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Sierpinski Gasket as a Martin Boundary 11
(The Intrinsic Metric)

By

Manfred DeNkEr* and Hiroshi Sato**!

Abstract

It is shown in [DS] that the Sierpifiski gasket ¥<R" can be represented as the
Martin boundary of a certain Markov chain and hence carries a canonical metric
py induced by the embedding into an associated Martin space M. It is a natural
question to compare this metric p, with the Euclidean metricc We show first that
the harmonic measure coincides with the normalized H=(log(N + 1)/log2)-dimensional Hausdorff
measure with respect to the Euclidean metric. Secondly, we define an intrinsic metric p which
is Lipschitz equivalent to p,, and then show that p is not Lipschitz equivalent to the Euclidean
metric, but the Hausdorfl dimension remains unchanged and the Hausdorff measure in p is
infinite. Finally, using the metric p, we prove that the harmonic extension of a continuous
boundary function converges to the boundary value at every boundary point.

§1. Introduction

The Sierpinski gasket in RYN ™! (see Sierpiniski’s work (1915) in [S] and
Mandelbrot [M]) is a fundamental example of fractal sets. [Its Hausdorff
loghV
log2
Hausdorff measure y is positive and finite ({Ma] and [F]). The harmonic
analysis of the Sierpinski gasket has been investigated by many authors. For
example, Barlow and Perking [BP] defined a Brownian motion on the Sierpinski
gasket and Kigami [K] established a harmonic analysis from an analytical
viewpoint. On the other hand, the authors [DS] represented the Sierpinski

dimension equals H= in the Euclidean metric |- || and the H-dimensional
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gasket as the Martin boundary of a certain Markov chain. This note is a
continuation of the investigations in [DS] intending to establish a harmonic
analysis of the Sierpinski gasket from this point of view.

It is known (see [DS]) that the Sierpinski gasket (&, || |) in BV ™! is
homeomorphic to the Martin boundary (0M,p,) of some Markov chain
X={X,}, where p,; denotes the Martin metric (see (2) below). The state space
W is the word space over the alphabet o/ ={1,---,N}, and the associated
Markov operator is denoted by P. Dynkin’s theorem says that every bounded
harmonic function f for P has an integral representation

fw)= f k(w, (S (<)
&

for a function ¢peL (u,), where y, is the harmonic measure on & and k=k(w, £}
(we#’, £eE) denotes the Martin kernel extended to . Our first result shows
that the harmonic measure pu, equals the normalized canonical Hausdorff
measure on <.

The transition probabilities are defined by

i

— if w£w*, aed
2N

P(X,=wa|X,=w)= )
— if w=w", aco/
N

for some involution # and where w=a/}---a’, (1<a;<N,[;>1,1<i<s) is a finite
word over the alphabet .o/ (see Section 2 below for details). This Markov
chain has the state space #  consisting of all finite words over &/ and has
long range dependence with respect to the natural metric on the tree #". It
follows that M=%"0U% is a model of the Martin space of X equipped with
the coarsest topology for which the functions ¥3&—k(w,f) (we#") are
continuous. This topology is determined by the extension of the metric
= 1

M p(w, v)=(274" 27| 4 Zo Ny o lk(u, W) — k(u, v)|

d(u)=n

to M, where d(W) denotes the length of the word we#". It should be noted
that (1) is Lipschitz equivalent to the Martin metric
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— [ —d(®w) __ 5 —d(v)
(2) PulW,v)=[2 I+ “;,,, (2N)d(u)

|e(u, w — k(w, v)}
as can be easily deduced from Theorem 3.4 in [DS] (see also Lemma 2.1
below). (2) is the standard metric for the Martin space introduced by Dynkin
in [Dy]. Hence (1) provides the canonical metric structure on M, and therefore
we call p the intrinsic metric. Likewise we call p|, . 4, the restriction of p to
& x &, the intrinsic metric on the Sierpinski gasket and denote it also by p.

Let E denote the space of one-sided infinite sequences x=(x,)e=/~, and
define an equivalence relation x~y iff x=y or

dn>1 such that x, =y, Yk<n and x,=Y, 1, Yo=%1x (Vk=1).

It is known that & is bi-Lipschitz equivalent to the quotient space Z/~,
where & carries the Euclidean metric |&—n| (£,ne¥) and E/~ a metric
derived from the word space metric X,, 27"l »,, (for x=(x,), y=(y,)eZ).
QOur second result is to show that (see Section 3)

1
3 3—le£—11||1ng <p(¢ n)_Alli nlilog,——

1
€ —nl IIE— I

where &,ned, and where A is some constant depending only on N. A
particular consequence of (3) is that the intrinsic metric p is not equivalent
to the Euclidean metric on &. It aiso follows from this inequality that the
Hausdorff dimension H under the intrinsic metric does not change and that
the H-dimensional Hausdorff measure with respect to p is infinite.

