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Abstract. We introduce certain special functions (“‘Shintani functions”) on GL(n)
over a non-Archimedean local field. We prove the uniqueness, existence and partial
explicit formula of Shintani functions. We give several applications of these local results
to the theory of automorphic L-functions for GL(n).
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Introduction. In the study of automorphic L-functions, various special functions
on reductive groups have been playing fundamental roles. Among others, the spherical
function and the Whittaker function have been studied by many mathematicians. The
aim of this paper is to introduce and study a new kind of special functions for GL(n)
that we call Shintani functions. We investigate their local properties, which is similar
to those of the spherical and Whittaker functions, and give several applications to the
theory of automorphic L-functions for GL(n).

Shintani functions were first introduced by Shintani for the symplectic groups
[Shin 2] in order to study the automorphic L-functions of Siegel (or Jacobi) modular
forms. Several properties conjectured by him were studied in [M-S 1] and [Mu]. The
notion of Shintani functions was later generalized to the case of orthogonal and unitary
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166 A. MURASE AND T. SUGANO

groups and used to obtain a new integral expression of automorphic L-functions for
classical groups (cf. [M-S 2]).

To explain our results more precisely, let G, = GL(n— 1) and G = GL(n) be the general
linear groups over an algebraic number field E and embed G, into G via

g, O
w0

Let f and F be automorphic forms on G, and G, respectively. If f is square integrable
over G, ;\G, 4 (cf. §8.6) and F is cuspidal, then the integral

0.1) W, rg)= f S)F(xg)dx  (geGo)
Go,e\Go,4

is absolutely convergent. We call W, . the global Shintani function attached to (f, F).
Let #5, ,=H#(G(E,), G,(0,) and H#; ,=H(G(E,), G(o,)) be the Hecke algebras of G,
and G at a finite prime v of E, where E, denotes the completion of E at v and o, its
integer ring. Assume that f and F are common eigenfunctions under the action of the
Hecke algebras J#;_, and 5 , for every v. Let £, (resp. Z,) be the Satake parameter
at v of f (resp. of F) and denote by & (resp. by Z;) the corresponding C-algebra
homomorphism of J#;_, (resp. of #% ) to C (cf. §1). By definition, for ¢,e#5;, , and
@€ H5, we have fxo,=E)(p,)f and Fx®,=E(®,)F. Then the restriction W of W, p
to G,= Gy, is a common eigenfunction under the action of #;_, on the left and that
of #; , on the right:

0.2) P Wx @, =7 (0,)5, (D)W,

where we put

(. Wx®,)g)= dx I dy o (W(x"'gn)®(y) (9eG,).
Go,v [

The space Sh(¢,, E,) of C-valued functions W on G (o, )\G(E,)/G(o,) satisfying (0.2) is
called the space of local Shintani functions attached to (£,, £,). One of our main results
asserts that the dimension of Sh(¢,, E,) is equal to one. This implies that the global
Shintani function defined by the integral (0.1) splits into the product of local Shintani
functions. Moreover we present several integral formulas for local Shintani functions,
which yield new integral expressions of automorphic L-functions for GL(n).

We now explain a relation between a recent work of Prasad [Pr] and ours. Let
(=,, V,) and (m, V) be admissible representations of G,=GL(n—1, E) and G=GL(n, E),
respectively, where E is a non-Archimedean local field and V, (resp. V) is the rep-
resentation space of =, (resp. of ). Assume that there exists a non-zero G,-equivariant
linear mapping T of ¥'to V, where ¥, is the representation space of the contragredient
n, of n,. For example, the assumption holds if both of n, and = are irreducible and
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generic (cf. [Pr, Theorem 3]). Suppose that =, and 7 are of class 1. Let v, (resp. v) be
a G,(og)-fixed (resp. G(og)-fixed) vector in ¥V, (resp. in ¥) and { , ) the canonical pairing
of V; x V,. Let & (resp. Z) be the Satake parameter corresponding to =, (resp. m). Then
the function W(g)=<{T(n(g)v), v,> on G is a non-zero local Shintani function for (£, Z)
in our sense. This implies that

0.3) dim¢ Sh(Z, E)> 1

holds at least for a pair (&, Z) for which both of =, and = are irreducible and generic.
We note that our proof of the fact (0.3) in §4 is different from the above argument and
applies for all the pairs (£, =), though our consideration is restricted to the case of class
1 representations.

The paper is organized as follows. In Part I, we study the local Shintani functions
for GL(n). From §1 to §4, we consider the non-Archimedean case. In §1, after fixing
notation, we introduce the notion of local Shintani functions for GL(n) and state the
main result of Part I: the uniqueness and existence of local Shintani functions. The
object of §2 is to study the structure of the coset space G, (o, \G(E,)/G(v,), which is
crucial to the proof of the uniqueness. In §3, following the method of Shintani [Shin
1] and Kato [Ka], we study the system of difference equations satisfied by the values
of Shintani functions. This enables us to reduce the proof of the uniqueness theorem
(Theorem 3.1) to a certain integral formula proved in §6. In §4, we prove the existence
theorem (Theorem 4.10) by giving an integral expression of Shintani functions. The
local Shintani functions in the Archimedean case are defined and studied in §5. In this
case, the uniqueness and existence theorems (in an appropriate form) have not yet been
established. The aim of the next two sections is to show two integral formulas for local
Shintani functions. The first one proved in §6 together with the results of §3 establishes
the uniqueness theorem. Both formulas are later used to study certain global integrals
of Rankin-Selberg type (cf. §9 and §11).

The theme of Part II is a global application of the local results of Part I. In §8,
after recalling the notion of automorphic forms on GL{(n), we define the global Shintani
function W, attached to (f, F), where f is an automorphic form on G,=GL(n—1)
with IGD,E\G,‘, 1 f(x)[Pdx < o0 and Fis a cusp form on G=GL{n). We also define a twisted
global Shintani function, which is needed in the next section. The first global application
of Shintani functions is given in §9. To be more precise, we let P and Q be the standard
maximal parabolic subgroups of G of types (n—1, 1) and (1, n—1), respectively. Since
Levi subgroups of P and Q are isomorphic to GL(1) x G,, we can define the (normalized)
Eisenstein series E*(g; s; f; P) (resp. E*(g; s; 1; Q)) attached to f (resp. 1) with respect
to P (resp. Q) on G,. The main result (Theorem 9.4) of §9 asserts that the integral

0.4 J F(9)E*(g; s1; f; PYE*(g; s, 1; Q)dg
Z4Ge\G4
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is expressed essentially in terms of the standard L-function L(F; s) of F(g)=F(g~!) and
the tensor L-function L(f ® F; s) up to certain local factors at the infinite primes. This
fact may be considered as an analog of Shimura’s result on the Hecke L-functions for
GL(2) (cf. [Shim, p. 799]). The proof is based on the first integral formula given in §6
and the fact that the integral (0.4) is equal to a certain integral of the (twisted) global
Shintani function W, i(#;s) over N,, where N is the unipotent radical of P. In the
remaining part of the paper (§§10-11), we give another global application, which may
be viewed as an analog of the results of our previous paper [M-S2]. Let G, =GL(n+1)
and embed G into G, via
o o)

Let P, be the standard parabolic subgroup of G, corresponding to the partition
n+l=14m—1)+1. In §10, we study the orbit structure of P,\G,/G, which is needed
in the proof of the basic identity in the next section. In §11, after recalling the definition
of the normalized Eisenstein series £*(g,; s, 3'; f) (g1 € Gy 4 s, s € C) attached to f with
respect to P;, we prove the following results (Theorem 11.4):

(i) Let {v;} be a sequence in C(R) with 0 <v,(x)<v,(x)< - - <1 converging to
the constant function 1. Assume that Re(s), Re(s") are sufficiently large. Then, as j— oo,
the integral

ZFHs, s 05)= J F(g)6*(g; s, s'; fo;(| det gl )dg
Ge\G4

absolutely converges to a value independent of the choice of {v;}.

(ii) The limit is expressed in terms of the standard L-functions L(F; s), L(F; s) and
the initial value W, ((1).
The key of the proof is the second local integral formula proved in §7 and the basic
identity (Proposition 11.6) asserting that 2} (s, s’; v;) is expressed as an integral of the
(modified) global Shintani function over G, ,\G,.

Recently S. Kato and the first named author have proved an explicit formula for
Shintani functions on GL(n) in the non-Archimedean case. Details will appear in a
forthcoming paper.

AckNOWLEDGMENT. The authors are very grateful to Shin-ichi Kato, Takayuki
Oda, Fumihiro Sato and Tadashi Yamazaki for helpful discussions.

NotaTiON. We denote by diag(¢y, ..., ¢,) the diagonal matrix with entries ¢
(I<i<n)
diag(t,, ..., t,)=
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For a matrix 4, we denote by ‘4 the transpose of A.

Part I. Local theory.

1. Local Shintani functions.

1.1. Let E be a non-Archimedean local field with the integer ring o =0, We fix
a prime element 7 of E and put g, = #(o/no). We normalize the Haar measure dx on E
by {,dx=1. For ae E*, put |a|y=d(ax)/dx. Then |n|z=q . Define ord;: E* —>Z by
lalg=qg ™=@ (ae E*). Throughout this paper, we normalize the Haar measure dg on
GL(r, E) by {4, ,49=1. Fix an integer n>2 and put G=GL(n, E) and K=GL(n, v).
Let B denote the subgroup of G consisting of upper triangular matrices. Let d5 be the
module of B defined by

" 41 *
ogby= [ 161172 for b= €B.
=1 0 1,
Let T={diag(y,..., )|, ..., t,€ E*} be a maximal split torus of G. The group of

unramified characters of T is denoted by X,,(7T). For E€X,,(T), let E; be the i-th
component of =:

E(dlag(tl’ LR tn)): 1:11 Ei(ti) .

