proceeding we will require some definitions.
Let N represent the natural numbers and Ny = NU{0}. A numerical monoid S is a submonoid of Ny
under regular addition. Each such S has a unique minimal generating set. When given a generating
set {n1,...,n}, we will assume that it is minimal unless otherwise stated. If ged{ny,...,n:} =1,
then S = (nq,...,ng) is called primitive. It is easy to see that every numerical monoid is isomorphic
to a primitive numerical monoid. A good general reference on numerical monoids is [4, Chapter
10]. Tt is known that for any primitive numerical monoid S there exists a positive integer k such
that every n > k is contained in S. The smallest such k is called the Frobenius number of S and is
denoted F(S). The problem of computing the Frobenius number has interested mathematicians for
at least 100 years (the computation of the Frobenius number for a two generated numerical monoid
first appeared in [8]) and the recent monograph [7] is an excellent reference on the status of the
Diophatine Frobenius Problem.

We will follow the basic notation for the theory of non-unique factorizations as outlined in [6].
Let M be a commutative cancellative atomic monoid with set A(M) of irreducible elements and set
M of units. For m € M\M™*, set

Lm)={teN|Jx,...,z, € AM) withm =x1---2¢ }.

The set £(m) is called the set of lengths of m. For any m € M\M*, we define L(m) = sup L(m)
and £(m) = inf £L(m). Moreover, if m € M\M* and L(m) = {z1,...,2,} with 21 < 23 < -+ < &y,
then the delta set of m is

A(m) ={x; —x;-1]2 < i < n},
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and the delta set of M is
AM)=|J Alm).
meM\Mx

By a fundamental result of Geroldinger [5, Lemma 3], if d = ged A(M) and |A(M)| < oo, then
{4} € A(M) C {d,2d, .. kd}

for some k € N. A summary of known results involving delta sets can be found in [6, Section 6.7].
Of particular interest from [3] in our current work are the following results.

Proposition 1.1. Let S = (ny,...,nk) be a primitive numerical monoid.

(1) min A(S) = ged{n; —n;—1]2 <i <k} [3, Proposition 2.9].

(2) If S = (n,n+ k,n + 2k,...,n+ bk), then A(S) = {k} [3, Theorem 3.9].

(3) For any k and v in N there exists a three generated numerical monoid S with A(S) =
{k,2k,...,vk} [3, Corollary 4.8].

As an example, by [3, Corollary 4.8] it follows that S = (s,s + 1,2s — 1) for s > 3 has delta
set {1,2, ceey L%J } However, if we fix the successive differences between the generators and set
M, = (n,n+ 1,n + (s — 1)), computer observations based on programming in [2] indicate that
increasing n will cause the size of the delta set to diminish. For instance, if s = 21 we obtain the
following.

n M, A(M,)
21 (21,22, 41) {1,2,3,4,5,6,7}
22 (22,23,42) {1,2,3,4,5}
53 (53,54, 73) {1,2,3}
321 (321, 322, 341) {1,2}
n > 322 | (n,n+ 1,n+ 20) {1}
We are able to prove in Section 4 the assertion made in the last line of the table and in Section 2
that similar behavior occurs for all numerical monoids in the following sense. Let r1,79,...,7; be an
increasing sequence of positive integers and M,, = (n,n+r1,n+ra,...,n+r;) a numerical monoid

where n is some positive integer. We prove in Theorem 2.2 that there exists a positive integer N
such that if n > N then | A(M,,)) |= 1. In fact, if ged(rq,...,r:) = z, then A(M,,) = {m} for
n > N. Using a significant improvement of [3, Proposition 4.3] derived in Section 3, we are able to
prove in Section 4 a stronger version of Theorem 2.2 when ¢ = 2 and ged(ry, r2) = 1. Under these
hypotheses, Theorem 4.1 significantly improves the bound N from Theorem 2.2 and then Proposition
4.6 shows that this value is sharp. In keeping with the spirit of the previous emphasis in the study

of numerical monoids, the use of the Frobenius number is critical to several of our arguments.

2. PROOF FOR THE GENERAL CASE

Given any numerical monoid M, for any y € N, we define
W (y) = {x € M | x has a factorization of length y}.

A closed form for Wy, (y) when M is a numerical monoid generated by an arithmetic sequence can
be found in [1, Lemma 2.4]. Let S = (r1,...,r) and M,, = (n,n+ri,n+17re,...,n+ ;). We
observe that © € Wiy (y) if and only if © = yn + d for some d € S with £5(d) < y. To see this, if
x € Wi, (y), we can write

t
:E:a0n+a1(n+r1)+~~+at(n+7“t):ynJrZairi:yner,
i=1
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so ¢s(d) < Z§=1 a; < y. Conversely, if z = yn + d where ¢g(d) < y, then d = Z§=1 a;r;, where
Zle a; < y. Letting ag =y — 22:1 a;, we have

x=aon+ar(n+r)+- -+ a(n+r).

