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ABSTRACT. The empirical likelihood cannot be used directly sometimes when an infinite
dimensional parameter of interest is involved. To overcome this difficulty, the sieve empirical
likelihoods are introduced in this paper. Based on the sieve empirical likelihoods, a unified
procedure is developed for estimation of constrained parametric or non-parametric regression
models with unspecified error distributions. It shows some interesting connections with certain
extensions of the generalized least squares approach. A general asymptotic theory is provided. In
the parametric regression setting it is shown that under certain regularity conditions the proposed
estimators are asymptotically efficient even if the restriction functions are discontinuous. In the
non-parametric regression setting the convergence rate of the maximum estimator based on the
sieve empirical likelihood is given. In both settings, it is shown that the estimator is adaptive for
the inhomogeneity of conditional error distributions with respect to predictor, especially for
heteroscedasticity.
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1. Introduction

Regression analysis is usually based on a parametric likelihood. For example, we assume
observations (y;,x;), 1 <i<n are iid with density fyx(y,0(x))f(x), where Y denotes a
g-dimensional response, X denotes a p-dimensional predictor, the density f(x) of X is
unknown and is not related to 0, and the conditional density, fyx(y,0(x)), of Y given X is
assumed to be known up to a regression function 0. To estimate 0, we might choose 0 to
maximize the conditional likelihood [T, fyix (3, 0(x;)) over a subset of some metric space.
The behaviour of 0 is well studied. It is known that:

(¢) When 0 belongs to an infinite dimensional space, under appropriate conditions the
convergence rate of 0 is determined by the entropy of a certain space of score functions or
of density functions under some suitable metric—in particular, for the normal or Cauchy
likelihood, this rate might be the best in a sense (Stone, 1982; Wong & Severini, 1991;
Wong & Shen, 1995);

(b) When 0 is restricted to a finite dimensional subspace, under some conditions 0 is
asymptotically efficient (Lehmann, 1983, p. 415); for the normal regression model with
smooth but unknown scale function, the estimator based on the estimated normal
likelihood is adaptive to total lack of knowledge of the functional form of the scale
(Carroll, 1982);

(¢) For some smooth functional p(0), the plug-in estimator p(f) is asymptotic efficient
(Lehmann, 1983; Wong & Severini, 1991; Shen, 1997).
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There are many situations in which we do have some external knowledge about the function
form of fy|x while this knowledge is not sufficient for specifying it fully. A prototype situation
is that the regression function 6 and the conditional distribution of Y given X are constrained
by a set of conditional equations, say

E[Gi(Y,0X)IX] =0, k=1,2,....k, (1)

where G = (Gy,...,Gy,)" is a predetermined vector-valued restriction function. For example,
we can set G=7Y —0(X) in the ordinary conditional expectation regression model and
G=1(Y <0(X)) — 1/2 in the median regression model. Here and hereafter /(-) denotes the
indicator function of a set. These equations represent the non-sample information on the
model. Usually G is a vector-valued function of residuals. Via the conditional equations, this
formulation provides substantial flexibility for using the auxiliary information to solve non-
regular estimation problems (Newey, 1993; Powell, 1994). Under it, many interesting models
are subsumed. In this paper, two typical settings will be considered. One is the parametric
regression setting (or the semiparametric setting) where 0 is a linear function of X, say X*f or
(X*B, A), where A is some unknown finite dimensional nuisance parameter. In this setting, the
above model is a special kind of semiparametric model with the finite dimensional parameter 8
or (f, /) and the infinite dimensional parameter P. The other is the non-parametric regression
setting where 0 is a vector-valued function of X lying in some smooth class of functions.

In the above situation the parametric likelihood inference is unsuitable. This is because 6
might be inconsistent or not asymptotically efficient when the parametric assumption is
violated. See Zhang & Liu (2000) for some details. Therefore, it is desirable to develop some
alternative non-parametric likelihood method. We hope that it can capture departures from a
working parametric assumption and take into account both the sample and auxiliary
information to increase efficiency. Then the questions of what kind of non-parametric
likelihood should be used and of whether it maintains the basic properties such as (a), (b) and
(c) of the above parametric likelihood, arise naturally. One difficulty with these questions is
how to construct a non-parametric likelihood procedure, which can adapt for possible
heteroscedasticity in regression models. As pointed out before, a result of this type has been
proved by Carroll (1982) for the parametric counterpart with 0(x) linear in x and smoothness
conditions on the scale. Bickel et al. (1993, p. 112) conjectured that neither the linearity nor the
smoothness conditions, nor the requirement of Gaussianity are essential in Carroll’s result. It
is natural to conjecture further that Carroll’s result holds even if the parametric likelihood is
replaced by some non-parametric likelihood.