1.2. Werecall several basic facts about the Hecke algebra #; = #(G, K) (cf. [Ta];
see also [Sa]). By definition, # is the C-algebra of compactly supported bi-K-invariant
functions on G. Let Z€ X,(T) and extend it to a character of B in a natural way. Let
¢z be the function on G given by

(1.1 d=(bk)=(E5L%)(b) (beB,keK).
Define a C-algebra homomorphism E* of #; to C by

[84]

(1.2) A(¢)=J o<y (Pety).

G
Then Homg(H#5, C)={E" |E € Xund(T)/ W}, where the Weyl group W=Ny(T)/T=S,
(the symmetric group of degree n) acts on X,,(7) in a natural manner. Furthermore,
if F is a bi-K-invariant function on G and satisfies

(1.3) Fxd(g):= f Figy®(y)dy=="(9)- Flg)  (9€G)
G

for every @ e #;, then we have F(g)= F(1) - ¥5(g). Here ¥ is the zonal spherical function
on G attached to E given by
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(1.4) Y:9)= J ¢=kg)dk .
K
It is well-known that
(1.5) lIls:(g_l): ’P.E*l(g)
(1.6) J YegkgNdk=Y:(9)¥:=(9") 9.9'€C.

1.3. LetG,=GL(n—1, E)and K,=GL(n—1, 0). We often regard G, as a subgroup
of G via the embedding
N [g., 0 }
9o o 11

Let T, be the group of diagonal matrices in G,. For &eX,,(T,), we define £~ e
Hom(s#;_, C) in a manner similar to that in §1.2. For (£, £)€ X,,(T,) x X,,(7T), let

(17)  Sh(, B)={W: K\G/K~C|o+Wx®=E"(@)E"(®W (peH;, PeH)}

where
(p* Wxd)g)= J dx J dy e(x)W(x~'gy)®(y) .

We call Sh(&, ) the space of Shintani functions attached to (¢, E). Note that

(1.8) W([’lla“‘ ?]g-tln)=a)—1(t’)ﬂ(t)W(g) (t', teE*, geG),
where we put

(1.9) w=E&- & _,, Q=E--E,.

In particular, we have

(1.10) W([I"O" ?]g)——-[)a)(t)W(g) (teE*,geG).

We are now ready to state one of the main results of the paper.

1.4. THEOREM. For every (¢, E)e X, (T,) X Xyn(T), we have dimSh(¢, B)=1.

2. Coset decomposition.

2.1. Let Z,={tl,_,|te E*} and Z={t1,|1e E*} be the centers of G, and G, re-
spectively. In this section, we study the orbit structure of Z,K,\G/ZK, which is crucial
to the proof of the uniqueness of Shintani functions.
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22, For (A @)=(At,.-usdpy_1sfir-ees n_1)EZ" 1 x Z"" 1, we put

a* 1 T
2.1 A @)= h - : .
(2.1 g4, B pine 1 gbner €G
1 1
Let
(2.2) A={A, WeZ ' xZ" Ay =0,y > 2 p,_, >0,

Rl S - NEPEy TR

Note that 4, >--->4,_, if (4, yye 4. We endow A with the lexicographic order. The
aim of this section is to show the following result.

2.3. PROPOSITION. We have

G= ] Z,K, g(A n)+ZK (disjoint union).
(A,p)ea

ProOOF. The assertion is easily verified in the case n=2, hence we assume n>3.
To simplify the notation, we write g, ~g, if g,€Z,K, g, * ZK. Let g be an arbitrary
element of G. By the Iwasawa decomposition for G and the Cartan decomposition for
G,, thereexists (4, p)e Z" ' x Z" *with A, > - >4,_,=0,u;>0(=1,...,n—1)such
that g~g(4, u'). We claim that g(4, u')~g(4, ) for some (4, gy A. First assume that
n=3. Let p'=(u’, u3). If u’, <p’, we have

[ 1 ghm22 g 1 —-10
gA,u)~1 0 1 0 [g(kp)) O 1 0
[0 0o 1 0 0 1
[z 0 0 |[ 10rn*i4n
=l 0 z%20 01 L ~g(dq, Ag, 4, p) .
| 0 01 ]loo0 1

Hence we may assume u;>p5>>0. If 4, —u’\<i,—pu), we put u,=p; and p,=
wi— A+, >puh. Then (4, u)e A and

100 1 00
g, u)~l 110 |g@du)| =272 10
001 0 01

a0 0 10 noH
=l 0 n*20 01 a* 24" |~gp,
L 0 01 floo 1
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which proves the claim in this case. We can prove the claim for n>4 by repeating the
above argument.

To prove the disjointness, let (4, u), (4, u’)e A and suppose that g(4, u)~g(X’, 1)
and (4, y)<(X, p'). It is obvious that A=4". Let A=(ay, ..., %, ..., %, ..., %), Where
o, > ->a,=0 and each a; appears »; times (n; + - - - +n,=n—1). Then we have u=
By, s By s B Bland w'=(By, ..., BL, --., B - .-, B)), where each of B; and B!
appears #; times (1 <i<r) and
(2.3) Biz 28,20, ay—py=->0,—p,

Biz- 220, -z >a,—p.

We put

An-a

T

By the assumption, there exist k,, k, € K, and Xeo"~* such that

g2, u)[lg’ )1(* =[’;” ?]g(l, 1.

Then we have
(2.4) Mk, =k,IT;

T T H
(2.5) m, : +X |=k.,

TRt T Bt
and hence

R T
2.6) : =k, (modo™™ ).
g M-t T Hn—1

Let k,=(x;j)1 <i j<, (kij€ M, , (0)) be the block decomposition of %, according to the
partition n—1=n,+ - - +n,. By (2.4),

2.7 kz€GL,(0) and kjen %*YM, (o) if i>j.
By the assumption (4, u) <(4, u'), there exist integers ¢ and d (1 <c<d<r) such that
(2.8) Bi=B (1<i<c—1), B:>p. and PBi=---=F;>Py.:.

For j (1<j<r), put g;='(1, 1, ..., 1)eo™. The congruence (2.6) implies
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(2.9) Y kggrn Pi=gmn P (modo™).
ji=1

Put ;=x,;*¢;- nfa~ % (1<j<r). By (2.3) and (2.7), we have n;e0™. Since ;> ,>0,
we have ) =g, nfa~Pa=0 (mod(no)") by (2.9). Observe that 5;e (o) if c<j<d
or if j>d. Since n,=xK,, "¢, ¢ (no)", there exists an integer { (1<i<c—1) such that
n;¢(mo)"e. It follows that a;—oy+pf,—p;=0. Since o;—ay+pf,—B;>0, we have
(Bs— B:)—(B3—B3) =0, which contradicts (2.8). q.ed.

3. Uniqueness of Shintani functions.
3.1. Throughout this section, we keep the notation of §§1-2. Let £e X, (7,) and
Ze X, (7). In this section we prove:

unr

THEOREM. Let WeSh(¢E, E). If W(1)=0, then W is identically equal to zero. In
particular, we have dimSh(¢, E)< 1.

3.2. For WeSh(¢, E) and (4, p)e A, we write W(A, p) for W(g(4, u)) to simplify
notation. Let A(A, u) be the set of (4, u)ed with (4, u')<(4, ). We denote by
C[¢&, &7, B, E7 1] the C-algebra of polynomial functions in &(n), & (%), E,(n), E; '(n)
(1<ig<n—1,1<j<n). In view of Proposition 2.3, the proof of Theorem 3.1 is reduced
to the following:

3.3. ProposITION. Let WeSh(¢, E). For any (A, u)e A, we have
(3.1 WA, p)= AZ Carw(& EYWW, 1),
A n')

where (X', ') runs over the set A(A, ) and c,. (&, E) is an element of C[¢, L E BTN
depending only on (X', u').

3.4. COROLLARY. Let WeSh(&, &) with W(1)=1. Then the value W(A, u) belongs
to C[E, 67, B, 271 for any (A, y)e A.

3.5. To prove Proposition 3.3, we need preparations. Let

1 * 1 0 n* 0
N,= . leG N, = . leG, t, m= eG

o ] 2 o o

0 1 * 1 0 ot

for a=(a;,...,%,1)€Z" ", Let I={0,1} and put I(d)={e=(ey,...,&-)e" "|e;+
- +g,=d} ford(0<d<n—1). ForeeI"™!, put Ny(e)={v=(v;)e N,(0)|for i, j (1<
i<j<n—1), v eo/no if &>¢; and v;=0 otherwise} and N(e)={v'=(v};) e N(o)|
for i, j (1<j<i<n—1), vjjeo/no if §;<¢; and vj;=0 otherwise}. Put L=0""" (the set
of column vectors of size n—1). The following fact is easily verified.