Since Z:ZO a; =y, we have x € Wy (y).

We begin our work with a brief lemma.

Lemma 2.1. Let S = (ry,...,ry) be primitive. If n > ri(ry — 1)(t — 1), and x > n, then lg(x) <
ls(xz+n).

Proof. Suppose n > ry(ry — 1)(t — 1) and © > n. Note that by [6, Proposition 2.9.4], F(S) <
(ri—1D(ra+...+m) —r1 < re(re — 1)t —1). Since n > F(S), we have n € S and € S. Then
T = 22:1 a;ri, with a; € Ng and > a; minimal. Note that a; < f—t, and for all 1 <: < (t—1) we
have a; < ry; otherwise, we could make a trade to obtain a shorter factorization. Thus

x4 r(re — 1)t —1) crtn

ls() < Z 4 (r—1)(t—1) =

</ls(x+mn). O
Tt Tt Tt

We proceed to the main result of this section.

Theorem 2.2. Let M,, = (n,n+r1,...,n+ 1), where ged(ry,...,1¢) = z and S = (r1,...,1¢).
Then there exists N € N such that for alln > N, A(M,) = {m}. Specifically, the statement
is true for N =ry(ry — 1)(t — 1) — 1.

Proof. We begin by proving the result when S is primitive. If S is primitive, then M,, is primitive,
and by Proposition 1.1 (1), 1 € A(M,,). Assume n > r(ry — 1)(t —1) — 1. Let y1,y2 € N with
Y2 —y1 = ¢ > 2. Suppose m € M,, with m € W(y1) N W(y2). It is sufficient to show that
m e Wy +1).

Since m € W(y1), we have m = yin + dj, for some d; € S with £s(d;) < y;. Similarly, since
m € W(yz), we have m = yan + da, for some dy € S with £g(d2) < ya. Observe that

m=yin+d =y +1)n+d —n,

soif dy —m € S and £g(dy —n) < y; + 1, then m € W(y; + 1). Since y1n + d; = yan + da, as
Y2 — y1 = c it easily follows that do = d; —cn, so dy —cn € S. Since n € S, it trivially follows that
d1 —n e S

Now since dy —en € S, dy > cn > 2n, and thus d; —n > n. By Lemma 2.1, £g(d; —n) < £s(dy) <
y1. Therefore £5(d; —n) < y; + 1. Hence, if m has a non-maximal factorization of length yq, it has
a factorization of length y; + 1. It follows that A(M,,) = {1}, completing the argument for z = 1.

So suppose z > 1. Let 8" = (%, ..., ). Assume n > r¢(r; —1)(t — 1) — 1. We will examine three
cases.
Case 1: Suppose ged(n, z) = 1. Then M, is primitive and z € A(M,,) by Proposition 1.1 (1). Let
y1,y2 € N with yo — y; = ¢z > 2z. Suppose further that m € M, with m € W(y1) N W(y2). It is
sufficient to show that m € W(y; + z).

Since m € W(y1), we have m = yin + d;, for some d; € S with £g(d;) < y;. Similarly, since
m € W(y2), we have m = yaon + da, for some dy € S with ¢g(ds) < ya. Observe that

m=yn+d; = (y1 +2)n+d; — 2n,

so if dy — zn € S and lg(dy — zn) < y1 + 2z, then m € W(y; + 2z). Since y1n + di = yon + do, as
Yo — Y1 = cz it easily follows that do = di — czn, so d; — czn € S. By methods similar to those in
the proof of Lemma 2.1, F(S’) < n, implying zn € S. It trivially follows that d; — zn € S.
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Now since d; — czn € S, di > czn > 2zn, and thus d; — zn > zn. By Lemma 2.1, {g(d; — 2n) <
ls(dy) < yi1. Therefore £s(d; — zn) < y1 + z. Hence, if m has a non-maximal factorization of length

y1, it has a factorization of length y; + z. It follows that A(M,,) = {z}.
Case 2: Suppose ged(n, z) = z. In this case, M is not primitive, but is isomorphic to the primitive
monoid M, = <" nir o Bdre > Since n > It (” — 1) (t — 1) — 1, it follows from our previous

z? oz z z

argument that A(M)) = {1} which implies that A(M,,) ={1}.
Case 3: Suppose ged(n, z) € {1,z}. In this case, M, is not primitive, but is isomorphic to the

. o . . _ + + .
primitive monoid M, = <gcd(n L ggg(:blz), cee gg:i(:;fz) > Since n > m (m — 1) (t—1)-1,

it follows from Case 1 that A(M,,) = , which completes the argument. ]

gcd(n,z)

The next corollary now follows immediately.