The idea of empirical likelihood (Owen, 1988) holds considerable promise for answering our
questions. However, some special difficulties exist in using Owen’s empirical likelihood. For
example, the normal likelihood can identify an arbitrary dimensional smooth regression
function, whereas Owen’s is usually employed for a finite dimensional regression function. To
estimate an infinite dimensional regression function, an infinite number of constraints are
required. However, currently no theory is available for the empirical likelihood when the
number of constraints is infinite.

To overcome the difficulties caused by heteroscedasticity and infinite number of constraints,
in this paper a type of (global) non-parametric likelihoods called sieve empirical likelihoods
(SEL) for the regression function 0 are constructed via the local empirical likelihoods. Unlike
LeBlanc & Crowley (1995), we construct SEL for the finite dimensional parameter as well as
for the infinite dimensional parameter. The name originates from the ideas of using n
constraints at observations x;,i = 1,2,...,n,

E[GIY,0X)X =x] =0, i=12...n
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as approximations of the infinite constraints in (1) and of using a random sieve approximation
of the underlying distribution. In this sense, SEL, which include LeBlanc & Crowley’s (1995)
likelihood as a special case, can be viewed as some approximation to the empirical likelihood
when there exist an infinite number of constraints. Like LeBlanc and Crowley’s likelihood, the
key idea behind SEL is building the global likelihood from the local ones. To see the intuitive
reason why this idea is promising, we recall one advantage of the local estimation that it can
automatically reduce the effect of heteroscedasticity by using the local data (Fan, 1997).
However, the advantage will disappear when the data structure is approximately linear
because the bandwidth should not be made to tend to zero in this case. Indeed, there is a
conflict in reducing the effect of heteroscedasticity and achieving the efficiency. Intuitively,
hybridizing the local and global estimation techniques may solve this conflict at the cost of a
certain computation. Moreover, the other advantages of the local and global estimation
methods are expected to hold in the final likelihood. This strategy has been proved effective at
least in the semiparametric setting in this paper.

Base on SEL, a unified framework for simultaneously estimating the regression function
and the conditional distribution of the response is developed. As one of the contributions, a
first theoretical analysis of the proposed procedures is provided. It is shown that the SEL
estimators are asymptotically efficient under some regularity conditions in the parametric
regression setting. In particular, these estimators are adaptive for the heteroscedasticity in the
model. This property is comparable to property (b) of the parametric maximum likelihood
estimator and gives a partial answer to the conjecture of Bickel ef al. (1993) mentioned
before.

To give an intuitive device for analysing SEL, we proved that SEL is asymptotically
equivalent to some extensions of the generalized least squares (EGLS). Although Carroll
(1982) and Robinson (1987) showed that the generalized least squares (GLS) estimator is
asymptotically efficient in the presence of heteroscedasticity, GLS usually requires G to be a
linear function with respect to the response (Carroll & Ruppert, 1988) and seems unsuitable
for the situation with a discontinuous or non-linear G. This shortcoming is overcome in
EGLS. Indeed, our theoretical analysis shows that EGLS has the strength to compete with the
well-known approach—the generalized method of moments (GMM) (Hansen, 1982; Cham-
berlian, 1992). For example, in the parametric regression setting, the asymptotic efficient (or
optimal) estimator can be constructed via the EGLS method even if G is discontinuous. This is
in contrast with the asymptotic efficient (or optimal) GMM estimation theory in which G is
usually required to have derivatives (Newey, 1993). Unlike GMM, in EGLS no instrumental
variables (the functions of the predictor variable that are known to be independent of the error
terms) are required to be specified and thus the idea can be easily extended to the non-
parametric regression setting.

In the non-parametric regression setting, it is shown that the SEL based maximum estimator
can attain the optimal global convergence rate in some cases. This is similar to property (a) of
the parametric likelihood above.

The following is a brief review of some related works and problems. The GMM estimator
has the usual advantage of the moment method over the parametric maximum likelihood that
a weaker restriction is imposed on the model. However, it requires a stable estimator of scale.
This will lead to a biased estimator in the small sample case (Kitamura, 1997; Kitamura &
Stutzer, 1997). LeBlanc & Crowley (1995) proposed an alternative non-parametric likelihood
procedure for a single semiparametric functional where the likelihood is constructed through
certain local empirical likelihoods. They showed that their idea can be easily extended to the
other models, for example, censored survival data models. Most importantly, they reported
that their method seems to work well in some simulated and real data examples. But less is
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known about the theory of such kinds of estimators. For example, whether their method is
efficient relative to the other existing methods?