A harmonic function 2 on #” is an eigenfunction for the eigenvalue 1 of
the Markov operator P of X. It is known that the algebra of bounded
harmonic functions is isomorphic to L _(u,}. In Section 4 we estimate the
modulus of continuity for harmonic functions in terms of its representing
bounded measurable function on &. It turns out that the modulus of continuity
(over cylinder sets) of harmonic functions 4 is uniformly bounded by the
variation of its representing function in the space C(¥) of continuous functions
on % over cylinders. Another consequence of (3) is that uniformly continuous
functions in the p-metric are uniformly continuous in the word space metric
and vice versa. Hence we can define the space ¢ of uniformly continuous
harmonic functions independently of the metric, and it follows that the
algebra 7 is isomorphic to C(¥).
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§2. Harmonic Measure on the Sierpinski Gasket

Let A=A(p,,--+,py) denote the non-degenerate regular simplex generated

by N points p,,---,pyeR¥~* (N>2). Forevery fixed iye{l, ---, N}, the midpoints
Piy tD;
Piio="" ) !

, j=1,-+-,N) define a corresponding simplex

Afig)= A(pl,ios Do) © A

and an affine map

fio5A(P1, R N A(pl,ios"'apN,io)

satisfying f; (p)=p; - We denote the diameter of a subset B< RY~! by | B and,
for simplicity, assume |[Aj=1. It follows from [Ha] and [Hu] that the iterated
function system {f; 1<i<N} has a unique nonempty compact set &, called
the Sirpinski gasket, satisfying

C=

7= 1)

Let &/ ={1,2,3,---,N} be the alphabet of N letters (N>2) and
W ={ww,Wwz-w,; w e, n=0}

be the space of finite words, where we also allow n=0 to denote the empty
word B. If v=v,v,05---v, and w=w,w,w5---w,. are two words their product
is defined by

VW=U1021)3- M 'an1w2w3” -W,,:,

and the length of v is denoted by d(v)=n. Let #, denote the set of words
of length n(n>0), #-. ==, #, and & the set of all o/-valued sequences. We
define d(x)=oo0 for xe&.

If a finite word w includes at least two different letters, then w has a
representation w=uab*, where ue ¥, a,be.o/, (a#b), and k> 1, and we define
the conjugate of w by w*=uwba*. If w contains at most one letter, then w=a*
for acs/ and k>0 (where a®=0) and we define the conjugate of w to be
w'=g*=w. Let #™ denote the set of all finite words w for which w#w".

Similarly we define the conjugate of xeZ by
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. {xl xpa®,  if3a,bla#b)eof such that x=x,---x,ab®
X, otherwise,

where x,---x,ba® denotes x,---x,baaa---. The conjugation defines an equiva-
lence relation ~ on E by

X~y = x=y or y*.

It is known that the Sierpinski gasket % can be identified with the quotient
space 2/~ and in the sequel we do not distinguish between them. Let
IT: E—E/~ denote the canonical projection. We extend IT to a map defined
on # UE taking the identity operator on #” and define I,: # UE—#",neN by

x1x2"'xn€W", d(x)zna
X, dx)<n.

1, (x): = {

for x=x,x,x3---€ W UE.

Let v be the Bernoulli measure on Z, that is, the product measure v=TI1"_,v,,
where each v, k>1, is the uniform probability measure on «/. It is known
that u=voI1! is the normalized Hausdorff measure on &.

In [DS] we considered the Markov chain (X,),.; with state space #~
defined by the following transition probabilities p(v,w), v,we#":

(a) For v=d* where aes/ and k>0

1
=, if dce.o/ such that w=d"c
plad,w)={ N

0, otherwise.
(b) For v=uab* where ue¥’, a,bess, (a#b), and k>1

. — if Ice o/ such that w=vc or v¥¢
pluab*, w)y=<{ 2N

0, otherwise.

The associated Markov operator P is defined by

Pfv)= ), plv,w)f(w),

weW

and a function f: # — R is called harmonic if Pf=f. Every harmonic function
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h satisfies
2.1 hw)=h(=" for veW .

We call a function f on % symmetric if f satisfies (2.1).
The n-step transition probabilities are given by

pO,v,w)=34,

pnv, W)=Y pv,2pn—1,z,w), n>1, v,we¥,

zeW

the Green function g(v,w) by
9w, W)= ) pnv,w), V,WeW .
n=0

and the Martin kernel by

_gv,w)

, V,we¥ .
90, w

k(v,w)

It is shown in [DS] that g(@, w)=N"%">0,

g(v, W) =p(d(w)—d(v), v, W)
and hence
2.2) kv, W)= N"p(d(w) —d(v), v, W)
for v,we#  such that d(v) <d(w).

For a finite word w=w w,w,---w,e ¥, define

- d MWW Wy, ifn>2,
Ry ifn=1,
and define the cylinder set {w) in #"UE by
wy={u=u)e ¥ UE; du)>dw) and u,=w,, V1<k<dw)}.

We also use the notations (W) ={wYN#, and [w]=KwHnE.
An explicit formula of the Martin kernel is derived in [DS], Theorem 3.4.
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Lemma 21. Let k(v,w)>0. Then either v=w and k(v,w)=N'", or
dv)+ 1 <dw) and w has the form

W=V wow,wyw,e or (V) wow w,ew,c.