Corollary 2.3. Let S and M, be as above with S primitive. If n > ri(ry — 1)(t — 1) — 1, then

A(M,) = {1}
3. AN IMPROVED UPPER BOUND ON A(M) IN THE THREE GENERATOR CASE

Our aim in this section is to show that the maximum of the delta set of a primitive three-generated
numerical monoid can be calculated from the delta sets of only two of its elements; specifically, a
multiple of the smallest generator and a multiple of the largest generator. Theorem 3.1 below
improves [3, Proposition 4.3 (2)], which was instrumental in proving the main results of [3, Section
4]. Throughout this section, let S = (ny,n2,nz). We will assume that S is primitive and minimally
generated and that ny < ne < ng.

We will first require some notation and terminology. Suppose that
(1) m = x1n1 + Tang + 3Nz = Y1n1 + YaN2 + Ysna

are factorizations of m € S of different lengths. Let v = (x1,22,23,¥1,%2,y3) and set 6(v) =
21 + x2 + 23 — (y1 + y2 + y3). We may suppose (after flipping the coordinates if necessary) that
x; > y; for exactly one 7. After canceling like factors, the vector v reduces to a new vector v’ of one
of the following three forms:

(i) v = (21,0,0,0,45,u3),
(i) o' = (0,25,0,41,0,y5),
(111) Vo= (07 0> £L’é, ylla yl23 O)
In any of these cases, we can write §(v) = 0(v') = 2} — (y} + yj,), for pairwise distinct 4, j and

k. If i = 1 then 2iny = yhna + yins, which implies ] > y) + y5 and §(v) > 0. If i = 3, then
xhns = yin1 + yhne, which implies x4 < ¥} + y4 and §(v) < 0.

Now, let k1 be the minimal positive integer such that k1ny € (ng, ng). We have k1ny = agna+tasng
for some positive integers as,a3. Assume that as and az are chosen so their sum is maximal.
Similarly, let k3 be the minimal positive integer such that ksng € (ng,ng). We have ksng =
c1n1 + cong for some positive integers co,c3. Assume that co and c3 are chosen so their sum is
minimal. Let K7 = k1 — (a2 + as) and K5 = ¢; + ¢ — k3, so K1, K5 > 0. By [3, Proposition 4.3],
we have that K7, K3 € A(S). We will show the following.

Theorem 3.1. For a primitive and minimally generated S = (n1,ng,n3), max(A(S)) = max{K;, K3}.

The proof of Theorem 3.1 will follow from Propositions 3.2, 3.3 and 3.4 in the following manner.
Given a nonunique factorization of m in S of the form (1) with associated vector v, we will argue
that its difference in length, |§(v)|, is either less than or equal to max{K7, K3} or there is another
factorization of m into irreducibles of length strictly between |z1 +x2 +x3| and |y1 +y2 +y3|. Notice
that it is sufficient to argue this for the vectors of the form v’ constructed above. We begin by
showing this for vectors of the form (i) and (iii).
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Proposition 3.2. Let S be as in Theorem 3.1.

1. If (a,0,0) and (0,b,c) are two factorizations of any in S, then either a — (b+c¢) < Ky or there
exists another factorization of any = x1ny + xono + x3ng such that a > 1+ x9 +x3 > b+ c.

2. If (0,0,¢) and (a,b,0) are two factorizations of cng in S, then either |c — (a + b)| < K3 or
there exists another factorization of cng = x1ni + xong + x3ng such that ¢ < x1 + 22 + 3 < a+b.

Proof. We prove 1. since the proof of 2. is similar. By the minimality of k1 we have a > k1. Suppose
a—(b+c) > K;. We have an; = (a — k1)ny + aanz + agng. So we have a factorization of an; of
length a and one of length a — k1 4+ a3 + a3 = a — K;. Then we have a factorization of length in
between a and b + ¢, completing our proof. O

The proof for vectors of the form (ii) will require two propositions.

Proposition 3.3. Let m € S with m = xzno = byny + bgng and by + b3 — x > 0. Then either
b1 + b3 — x < K; or there exists another factorization of xne = yini + yane + ysng such that
x<y1+y2+ys < b +bs.

Proof. Suppose by + b3 —x > K;. If by = 0 then we have zny = bsns and = < bs. Since n3 > no
this is a contradiction. Suppose b; > k1. Then we have zne = (by — k1)n1 + agna + agns. Either
we have x < by — k1 + as + a3z < by + b3, and we have a factorization of intermediate length, or
b1 — ki +as+a3 <z <by+bsgand by +bs —x < K;.