The remains of this paper proceed as follows. Section 2 gives the definitions and intuitive
illustrations of the proposed likelihoods and estimators. A large sample study of these
estimators is presented in section 3. Some examples can be found in section 4. Some possible
extensions are discussed in section 5. The technical conditions used in this paper and the
proofs of the main results are presented in the appendix. Throughout this paper, P, and P
stand for the empirical and underlying distributions of (X, Y), respectively. Pyy and Py denote
the conditional distribution of ¥ given X and the distribution of X, respectively. Eyx and Ey
denote the associated expectations. f* denotes the Lebesgue density of Py. Except for several
specified cases, in the following sections, || - || denotes the Euclidean norm. Let «Z” denote
convergence in distribution.

2. Sieve empirical likelihood
2.1. Definition

We use the non-parametric likelihood to illustrate the idea behind SEL. Suppose we have n
independent observations {(x;,3:): 1 <i < n} from (X,Y). Let # be a space of distributions
for (X,Y). Following Shen ez al. (1999), to construct a sieve likelihood we first make a
(random) sieve approximation of # by &, a class of distributions with a finite support, say
S,. Then we focus on the sieve likelihood for Q € 7,

H‘I(Xi,%)
i=1

where q(x;,y:) = [dO/dw,)(xi,y;) is the mass that O places at point (x;,);) and g, is the
counting measure on S,. Unlike Shen eral. (1999), we take S, ={(x;,)):
1 <i<n,1<j<n}, rather than the sample {(x;,);): 1 <i <n}, as the support. We will
see that such an overparametrization provides a flexible device to exploit the structural
information of the underlying distribution in defining a profile sieve likelihood—SEL.
Suppose that Py is not informative about the regression function. This for example
excludes applications to random effect models, but allows for fixed effect models. Under
the non-informativeness assumption, the above likelihood of the regression is proportional
to the conditional non-parametric likelihood

H qle:Xf (yt) (2)
i=
Where
gy () = 5 180)
2. q(xi.y))

~.
I

with the support {y;: I < j < n}. Obviously, without any auxiliary information, the non-
parametric maximum likelihood estimator (MLE) of P is of the form gq(x;,;) =
I/n, q(x,y;) =0, j#i,1 <j<n1<i<n Thatis, we put the equal mass 1/n on each
sample point (x;,3;). The corresponding non-parametric MLEs of Pyy_,,1 <i < n satisfy
Gyix=x 1) = 1, qyjx=y, () =0, for j#i, 1 <j<n, 1 <i<n So the profile conditional log-
likelihood
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n
sup loggyjx—, () = 0. (3)
07, =]
Of course the above estimators are not very useful. To get certain meaningful estimators,
we need some auxiliary information of Pyy. However, if we add the auxiliary information
such as (1) to the likelihood (2), then the corresponding profile likelihood may not exist.
The problem we faced is, given each x;, only a single observation y; from Pyjy—_,, is
available. This hampers the use of the auxiliary information (1). This problem can be
solved by “borrowing” information from the nearby observations if we assume that both
Pyjy—, and 0(x) are continuous with respect to x (Tibshirani & Hastie, 1987; LeBlanc &
Crowley, 1995). In other words, in a neighbourhood around x;, we approximate Pyx—, and
0(x) by

PY\X:x ~ PY|X:x,7 G(X) ~ B(X,'), for x ~ Xi.

This implies that all the y; with x; lying in this neighbourhood can be roughly viewed as
observations from Pyy_,. These y; form a set, say {zz: | <k <n}. Then, with this
augmented sample, the auxiliary information (1) can be used via the empirical likelihood
technique. This yields an estimator of Pyy_,,, say PY‘X:x‘_, with the support {z;: 1 <k <n;}.
At the same time we obtain the local empirical log-likelihood (1/n;) >/, log{f’y‘ X=x; (Zik) }-
Furthermore, treating the augmented sample sets {zj: 1 <k <n;}, | <i<n as if they are
independent, we have a total conditional log-likelihood simply by adding up all these local
empirical log-likelihoods.

An improved version of the above idea is to include a smoothing weight function, which
weighs down the contribution to the ith local empirical likelihood of 0 from y; with x; being
away from x;. In this setting, for each i, all y; are augmented into y;. If we use w;;,1 <j<n
with Z;.’Zl wj; = 1 to weigh the contributions of y;, 1 < j < n to the ith local likelihood, then,
the logarithm SEL can be constructed by the following two steps.