In case W=v"wow w,---w,c we have

@3)  kvw=k, w)=-9¥ M<v>( éo It(v;(kw» N 1"‘;(,,W") )

where (v} denotes the last letter of v, and B(v) is defined by

: %
0(v)={ Lo vy,
2, if v=v.

In view of this, we define a metric p,, on # by

pauly, W)= 2700 =274 K 2N) Y| k(z, v)—k(z, W),

zeW

for v,we#  (cf. the introduction). Let M=% be the p,-completion of
#. Then (M,p,) is a compact metric space and the functions w—k(v,w),
(ve#"), are extended to M continuously. These extensions are also denoted
by k(v,), éeW,vew'. The boundary oM=#\# 1is called the Martin
boundary and can be identified with the Sierpinski gasket & (see [DS]). In
fact, combined with [Dy] this result leads to

Theorem 2.2. [DS]

(1) The function v—kAv)=k(v,&) is harmonic in v for every (¥ .

(2) & is the space of exits as defined in [Dy].

(3) For every harmonic function h >0 there exists a unigue finite measure p,
on & such that

h(V)=J k(v, O)p(de).
&

(4) For every bounded harmonic function h, there exists a unique bounded
measurable function ¢ on & such that
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24 h(v)= f k(v, o(On4(d?),
L4

lim WX)=o(X,) P,—as, Ve¥,

n—>w

X, such that h(¥)=E,[o(X )], Yve¥

(5) Conversely for every bounded measurable function ¢ on &

(2.5) hq,(v)=J‘ kv, o(Ops(dl), vew
4

defines a harmonic function on W'

We shall denote the map sending a bounded measurable function ¢ on
& to h, by 4, that is,

A(p)=h,,

and we call &, the harmonic extension of ¢.

Theorem 2.3. The harmonic measure p, on & in Theorem 2.2, coincides
with the canonical normalized Hausdorff measure p=voIl ',

Proof. By Theorem 2.2, the harmonic measure y, is uniquely determine by

1=f k(V, é)#l(dé)’ VVEW'
g
On the other hand for every ve#” we have

kv, II(x))=lim k(v,I1(x)) and sup K(v, TL,(x))<ND,

n=1,xeE

Therefore, by the bounded convergence theorem, (2.2) and the definition of v,
for every ve#" we have

o

k(v, EvoT1™ Y(d?)

':/»u
r

=1 kv, TI(x))v(dx)

JE

r

=1 lim kv, TL(x))W(dx)

o E
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=limJ k(v, 1, (x))v(dx)
noJgm

=lim ) k(v,ww([w])

" oweW,

=lim ) N'p(n—d),v,w) —Al;=1.

" weW,

Remark 2.4. The measure u is full on &, that is, every non-empty open
subset of & has a positive measure.

Proof. Since v is full on E with respect to the product topology, and
since the map I1 is surjective:and continuous, it is evident that p=voIl~?! is
also full.

§3. The Intrinsic Metric

There is a natural metric on the Sierpinski gasket induced by the Euclidean
norm || —y|, &, nes. In [DS] we defined another metric d which is Lipschitz
equivalent to ||é—#|, but only defined on #(=0M=%"\#") and not on the
word space #°. In this section, using the Martin kernel, we define a new
metric p on #,U%. The metric p is Lipschitz equivalent to the metric p,,
of the Martin space M (by Lemma 2.1) and, when restricted to &, is ‘almost’
Lipschitz equivalent to ||E—gnl.

This metric p on #'U¥ is defined by

©
— 9 —d@) _~»—dm —
p(&,m =12 274 4 n; any e tk(u, &) —k(w, ),

for &, ne W, U, where d(é)= + w0 for (e, p(£,0)=p(0,E)=1 and p(0,0)=0.

p is Lipschitz equivalent to p,. In fact, by definition, it is evident that
p<py- On the other hand by Lemma 2.1 k(u,w) does not vanish only if
u=1I1,,(W)"a or u=(Il;,(W)") a for some acs/ so that

> tk(w, w)—k(u, v)| <4N sup lk(u, w)—k(a,v)|,

ueWn weWn

which implies p,; <4Np.
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Let x,ye# UE, define a(x,y) by

min{k >1; II(x) # ()}, fx#y

X, y) = .
(%, y) {+OO’ fx—y,

and f(x,y) by

ofx,y), if TLX)¢{TLLy), [(y)*} for Vk>au(x,y),
min{/> a(x, y); T1(x) # H(y), [1(y)*}

if TL(x)e{TT(y), [I(y)'} for some k> a(x,y),
+o0, if x=yory

Bx,y) =

Note that a(x,y)=d(x)+ 1 if y=xz (xe# ", ze W, UE), and that TI(x)=T1(y) for
k<a(x,y). Obviously we have a(x,y)< f(x,y).

First we prove the following lemma.
1
Lemma 3.1. g-Z"”""”s p(TI(x), TI(y)) for every X,ye ¥, UE.

Proof. Let x,ye#,UZ. Then if y=x or x*, we have f(x,y)=o00 so that
the assertion is trivial.

