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Abstract—In the study of Complex Dynamical Systems, the evolution of smallest natural number to satisff*(U) C U. Then
the system is realized by the iteration of complex functions’ : C — C.  {U, f(U), f2(U)mf"—1(U)} is called amn-periodic cycle. If

The subset ofC where {f™},~0 forms a normal family (in the sense of _ ; ; ; _
Montel) is called Fatou set off. Certain kind of Fatou component, namely n =1, Us called an invariant component. A Fatou compo

siegel disc have been discussed in this article. A siegel disc is shown to be €NtV is said to be completely invariant if it is invariant and
disjoint union of invariant curves. It is also shown that all limit functions ~ satisfiesf ~!(U/) € U. A componentl of F(f) is said to be
of { /" }n>0 are non-constant. Certain functions not having siegel discs in pre-periodic if there exists a natural number> 1 such that
their Fatou set have been characterized. fk(U) is periodic
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For a given functiory, certain points irC are very crucial in

studying the components 81 f). These are singular values and
I. INTRODUCTION periodic points off.

A dynamical system is a physical setting together with rul
for how the setting changes or evolves from one moment of ti
to the next or from one stage to the next. A basic goal of tf led critical val A pointa i lled toti
mathematical theory of dynamical systems is to determine I3 calied critical value off. A pointa is called an asymptotic
characterize the long term behaviour of the system. The si?ﬁi—lue off 'f ther(_a ex_|sts a pathy(¢)(a continuous functlop_from
plest model of a dynamical process supposes that 1)-th (0;o0) to C) satisfyinglim, o f(7(t)) = a. All the critical

state,z,, can be determined solely from the knowledge of tH&"d asymptotic values of a function are known as singular val-
previous state,,, that isz,+1 = f(z,) wheref is a function. ues. The set of all singular values of a functipis denoted by

These systems are often called Discrete Dynamical systems. e

shall deal with one such kind of systems namélgmplex Dy- Definition 1.3. Periodic point A point z € C is called ap-
namical Systems periodic point off if p is the smallest natural number satisfy-

In the study ofComplex Dynamical Systemshe evolution ing fP(z) = 2. If p = 1, z is called a fixed point. A peri-
of the system is realized by iteration of entire or meromorphisiic point - is said to be attracting, indifferent or repelling if
complex functionsf : C — C. For an initially chosen point |(f?)(z)| < 1,= lor > 1 respectively. Further, an indifferent
zo € C, the long term behavior of iteratdg™ (z9)} is of pri-  periodic point is called irrationally indifferent if is irrational
mary importance. For being more precise the following definii the expressionif?)’(z) = e?>*. The periodic point is called
tion is required. rationally indifferent ift is rational.

Definition I.1. A family T of functions defined on the plane A complete classification of periodic Fatou components was
is said to be normal at € C if every sequence extractedmade by D.Sullivan [4]for rational functions[1]. His classifica-

from T has a subsequence which converges uniformly eithertign holds for transcendental functions with slight modifications.
a bounded function or teo on each compact subset of som&yupposd’ is ann-periodic Fatou component. Then exactly one

rﬁ finition 1.2. Singular Values A point w is a critical point
fif f/(w) = 0. The value of the function at, z = f(w)

neighbourhood of. of the following possibilities occur.
In the present context, the familyis the sequence of iteratesl- Attracting Basin If for all the points z in U,
(" nso. limg .o f*"(z) = p wherep is an attractingz-periodic point

A function f : C — C is said to be rational if it is of the 1Ying in U, the component/ is said to be an attracting basin.
form pEz; where bothp(=) andq(z) are complex polynomials 2. Parabolic Basin In this casedU (the boundary ofU)
q(z

: . . tai tionally indifferent-periodi intp. Furth
not having any common factor. The degreefdt) is defined contains a rationally Incireren-periodic pointp.  Further

. limy, oo f¥7(2) = pforall z € U.
by maz{degree p(z), degree q(z)}. Any other function orC 5" gy o Domains If for 2 € U, limy_o. f¥n(2) = oo then
which is not rational is called transcendental.

Bv a function. it shall b t 10 b tional funcii the Fatou componeiif is called a Baker domain.
Y a function, It shail be meant to be a rational Iunction of - ey qp Rings If there exists an analytic homeomorphism

degree more than one or a transcendental function through gu_tU — A Aisthe annulugz : 1 < |z| < r},r > 1, such

the article. ol i )
ey o that p(f*(¢~1(2))) = e??™*z for somea € R\ Q, thenU is
The set where{ f™} is normal, is widely known as Fatou . 1ed as Herman fing.

;et(of s:ﬁble ‘:’et)dO};’ deno':ed blﬁ(f.)' kThe comp‘)]IeIr.nent Off5. Siegel Disc A Fatou component/ is said to be a siegel disc
(f) in the extended complex plane is known as Julia set.o if there exists an analytic homeomorphigm: U — D such

A detailed description of Fatou set follows. that 6(f*(¢~(2))) = 27~ for somea € R\Q. HereD is

The Fatou set O.f a funct!on is open by definition. Ahe unit disc. As the definition implies Siegel discs are simply
Fatou component is a maximal connected open subsetC8 nected

F(f)- A componentl of F(f) is n-periodic if n is the 4 avistence of Siegel discs were established by C.L.Siegel in
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Some of these aspects are presented in this article. Also mamabolic basin which is not the case. Therefore, the fixed point
existence of Siegel discs under some condition is dealt with. is irrationally indifferent.