Step 1. Given the values of 0(x;),1 <i <n, for 1 <i,j<n,let g;; = Qyx—, {y;} denote the
mass we put on y;. For each i, we maximize

n
Z Wi logg ji
=1

subject to
> 4Gy, 0(x;) =0,
=1

qui: 1, ¢;>0, j=1,...,n
=1

Letg;,1<j<nm be the solution. Then, for 1 < j <n,

le'

q9ji = 1+ OC;;(xh H)TG(y/, (')(x/))

where k,-vector o, (x;, 0) satisfies

= Gy, 0(x;)) _o. 4
; M1 (i, 0)°G(Y5, 0(x))) @
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Define
1(i,0) = iji logg;;-
=1

Step 2. Define the log-SEL by
1(0) = 1(i,0).
=1

Note that without the local constraints (1) the log-SEL becomes » 7| >0 wj; logwy;.
Furthermore, if there is no knowledge of the continuity of Pyx—, with respect to x, then we
should set w; = 1, w; = 0,/ # i. In this case, the log-SEL agrees with the profile conditional
log-likelihood in (3).

The logarithm of the likelihood ratio between the approximate empirical likelihoods with
and without local constraints has the form

lsr = l;(O) — i iwﬁ lOngi.

i=1 j=1

Generally, for each i, we can choose N; C {1,...,n} and define
-1
1(i,0) = {Z W_ﬂ} > wilogg,
JEN; JEN;

in step 1. This leads to a possible reduction of the degree of correlation among /(i,0),
1 <i<n, but on the other hand also to a loss of some information due to dropping
GisJ & Niy1 <i<n. For simplicity, in the following sections, we consider only the cases
with N; ={l,...,n},1 <i<n and N; = {i}, 1 <i<n, respectively. Note that when N; =
{i},1 <i < n, we recover LeBlanc and Crowley’s log-likelihood /. and likelihood ratio /.,
which are defined by

1(0) = logdy, 1er(0) = 1.(0) = > logw.
i=1 i=1

With /[, we can introduce some estimators, called the SEL estimators, for the regression
functions as follows.

Parametric regression function. Suppose that 0(X) = X*f3, where f3 is the parameter of interest.
For the simplicity of symbols, we use /;.(f8) to denote /,.(0). Then, the estimator of f3 is defined
as

B = argmax L, ().

A similar estimator can be defined for the case with 0(x) = (f'x, 4).

Non-parametric regression function. Assume 6 is lying in an appropriately chosen function
space, say ©. Then, the maximum estimator 6 is defined as

6 = argmax [,,(0).
0co

Estimators of conditional distributions. Let 6 be the estimator defined above. Then, the
estimate of Fyy—,, namely, F Y|x=x, 1S obtained by replacing 6 and x; in (4) by 6 and x
respectively. Note that, it is supported by {y;, 1 <j < n} with masses p;(x),1 < j <n.

© Board of the Foundation of the Scandinavian Journal of Statistics 2003.



Scand J Statist 30 Sieve empirical likelihood 7

2.2. Quadratic approximations

To get a better insight into the above procedure, we first investigate the behaviour of the
proposed likelihood. Suppose for each i, a,(x;,0) in (4) tends to zero. Then, we have the
following informal approximations of o, (x;, 0) and /g,

o (X, 0 {ZWﬂG()’j» (x))G" } ijl 7, 0(x))(1 +0,(1)), 1<i<m
-1
sr=Z<Zwﬂ (- 0(x7)) ){ZwﬂGw ()G (3.0 (x,»}
x (Zwﬁcw,e@j)))(l +0(1))- (5)
J=1

and we also have the following population version in the neighbourhood of the true value of
parameter, say 0,,
1

Uy = B B GO, 000) [y GUY, 006)G (7, 000)]” By GLY, 006) } +0,(1).

Applying the same argument, we have

1
ZZW]lG ()’ja xj {ijl YJ7 x] (yj70(xj))} G(yj70(xj))

i=1 j=I

-1
+= Z(ZWJIG ()’]a xj >{ijl y]7 x] (yj70(xj))}

—1
XG( iy (x,)G(yl,Ox, {Zwﬂ J’p x/ (yj70(xj))}

X (i%@%ﬂ%)))(l +0p(1)). (6)

Clearly, the approximation of [, is quadratic while that of /., is not. However, the population
versions of /.. and [, are the same.
Let K(-) be a bounded univariate kernel function. Set

wj(x) = K([x; *X||/h)/§n:K(HXk —x|[/h) and wi = w;(x)
i=1

for 1 <i,j < n, where the bandwidth # = 4(x) may depend on x. Note that the dependence of
w;(x) on A is suppressed for notational convenience. Recall the definition of «, in the condition
(P2) in appendix A. We show that o, (x;, 0) does tend to zero uniformly in x; below.