Next, consider the case where y#x,x",ye#, and x is an extension of
y, ie. x has the form xX=yx,X,41Xms2 ", Where m=d(y)+1, whence
ux, V)= px,y)=m. Therefore for u=Il,(x)=yx, we have i(w,y)=0 and

1
k(u,x)ZZ N™ so that
1 N™

A —m—zzl - B(x.y)
ATLTIE)> o 7 =2 27,

Now consider the general case when x and y are neither dual nor an
extension of the other sequence. Then we may write

X=Vab"Xp s py 1 Xt pr2
yZVbaqym+q+ 1Vm+q+2"""

where v'__'X'-I'X’IZ"'xm—1evy" m=a(x,y), aab(a?(:b)e'd’ xm+p+1(:/éb)’ Xm+p+2s
Xn+p+30" " Vm+q+ 1(¢a)5ym+q+29ym+q+3, Edu{m}a and OSPSQS + 0. Then:
sicne y #x,x*, we have m+p<oo and
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m, ifp=0,
ﬂ(x9y):{ .
m+p+1, ifp>1.

Case 1. dx)>m+p+1. In this case put u=I1, . . (X)=vab’x, ;.
Then we have

vab? " 'x,, ,41b,  if 1<p<y,

g | Pmt14, if 0=p<gq and x,, ., #aq,
) voar(y)?, if 0=p<gq and x,,,=a#1(v),
vi(vh2, if 0=p<q and x,,,=a=1(v).

It follows that uw™, (u*)™ # I, (y) so that (by Lemma 2.1) k(u,II(y))=0 and

6
k(u, H(x))z%N’"“’“. Consequently we obtain

1 o)

e +P+121.2—(m+p+1)21.2—ﬂ(&y).
@M

p((x), II(y)) =

Case 2. dx)=m+p, p=>1. Since y#x'=vab?, we get that y=x*a?"?
Ym+p+1-- For u=TIl,, . (y) it follows that k(u,TI(x))=0 and k(a,TI(y))

22(;~)N"'+”+ ! hence

1 ) \mepr1 5 L —poem

p([I(x), [1(y)) ?—W BN 2

Case 3. dx)=m<dy) (p=0). If u=I1,,,(y), then k(u,II(x))=0 and
k(u, Ti(y)) > % N™*! whence

P, 1092 5 s +1_g-m35 Lo sy

Case 4. dx)=m=d(y), p=0. Since x#y, for u=x, we have k(u,y)=0
and k(u,x)=N™ so that

p1(x), I(y)) > NP=2"m=2"F&,

1
@ny”
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The estimate in the previous lemma is sharp as the following example
shows. However, restricting the metric on & we are able to improve the
estimate as shown in Lemma 3.3 below.

Example 3.2, Let a € o Then a(@a®, a™=p@®, a)=m+1 and
p([l(a®),a™ =4-2"PE for every m>2.

A direct calculation using (2.3} shows that

Nn, 1f 1 <n Sm, P= a"
k(u,a™)= _

0, otherwise

and
k(w, a®) = N, ifu=a”'for some n> 1
0, otherwise.
It follows that
p([l(@®),a™=2""+ 2 Y N'= — 4. fa=am)

ZIV)" e (ZN)" 2m—-1
1
Lemma 3.3. p(II(x), H(y))zg B(x,y) 278"V for any x,ye=.
Proof. We may assume that y#x,x*. Let s()=|k(u, [(x))— k(u, TI(y))|

for we#,. Then, as before, we may write

— P .
x=vab me+p+2xm+p+3“

— q
y—Vba Ym+g+1Vm+q+2°""s

where V=000, €W, m=uX,y), a,bla#b)el, (#b), Xpsps 25 Xmsp+3 """
It as 1(E0), Imsqr2 Ymrgr s €, and 0<p<qg< +co. Then, since y £, %,
we have m+p<oo and

m, ifp=0,
ﬁ(X,y)={ .
m+p+1, ifp>1.

Fix1<n<m. Thenforu=v,v,--v,_bitfollows from (2.3} again that

k(w, TI(%))
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=_9_(E12N" (m_zl_" Ey(vp+1) + m+i—" I + i 1b(xn+k)>

k k k
4 k=0 2 k=m-n+1 2 k=m+p-n+1 2

O(w) (’"‘1"‘ L, , "7 1 < 1)
<——N" + + -
4 kgo 2k k= mzn+ 1 2k k=m+§—n+ 2 2k

(since c¢#b) and

k(u, H(y))>@ <m_§:_n I"(U";") + 1_ )
k=0 2 m

Notice that k(u, I(y)) > k(u, II(x)), hence

s(w) > k(w, TI(y) —k(u, TI(x) > ? N 2—'"%1,—5 .

Fix m<n<m+p. Then for u=vab" ™ !¢

kw, TI(x)) > @ N" !

2m+p—n+1

and it is not difficult to show using Lemma 2.1 that T1,_(y)#u", (u*)~, hence
k(u, T1(y))=0.
As a result wer get

0(11) 1
N" 2m —n +m

s(u) > k(a, TI(x)) — &, II(y) > ——

and finally

mir 1 6 1
AT Y o f:“) S

m+p 1 "

Example 3.4. Let N>3 and let a,b,c be different letters in of. Define

x=abPc® and y=ba"*1c® for some p>1. It can be calculated in a similar
way as above that a(x,y)=1, f(x,y)=p+2 and

ptriGe, Ty =L IE2 s,
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The details are left to the reader.