So we have 0 < b; < k1. Consider the element
(]Cl — bl)nl + Ino = klnl + b3n3 = asns9 + (a3 + bg)’ﬂg.

We have three factorization lengths: k1 — by +x, k1 + b3, as + as + bs. We have two cases. First
suppose that as+as+bs < x+k; —by. Since k1 +b3— (aa+as+b3) = Ky and ky +b3— (z+k1 —b1) =
b1 + b3 —x, we have by + b3 —x < K7 which is a contradiction. So z+ k1 —by < as+az+bz < k1 +b3.
If ay > x we have (k1 — b1)n; = (ag — x)ne + (asz + bs)ng and k1 — by < as — x + a3z + bs. Since
ny < ng < ng this is a contradiction. So as < x and we have (k1 — b1)n1 + (x — az)ne = (a3 + bz)ns
with k1 — b1 + 2 — as < ag + b3. Since n; < ng < ng this is a contradiction. O

We will now prove a very similar statement which involves Kjs.

Proposition 3.4. Let m € S with m = xzno = byny + bsng and by + b3 — x < 0. Then either
x — (b1 + b3) < K3 or there exists another factorization of xny = yiny + yane + ysns such that
T >y +y2 +ys > b+ bs.

Proof. Suppose that  — (by + b3) > Ks. If b3 = 0 we have byny = xzng and « > b;. Since
n1 < ng this is a contradiction. Now suppose that b3 > k3. Then we have xne = byni + bgng =
(c1 + b1)ny + cang + (bs — k3)ns. We either have by + b3 < ¢1 + by + ¢2 + b3 — k3 < x, in which
case we have a factorization of xny of intermediate length, or by + b3 < < ¢1 + by + o + b3 — k3,
contradicting = — (by + b3) > K.

Therefore we have 0 < b < k3. Consider the element
xng + (kg — bg)’ng =biny + ksns = (01 + bl)nl + cono.

We have three factorization lengths: = + k3 — b3, b1 + k3,1 + by + co. We have two cases. First
suppose that x4+ ks —bg < by +c¢1 +co. Since by +c¢1+co — (bl —I—k‘3) = Kz and x+k3z —bs — (b1 +k‘3) =
x—(b1+b3), we have x— (b1 +b3) < K3 which is a contradiction. So by +ks < by+c1+co < x+ks—bs.
If co > x we have (b1 + c1)n1 + (co — x)ng = (ks — bg)ns and k3 — bg > by + ¢1 + co — z. Since
ny < ng < ng this is a contradiction. So ¢2 < z and we have (b; + ¢1)n; = (x — c2)n2 + (ks — b3)ns
and by + ¢; <z — co + k3 — b3. Since ny < no < ng, this is a contradiction. O
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Therefore given any factorization (0,b,0, a,0, ¢) of bng in S, then either |b—(a+c¢)| < max{K;, K3}
or there is another factorization of bny with length between b and a + ¢. This completes the proof
of Theorem 3.1.

4. A SHARP BOUND ON N IN THE THREE GENERATOR CASE

We now focus on the case where S = (n,n +r,n+ s) and ged(r, s) = 1 and find the sharp value
of the constant N from Theorem 2.2.

Theorem 4.1. Let r,s € N, ged(r,s) =1, 0 < r < s. Suppose M, = {n,n + r,n+ s) where n € N.
Then A(M,,) = {1} for all n > max{rs —r — s,8> —rs+r — 3s}.

The proof of this theorem will follow immediately from Theorem 3.1 and Lemmas 4.2, 4.3, 4.4
and 4.5.

Lemma 4.2. If s < 2r+ 1, then Ky = {1} for M,, whenn > rs—r —s.

Proof. Let S = (r,s). Suppose that n = rs —r — s+ C, where C > 1. We first observe that the
Frobenius number F'(S) of S is equal to rs —r — s, as shown by [8]. Then for any A € N, An > F(S)
and hence there exist z,y € Ny such that An = zr + ys. For every A € N, choose z,y such that
their sum is minimal; denote these x4 and y4. Note that 4 < s, because if it were not, we could
trade s r’s for r s’s, yielding a smaller factorization length. Clearly,

(2) An = xzaT +yas
is equivalent to

(xat+ya+An=za(n+r)+yaln+s).
Thus (4 +ya + A)n € (n+7,n+s).

Claim: k =x1 +y1 + 1.

By our construction, ky = min{x4 +y4 + A | A € N}. For 1 + 31 + 1 to be minimal, we must
show that 1 +y1 +1 < x4 +ya+ A for all A. Now when A =1 we have n = x1r+vy18 > T+ 17,
S0

n
(3) - >r1+y.