Theorem 1

(i) (Parametric  regression setting): If for some constants d, >0, dy>1 and
0<n<(o—2)/(0+2), dy <h(x)’n" <dy, x € Q, then under the conditions (K0), (X0),
(P1)-(P6) in appendix A, (5) and (6) hold uniformly in B, ||B — B,|| < rn = O(n~"/%). The similar
result holds for the case 0(x) = (f'x, 7).

(ii) (Non-parametric regression setting). If for some positive constants d,, dy and 9,
dy < h(x)’n" < dy, where for w* in (N6), n satisfies

© Board of the Foundation of the Scandinavian Journal of Statistics 2003.
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. 2(oty — 4) 2(w* +a, —2)
min ,
< 200 + wH(a, —4)" (24 w*)a,

o, —4
(0t — 2)w*’
then under conditions (K1), (X0), (N1)~(N6) in appendix A, (5) and (6) hold uniformly in 0,
[10 —0,|| <7y = O(nfl/%).

When G is bounded, the results in (i) and (ii) still hold if we replace o, by co.

}, when 0 < w* <2,

n
when w* > 2,

The above theorem implies that SEL is asymptotically equivalent to the following
modifications of the classical weighted least squares criterion.

Population version
1
R(0) = 5 Ex{EyyG*(Y, 0(X)) U™ (X, 0)Eyy G(Y, 0(X))}

where U(X,0) = Ey)yG(Y,0(X))G* (Y, 0(X)).

Sample versions
R(0) = 3 Bl G (¥, 000)0” (0, 0)Ey G(Y, 00x)}

Re(0) = E{EyxG*(Y,00X) U (X,0)G(Y, (X))}__E{EY\XGT(ng(X))
0 (X,0)G(Y, 0X)G" (Y, 0X)T " (X, 0)Eyx G(Y,0(X))}

where U(X,0) = EY‘XG(Y7 0(X))G*(Y,0(X)), and E, EY‘X and Ey are some estimators of the
expectation operators E, Ey)y and Ey, respectively. In practice, we often replace U(X,0) by
U(X,0;) where 0; is a consistent initial estimator of 0.

The R(6) based estimation is a two-stage approach: First, make the kernel regressions of
G(Y,0(X)) and G(Y,0(X))G*(Y,0(X)) on X; then, minimize the summation of the local y>-
square statistics of 0. For example, we consider the ordinary linear regression ¥ = X*fi + e
with known constant error variance ¢>. The population version of the least squares criterion
becomes

E(Y —X"B)* = E(Y — EyiY)* + o”R(0).

Obviously, the regression of G(Y,6(X)) on X is not required in the least squares method. This
implies that, similar to the difference between the least absolute deviation regression and the
LeBlanc—Crowley likelihood based regression, for the linear regression model, the EGLS
estimator may be more variable than the least squares estimator for a small sample although
two estimators are asymptotically equivalent (LeBlanc & Crowley, 1995, p. 102). In fact, there
is room for improving the EGLS estimator via the following equality: for any measurable
function H(Y, 0(X)),

Ex{EyxG"(Y,0X))U ™" (X, DEyxG(Y,0(X))}
= E{Eyx(G(Y,0(X)) — H(Y,0(X))) + H(Y,0(X))}*U"(X,0)

X AEyx (G(Y,0(X)) — H(Y,0(X))) + H(Y,0(X))}
— E{H(Y,00X)) = EyH(Y,0(X))}' U™ (X, 0){H(Y,0(X)) — EyxH(Y,0(X))}.

)
)

Suppose that H(Y,0(X)) — EyxH(Y,0(X)) is independent of 0. Then the above equality
shows that R(0) is proportional to

© Board of the Foundation of the Scandinavian Journal of Statistics 2003.
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Ry (0) = %E{{EY\X(G(Yv 0(X)) — H(Y,0(X))) +H(Y,0(X))}' U™ (X,0)
x {Ey (G(Y,0(X)) — H(Y,0(X))) + H(Y,0(X))}}.
The associated sample version:
Ry (0) = %E{{EY\){(G(K 0(X)) = H(Y,0(X))) +H(Y,0(X))}' U (X,0)
X {Eyix (G(Y,0(X)) — H(Y,0(X))) + H(Y,0(X))}}.