3.6. Lemma. (i) For d with0<d<n—1, we have
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K

(]

_|:7I(;a 10 :|,K0=H 11 k,-0,v' (disjoint union).
n—1-d

sel(d) v N
(i) For d with 0<d<n, we have

_ I
b g 2
0 1,_, selld) veNo(e) yeLi,L L. 0 1 0 1 0 1

I O:I [H‘ 0 :IK (disjoint union) .
n

seI!E[— 1) veN,(g) [0 1 0

3.7. Ford(l<d<n—1), we denote by ¢, (resp. @,) the characteristic function of

1 1
Ko[n 4 0 ]KD <resp. K|:7t a 0 ]K)
0 ILi-i-4 0 L

For d with 1 <d<n—2, we set

U

A ={(A WeA| A= =0> g1, a—ta=Pas1— Pas1} >
A D) ={(h WeA|Ady="""=23>has1, ka—Ha>Pge1—Mas1} »
and
A== {0 e A|dy= " =dy 1 =0, py=" " =4t} .

Then A=), _,.,_,(AT(d)uA"(d)uA(n—1) (disjoint union). Put x,="(z"",...,
) e E" for u=(ty, ..., o) EZ" L

3.8. THE PROOF OF PrOPOSITION 3.3. Let WeSh(¢, E). First let (4, y)e A™(d).
Note that p,>py,q. Put =2 —1,..., 4;— L, 4344, ..., 4,—4) and p'=(u,—1,...,
Ua— 1, g1y oo, Hy—1). Then (', u')e A(A, p). By Lemma 3.6 and (1.10), we have

EN@y) - W, w)=(WxPy)g(X, 1))

R (i PO (el ()
eel(d) veNo(e) ye L/II.L 0 1 0 1 01 0 1 0 1
o, o[, x.:l|:v 0][17e 0])
+ 74 " .
ael(;—l)ve%‘:,(s) <l: 0 1}[ 0 1 01 0 =
— 2 Z Z W([:H).’+£ O:H:ln—l He:—l(v—lxu’_{'y):l)
eeI(d) veNo(e) ye LI L 0 1 0 1
o,,, 01[1,., =-HO v ix,
+ Q 4 ¢ s
zel(;— 1) vE;‘,(s) () ([ 1 1 ] l: 0 1

(note that IT;.vII;." € K, for ve N,(0)). Observe that IT, (v 'x,. +y)e 1} L for ve N,(v)
and ye L. We put ¢/=(1, 0"~ 1M e *~1 where 1¥9=(1,..., 1) (1 repeated d times)
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and 0"~ '"9=(0,...,0) (0 repeated n—1—d times). Then we have A’ +¢’=1 and
Ha'x, =x,. It follows that

E1(@) W W)=l WO, 0+ X alh i X' W' 1),
W
where (17, ") runs over the set A(4, p), and a(4, y) (resp. a(4, u, A”, 1)) is an element
of C* (resp. C[¢&, 71, Z, £~ 1]) depending only on (4, u) (resp. (4, u, A", u”)). Since
EN@,)eC[E, £~ 1], we have proved (3.1) for (4, u)e A*(d).
Next let (4, eA(d) and put V=4, —1, ..., 4,—1, 41, ..., Ap—yq) and p'=p.
Then (4, )€ A(A, p). By Lemma 3.6, we have

0" mWE (Pu-1-a)" W, )= J X)W (x - g(A', p)dx

Go

£ )
eel(d) v eN () 0 1 0 1 0 1

5 3 W([nm 0][1,,_1 H;lv’H”'xu]>
eel(d) v eN,() 0 1 0 1

(note that II1;'v'II, €K, for v'e N (0)). Since i;—A;—u;> —p; for j<i, we see that
(T Hyx,) =Y, w4~ %7k v+ n~# en~*p. By an argument similar to that above,
we have

O MEN@u-1-a) s W, 1)=bA, WA, )+ Y b4, u, 27, "YW, p"),
(G

where (17, ") runs over the set of A(A, u), and b(4, u) (resp. b(4, u, A", u”)) is an element
of C* (resp. C[¢, &7, 5, E~1]) depending only on (4, u) (resp. (4, u, A", u”")). Since
EMN@n-1-a)€CLE, E71], we have proved (3.1) for (A, uye A~ (d).

We postpone the proof of (3.1) for (4, u)e A(n—1) until §6 (see the remark after
Theorem 6.4). g.e.d.

4. Existence of Shintani functions.

4.1. In this section, we prove the existence of Shintani functions by using an
integral expression. We keep the notation of the preceding sections. Let w, be the
permutation matrix corresponding to 1€ &, (the symmetric group of degree n). We write
w, for

where 7, is the longest element of &,. Let B (resp. B,) be the subgroup of G (resp. G,)
consisting of upper triangular matrices. Let N (resp. N,) be the unipotent radical of B
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(resp. B,), and put N'={'n|ne N}, N,={'n,|n,e N,}. Denote by T (resp. T,) the group
of diagonal matrices in G (resp. G,). The following result is a direct consequence of
the Bruhat decomposition for G.

4.2. LemMMmaA. We have

6=U U Bo-|:l"_1 "]w,B.

1€ S, ne{0,1)" 1 0 1
ReMark. The decomposition is not a disjoint union in general.

43. Forg=(g;)eGandforiy, ..., i,j,....J,(1<i;j< - <i<n 1<), < -+ <
Je<n), put 4; . (@) =det(g;, )1 <pi<r We define
4.1 a{g)=41..;,1--i(W,9) (I<i<n)

ﬁj(g)=412~-~j+1,1-~j(ng) (I<j<n-1)
and make a convention that ay(g)=1 and B,(g)= — 1. Note that «,(g) =(— 1)"?'det g #0,
where [#/2] is an integer satisfying 0 <n/2—[n/2]<1. Put

1 01
9=lo 11 |"™
001

44. LemMma. (i) geB,g,B if and only if a,(9)#0, Bi(g)#0 (1<i<n—1).
(ii)) Let ge B,g,B and write

th x 0

(4.2) g= 9

0 #.,0 '
t

Then the t;, t;e E™ are uniquely determined by g and given as follows:

—i+1 B.-49) . ; “j(g)
peivt Puid) g —1),  f=(—1y 99
witg CS=mTh o u=CVETO

ProoF. First note that B,g,B< Bw,B. It is well-known that g belongs to Bw,B if
and only if o,(g) - -a,_,(9)#0. Let g be an element of Bw,B and write

v 0[|1,-, x
= " b’
g [0 1][ 0 1]w’

where ve N,, x="(x,...,x,_,)€E" ! and beB. It is easily verified that ge B,g,B if
and only if x,- - -x,_; #0. Since

ti=(—1) (1<j<n).
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[1 O:H: 1 0 ]
wig= b
0 v I[Lx I,

with some v'e N, and x'="(x,_,, ..., x,), we obtain
4.3) a(g)=y1 Vi, Bi@)=(=1""x,_iyi oy,

where y; is the i-th diagonal component of b (1 <i<#). This implies that x, - - -x,_{ #0
if and only if 8,(g)° - - B,,— 1(g) #0, which proves the first assertion (i). To prove the second
one, let

t 0
L " ; il *
= ' ) Bg,B.
g 0 t:,— X 0 9 0 . € Dyg;
0 0 1 "
Then we have
1 0 ¢ 1 *
_ v 0 T B E t;l_ 1[2
g_[o 1:| 0 12,y "
0--0 1 0 i,
with ve N,. By (4.3), we get o(g9) =1, * [[5_, th+ 1 -xti 2nd Bi(g)=(— 1) 11, _ 2:(g), which
proves the assertion (ii). q.ed.

4.5. Let ép and éz be the modules of B, and B, respectively (see, §1.1). For
¢eX,nlT,) and E€ X, (T), let Y,z be a function on G satisfying the following three
conditions:

4.4) The support of Y,z is B,g,B .
(4.5 Y. z(b.gb)=(¢ 052N bNES5 2N b)Y 2lg) (b€ B,, beB,geG).
(4.6) Y:,E(gt)= 1.

4.6. LemmA. For geB,g,B, we have
n=—1
Y 9)=(E, |15~ ") detg) - 1 (& il g PNl @NE 25 15 ) Bulg)) -
i=1

Proor. This follows from Lemma 4.4 (ii).
4.7. COROLLARY. Assume that (£, E) satisfies
4.7 |CuiB ) e<gz ' and (& EL)MIE<qr ' (I<i<n—T).

Then Y, ¢ is continuous on G.
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4.8. For (&, B)e XynlT,) X Xynd(T), We set
4.8) W =(g) =f dk,,j dk Y, s(k,gk) .
K, K

If (&, B)e X,,(T,) x X,,(T) satisfies (4.7), the integral (4.8) is absolutely convergent by
Corollary 4.7.

4.9. LemMA. If (§, E)€ X yoT,) X X (T) satisfies (4.7), we have W z€Sh(¢, E).

Proor. For simplicity, we write Y and W for Y, and W, :. Let o€ #5 . Then
we have

(pxW)g)= J dx f dk, J dk o(x)Y(k,x " 1gk)= f dx f dk o(x)Y(x " 'gk) .
Go Ko K Go K

Decompose x€G, into k, 'b, (k,€ K,, b,€ B,). Then dx =4y (b,)d,b,dk,, where dib, is a
left invariant measure on B,. Then

(p* W)(g)=f dzbof dkof dk o(b,) Y(b, 'k,gk)ds,(b,)
B, K, K

_ f q,(ba)(éa;{f)(bo)dzboj
B,

K

dk, J dkY(kogk)=¢" (@) - W(g) -

The equality Wxd=Z="(®)W for ¢ e #; is proved in a similar way. q.e.d.

4.10. We can now prove the existence of Shintani functions, which completes the
proof of Theorem 1.4. The proof was suggested to us by Fumihiro Sato.

THEOREM. For every (&, EYe X, (T,) X X T), there exists a WeSh(¢, E) with
w)=1.