Also, for any A, An = zA7 + yas < x48+ yas, s0O

An
(4) S <xza+ya.
Next we consider several different cases.

(I) Suppose s < 2r, and hence s < Ar for all A > 2. It follows that % < %, and thus = < %. By (3)
and (4), x1 +y1 < x4 +ya. Adding 1 to each side, we have 1 +y1+1 < za4+ya+1<za+yas+A.
Thus k1 = z1 +y1 + 1 for s < 2r.

(IT) Suppose s = 2r + 1. If A > 3, then s < Ar, so the argument from the previous case holds.
Suppose A = 2, and for ease of notation let 1 = z and y; = y. We know n = zr + y(2r + 1). Let
r > 3; we will later address cases with r < 3.

Assume for the sake of contradiction that x 4+ y + 1 is not minimal. That is there exists ¢,d € Ny
such that 2n = cr + d(2r + 1) with ¢+ d < z +y. Then

2ar +2y(2r + 1) = cr +d(2r + 1).

If 2z < 2r + 1, then we are done for we cannot make the factorization smaller; the factorization on
the left is of minimal length, but is longer than = + y. If 22 > 2r 4+ 1, we trade 2r + 1 r’s for 2r
(2r +1)’s to get

2x—2r—1r+ 2y+r)(2r+1)=cr+ds.
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We can be certain that ¢ +d = 2z — 2r — 1 + 2y + r because x < 2r + 1, so 2z < 4r + 2 and another
trade to a smaller factorization cannot be made. Knowing this, 2z — 2r — 14 2y +r < z + y, which
simplifies to = + y < r + 1. Now, since ¢ + d is the minimum factorization length of 2n in S, by [3,
Proposition 3.7] we have

C+d:£S(2n)>{ on -‘>[27’(27“—#1)—2(27‘—1—1)—27’-‘:[271_2_ 2 W:%_z

2r+1 2r+1 2r+1
Thus, 2r —2 < c+d < x+y < r+1 implies that r < 3, a contradiction. Thus ky = 1 +y; + 1 for
s=2r+1and r > 3.
(ITI) It remains to prove the claim for s = 2r + 1 when = 1 or 2. Suppose r = 1 and hence s = 3
and n = —1 4+ C. Observe that if C = 1, n = 0; since we are only concerned with positive values of
n, it is sufficient to prove the claim for C' > 2. If A > 3, then it follows that w > —-1+C.
Combining this with our previous results (3) and (4), we have

A(-1+C
1’1+y1§71+0§%§m+%-
20—2—1'2

3
2C + 1+ 2x5 >20—|—1
3 - 3

Now suppose A = 2. Since x5 < 2 and since ys = , we have

To+ Y2+ 1=

c—-1-
Similarly, since 1 < 2 and y; = %, we have

C—1+2m1<C+3
3 - 3
Finally, since C' > 2, C'+ 3 < 2C' + 1 for all C. Thus we have

C’+3SQC’+1

T1+Y1 =

r1+y1 < <xo+ys+ 1.
Now suppose » = 2 and hence s =5 and n =3+ C. If A > 3, then 24 > 5, so @ > %
Again combining this with our previous results (3) and (4), we have

3+C AB+C

z1+y1 < < ( )
2 5

If A =2, we know that 2z + 5ys = 2(3 + C') = 2n. Since 2n is even, ys must obviously be even. If

x2 is also even, x1 +y1 < x2 + Y2 because 21 = % and y; = 4.

However, if x5 is odd, then 29 = 1 or 3 (since 22 < 5). As C > 2 and 25 > 1, 2(3+ C) > 10,
implying yo > 2. Suppose x2 = 1, giving us a factorization length of ys + 1. Since yo > 2, we can
trade two 5’s for five 2’s, yielding a new factorization 2n = 2z} + 5y,. So zh, = z2 +5 = 6 and
yb = yo — 2 and this factorization has length x4 + y5 = 2 + y2 + 3 = yo + 4. Now x4, and gy} are
even, so we can divide by 2 to obtain a factorization of n:

5 (y2 —2)

xt Y
—972 72 _ 9.
n 2+52 3+5 5

Since x1 + y; is the minimum factorization length of n, we have x1 +5y; < 3 + 92772 =% 4+2 So
it is sufficient to show that %2 4+ 2 <ys+x2 =y2+ 1. Knowing yo > 2, we have ys +4 < 2y, + 2,
and hence 2 +2 <y + 1. A similar argument with 2 = 3 leads to the same conclusion assuming
yo > 4. Ifzg =3 andy; =2,2n=16=2-54+3-2, and n =8 =0-5+ 4 - 2, finishing the argument

when x5 is odd. This completes not only the proof of (III), but also the proof that ky = 1 +y1 + 1.