Obviously, compared with R(f), Ry(f) avoids making an unnecessary regression of
H(Y,0(X)) on X. Similarly, we obtain the following variant of EGLS:

R(0) = 3 E(Eya G (7,000)0”' (X, 0)G(¥, 0(x)))
by noting that
R(0) = 3 Ex {Ev G (7, 000))U"" (X, 0)G(Y, 00x) .

It follows from theorem 1 and the results in the next section that the SEL estimator has the
same asymptotic distribution as those of R(6), Ry (6), Ry(0) and R.(0) based estimators. For
convenience, here and hereafter we use R(f), R.(8) and R.(p) to denote R(6), R.(0) and R.(0)
when 0(X) = Xf. Similarly, we define R(f, 1), R.(8,4) and R.(B, 7).

3. Asymptotic properties

This section presents some general theory on the consistency, convergence rates and
asymptotic normalities of the SEL estimators. As before we use the kernel weights. We assume
that the true value of the parameter of interest is an inner point of the parameter space.

3.1. Parametric regression setting

For simplicity, we consider the case that 0(x) = x*f. Denote by f, the true value of 8. Recall
the definition of «, in the condition (P2). We first show the SEL estimator is weakly consistent
in the following theorem.

Theorem 2
Suppose that the conditions (X0), (K0), (P1)-(P7) in appendix A hold. If, for some positive
constants dyyds and 1, dy < h(xY'1 < dy, and 0 < i < (st — 4) /o, then B~ B, = o, (n /).

Remark 1. By substituting the above SEL estimator into Y7 wiG(y;, X;f)G*(Y,x7f), we
obtain a consistent estimator for Eyy_,G(Y,X°B)G*(Y,X*f5). Then, under the above
conditions, the EGLS estimator is also weakly consistent.

Assume that there exists a positive definite matrix ¥ such that

pl_ EX{ {_aEY\XGI(YvXT/"a)

. w} }

[EY‘XG(Y,Xfﬁo)GT(Y,Xfﬁo)}71 { op

V can be derived by calculating the second derivative of R(f). Then the next theorem states
that f is asymptotically normal.

© Board of the Foundation of the Scandinavian Journal of Statistics 2003.
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Theorem 3

We suppose that when G is bounded, the conditions (K0), (X0), (P1)—(P8) in appendix A hold; and
that when G is unbounded, the conditions (K0), (X0), (P1)~(P9) in appendix A hold. Suppose
Eyix=xG(Y,X*p) has a continuous derivative with respect to x. Suppose that for some positive
constants d,,dy, d, < h(x)n" < dy, x € Q, where

1/2, G is bounded,

o —4 a,—1/1 —1 .
0<n< min 4 7oz -+ & , G is unbounded.
oy, o+ 1\2 o,—1

Then

(B~ B,) N0, V).

Remark 2. In practice, G often satisfies the Lipschitz condition that {; = 1 in the condition
(P9). For an unbounded G, the restriction on # in theorem 3 becomes 0 <n < 7/18 if o, = 8
and {; =1;0<n<1/3if o, = 6 and {; = 1. This implies theorem 3 does cover the optimal
bandwidth 4 = n='/5,

Theorems 1, 2 and 3 show that the SEL and EGLS estimators asymptotically have the same
distributions as the GMM estimators based on the optimal instrumental variables.
Furthermore, they are asymptotically efficient in the sense of Hansen (1982) and Bickel et al.
(1993) even if G is discontinuous. When G is discontinuous, by the result of Hansen (1982), we
can get the optimal instrumental variable, OEyyG(Y,X*f)/0pU~"(X). However, it is still
unknown whether the GMM estimator is asymptotically efficient in this case.

3.2. Non-parametric regression setting

Let |10, = sup,eq ||0(x)|| and 110]* = Ex||0(X)||*. Let 0, be the true value of 0. The following
theorem shows that the SEL estimator 6 is also weakly consistent.

Theorem 4
Suppose the conditions (X0), (K1), (N1)-(N7) in appendix A hold. If, for some positive constants
dy,dy and n, d, < h(x)'n" <dy, and 0 < n < 2(a, —4)/(0t,(2 + w*)) with w* in (N6), then
16— 0,|| = 0p(n~%). Similar to remark 1, we obtain the weak consistency of the EGLS
estimator.