Proor. Let X, be the set of (¢, &)e X,,(T,) x X,,.(T) satisfying (4.7) and &;(n),
E(m)>0 (I<i<n—1,1<j<n). Then X, is a (2n— 1)-dimensional real submanifold of
the complex manifold X,,(T,) x X,,(T). Let (£, E)e X,. Since Y,z is positive on an
open dense subset B,g,B of G, we have W, -(1)>0. By Lemma 4.9, W; :(g)= W :(g)/
We =(1)e Sh(¢, E). It follows from Corollary 3.4 that W, :(g) is a polynomial function
in ¢4n), ..., (), EEY(n), ..., EX(n) for each geG. This implies that, for each
g€ G, the function (¢, E)— W z(g) on X, can be continued to a holomorphic function
on X,,(T,) X X,n(T). By analytic continuation, we see that W;z(1)=1 and W;:e
Sh(¢, &) for (&, E)e XynlT,) X Xun(T), which completes the proof of the theorem.

g.ed.

5. Shintani functions at the infinite primes.
5.1. In this section, we let E=R or C. We normalize the Haar measure dx on E
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as follows:

_ { the usual Lebesgue measure if E=R
| 2d(Re x)d(Im x) if E=C.
For ae E*, put |a|g=d(ax)/dx. Let G=GL(n, E) and
K O(n, R) if E=R
lum) if E=C.

The Haar measure dk on K is always normalized so that the total measure of K is equal
to 1. We normalize the Haar measure dg on G by

I n
ff(g)dg:j dnJ dxtl-“d"t,,j dkf|n k| []1gigm+2at
G N (Exyn K t, i=1
for feC>(G), where dn= HKJ. dn;;is the Haar measure on N={n=(n;;)e G | ny=1,n;=0
if i>j}. Let Lie(G) be the Lie algebra of G and 4% the universal enveloping algebra of
Lie(G) ® g C. We denote by Z; the center of %;. For X e Lie(G) and fe C*(G), put

d d
.1 Rxf(g)=5f(g ~exp(tX))| . Lxf(9) = f(exp(—1X)- g)

t=0 t=0

These actions of Lie(G) on C*(G) extend to those of % in a natural way.
5.2. Let T be the group of diagonal matrices in G and %y the universal enveloping
algebra of Lie(T)c=Lie(T)®xC. Then

(5.2) Fe=(Ur)e

via the Harish-Chandra isomorphism, where W;=NT)/T (for example, see [G-V,
§2.6]). Denote by X,,(T) the group of continuous homomorphisms of 7 to C* trivial
on T'={diag(e,, ..., &)|&€E", | &lz=1(1<i<n)}. The differential d= e(Lie(T)¢)* of
Z € X,n(T) determines an element =" of Hom(%, C) via the isomorphism (5.2). It is
known that Homg(Zg, C)={E" | E€ X, (T)/ Ws}.

5.3. For Ee X, (T), we set

(5.3) ‘Ps(g)=j ¢s(kg)dk
K
where ¢g(g) is defined as in (1.1). We now recall several well-known facts about the
spherical function ¥ 4(g):
(54) P ()=1.
(5.5) Y (kgk')=¥:g) k,k'eK, geG.
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(5.6) j ¥ :(gkg')dk="P:(9)¥:(g") -
K
(5.7) Vg™ )=V¥:-:(9) .
(5.8) RW-=E"Z)- ¥ Ze%.
54. LemMa. Let e X, (T) and Fe C*(K\G/K). If
(5.9) R,F=E~Z)-F

holds for any Ze %, then we have F(g)=F (1)¥(g).
Proor. This follows from [G-V, Theorem 3.2.3] and [H, Proposition 5.32].

5.5. Let G,=GL(n—1, E) and define 7,, K, similarly as T and K. Let e
Xone D), E€ Xy(T) and put w=¢&,---¢,_,, Q=E, - E, € X, (E™). We now define
the space Sh(¢, Z) of Shintani functions on G attached to £ and = to be the space of
We C*(K,\G/K) satisfying

(5.10) LRW=E"ENZ) W zeZ;, Zes.
f1,-, O
(5.11) W([ 81 1]-g-tl,,>=w"(t’)9(t)-W(g) t,t'eE".

5.6. REMARK. It is an open problem to compute dimSh(&, E) in the Archime-
dean case.

6. Integral formula (I).

6.1. Let E be a local field (either Archimedean or non-Archimedean). In this
section, we show an integral formula for Shintani functions on G=GL(n, E), which is
crucial to the proof of the uniqueness theorem in the non-Archimedean case (Theorem
3.1). We use the same notation as in §1 (resp. §5) in the non-Archimedean (resp.
Archimedean) case.

6.2. Let {4(s) be the local zeta function of E:

(1—gg9t if E is non-Archimedean
6.1) Lels)= n—s/2r<%> if E=R
(2n)! ~*I(s) if E=C.

Let E=(Z,,..., Z,)e X,,(T). Denote by Lg(Z;s) the standard L-factor attached to =
given as follows:
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—

(1—-E,(m)gg5 ! if E is non-Archimedean

i=1

(6.2) Ly(E; )=

—

Cols+ ) if E is Archimedean ,

i=1

where Z;(t)=|t%(y;€ C) in the Archimedean case. For ye X, (E™), we put

(6.3) ARE=(E1, -, xEW) € Xund T) -

6.3. For seC, we define a function vy, on E"™! as follows:
If E is non-Archimedean,

if XelL
if Xen"Lp,im(l>O),

=L—=nL. If E is Archimedean, then

A+XX)"*?  if E=R
(1+1XX)" if E=C.

1
(6.4a) vg (X)= { ks
¥

where L=0%""' and L

(6.4b) vE.s(X)={

Note that, in the non-Archimedean case, v(X)=g¢; " if and only if
I,., X
n ~ 0("_1), l(n—l)
[ 0 1 ] g( )

(cf. §2). The main result of this section is as follows:

6.4. THEOREM (the first integral formula). Let ée X, (T,), E€ X, (T) and as-
sume that Re(s) is sufficiently large. For WeSh(¢, ), we have

=1
J W([ln—l X]>VE»S+(n—1>/2(X)dX= Lello®E™ ) w).
En-1 0 1 n—l 1
CE<s+ 5 >LE<Qw®§;s+—2~>

REMARK. Consider the non-Archimedean case and put v,=vol({X e E" ™! | v(X)=
95 "}). Then we have .
{ 1 it 1=0
U=

g1 —gl™™ if />0

and the integral of the theorem is equal to ) ;2 o, W(0®" ™V, [*~D)g 16+ @=142)  Thijg
implies that W(0"~ b, /"~ 1) is uniquely determined by &, Z and W(1), and that
wO®"~ Y [m=ye C[E, E7L B, E71] if W(1)=1, which completes the proof of Pro-
position 3.3 (and hence Theorem 3.1).

Here Q=5,---E, and w=¢&, - &,_,.
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6.5. Throughout the remainder of this section, we assume that Re(s) is sufficiently
large. For r,r'>1, let o,, be a function on M, ,(E) given as follows: If E is non-
Archimedean, o, is the characteristic function of M, ,(og). If E is Archimedean,

exp(—ntr( XX)) if E=R

o X)= { exp(—2ntr(XX)) if E=C.

If r=r', we write o, for o, ,. We often omit the subscripts (r, r') and r if there is no fear
of confusion. The following result is elementary.

6.6. Lemma. (i) If

r r

r b
X= I:a ]eMr+r’(E)a
Le d

r

we have 0',.+,./(X) = o-r(a)a-r,r'(b)o.r',r(c)o-r’(d)'
(i) [y, o e X)X =1.
(iil) fp.tlzo,(0)d t=Cls) (@ t=dt]|1]p).
(iv) Let Ee X, (T) and define ¢5: G—C by (1.1). Then

J d=(9)o,(g) | detg |57~ V2dg=Ly(Z; s) .
G

6.7. LEMMA. For XeE" !, we have
(6.5) J Op1,1(tX)0 (&) 1 Pt =L g(s)vg (X)) .
£

ProOOF. The proof in the Archimedean case is straightforward and we omit it.
Suppose that E is non-Archimedean. The assertion is obvious if Xe L=0%"". Let
Xen 'L, (I>0). Since both sides of (6.5) is left GL,_,(og)-invariant as a function of
Xe E" !, we may assume that X=/(z"%, 0, ..., 0). Then (6.5) follows from an elementary
formula [, . o(tn~Ya(t)| tPd*t={gls) - g5 = (I>0). q.ed.

6.8. LeMMA. Let WeSh(¢&, E) and let @ (resp. @) be a bi-K- (resp. bi-K-) invariant
Junction on G (resp. G,). Then, for any ge G, we have

(6.6) J W(gy)¢(y)dy=W(g)f o=(»)2(y)dy ,
G G

©.7) f W<[j)‘ ?]g><p(x)dx= W) f $e-(o(dx
G, G,

if the integrals are convergent.

Proor. The left-hand side of (6.6) is equal to j'G D(y)F,(y)dy, where F(y)=
[« W(gky)dk (yeG). Observe that F,(y) satisfies (1.3) (resp. (5.9)) in the non-Archi-
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medean case (resp. in the Archimedean case) and F,(1)= W(g). Then, by the uniquene'ss
of spherical functions (see §1.2 and Lemma 5.4), we have F,(y)= W(g)¥z(y), which im-
plies (6.6). The assertion (6.7) is proved similarly. g.e.d.