Next we give an upper estimate for p(fi(x,II(y)) for xeE and ye#/, UE.

Lemma 3.5. p(II(x), I[K(y)) <6p(x,y)2 ™ A=¥
Jor any x€& and ye W, UE.

Proof. If TI(x)=II(y), then x=y or y*. It follows that p([1(x),II(y))=0
and B(x,y)= o0, proving the lemma in this case.

Let x,yeE and assume TI(x)#II(y). Then without loss of generality x
and y have representations

X=(x)=Vab Xy 11X+ pr2 " A0A Y=V =VDAWp1 g1 1Vmag+27" "

where V=005 Vpy_1, @#D, AF Ypigs1, 0F Xpips1, and 0<p<g< + 0. We
have o(x,y)=m, and B(x,y)=m if p=0 and p(x,y)=m+p+1 if p=1. Since
H(x) £ (y), m+p <+ 0.

Let ue#” be arbitrary.

We first consider the case when d(u)<m. Then k(u, T1(x)) and k(u, Il(y))>0
only if either u~ or (%)™ =Tl - (X) =T q)-;(y) and we have

K TI) ~ R, T =0 e (

k=d(u)

lr(u)(x k) _ It(u)(yk)>

2k - d(u) 2k —-d(u)

or

=g(£) Nd(u) i <Ir(u#)(xk) _ Ir(u#)(yk)> .
k=d(u)

4 2k —d(u) 2k —d(u)

Consider the first case, i.e. 4™ =y _ ((X) =14y (). Ift(w)#a, b, then

wmw%mmm@W“ v Lo M

k=mtpdw+1 25 2mTPTA®

If t(u)=a, then

1 _ 1
i - ym+p—dw)

- 9m—d(a)

mtp_d) Ia(xd(u) + k) _ Ia(yd(u) + k) _ 1 mtp_dm)
2k 2k

k=m—d(u) k=m—du)+1

Similarly if t(u)=>, then we have
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{ o
? - ym—d(u) - gm+p—d(uy

'"”’id(“) (Ib(xd(u)+k) _ Ib(yd(u)+k)) _ R
k=m—d(u) 2k 2k k=m—d(u)+1
The case where (u*) " = My — 1(X) =T — 1) is similar. Consequently we

have

) 1 N

d(u)
|k(u, TI(x)) — k(u, H(y))|<2 N i@ = Jmip-dwr

Now consider the case where m<du)<m+p. Then k(u, I1(x))>0 if and
only if u™ or (W)™ =Tl 4, (x).

Assume first that u™ =11, 4(x). Then k(u, TI(y)) >0 if and only if t(u)=>5
where u*=T1,4,,(y). Therefore, if (u)=>b, we have

Nd(n)
- 2m+p—d(n)+1 )

(U)K, TG < 5 N

1
k=m+p—d(u)+1 2k

iIf t(w)#5 we have

Ve, TI()— k, TT(y)] =k, n(x»s% N
NE®

= 2m+p—d(u)+1 )

1
9k
k=m+p—du)+1 2

Replacing u™ by (u #)7, ie. (%)™ =Tl q,— (%) and u™ or (%)~ =Ty, (),
we obtain the analogous estimate

d(w)

lk(, TI(x)) — k(w, TI(y))| = k(u, [1(x)) < Smrp-dwT1
Last, consider the case where d(u)>m+p. Then we have

Ve, TI(x)) — k(u, H(y))|< O(w) NI® Z <N"‘“’

The above estimations show that
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p(II(x), T(y))

i i N" mtp 1 N i N"

<2 z

e e — -+
4 (ZN)" 2m+p—n n— 1 (2]\[)" 2m+p—n+1 n=mip+1 (2N)"

=2~ m+p)y, _|_P2—(m+11+1)_}_2—(m+p)£2[3(Xs y)z—ﬂ(x,y)_

It is left to consider the case where xe& and ye#/.
Define s(u) = |k(u, TI(x)) —k(u,y)| for ue#,. We have (R, y)<dy)+1< +o0.
Assume first that x is an extension of y. Then x has the form x=
VXXt 1 Xy 27 Where m=d(y)+ 1{=2), hence m=u(x,y) = (X, y).
We consider three cases. First, let du)j>m. Since d(u)>d(y), we have
k{w,y)=0 and

s =k ey <@ pro § 1o,
4 k=o 2"

Next, let dw)=m—1. Then, if u=y we have

sw)=| Amt - 0(“)

Z t(y)(xm 1+ <&N"'_1,

1
and if u#y we have k(u,y)=0 so that s(u)< EN"'“.