To obtain a better convergence rate of 6, we consider the following parameter space of 0,
© ={0 € C’[0,1] : 0(0) = 0(1), 0 (0) = 0 (1), |0V]| . < L;,[109|; < Ly,
for j=0,....q}
where » >0, and L;,j = 0,...,q are fixed constants and ||0]|;; = sup,, |0(x) — 0(y)|/|x —y[".

Set @=1[0,1],w* =1/(g+r)<1,and ¢ > 1. Let by =2/(2+w*), by =2(1 —w*)/(2 — w*),
1 <a; <2and

. 1
mm{3(2/(1 W) — by — 1)+ 2bs —arh;’
2
(6 +w*)(2/(1 —w*) — by — 1) +4by — 2w* — a1b; (2 — w*)’

=

1 2
3(a1b1 — bz) + 2by — a1b ’ (6 +w*)(a1b1 — bz) +4by — 2w* — a1b1(2 — W*)}
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For any =, < n*, write

. 27,
ni (Tf()) =min {na(albl - b2)7l__w* - no(bZ + 1)}7

1
112(7'5(,) :mln{§ (1 - 2b2750 + alblno)7 B

1
m(l —2bym, + W', + =z a1by (2 — w*)n,,)}.

Theorem 5
Under the conditions (X0), (K1), (N1), (N2), (N3), (N6), (N7), and (N8) in appendix A, for any
0<m, <", n(n,) <n<nyn,), we have

HG 0o|| = mdx{n 2+W*)7nﬂru/(17w*)})7
||é(1) - 90 || = OP(max{nf liw*)/(z*""’*)’nfnn})'

Remark 3. Obviously, theorem 5 can be directly extended to the p-dimension. Also the
exponential order moment condition N8(i) can be relaxed via the technique used in theorem 1.
It follows from theorem 5 that when w* < 1/4,

k]

16— 0,]] = 0, (n/C+). {10 — 01| = 0, (w171

which are the optimal convergence rates in the ordinary non-parametric regression case. See
example 6 in the next section and Stone (1982). When w* = 1/2,1/3, n*/(1 — w*) = 0.276 and
0.411, both of which have not attained the corresponding optimal values 0.4 and 4/9 in the
ordinary non-parametric regression case. This may be due to the inaccuracy estimation of the
convergence rate of 6" in terms of the uniform norm by using the interpolation inequality.
Note that in the ordinary non-parametric regression case, Stone (1982) showed that the
optimal convergence rates of the regression function in terms of the L, norm and the uniform
norm, respectively, differ from each other by only a factor logn.

4. Examples

In what follows, we assume that B and 6 are the SEL or EGLS estimators based on i.i.d.
observations (x;,y;), i = 1,...,n. Let F,|x and f,)x denote the conditional distribution function
and density of e given X. Let 5, and /4, denote the true value of # and A, respectively. We
demonstrate that the proposed methods are more generally applicable than both the
generalized least squares and GMM through the following examples.

We begin with the following two prototype examples, which are the generalizations of the
well-known symmetric location model (e.g. Bickel et al. 1993, pp. 75, 400—405).

Example 1 (Linear regression with a symmetric error distribution). Consider the linear
regression model ¥ = X*f + e. Suppose that given X, e is symmetrically distributed. To use the
information about e, we choose 0 =s, <s] < --- <, and Sy = [sp—1,5), | <k <k,. Set
G(Y, X B)=IY-XBeS) —1(Y—X"Be—-S5), | <k <k, Then, G satisfies the condi-
tional equations in (1). Furthermore, we have

Z Fux (S + X7 (B = B,)) = Fax (=S + X*(B— B,)))°
— X e\X Sk +XT(ﬁ :BD)) +F‘e\X(_Sk +XI([)) - ﬁo)) .

We assume f,x—.(z) is continuous and bounded with respect to (z,x). Suppose that ||, || is
bounded by a known constant, and that the conditions (K0), (X0) and 0 < n < 1/2 hold. Then
it follows from theorems 1, 2 and 3 that
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(B - B,) N0, V)

with

S ((fexsk +far (s >—fe.x<sk1>—fe|x<—sk1>>zm>_

= 2(Fx (sk) — Fopr (se-1))

This directly implies that if fy_.(z) can be written in the form g,(z/s(x)) with known g, and
unknown s(x), then f§ is adaptive for heteroscedasticity. Moreover, we can show that, under
certain smoothness and symmetry conditions on foy, if maxj<i<s, (sx —st—1) — 0, 55, — o0,
then

1 2
yl EX{EEX (_a ng "‘X) XX° }
/A

Thus, when the underlying probability distribution for observations is symmetric, an
approximately efficient and adaptive estimator can be obtained by refining the sequence of
{sk}. See Bickel et al. (1993).