<xa+ya.

If v = (k1,0,0,,0,z1,y1) it now clearly follows that 6(v) = 1 and hence K7 = 1, completing the
proof. O

Lemma 4.3. If s > 2r + 1, then K; = {1} for M,, when n > s> —rs+r — 3s.
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Proof. Let S = (r,s) and suppose that n > s? —rs+r — 3s+ 1. We proceed using the notation and

terminology of the proof of Lemma 4.2. We again claim that k; = 21 +y; + 1 and will show this by
An —

arguing that 1 +y1 +1 < x4 +ya + A for all A. Solving for y in (2), we have y4 = M,
s

and so
A tyat A zAs+An;xAr+As _ A(n+s)+sx14(sfr)'
Clearly, we now only need to show that n+ s+ z1(s —r) < A(n+ s) + xa(s — r), or equivalently

(A—1(n+s) > (r1 —za)(s—71). I za > xq1, then 7 — x4 < 0, so clearly (A —1)(n+s) >

(xr1—za)(s—71). fax1 > x4, then 1 —z4 < s—1,since 1 < s. Thus, (x1—x4)(s—7) < (s—1)(s—7).
Now if A > 3, then

(A=1)(n+5)>2n+s)>25>—2rs+2r —4s+2> (s —1)(s —7) > (x1 —x4)(s — 1),

and we’re done.

Now suppose A =2 and s —r > 5. Suppose for the sake of contradiction that xo + yo < x1 + ¥1.
Then 2z17 4 2y15 = xor + yo5. If 21 < s, then we are done, since a trade to a smaller factorization
cannot be made, and 2x; 4+ 2y; > x1 + y1. Suppose 2x; > s; then we can make a trade to
obtain (2z1 — s)r 4+ (2y1 + r)s = zar + yas. Since x1 < s, 2x1 < 2s, we cannot make another trade.
Considering the factorization lengths, we have 2x1 —s+2y; +7 < x1+vy; implies that x1 +y; < s—r.
Recall from [3, Proposition 3.7] that

2n 22 —2rs+2r — 6s+ 2
xo +y2 = Lg(2n) > [s—‘ > [

s
Since by assumption xo+ys < 141, it follows now that 2s—2r—5 < xo+ys < 14+y1 < s—r which
implies that s —r < 5, a contradiction. Thus z1 + y1 < x3 + yo, implying z1 +y1 + 1 < 22 + yo + 2.

2r 42

—"72527"64“ —‘2527’5.

Finally, suppose A =2 and s — r < 5. There are two cases:
(A)Ifr=1and s =4, then n = 21 - 1 + y; - 4 implies that 2n = 2z, -1+ 2y; 4. n=0or 1
(mod 4), then x1 = 0 or 1, respectively. This means that xo = 227 < 4 so we cannot make a trade
that yields a smaller factorization. Thus y2 = 2y1, so z1 +y1 +1 < z2 +y2 + 2. If n =2 (mod 4),
then x1 = 2, and 2x; = 4. This implies that we can make a trade:

2n=2x1-142y;-4=(2x1 —4)- 1+ (2y1 +1) - 4.

Since 2x7 — 4 = 0 we cannot trade further, so yo = 2y; + 1, and the length of the factorization is
2y1+1. Thus zo+y2+2=2y1+3 > 2+y; +1 =21 +y1 + 1. If n =3 (mod 4), a similar argument
leads to zo =2 and yo = 2y; +2. Thus zo +y2 +2=2+2y1 +2+2>3+y1 + 1 =x1 +y1 + 1.
(B) If r = 1 and s = 5, then by considering cases of n (mod 5) in a similar fashion, it easily follows
that no trade can be made for n = 0,1,2 (mod 5) and the trades in cases of n = 3,4 (mod 5) do not
make the factorization small enough to contradict xy + y; + 1 < x5 + y2 + 2. Hence, for all A > 1,
and for s > 2r + 1, we have 1 +y1 +1 <z +ya + A, and the claim is proven.

As at the end of the proof of Lemma 4.2, it now easily follows that K; = 1, completing the
proof. O

Lemma 4.4. If s <2r+1, then K3 = {1} for M,, whenn >rs—r —s.