Finally, let 1 <d(u) <m—2, which implies m>3. Then k(e,lI(x)}=k{u,y)=0
unless u~ or @) =T, _4(y). If u” =T, -,(y) then we have
s(w)

<
4

9(“) Nd(u)( i }_ + 1 )

4 k=aw) T1-d@ 2¢ 20074

AN 24 § Vi) +1) _ H,(“,(yd(y,—1)|

Z L(y)(xd(u) +k)
A ok d(y) = 1 —d(m) |

k
k=0 2 k

M»—

Nd(u)

IA

0@ | w2 1 i)
= 4 N 24d(y) — d(w) = 2m—d(w)N '

We have the same estimate when (@)™ =T1,4,_(¥).
Combining the above estimations and observing that m>2 we get
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p(I1(x), I1(y)) = p(T1(x), y)

<2‘<'"‘”+mi2 B N N’"“+i v
- ) (ZN)" 2m—n 4 (ZMm—l it (ZN)"

3
=2 =22 222
<3m2 "< 3P(x, y)2 AN,

Finally, consider the case where x is not an extension of y. Then without
loss of generality x and y are expressed in the form

Xz:vabpxm-fp+ 1Xm+p+a and y=Vbapym+p+ Ym+p+2"Viwy

where v=v,0,---0,,_;, a#b, and 1<m<m+p<+ o0 and either a#y,, 44, Or
b#Xmip+1- We have a(x,y)=m, and f(x,y)=m if p=0 and p(x,y)=m+p+1
if p>1.

Applying (2.3) to k{u,y), then by similar arguments as those in the case
x,yeE (observe that an additional term 27 9®*4™ appears due to the fact that
y is a finite word) we have

(2 —(m+p—d(u)) +2- d(y)— d(u))) Nd(u), if 1< d(u) <m,
smy< { (27 m*p TAW Y ) - @Wd@NARM i < dw)y<m+p,
3INA®, if duy>m+p,

so that

p((x),y)< 279+ i1 T sup s(u)
n= neWn

< 3m +p+1)
2m+p

<6B(TT(x), y)2 ~FaICY),

Lemma 3.6. There exists a positive constant A= Ay (depending only on N)
such that

A2 < | T1G) — TI() | <4277
Jfor all x,yeE.

Note that under our assumption of JAj]=1 we have 4 <1, and in the case
of a symmetric simplex A of diameter 1, it follows from elementary calculations
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i 2 -2
that A2=Z and 1643=1—8A4y_;)" %

Proof. Let x,yeE.

If II(x)=1TI(y), then we have f(x,y)=oc0 and nothing has to be shown.

Therefore, we may assume that TI(x) #II(y). Then f=p(x,y)< + 00, and
I,y (x)=115_4(y) or =Hﬂ—1(Y)#'

If w=w,---w, is a finite word, we denote by A (w) the image of A under
the composition of naps f,, -0 f,,..

In the first case we have TI(x), II(y)eA(Il,_,(x)) so that

1S —nll <IA@T, - () =2""".

In the second case A(IT,_(x)) and A(TI,_,(x)*) have a point {=1I(z) =II(z)
in common, where z=TI,_,(x)z(I1;_(x))®. Therefore

1) — H)| < 1T10) =1l + 1 — T < 2AA(IT, - () =277

In order to derive the lower bound, notice that A(Tl,, (x)) and A(T1,, ((y))
do not have a point in common, hence

ITIx) — (W)l 2 A4 - A4 W= 427771,

where A4 is the minimum distance of two disjoint triangles in {A(w);we #,}.
Combining Lemmas 3.3, 3.5 and 3.6, we can compare p(&, n) and ||E—n]
on #.

Theorem 3.7. For any &, ned, we have

12
<p(¢, 11)5;{”5—’1"10&

A
IE—nl

1 1
Sl P
leilos

Proof. This follows from a direct calculation observing that the function
n+—>ne”" is decreasing in n.

The above theorem shows that the Hausdorff dimensions H of % with
respect to the metrics || —#|| and p(&,%) coincide. It also follows from standard
considerations that the H-dimensional Hausdorff measure with respect to the
metric p is infinite.

Qur next aim is to characterize the cylinder sets by the metric p.
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Lemma 3.8. p(v, w)<6a(v, w27 "™ for v, we ¥,
Proof. Without loss of generality we may assume v#w and
1<dv)<dw) and m=av,w)<d(v)+ 1.
Let m=1. Since k(u, w)<N*™ for any we#’, and we# ., we have

2N"
plv, w240 Z ——<27142=5-270m,
1 @N)"

Assume m>2. Then we have v,=w,, 1<k<m-—1.

For ue#’, such that du)<m—1 we have w,w,---w,,_,=v,v,---1,,_, and
k(u,v) and k(u, w) do not vanish if and only if u™ or (")~ =w!w?..
where wo=0. In each of the cases we get

e, v)— K, wy < 7 Nd<")< y Ly 1oy __1_)

k3 m— o) 2k 2d(v) -1 2d(w) ~1

Wi - 15

< z Nd(u)2 ={(m~ d(u))_
2

For ue ¥, such that d{u)>m we have

lke(u, v) — k(u, w)| S%Q N*® ( i ! + ! >S2N"‘“’

1
2_ 2d(v)~1 d(w) =1
so that

3m—1pn-mpm © 2N
Py, W)<274M 4~ Y +2Y ;
2 n=1 (ZM n=m (ZN)

2 3m-— 4 6m
<—+ - + 2 <2 < oy, w2,
2" 2 2"' 2m 2" W)