6.9. THE PROOF OF THEOREM 6.4. Let WeSh(&, E). To prove the theorem, we
calculate the integral

Iy(s)= f W(g)olg™)Qa(detg™ ") detg |z " dg
G
in two ways. We first apply (6.6) to Iy(s) and get

Iyls)= W(l)j bo-10-102(9)0(g V)| det g |z ¢ TP dg
G

_W(I)J ¢Qw®__ 1(g)0'(g)|detg|5+(n 12

By Lemma 6.6 (iv), we have
(6.8) Iy(s)=W()LgQo®E™Y;s).

Next decompose g€ G into

0 1 0
Then dg=dg,dXd*tdk and we have

]W(S)=J dg,,J~ dXJ‘ dxtW<|:g" 0][1"_1 X])a(go_l)a(t_l)o(t'lX)
G, En-1 Ex 0 1 0 t

x (Qw)” (1 detg,)| t|g """ | detg, |g ¢TI

It follows from (6.7), Lemma 6.6 and (1.10) that

0 1,y X
g=[go }[ 3 z]k (9,€G,, XeE"™ ', te E* ke K).

IW(S f ¢Qw®§(go)a(go)l det 9o |s o 1)/2dgo

f dXJ dw’([ ﬂ)"(”‘)o(t‘lX)(Qw)“(tnz|g‘s+<"-“/2>
=LE<Qw®€;s+i>~[ <-[ a(t)o(tX)| Iz "~ ”/zdx) <|:1"_1 X])dX.
2/ Jgn-1\Jg~ 0 1

By Lemma 6.7, we have

-1 1 1,., X
>LE<QCU®'5;S+*>J‘ W<|: "t ])vE,s+(n—1)/2(X)dX'
2 En-1 0 1

(6.9) Iw(s)=cE(s+ z
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The theorem now follows from (6.8) and (6.9). q.e.d.

7. Integral formula.
7.1. We keep the notation of §6. Let G, =GL(n+1, E) and embed G=GL(n, E)

into G, via
1ig |: ! O:I .
0 g
Note that
1 0
go)=| 9o
0 1

for g,eG,=GL(n—1, E). Let P,=N, M, be the standard parabolic subgroup of G,
corresponding to the partition n+1=14+(m—1)+1, where

| t 0
N,=1| 0 1,_, * |eG,}{, M,= 9, t,t'eE”, g,€q,
0 0 1 0o ¢

Then we have the Iwasawa decomposition G, =P, K,, where

GL(n+1, o) if E is non-Archimedean
K,=10®n+1,R) if E=R

Ur+1) if E=C.
Put
1 0
X,= Ly €G,
1 1

For ge G, we decompose 7Y, * i(g) into

a(g) 0
n(g) B(g) ki(g),
0 «'(g)

where n,(g)e Ny, a(g), a'(9)e E*, B(g)e G, and k,(g)e K,. For WeSh({, £) and s, s'eC,
we define the integral

(7.1) Zy(s, s")= W(Blg) g)lalg) 5"V o' (g) g ¢ Pdg

Go\G

Note that the integrand does not depend on the choice of a(g), «'(g) and f(g), and is
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left G,-invariant.

7.2. THEOREM (the second integral formula). Let WeSh(¢, E) and assume that
Re(s) and Re(s’) are sufficiently large. Then we have

1 L&, ILLE™ Y 5)

! 1 1

Zyls, s")= w().

7.3. To prove the theorem, we define a function Ng , on G as follows (se C). Let
g=k k' (k,k'eK,ty,...,1,e6 E")
0 L,

be a Cartan decomposition of geG. We may assume that 7,,...,£,>0 in the
Archimedean case. If £ is non-Archimedean, we put

(7.2a) Nodoy= I1 lule’.
orde(t;)<0

If E is Archimedean, we put

1412752 if E=R
(7.2b) Ng d9)=

1l
Il

(
1
1+ if E=C.
i=1

We define a function Ng;_,: G,—C in a similar manner. It is easy to see that

(7.3) N kgk')=Ng {(9)
(7.4) Ng (g™ ")=ldetg ;- N (9)
(1.5) N (@Ng (9)=Ng 5+5(9)

(geG, k, k'eK, s, s'e C). The following integral expression of N , is well-known.

7.4. LEMMA. Assume that Re(s) is sufficiently large. For g€ G, we have
J a(yg)a(y)| det y lpdy = §(5)Ne {9) »
G

where {P(s)=]T1124 {els—i).

7.5. LemMMA. LetEe X, (T)ands,,s,eC. Assume that Re(s-l) and Re(s, —s,) are
sufficiently large. Then we have
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- n—1 _ n—1
LE<c; 1= )LE<.: Lo, —s,— 5 )
{§As2) ‘

Proor. We write A(Z; s,, s,) for the left-hand side of (7.6). Let 'I’_,(g)=jx d=kg)dk
be the zonal spherical function attached to = (cf. §1.2 and §5.3). By Lemma 7.4, we have

(7.6) J $=(g) det g [¥ Ng ., (9)dg =
G

{PAs)A(E; 5, 85)= f dg f dy ¢(g)| detg [Fo(ygla(y)| det y [
G G

=J dgf dy ¥=(y~'golg)o(y) detg |3 |dety |7~ .
G G
By (1.6) (or (5.6) in the Archimedean case), {(s,)A4(E; s,, 5,) equals
f ¥ x(g)olg)| detg Ii;‘dgj P=(y~ No(y)ldety g~ dy .
G G

The proposition now follows from Lemma 6.6 (iv) (note that ¥g(y~ )= ¥--.(y)).
q.e.d.

7.6. PROPOSITION. For ge G, we have

Ng {9)=Ng, {Blgh |2 (9)|*
Ng (9™ ")=Ne,{Bl@~ )1 I} -
ProoF. The latter formula is an immediate consequence of the former, since

|detg|z=|a(g)x’(g) det B(g) |z. To prove the first formula, we may suppose that Re(s) is
sufficiently large. For g, € G, put

X
Bs(g1)=f dxj dxtj an([O x j|g1>0'(X)|detX|§5|l|§z—"+1 .
G, E~ Er-—1 0 0 1

o * *
gi=| 08 % |k, (e, ’€eE™, feCG, k eK))
00 o

Let

be an Iwasawa decomposition of g,. Applying Lemma 7.4 to G,, we have

‘X

B(g)=\| dx| d*t dXo 0 xB a'Xtx o(x)|det x 5| £ "+?
s\WU1 ’
Go E* En-1 0 0 o't

= ] o(xP)a(x)| det x |5dx j
Go

a(oc’t)ItIsE_"“d"tJ a(' X)dX
EX En-1

=L{E" VNG, B |g Lels —n+1)=LP()Ng, (B) &' |-
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In view of Lemma 7.4, it now remains to show

(7.7 B(Y, - 1(9)= J a(yg)o(y) det y |xdy .
G

Since both sides of (7.7) is right K-invariant as functions in g € G, we may suppose that
g is of the form

b
[g" } 9.€G,, acE*, be E" ).
0 a

Then the left-hand side of (7.7) equals

X b+aX
f de d"tj an<[ X9, xo+a :|)a(x)|detx|i;|t[§5'"“.
Go EX En—l t 0 at

On the other hand, decomposing ye G into

k[: f] (keK, xeG,, teEY),

we see that the right-hand side of (7.7) equals

x X x X
dx| d*t dXo o detx|§|¢]3 !
fGo J;Z JEn—x <|:0 t]g) <|:0 t:|)| x|gltlE
x xg, xb+aX x X
= d d t dX s s—na1
jGo xfEx \[En—l 0-<|: 0 at :|>O"<|:0 t ])IdetxlEltlg .

This proves the proposition. q.e.d.

7.7. We now finish the proof of Theorem 7.2. Let WeSh(£, 5) and assume that
Re(s) and Re(s’) are sufficiently large. We calculate the integral

(7.8) Jwls, s")= J W(g)NG,s’ +(n— 1)/2(g)NG,s+(n - 1)/2(tg N l)dg
G
in two ways. By (7.4) and Lemma 6.8, Jy (s, s) equals

J W(g)ldetg 3"~ V2Ng sv g +n-1(g)dg
G

= W(l)f ¢=(9)detg g™ VNG sug4n-1(9)dg -
G

From Lemma 7.5, we get
_ L& 9LgE ;)
{Ps+s"+n—1)

(1.9) Tuls, ') w(l).
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On the other hand, by Proposition 7.6 and (7.4), Ju (s, s’) equals

J dgf dga W(gog)NGo,s+s’+n— l(go ° B(g))
Go\G Go

x |alg) - det(g, - Bg) Ii" "~ V2| o'(g) g ¢ TN

(note that a(g,g)=alg), «'(g,9)='(g) and (g.9)=g, * B(g) for g,€ G, and g € G). Changing
the variable g, into g, - f(g) "' and applying Lemma 6.8 and Lemma 7.5, we get

1 1
LE<§_ t s+2>LE<§; s’ +?>

7.10 Jwls, s')=Zy(s, s') %
(7.10) w5, 5)=Zyls, ) TR —"

The theorem is a consequence of (7.9) and (7.10). g.ed.

Part I1. Global theory.