Proof. Let S = (s,s —r). Suppose that n = rs —r — s+ C, where C' > 1. Observe that in this case,
F(S)=5s?—rs+r—2s. Then forany A € N, A(n+5s) >n+s>rs—r+12> F(S) and hence
there exist x,y € Ny such that A(n + s) = xs + y(s — r). For every A € N, choose z,y such that
their sum is minimal; denote these x4 and y4. Similar to our previous arguments, we have y4 < s.
Now A(n+s) =x48+ ya(s —r) is equivalent to

(xa+ya—A)(n+s)=xsan+ya(n+r).
Thus (x4 +ya — A)(n+ ) € (n,n+r).
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Claim: k3 =x1 +y; — 1.
By our construction, ks = min{xs + ya — A | A € N}. For 1 + y; — 1 to be minimal, we must
show that 1 +y; — 1 < x4 +ya — A for all A. Since we easily have
An+s) —ya(s—r)
S

TrpA =

A
for all A, it follows that z4 +y4 — A = An+yar

. So we want to show n + y17 < An + yar, or
equivalently, (y1 —ya)r < (A — 1)n, for all A.S
Let A > 3. First suppose r > 2. Then
rs—r—2s+2=(s—1)(r—2)>0,
so adding rs — r to both sides of this inequality, we obtain
rs—r<2rs—2r—2s+2<2n<(A-1)n
since A > 3. Since 0 < y4 < s—1 for all y4,
(y1 —ya)r <(s—Lr=rs—r.
Thusif r > 2, (y1 —ya)r <rs—r < (A—1)nfor all A > 3. If r = 1, then by our initial assumptions
we must have s = 3, so y4 < 2 for all A. Since we are assuming A > 3 and n > 1, we have
n—;yl < n;—2 < An;—yA

1 +y1—1= =24 +ya—A,

completing our argument for A > 3.

It remains to prove x1 +y1 — 1 < 29 + ya — 2 (equivalently, (y1 — y2)r < n), which we prove in
two cases.
(I) Let 7 > 3. Note that yo = 2y; (mod s). If y; < 5 then y = 2y, in which case (y1 — y2)r =
—y1r < 0 < n, so we are done. So assume y; > 5, in which case y» = 2y; — s. We have

rs
(y1 —y2)r = (s —y)r < 3

If s > 6, we have:

rs

?a

so (y1 —y2)r < n. If s < 6, then given our initial assumptions and still keeping r > 3, there are only

three possibilities for r and s: (1) r=3 and s=4; (2) r=3and s =5;0or (3) r =4 and s =5. In

each of these cases, it is easily verifiable that if n > rs —r — s+ 1, then n > %; so in each of these

cases, (y1 — y2)r < n, completing the proof for r > 3.

n2r57r75+1Z§+(2r75)+1Z§+(2r72r71)+1:

(IT) Let r < 3. Given our initial assumptions, there are only three possible combinations for r and
ssr=1land s=3,r=2and s=3,and r =2 and s = 5.

A
e Let r =1 and s = 3. SincexA+yAfA:MforallA,Wehavez:1+ylfl§%r2

S
(as ya < 2 for all A) and x93 +y2 —2 > % If n > 2, then "T” < %” and we are done. If n =1
then n + s = 4, and simple calculations yield 1 = 0, y; = 2, x2 = 2, and yo = 1, which satisfy
r14+y1—1l=x2+y>—2. Thusforalln>1,z1+y; — 1 < a2+ ys — 2.

e Let r =2 and s = 3. Note that n > rs —r —s+1=2. Since 1 + 41 — 1 < 2 (as r =2 and
ya < 2forall A) and xo+ys—2 > %", if n > 4 we immediately have 1 +y1 —1 < zo+ys—2. If n = 3,
n+s =6, and we have 1 = 2, y; = 0, 22 = 4, and yo = 0, which satisfy z1 +y; —1 < zo +y2 — 2. If
n=2n+s=>5,and wehave x; = 1, y1 = 2, x5 = 2, and yo = 2, which satisfy z1+y1 —1 = zo+y2—2,
completing the proof for all n > 2.

eletr=2and s=5. Notethat n >rs—r—s+1=4. Sincex1+y1—1§%+8 (as =2 and

ya < 4 for all A) and zo + 1y —2 > %", if n > 8 we immediately have x1 +y1 — 1 < zo + yo — 2.
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Ifn=7n+s=12, and we have z; =0, y1 =4, x2 =4, and yo = 2. If n =6, n+ s = 11, and
we have 21 = 1, y1 = 3, 23 = 4, and yo = 1. If n =5, n+ s = 10, and we have z; = 2, y; = 0,
xo =4, and yo = 0. Finally, if n =4, n+ s =9, and we have x1 = 2, y; = 2, 2 = 2, and yo = 4.
Simple calculations verify that all of these satisfy x1 +y1 — 1 < 2 4+ yo — 2. Thus for all n > 4,
z1+y1 —1<x2+7y2 — 2.

Thus the claim is proved. Finally, if v = (0,0, k3,21, 91,0), then |§(v)| = 1 and thus K3 = 1
completing the proof. O

Lemma 4.5. If s > 2r + 1, then K3 = {1} for M,, whenn > s> —rs+r — 3s.