The forward orbit of all the singular values ¢f defined by ~ The previous proposition says that there is a peinte S
{f"(z) : z € Sy andn € N} is related to the Siegel discs aghat remains fixed by. In other words f(z*) = z*. There are
stated in the following theorem which appears in [5]. alsoother invariant subsets Sfalso. PreciselyS is a disjoint

. . union of all such invariant subsets. This is the content of the
Theorem |.1. Suppose¢f is a function and” = {Uy, U1, Us... next theorem

Up—1} is a periodic cycle of siegel discs or Herman rings, then' g, 500 is 4 circle of radiuss centered at origin where

Uj C O*(Sy), the closure of the forward orbit of all the singu-) « o - . DenoteC* by ¢~1(C,) where¢ is the analytic
lar values off. homeomorphism that exists frofonto the unit disd by def-

For the sake of simplicity, only invariant Siegel discs are coflition of Siegel discs. Heré€', andC; are assumed to lieand
sidered in this article though the deliberations holds good for g€ irrationally indifferent fixed point iy’ respectively.

riodic cycle of Siegel discs as well. Through out the article thgneorem 11.1. If S is an invariant Siegel disc of, thenS =
unit disc is denoted by and S stands for an invariant Siegel| j _ _, C: where eaclC? is invariant andC (C; = 0 for
disc. s,t €10, 1)ands # t.

Il. RESULTS Proof: Foranys € [0, 1),C} € S. SolJy<,.1 Cs € S.

By definition of siegel discf(z) = ¢~ (p(¢())), = € S Letw € S, then|¢(w)| < 1 by definition of . Denote the

wherep(z) = 2™z, a € R\ Q. All the functions in the right circle having radiugg(w)| and centered at origin b/

—1 _ * . . .
hand side are one-one, gas one-one. This fact supports thaVoW ¢~ (Clp(w)) = Cly(uy CONainsw. This impliesS <
CyandS = Jy<,., C; follows.

proofs of various results. The following proposition guarante&#gsﬂ I<s . )
the existence of pre-periodic components. To show that eactt’ is invariant, letz € C7 = ¢~ (Cs).
From the definition of Siegel disc, it follows thit= ¢~ p¢ on

S. Now, ¢(z) € O andC; is preserved by. So f(z) € C*.
Proposition I.1. Suppose the Fatou set 6f F(f) contains a ThereforeC* is invariant.
Siegel disc. Then there are pre-periodic componens(ify. We getC* N C; = § as a consequence 6f, () C; = § and

Proof: Given any point: € S, there are more than one®n€-0ne ness af.

point whosef-image isz. This follows from Picard’s theorem Corollary I1.1. All the limit functions of{ f"} on S are non
for transcendental functions and quite obvious for rational fungonstant.
tions of degree more than one. Ads one-one orf, any point

z € S has only one pre-image ifi. The other pre-images must Proof: Suppose there is a subsequefifg, } of {/"} that

lie in Fatou components other thah These components areCONVerges uniformly on each compact subsef @ a constant

; : _ . LetC} is an invariant curve it$’ (as in the previous theorem)
different from S. If U is such a component, thef(U) = S € s , " .
which is invariant (one-periodic). S6 is pre-periodic. such thaic ¢ C;. Now for allny, andz € C7, fn,(2) € C7.

( P ) Pre-p Thus a neighbourhood arourdcan be found which does not
Remark Il.1. A Siegel discS does not satisfy = (S) C S. So  contain anyf,,, (z). So f,,(z) can not converge te on C? ;
these are not completely invariant. a contradiction. Therefore, any limit function ¢§™} is non

Remark 1.2, Fortranscendental function;(f) may contain CO'rllfﬁint:.orolIar stands in direct contrast with attractin
infinitely many pre-periodic components. This follows from Pj- . ary . - ng,
card’s theorem which states that every poinﬁnexcept at most parabolic basins or Baker domains where all the limit functions

o . of {f"},>0 are constants.
two has infinitely many pre-images unger The next result characterize certain functions which do not

It is clear from the classification of Fatou components thhave Siegel discs in their Fatou set.

attracting and rationally indifferent periodic points are assocfheorem I1.2. Suppose for a functiof : C — €., the forward

ated with attractiqg and par.aboli_c basinsf respectiyely. Also it it of singular valuesD* (S;) C ~ wherey is bounded but
known that r_e_pelll_ng periodic p0|_nt_s are in the_ Julia S_EI[_S]' Tn'?ot a closed curve it€©. ThenJ(f) do not contain any Siegel
next proposition finds the association of irrationally mdﬁfererBiSC_
periodic points with Siegel discs.
Proof: SupposeS is an invariant Siegel disc ¢f(f). By
the Theorem 1.19S C O*(S¢). The boundary of must be a
simple closed curve ift. But O*(S;) is given to be a subset
Proof:  From definition, it follows thatf(¢~'(z)) = of v which is bounded. S6S must be a simple closed curve in
»~1(p(z)) on D whereg : S — D is the analytic homeo- C which is no longer true a8S C O+(Sy) C v and~ is not
morphism ang(z) is an irrational rotation o. The origin is closed. Thus arises a contradiction implying that no Siegel disc
fixed by p, so f(¢=1(0)) = ¢~1(0). That means)~!(0) isa can exist.
fixed point of f in S. Being in the Fatou set, this fixed point is The function\ tanh(e?) for non zero reah has three singu-
either attracting or indifferent. Again if it is attracting or ratiodar values namely), —\ and0. The forward orbit of all these
nally indifferent, it must correspond to an attracting basin onalues is a subset @ and remains bounded. So no Siegel disc

Proposition 11.2. An invariant Siegel dis&' contains an irra-
tionally indifferent fixed point of.




exists inF(\ tanh(e?)). The rational function? is another ex-
ample where the only singular valOds a fixed point, so have
bounded forward orbit.
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