8. Global Shintani functions attached to automorphic forms.

8.1. Throughout Part II, we fix a finite extension E of Q. Let 2 be the set of
primes of E and Z; (resp. #,.) the set of finite (resp. infinite) primes of E. For ve 2, E,
stands for the completion of E at v and write | |, for the normalized valuation | £,
(see §1.1 and §5.1). For ve #,, let o, be the ring of integers of E, and fix a prime element
=z, of o,. We put g,=#(0,/n,0,). The adele ring A=A (resp. the idele group 4™ = Ay)
of E is the restricted direct product of E, (resp. E,) with respect to Hve 2,0 (resp.
nuef?, o,). We write |a|, for the idele norm of ae 4*: |a|,=][],.,|al, Denote by dy
the discriminant of E. We set

(8.1) Ee)=1del? [[ Lp(0),  EPA9)= nl:f Cels—1)
veP i=0

(for the definition of (g (s), see §6.2). The (completed) Dedekind zeta function {g(s) is
holomorphic except at simple poles s=0 and s=1, and satisfies the functional equation
Cps)=Ep(1—3).

8.2. Weconsider G=GL(n) as a linear algebraic group defined over E and denote
by G,=G(A) the adelization of G over E. Throughout Part II, we define the Haar
measure dg on G4 to be the product measure [ [, _,dg,, where each Haar measure dg,
on Gg, is normalized as in §1.1 and §5.1. For ve4, let K, be a maximal compact
subgroup of G,=G(E,) given by

GL(n, 0,) if ve
K,=10n R) if E,=R
U(n) if E,=C.

Denote by C®(Gg\G,4/K,) the space of smooth functions on Gz\G,/K,, where K =
Hve »K,. Let T be the group of diagonal matrices in G and W;=N4(T)/T the Weyl
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group of (G, T).

8.3. Let veZ,. Denote by & the center of the universal enveloping algebra of
Lie(G,)®gC. Then Z;, acts on C®(Gg\G,/K,) via right translations. Recall that
Hom(Z;,, C)={E |_.e une( 7o)/ W} (cf. §5.2). Next let veZ,. The Hecke algebra
H(G,, K,) acts on C*(G\G/K) via

(F+®)g)= f Flgy)®(y)dy  (FeC*(G\G4/K)Y), Pe #(G,, K,)),
Gy

Recall that Hom(#(G,, K,), C)={E" | E € X, T,)/ W} (cf. §1.2).

8.4. Let Q be a Hecke character of E unramified everywhere By definition, Q is
a continuous homomorphism of E*\A4* to C* trivial on [, _ #,05 X [l.., E., where
El={teE}||t|,=1} for ve#,. Denote by C°°(GE\GA/KA, Q) the space of Fe
C™(G\G /K, satisfying Fltg)=Q(1)F(g) (g€ G, t€A™). Let E=(E)e [, p XundlT))-
Under the assumption =, ,---&, =, for every ve?, we let o (Gg\G /K Q; E) be
the space of Fe CP(GE\G /K Q) satisfying the following conditions:

(8.2) For every ve %, we have Fx®=EZ}(®)F (PeH(G,, K,)).
8.3) For every ve#,, we have R, F=E2Z)F (Ze€%;).
8.4) F is slowly increasing on Gz\G, (cf. [G-], §10]) .
We call A(Gz\G,; Q; Z) the space of automorphic forms on G with eigenvalues E. By
definition, Fe (G \G /K ; Q; E) is cuspidal if INE\NA Fng)dn=0 (geG,) for the uni-
potent radical N of any proper parabolic subgroup of G. Let ., (Ge\G /K ; 2; E)=
{Fe A(GE\G4/K; ; E)| F is cuspidal}. If Fe of,,(G\G /K @; B), F is rapidly de-
creasing on Gg\G, (cf. [G-], §10]).

8.5. Let Fe A (G\G /K, 2; Z). We define the (completed) standard L-function
$(F; s) by
(8.5) EF; 5)=1dg ™ [] Lg (B3 5)

veP

where Lg (Z,; 5) is defined by (6.2). Put
(8.6) Flg)=F(g™").

Then we see that Fe.o/(Gp\G,/K; Q™1 E7 Y with E-1=(5,Y),.» and that ¢(F;s)=
[loes LeSES Y5 8). 1t is known (cf. [G-J, §13]) that £(F;s) is continued to a mero-
morphic function of s on C and satisfies the functional equation

(8.7 E(F;)=E(F1-9).

Moreover, £(F; s) is entire if Fis a cusp form. For a Hecke character y of E, define the
twisted L-function of F by E(x @ F; $)=|dg|"*[],.5 Le, (1, ® E,; 5) (cf. §6.2).
8.6. Recall that G,=GL(n—1) is embedded into G via
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9 O
9o o 11|
Let (Q, w) be a pair of Hecke characters of E both unramified everywhere. We put
J If(X)lde<°O},
Go,E\G! 4
where G} ,={x€G, ,||detx|,=1}.

LemMMA. Let feCiAG, (\G, 4/K, 4 ©) and Fe C*(Gg\G,/K; Q). Assume that F
is rapidly decreasing on Gg\G 4. Then the integral

Cioz(Ga,E\Go,A/Ko,A; CO) = {fe Cw(Go,E\Go,A/Ko,A; (l))

(8.3 W;.r9)= J S(x)F(xg)dx

Go,E\Go, 4

converges absolutely and uniformly for g in a compact subset of G ,.

ProOF. Let C be a compact subset of G,. The estimate due to Jacquet and Shalika
[J-S2, p. 799] asserts that for every N>0 there exists a positive constant c=¢(C, N)
depending only on C and N such that

|F(xg)|<c-Inf(|detx|", |detx|f) (xeG,,,geC).

Then the integral (8.8) is majorized by
1/2 0
C{J |f(x)I2dx} xf tho  Inf{¢~ @~ DN (=DM =g
Go.E\G:,,A

0

where ¢’ is a positive constant depending only on C and N, and p, e R is defined by
lo(@]=|al4 (ae A4™). If we take N sufficiently large, the last integral is convergent and
we are done. g.e.d.

8.7. Suppose that E=(5,)e[],. s XundT,) and ¢=(&)e nve 5 XunT,,,) satisfy
Eoq B .=Q,and &, ¢, =, for every ve 2 with certain Hecke characters Q
and w, where T (resp. T,) is the group of diagonal matrices in G (resp. G,). We set

A 120G, g\Go 4/ Ko 45 @; &)= A (Gy f\G, 4/ K, 43 @3 )N C1AG, f\Go, 4/ Ko 45 @) -
Let Fe o, (Ge\G4/Ky; 2; E) and fesdd G, g\G, 4/ K, 4 w; £). We call the function

cusp
W, rlg) on G4 defined by (8.8) the global Shintani function attached to (f, F). Since the
restriction of W, ; to Gg, is in Sh(¢,, Z,), the uniqueness of local Shintani functions at

the non-Archimedean primes (Theorem 3.1) implies

(8'9) Wf,F(g)= Wco(goo) I_I Wv(gu) b

vePy

where ¢ =gmHveyf 9,€ G, with g, € G, =[], 5_G., W,, is the restriction of W, to
G, and, for ve#,, W, is the element of Sh(¢,, 5,) with W (1)=1.
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8.8. Let fedd(G, \G, /K, s ;) and Fe ol (Gp\G4/Ky; 2, E) (we do not
suppose that fes/;.). In the next section, we need the following twisted form of the
global Shintani function:

(8.10) W, ilg; s)=f Sf(x)F(xg)| det x {dx (9geG,, s€C).
Go,E\Go, 4
Due to the results of Piatetski-Shapiro [PS, §2], we have the following:

(i) The integral (8.10) is absolutely convergent in the half plane Re(s)>c
for some c¢. (Note that the integral is absolutely convergent for any seC if fe
A1 AGy 5\Go u/K, 4 @; €) (cf. Lemma 8.6).)

(ii) The function W, ((g;s) is continued to an entire function of s on C and
satisfies the functional equation W, i(g; s)= Wy p('g™ " — ).

(iii)) We have

x 0
W, kg s)= J Wi s()Wk, < [ ]g) |det x [34dx
No,A\Go, 4 0 1

where W, ; and Wy, are the usual Whittaker functions attached to f and F:

n—2
Wf,%(x)=J f(”x)'p< Z Rt 1>dn )
No,e\No,4 i=1
Wi yla)= J F(ng)tﬁ('fi Mige 1>dn
Ng\N4 i=1

( is a nontrivial additive character of E\A). Note that this implies W (g; 5)=0 unless
[ is generic.
Moreover, we have the following Euler product for W ((1; s) (cf. [J-S 2]; see also

[Bu]):
(8.11) W,rl;8)=Z,(f ®F; S)L(f®F;S+%>,
where

Z(f®F;s)= j W,,,,y(x)WF,w<[x 0])| detx |%,dx
No,0\Go,x 0 1

and L(f ® F; s) is the tensor L-function of the pair (f, F):

-1
L(f ®F’ S)= ]._[ { l_[ l—[ (1_€i,v(nv)5j,v(nv)qv_s)} .

vePy 1<igsn—11<j<n

9. Rankin-Selberg convolution (I).
9.1. In this section, we give an application of the first integral formula stated in
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§6 to an integral expression of the automorphic L-functions for GL(n). For se C and
X=[],.s X,eA" (X, E;" "), we put

(91) VS(X)= H vE.,rs(Xv) ’

ve?
where v Ei !> Cis given by (6.4).

9.2. PROPOSITION. Let Feol ((G\G4/Ky 5 E) and fe A(G,\G, 4/K, 4 ;

&). If Re(s,) and Re(s,) are sufficiently large, then

., X
J W,F<[ n-1 ]; s1>vsz(X)dX
-t 0 1

£<Qw®l7"; (n—l)s1+s2—%>
=|dE|"_1

. x W, p(1;s4) .
fs(sz)é<9w®f; ns, +s2—?+ 1)

(For the definition of W, (g; s), see §8.8.)