Proof. Let S = (s,s — r) and suppose that n = s> —rs + 7 — 3s + C, where C' > 1. We proceed
using the notation and terminology of Lemma 4.4 and again claim that k3 = z1 +y; — 1. We will
again argue that 1 +y; — 1 < x4 +ya — A for all A.

First we consider the case where s > 2r +2. Since n = s> —rs+1r—3s+C and C > 1, and since

n>s?—rs+r—3s+1>2r(s—1)—rs+r—1=rs—r—1,
and so n > rs — r. Adding n to both sides of this inequality we obtain

n—r

2n

+r < —.

s s
n+s—y(s—r)

Since n + s = x1s + y1(s — r), we have x; =
s

. Combining this with our previous

observation that y; < s — 1, we have

n+s—yi(s—r)+ys—s n+yr _n-—r
Tty —1= A S ) tun = Syl S+

Similarly, for A > 2 we have
4ty A= Antyar An 20
s s s
which yields

n—r 2n
Tty - 1S = r< S <watya - A

for all A. Thusif s >2r+2, ks =21 +y; — 1.
An +yar >
s

Now we address the case where s = 2r+2. First suppose o # 0. Then zx+ys—A =

2 1
nt for all A > 2. We now have:

n>s*—rs+r—3s+1=(5-2)(s—1)—rs+r—1=2r(s—1)—rs+r—1=rs—r—1,

son—r4+rs <2n+1, or equivalently, 2= +r < 2”+1 . A similar argument to that of our first case

above yields x1 +y1 — 1 < xa+ysa— A for all A. Now suppose y2 = 0. Then 2(n + s) = 235 is a
multiple of s, so we must have y; =0 or £. If y1 =0, z1 +y1 — 1 = % < 2" <xpa+ya— Afor

2 bl =
" Slnce s =2r+ 2 and

all A > 2. If y; = 5, then after solving for z; we have 1 +y; —1 =% + 3.
C>2-7?(asC>1andr>1), we have:
n=s—rs+r—3s+C=2r+r—24+C>2%+r—-2+2—-12=r*4r=r(r+1)= %
Therefore, n > 7"5 That is, S % and so % + % < 2?" The result now immediately follows. This
allows us to conclude that if s =2r+2, ks=x1+y; — 1.
Thus the claim is proved. We have shown that k1 = 1 + y; — 1, and that v = (0,0, k3, z1,91,0)
is the minimum trade. Now |6(v)| = 1, and since K3 > 0, we have K5 = 1, finishing the proof. [
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This completes the proof of Theorem 4.1. To show the optimality of these bounds, we have the
following proposition:

Proposition 4.6. Suppose r,s € N, ged(r,s) =1, and 0 < r < 5. Let n = max{rs—r—s,s> —rs+
r—3s}, and M, = (n,n+7r,n+s). Then A(M,) # {1}.

Proof. First suppose n =rs—r —s. Let m = n(n + r)(n+ s). Clearly the maximum factorization
length of m in M, is (n+7)(n+s), and since we trivially also have factorizations of lengths n(n+r)
and n(n + s), we know the delta set of m is nonempty. So consider any non-maximal factorization
of m, say m = ((n+r)(n+s) —a)n+x(n+r)+y(n+s). Then we have an = z(n +r) +y(n + s)
which implies (¢ — (z + y))n = zr + ys. Sincen =rs—r —s, n ¢ (r,s),so a — (x +y) # 1; as
a—(x+y) > 0, we have a — (x+y) > 2. Thus, the difference between the length of our non-maximal
factorization and our maximal factorization is simply a — (z +y), so there is no factorization of m of
length (n +r)(n+ s) — 1. Therefore there is an integer ¢t > 1 with t € A(n(n+7)(n+s)) C A(M,).

Now suppose n = s* —rs +r — 3s. Again let m = n(n + r)(n + s). Clearly the minimum

factorization length of m in M, is n(n +r), and since we trivially also have factorizations of lengths
n(n + s) and (n+r)(n + s), we know the delta set of m is nonempty. So consider any non-minimal
factorization of m, say m = zn+y(n+r)+(n(n+r)—a)(n+s). Then we have a(n+s) = zn+y(n+r).
That is, (z +y —a)(n+s) =xs+y(s—7r). Sincen+s=5>—rs+r—2s,n+s ¢ (s—r,s) and
(x +y) —a > 0, we have (x +y) — a > 2. The difference between the length of our non-minimal
factorization and our minimal factorization is simply (x + y) — a, so there is no factorization of m of
length n(n + r) + 1. Therefore there is an integer ¢ > 1 with ¢t € A(n(n +r)(n+s)) C A(M,,). O
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