As a corollary of Lemma 3.5 and 3.8 we derive
Lemm 3.9. For any we ¥, we have
p(w, TI(x)) < 60w, x)2~*™® < 6d(w)2 ™™  for Vxedw).
Proof. Let we#,. If xe{(w) then a{w,x)=d(w)+1 and by Lemma 3.8

p(W, X) < 60(W, X)2 %% = 6(d(w) + 1)2 7@+ D < Gi(w)2 4™,
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If xe[w], then by Lemma 3.5

pw, TI(x)) < 6(w, x)2 77" < 6a(w, x)2™ ™% = (3d(w) +3)2~*™,

since ofw, X) < f(w, X).
1
Lemma 3.10. Let we#., and xeW,UE. Then p(w, H(x))<§2“""’
implies xedw) or {w*).
Proof. Without loss of generality we may assume that x£w,w*. Lemma

3.1 implies f(w, x)>d(w) and, by definition of (w,x), we have f(w,x)<dw)+ 1.
Therefore f(w,x)=dw)+1 and we have xedw) or {w*).

Combining Lemmas 3.1, 3.3, 3.5 and 3.9, we derive the following theorem.

Theorem 3.11. If v,we ¥ then
1 - -
g. 2 Avw) < p(V, W) < 60((‘,, W)Z afv,w)
If we#, and (€Y then
1
§2 b < p(w, 5) < 6ﬁ(w, X)2 —ﬂ(w,x)’ fgr Vxell™ l(é)
If Ened then
1
GO TI2 7 < ol )< 6B, y)2 ),

for every xell~ (&) and yeIl™ ().

§4. Variation of Harmonic Functions

In this section we estimate the variation of harmonic functions for the
Markov chain by that of the boundary functions on the Sierpinski gasket,
which is identified with the quotient space Z/~. The following lemma is basic

in the sequel.

Lemma 4.1. For every bounded measurable function ¢ : & — R the harmonic

Sfunction
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h(W)=f k(w, o(u(d?)

satisfies

[h(v) — h(w)] S% sup

xelv ™) yelw ]

|p(T1(x)) — @(T1(y))|

% sup  |o(TI(x) — p(TI(y))l

xe[(vH)~ Lyel(wh "]
for every v,weW,.

Note that the case when v=v" (resp. w=w")is formally included in the

statement, since in this case 6(v)=2 (resp. 6(w)=2) and the proof below covers
also this case.

Proof. Let v=v,v,: -0, and w=w,w,w,---w, be words in #7,. Then by
Lemma 2.1 and Theorem 2.3, we have

h(v) =J k(v, E)p()u(dd)
L4
= f kv, TIx)p(TH(x))v(dx)

=j lim k(v, TL,(x))p(T1(x))v(dx)

Nd(v) ©
4 {f kZ 27 L a + I x)
[v-] k=0

+ J i 2 klr(v#)(xd(v) + k)qo(H(x))v(dx)}
[(v$H~] k=0

d(w) ©
h(W)=N , { J ZO 27 X agmy + ) PEIC)V(x)
fw-] k=

+ J‘ ki 2 klz(w#)(xd(w) + k)(P(H(X))V(dX)}
[(wH~] k=0

where x, denotes the k-th coordinate of x e E.

Define a bijective map ¢: [v ]—=[w™] by
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’C(W), lf xk ~d(w) +d(v) = T(‘V) a.nd k 2 d(W)

t(X)k = T(v)! if Xk - d(w) +d(v) = ‘C(W) and k 2 d(W)
Xg—dwmy+deyp M Xg—gom+aem 1), ©(W) and k >d(w)
Wi, if 1<k<dw)—1.

For example we have

X=0102 U 1 XXt 1 Xt UKot j4 27 X+ WX+ 1427
= UX) =W Wp Wy XXt 1" Xt WerXm 4 j4 2" Kot DX b1+ 27

o
=

Then it follows that for every non-negative measurable function f on Z

SE())v{dx) = N4 =4 Symdy)
iv~] fw-1

and that
Z 2 klr(w)(t(x)d(w) e Z 2" klr(v)(xd(v) )
k=0 k=0
Therefore we conclude that

NOL S 27 (e Do)

[v-] k=0

— N"‘W)j i 27 M (amy + k)(P(H(x))v(dx)‘
[

w1 k=0

:IN‘“V’ $ 27, (xae s DOTIE)AR)

v-1 k=0

NS 2 (1K) DOTIERUX)

-] k=0

=‘N“V’ f $ 27M ey DOTE)N)
[

v-1 k=0

_ Nd(v) io: 2” klt(v)(xd(v) + k)(p(H(t(X)))V(dX)

v-] k=0

< Nd(")J i 27 klr(v)(xd(v) +leI(x)) — p(I(EX)) | v(dx)
[

v~] k=0
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<2 sup |o(IIx)— eI

xelv~ Lyelw ]

Applying the same reasoning to v and w', the lemma follows
immediately.

Lemma 4.2. For every we#,, ve{w) implies (v})” e{w™ du{(w%) ™).

Proof. Forevery ve{w), there exists ue#” such that v=wu. Ifus#u’, then
v'=wu® so that (v*) " e{(w™). If u=u", then there exists ae.# and k>0 such
that u=a*. Moreover, if a#t(w), then we have v*=w ar(w)’™, hence
(v")"e{w™). Finally, if a=1(w), then v* = wt(w*)*™ implies that (v}) " e {(w*) ).