PrOOF. Observe that the restriction of W p(*;s) to Gy, belongs to Sh(;, Z,),
where £y=(&, ;| |£,)i<i<n—1. Then the proposition is an immediate consequence of
Theorem 6.4. q.e.d.

9.3. In the remainder of this section, we let Fe.o,,(Gg\G,4/K,; ©; E) and
fed G, g\G, 4/K, 4 w; £). To define a Rankin-Selberg convolution, we introduce
certain Eisenstein series on G=GL(n). Let P and Q be the standard maximal parabolic
subgroups of G of types (n—1, 1) and (1, n—1), respectively. Namely, P=NpMp and
Q=NyM, where

el ) el
ey 2 el

Note that P and Q are not conjugate in G if n>3. Let Jp and J,, be the modules of P,
and Q,. We use the same letters d, and J,, to denote their natural extensions to G,.
Namely,

9,€G,=GL(n—1), te GL(I)} ,

g,€G,, teGL(l)} .

9o * detg,
9.2 5 k)=
62 ”([0 t]) !
©9.3) 5 <[’ *]k>— e’
' © O go - detgo A4
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(ggEGO,A, tGAx,kGKA). For gEGA and SEC, we get
e 0(g: 5 £, 2715 P)=(@Q) (1) (g.)3rlg" "

(g=|:g" *:Ik,neNA, 9. €G, 4 teAx,keKA>
t

0
©.5) #(g; 5 1; Q)=4g)"* 112 .
Define the Eisenstein series as follows (cf. [J-S1]):
(9.6) By Q5 P)= ) dOgs 27 P)
vePE\GE
0.7) Eg:s 0= Y ¢0g:s51,0).
yeQE\GE

The series are absolutely convergent if Re(s) is sufficiently large. Put
(9.8) E¥g;s; [, Q75 P)=((Qo® f;s+1)E(g;s; [,Q71 P).

Then E*(g; s; f, 271, P)is continued to an entire function of s and satisfies the functional
equation E*(g;s; f, Q"' P)=E*(g™%; —s; f, Q; P). Next set

9.9 EXg; s 1; Q)= 6E<S+%>E(g; s;1;0).

Then E*(g;s; 1; Q) is continued to a meromorphic function of s on C, holomorphic
except at simple poles s=n/2 and —n/2 with residues | di | and —|dg|, respectively, and
satisfies the functional equation E*(g;s; 1; Q)=E*(g~%; —s;1; Q). The normalized
Eisenstein series (9.8) and (9.9) are slowly increasing functions of g on Gg\G, with
central characters 27! and 1 (the trivial character), respectively. We now define a
convolution attached to (f, F) of Rankin-Selberg type by

9.10) Z% o(51,5,)= R9)E*(g; sy; f, 27, PYE*(g; 555 1; Q)dyg
Z4GE\G4

The integral (9.10) is absolutely convergent if Re(s;) and Re(s,) are sufficiently large.
By the properties of the Eisenstein series stated above, ZF i(s,, s,) is continued to an
entire function of (s,, s,) on C? (note that the Eisenstein series is orthogonal to any
cusp forms). The main result of this section is stated as follows:

9.4. THEOREM. We have

~ n—1 1 1 ${—8
Z?,F(Sp52)=|d5|"_15<9w®F;“s1 +_32+_> Wf,F<1;i72>'
n n 2 n

9.5. To prove the theorem, we need some preparation. For i, j (1 <i,j<n, i#j),
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put U;={1,+a- E;|acE}, where E;=(6,0;); <x,1<n€ M,(E). For j (1<j<n), let w;e
G be the permutation matrix corresponding to the transposition (1;) and put
Uj=]_[1$i<j U;;. Note that U; is a subgroup of Gy and U, = Np g (cf. §9.3). The Bruhat
decomposition for G implies

(9.11) Egs1LQ)= ) Y ¢wugs10).
j=1luelUj
9.6. The following result is elementary and we omit its proof.
LEMMA. For Xe A" ! and se C, we have
l,., X
¢<wn|: ! :|; S5 19 Q>=vs+n/2(X) .
0 1
9.7. THE PROOF OF THEOREM 9.4. Set

Z; (515 Sz)=J F(g)E(g; sy; f, Q7' P)E(g; s 1; Q)dyg .

ZAGE\G4
Note that ZF p(s,, 5,) = Eg(s, +1/2)E(Qw @ f; s, +1)Z; p(s5, 5,). Unwinding the Eisenstein
series Elg; s;; f, @ 1; P), we have ,

Z; sy, s2)=f F(p)p(p; sy; £, 2715 P)E(p; 555 15 Q)dip

Z4PE\P4

l,., X|lg, O
= dgof dXF<|: n—1 :||: 0 ])f(g0)|detgo|sl/n-—l/2
J~Ga,Jz\Go,A En-t\gn-1 0 1 0 1 4
1,., X{lg, O
<E(| " ° T lisst0),
([ 0 1][0 1] "2 Q>

- l,.; X}|lg, O
dp=|detg,| ‘dgdX| p=| "' o
\p=\detg,| " dg (p [ 0 1][0 ID

is a left invariant measure on Z,\P,. By (9.11), Z, (s,, s,) equals

n 1, X 0
) dgof dXF<|: n1 :H:g” :|) det g. [sin=1/2
=1 J 6 riG Ene tyan- 0 1 0 1 f(g,) det g, [

1n—1 X 9o 0 . 1.
xu§j¢<w""[ 0 1]’[0 1]’32’1’Q>'

We claim that the term for j with 1<j<n—1 vanishes. Observe that every wu (ue U;)
normalizes Np 4 and that ¢(g; 5; 1; Q) is a left N ,-invariant function of g. Then we have

where
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L., X|[g, O L., X|[g, 0] .
L"_l\An_qu . 1][0 1J>u§j¢<Wj"[ 5 1][0 IJ,sZ, 1,Q>dX
— 9o 0 ce -1 ln-l X 9o 0 _

_ugfj ¢<wju[ 0 l:l’sz’ 1’ Q)fEn—l\An—l F<[ 0 1:||: O 1]>dX_0

by the cuspidality of F, which proves our claim. Thus Z; (s, s,) equals

I,., Xl|lg, O _
d dXF(| "' ° detg, [5/" =1/
J‘GO,E\GO,A go.[‘n_‘ <|: 0 1:||:0 1:|>f(go)| €l g, 14
ln—l X go 0:| )
;5 L0 .
<o ot | % D fisinio

¢<W,,|: an—1 T][g()o (1):|, 535 15 Q>=|detg,, l;<s2/n+l/2)vsz+n/2(go_ 1X)

Since

by Lemma 9.6, Z; ((s,, 5,) equals

o 0 1"_ X Sy —52)/n
J {J F([go 1]|: 0 ! 1 :|>f(go)|detgo |f41 2 dgo}vsz+n/2(X)dX
An-t Go,e\Go,4
l,., X s;—5
=J,4n—1 Wf,F(|: 0 ! 1 :|§ —l—n“i>vsz+n/2(X)dX~

The theorem now follows from Proposition 9.2. q.ed

9.8. ReMArRk. In view of Theorem 9.4 and §8.8 (iii), we have proved that the
product E(g; s;; f, Q7Y P)E(g; s5; 1; Q) has no cuspidal component unless f is generic.

10. Orbit decomposition.
10.1. Let G,=GL(n+1). We often regard G=GL(n) (and G,=GL(n—1)) as a
subgroup of G, via the embedding

z(g)=[(1) 2] 9eG).

Let P, be the standard parabolic subgroup of G; corresponding to the partition
n+1=1+(n—1)+1 as in §7.1. Recall that P, =N, M,, where

1 = = t
N,={| 01,_, * |eG,} and M, = 9o t,1'eGL(1), g,€G,
0 0 1 t

For i (1<i<n+1), let ¢,=%0,...,0,1,0,...,0)e E"*! be the vector with the i-th
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component 1 and the others 0. Then P,={g,€G, |g1 cey=Ade;, g e, =ATe, 0,
(4, A’ #0)}.

10.2. Let ={(x,y)e E""' x E"*!|{x, y)>:="xp=1}. The group G, g acts on &
transitively by g, * (x, y)=(g,x, 'g1; 'y). Then Gg is the isotropy subgroup of (e, ¢;)eZ
in Gy g.

10.3. Define the elements Y; (0<i<5) of G ¢ as follows:

1 0 0 1 0 0 0 0 -—1i
.y r={ 01,_,0 |, ri=l e1,_,0 |, B=1,,,, Y=l 01,_, 0 |,
1 0 1 0 0 1 1 =% 0
0 0 -1 1 —Te 0
L= 01,_., 0 |, Ys=| e(l,.;—e-'¢)0 |,
1 0 0 0 0 1

where e=/(1,0,...,0)€ E" ! (e=1if n=2). We put 2,=Y;"'P, Y;nG. Then, viewed as
subgroups of G, the 2,’s are given as follows:

_J1g, O
(10.2) .@0—{[0 1]

[ g, *

_@ =

2 {_0 t]
[g, ©

2,= 9,€G,,t#0>, 2:=1| 0 g * ||lgeGL(n=2),t,1'#0
L= ! 00 ¢

10.4. ProposITioN. (i) Gy p=][., P1.£Y(Gy) (disjoint union).
(ii) If i>0, there exists a normal subgroup U; of 2; such that U, is the unipotent
radical of a proper parabolic subgroup of G and that Y,U,Y, ' N,.

1 %= =
goEGo}s 2;=1] 04¢" = ||g'eGL(n—2),t#0¢,
00 ¢

—

[ 100 ]
goeGos’¢o}, 23=1| * 9 0 [|g'eGL(n—2),t#0¢,

_**t_

1 % *

ProoF. Let (x, yye Z and write

X1 1 Y1 1
X=1 X5 |[n—-1, Y=| Y3 |n-1.
X3 1 Y3 1

Put
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%={(x, Y)egl‘lxs#oaJﬁ 750} s %1={(X, y)EB’l”IxzyﬁO, x3=0,y, #0}
%2={(x,y)e%|x2=0,x3=0,y17é0}, '%‘3={('x7y)e'%"x3¢0’y1=03y2¢0}
%4={(x7y)e'%‘le?éO’yl:O’yZ:O}’ %5={(X’Y)€3{|x3=y1=0}-

We have 3&"=]_L.5=09[,- (disjoint union) and Z;=P, gY;- (e, ¢;) (0<i<5), which proves
(1). Put

1, 1,., 0
U1=U2=U5={[ "01 ’;]eG} and U3=U4={|: - 1]60}.

Then it is easily checked that each U, satisfies the condition of (ii). q.ed.

11. Rankin-Selberg convolution (II).

11.1. We keep the notation of §8 and §10. Let Fe o/, (Gp\G /Ky ©; Z) and
fed G, \G, JK, 4 0; &). Put K, ,=]],.,K, ., where K, , is defined in the same
way as that for K, in §8.2. For s, s"e C, we define a function ¢(x; s, 5'; f) on G, 4 by

t

arn o\ ml g |kassiS =@,
t!

wheren €Ny 4, t,1'€ 4™, g,€G, 4and k, e K| 4. If Re(s) and Re(s’) are sufficiently large,
the Eisenstein series

(11.2) &g s )= Y g s f)
v1€P1,E\G1,E

is absolutely convergent. Put
(11.3) EXgp; 585 =5+ + V(S ' +DES s+ 1) (g5 s, 57 f)

where  f(x)=f(x"1)e A (G, \G, oK, i 0 1 E7Y) and E(fis) is the completed
standard L-function of f (sec §8.5). Then £*(g,; s, s”; f) is continued to a meromorphic
function of (s, s") on C? and satisfies the functional equation

EXgy; —8', =8 N)=6*9y; 555 f)
Moreover, §*(gy; s, s'; f) is a slowly increasing function of g, on G, ;\G, 4.

11.2. Let CX(RZX) be the space of compactly supported smooth functions on R}
(the set of positive real numbers). For ve CP(R ), we set

(11.4) 7 s, s 0)= J F(g)6*(g); s, s'; SHu(ldetg|)dg .
GE\G4

Since F(g) is rapidly decreasing and &*(i(g); s, s’; f) is slowly increasing on Gz\G,, the
integral (11.4) is absolutely convergent and defines a meromorphic function of (s, s') on
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C2. Note that the integral
j F(g)6*(g); s, s f)dg
GE\G4

is not necessarily absolutely convergent.
11.3. Take a sequence {v;} in CP(R}) satisfying

(11.5) 0<v,(¥)<v(¥)< - <1
(11.6) lim v;(x)=1

for every x>0. The aim of this section is to show the following:
11.4. THEOREM. Assume that Re(s), Re(s') are sufficiently large. Then we have
}lirg ZFels, s’ 0)=dg I"'15<F; s—l—%)f(ﬁ; s’+%> W, K1),
(Note that the limit is independent of the choice of {v;}.)
11.5. For geG,, we take a(g), a’(g)e 4™ and B(g)e C, 4 so that

alg)
(1.7 L lg)=n, B9 ki
'(g)
(nyeN, 4 k€K, ). We put
(11.8) Z; pls, s 0)= Fg)&(ug); s, s (| detg|Hdg .
GE\G 4
Note that
(11.9) ZFes, s 0)=Egls+s"+ DES s+ DE(F s +1) - Zp s, 55 0)

11.6. ProOPOSITION (Basic identity). For ve CX(R), we have

Z1.#ls, 85 0)= Wy.HB@) ™9l alg) 52 ' (g) 11"y,

Go,A\G 4

where we put

(11.10) Wi rg)= S)F(xg)o(|detx - detgl)dx  (geGy).

Go,E\Go,4

Proor. Unwinding the Eisenstein series in (11.8) and using Proposition 10.4 (i),
we obtain
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5
Z; pls,s; 0)= F@ ) Y  ¢(Yvgs, s, fu(|detgl)dg

GE\G4 i=0 ye2i,£\GE

5
=) J dgj F(q9)$(Y;qg; s, 5'; £)o(| det(qg) | )diq »
2i, 4\G 4 2i,E\2i,4

i=0

where dyq is a left invariant measure of 2; ,. Since F is cuspidal, the integral over
2, e\2; 4 vanishes for i>1 in view of Proposition 10.4 (ii). It follows that Z; (s, s’; v)
is equal to

j { j F(xg)p(Y,xg; s, s'; fuo(] det x - detg IA)dX}dg .
Go,A\G 4 Go,e\Go,4

Since

(Y,xg; s, s's f)=d(xX,g; 5,57 )= fxPlgh| og) X" |a'(g) |1+

for xeG,(4) and geG(A), the integral over G, \G,, is equal to |a(g)|§"?-
la'(g) 17 DWW ((B(g)~ 'g). This completes the proof of the proposition. g.ed.

11.7. For g=[],.,9.€G, and se C, we put

(1111) NGA,s(g)': ].—[ NGv,s(gu)

ve®
(for the definition of Ng_,, see (7.2)). For e C*(RY) and s, s"e C, we set

(11.12) Jf.F(sa s’y 0)= J ?,F(Q)NG,,s' +n/2(g)NG,4,s+n/2(tg_ Ydg .

Gy

11.8. LeMMA. ForveCP(RX)ands, s’ € C with Re(s), Re(s’) sufficiently large, we
have

:ldgl—(n—1)+n(n—1)/4 é(ﬂ s+1)Efs'+1)

Jr pls, s'; 0)
o E¢~s+s"+n)

Z; fs, s 0).

PrOOF. Observe that @xWj =7 (9) Wy for pest;  (ved) and that
LW5p=¢(2) Wy for zeZg, | (veEZ,). It follows that for any bi-K, ,invariant
function ¢ we have

0
J f<[; l]g)q)(x)dxwy,p(g) f - (X)p(x)dx
Go,4 Go, 4

if the integral is absolutely convergent. Here we put ¢,- 1(x)=]—[vE 8 Pe1(x,) for
x=[],.*,€G,.4 On the other hand, by Proposition 7.6 we have
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x 0 x~l 0], _
NGA,S'+II/2<[0 1:|9>N04,s+n/2<|: 0 ljltg 1)

=Ne, 05 +m2(X " BOINe, osem2((x - BN~ ) x| alg) 5772 | (g) 14+
The lemma is then proved by an argument similar to that of §7.7. g.e.d.

11.9 Let {v;} be a sequence in CZ(R7Y) satisfying (11.5) and (11.6). In view of
Lemma 11.8 and (11.9), it remains to show the following result to complete the proof
of Theorem 11.4:

LEMMA. Assume that Re(s) and Re(s') are sufficiently large. Then

5<F; s+%>£(ﬁ; s’+%)

EM(s+s"+n)

llm Jj,F(S9 S/; Dj)='dE In(n—l)/4 X Wf,F(l) .
J7 o

PrOOF. By the definition of W ; and the left K,-invariance of N, . +,(g), the
integral J, (s, s"; v;) is equal to

J dgf dx f(X)INg ,s+5 +alg) | det g 1520 (] detX'detglA)J F(xkg)dk .
Ga Go,eE\Go,4 K4
By an argument similar to that in the proof of Lemma 6.8, we have
J F(xkg)dk=F (X)J P=Akg)dk
K4 Ka
where ¢(9)=[1],.5 ¢=.9,) for g=[],.59,€ G4 It follows that J, x(s, s'; v;) equals

J Sx)F (X){ J GGG, 545 +ng) | det g i7" ?v;(Idet x - det g IA)dg}dx .
Go,E\Go,4 Ga

By (11.5), we have

J D=()Ng 1545 +alg)| detg [T "?v;(| det x - det g )dg ‘
G4

< J ¢Re(5)(g)NGA,Re(s+s’ +n)(g) |detg |§e(s) * "/ng .
G4

Observe that the last integral is absolutely convergent if Re(s) and Re(s’) are sufficient-
ly large and that the value is independent of j and xeG, . Since the integral
jGO'E\Go’A f(x)F(x)dx is absolutely convergent (cf. Lemma 8.6), we may applying Fubini’s
theorem and Lebesgue’s convergence theorem to obtain
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Jj—= o
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Jf,F(S’ Sl; vj)=J\ f(x)F(x){J‘ ¢5(g)NG,4,s+s’+n(g)|detg'i‘.n/z
Go,E\Go, 4 Ga

x lim p;(|det x - detg |A)dg}dx

j= o

= J‘ J)F(x)dx f Pg)Ng 545 +n(9) detg [ "dg .
Go,e\Go, 4 Ga

Since the integral over G, is equal to

1 ~ 1
é(F; s+‘>C<F; s’+——>
IdE In(n—l)/4 2 2

EO(s+5 +n)

by Lemma 7.5, we have completed the proof of the lemma. g.e.d.
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