For every we#.,, define the variation at w of a function h on #° by
Var,(w)=sup >Ih(u) —h()l,
u,vedw
and the variation at w of a function ¢ on & by
Var (W)= xSyl:Ev ]Iﬁo(H(X)) —o((y)).

From Lemmas 4.1 and 4.2, we obtain the following proposition.

Proposition 4.3. For every bounded measurable function ¢:%—R the
harmonic function

h(w) =f k(w, So(&)v(dS)

satisfies
Var(w) < Var (w™)+ Var (W), Ywe#/,.
Proof. 1t is evident that ve{w) implies [v"]={w™] and that Lemma 4.2

implies [(v)"]<[w JU[(w")~]. Therefore by Lemma 4.1 it follows that for
any u,ve({w)

h(u) —A(v)| < sup p(I1(x)) — (TI(y)).
x,ye[w " Jul(wh) "]

Define z=wr(w)® and conclude that z*=w*t(w")®, hence z’c[w~] and
z*e[(wh)™]. Since Tl(z)=Il(z") the proposition follows from
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Var,(w)

Smax{ sup lp(TE(x)) — oIy, Vary(w™), Varq,((w“)_)}

xe[w ~Lyel(wh)~]

< max{ sup (p(T(x)) — p(TT(2))| + le(T1E") — eI,

xe[w ™ L;yel(w#) ]
Var(w™), Var(w")~ )}
< Var (w™)+ Var (W) ).

Corollary 4.4. Let ¢ be an s-Hélder continuous function on (<, p) with
Hélder constant C,. Then for every we#" we have

Varhm(w) <2 Cq,( 1 2d(w))32 - sri(w).

Proof. Let we# .. Then for every xe[w™] we have a(w™,x)=p(Ww",x)
=d(w) and by Lemma 3.9 p(w, I1(x)) < 6d(w)2 ™4™ whence o(T1(x), TI(y)) < 12d(w)
279 for every x,ye[w™]. This proves the corollary in view of Proposition
4.3.

Lemma 4.5. For every bounded measurable function ¢:% — R the harmonic
Sfunction

h(w)= f k(w, Sp(E)u(dd)

satisfies
sup{|A(v)—h(w)}; p(v,w)<270*3, v,we W}
<4sup{lp(&)—o@); p(&n)<12n27", & nes}.

Proof. Fix any v,we#. such that p(v,w)<2~"*3  Without loss of
generality we may assume that dw)<d(v). By Lemma 3.1 we have

2P < Bp(v, W) < 27"

so that B(v,w)>n, which implies v,we{z)u(z"> where z=w,w,---w, Con-
sequently by Proposition 4.3, even in the case where ve{z) and we(z*), we have
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|A(v) — A(W)| < 1A(¥) — h(z)| + |r(z") — h(w)]
<Varz)+ Var,z") <2(Var (z7) + Var ((z) ).

On the other hand by Lemma 3.9 xe[z~ ] implies p(I1(x), [1(z ")) < 6d(z)2 %@,
since a(z, x)=d(z). Hence x,ye[z ] implies p(II(x), [I(y)) < 12d(z)2 @ < 12n2~ ",

Theorem 4.6. Let ¢ be a continuous function on . Then h, is extended
to a continuous function on W U, which coincides with ¢ on &. In particular
we have

lim (W) =0(0)
Jfor every e

Proof. Since by Lemma 4.5 £, is uniformly continuous on #7, and 0
is an isolated point, h, is uniformly continuous on the dense subset #” of a
compact metric space # U & and extends to a continuous function i, on # LY.
On the other hand by Theorem 2.2(4) we have

lim h,(X,)=0(X,), a.s(Py)

and since p=Py -X_' we have

h(O=0(), as(u).

Since p is a Radon measure on & and full by Remark 2.4, we have i=¢.
Denote the set of all continuous function on & by C(¥) and that of all
bounded uniformly continuous harmonic functions on (%", p) by #¢.

Corollary 4.7. S(C(F)=H.
Lemma 4.8. If a function f on W is uniformly continuous, then we have

4.1 lim sup Vargw)=0.

B0 wew,

Conversely, if a function f is symmetric, (4.1) implies the uniform continuity

of .

Proof. Assume that f is uniformly continuous on ¥  and let we#/.
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Then, since oy, w)=d(w)+1 for every ue{w) and by Theorem 3.9, we have
o, V) <6dw)2"*™ for any wu,ve{w). Therefore, the uniform continuity
implies

lim sup Var(w)

n o weW,

<lim sup{l/W)—/O); p,V)<6n27", u,ve W }=0.

Conversely, assume that u,ve %7, and p(,v)<2~®*3 for some n>1. Then
without loss of generality we may assume d(u)<d(v) and as in the proof of
Lemma 4.5 we conclude that u,ve {(z)u{z") where z=u u,u;---u,. This yields

| f(@)—f(¥)| < Var(z)+ Var (z)<2 sup Var(w)—0

weEWn

as n— 0.
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