Example 2 (Non-parametric regression with a symmetric error distribution). Consider the
regression model ¥ = 0(X) + e with E,ye* = 0(X)? + 1. Suppose that given X, e is symmetric
distributed. Set G; = (¥ — 0(X))> — 0(X)> — 1, G(Y,0(X)) = (¥ —0(X))** D1 1<k <
k, — 1. Then, G satisfies the conditional equations in (1).

Let u(X) = (ui(X))l<i<k be k, dimensional vector with u;(X) = 26,(X) and

k=2 o)1)
2t+1 20k—2—1)!

FEqx exp(2(k —2—0)(0, — 0)*, 2<k <k,
t:O
Let v(X) = (u,j,-(X))IS,.JSkO with vy (X) = E,ye* — (Eep(ez)z, (X)) = v (X) = 0,2 < k < ky,
and v;;(X) = E,x exp(2(i 4 j —3)), 2 < i,j < ko. Then, as [[0 — 0,]| — 0,
1

R(0) = 5 Ex(0,(X) — 0(X))*u* (X)v™! (X)u(X)(1 +o(1)).

This shows that SEL and EGLS can weight the observations according to the conditional
moments. Note that, the local quasi-likelihood in Fan & Gijbels (1996) allows for only the
second moment information and in general fails to produce an efficient estimator when the
other moment information is available.

Assume that U(x) = Eyx—G(Y,0,(X))G*(Y,0,(X)) is uniformly positive definite with
respect to x € Q = [0, 1], and that sup,cq ||U(x + 1) — U(x)|| < c|¢| for some positive constant
c. Assume that E,y exp(fle|) < co for some positive constant ¢,. Then, theorem 5 holds.

Example 3 (Mean regression model). Consider the linear regression model ¥ = X" + e
with unknown parameter . Suppose E,ye =0 and ¢*(X) = E,xe’ > 0. Let G(Y,X°f) =
Y — X*B, then

1 U !
RB = 2Ex{w —B a2 P ﬁ)1+<ﬁo—ﬂ>fXXf<ﬁg—ﬁ>/62<X>}
1 1 1

T 0\2
Ru(B) = 2E{U(X)2 O = XD 5, = e, - ﬁ)/azm}'

Assume that the error e satisfies the following conditions: E,jye = 0, sup,co Eyjy—|e|™ <oo,
o, > 6. Then, under the conditions (K0), (X0), d, < #’n" < d; and 0 < n < 1/3, it follows from
theorems 1, 2 and 3 that
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W2 - B,) N, V)

with V! = Ex(XX"/E,ye*). Thus, B is asymptotically as efficient as Carroll’s estimator
(Carroll, 1982; Robinson, 1987).

Example 4 (An endogenous dummy variable model) (Newey, 1993). Consider the non-
linear model

Y=IS+¢X.B) +e,
where E,xye = 0, ¢ is known, S and e are correlated, and (f, 2) is the parameter of interest.
This model has many important applications in economics and has been studied by Newey

(1993) via GMM. Here we estimate (f°,4) via SEL. First, we define Y* = (Y,S)’,
GY* , X°B,%) =Y — S — ¢(X, B). Then, we have

1@{Ka—M&ﬂw—n+¢wﬁ»—wxmf}

) ==
R84 Eqxe + Esix[(2.— 20)S + (X, B) — (X, B,)]°

2
Under the conditions similar to those in example 3, using theorem 1, 2 and 3, we have
((3)- (%)) = ven

V! = Ex(Ee?) 'TT, T = (78¢(g([;/f0) EsiI(S = 1))1.

with

Example 5 (Regression quantiles) (Koenker & Bassett, 1978). Consider the linear model
Y = X*f + e with unknown parameter f. Suppose F,x(0) =¢q, 0 < g < 1. Let G(Y,X*f) =
I(Y < X*B) — g, where () is the indicator function. Then

F‘e Xt ﬁ - ﬂ(} —q
R = 5y =) —af
Fax(X7(B = 5,))(1 = 29) + ¢
Note that when ¢ = 1/2, G*(Y,X"f) = 1. So the classical weighted least squares method
completely fails in this situation. When GMM is used, we need to estimate

OEy|x—G(Y,X"f)/0p. Note that G is not differentiable at the points where ¥ = X*. So we
usually use a numerical derivative, say

S WG (B~ 1) ~ Gl (-4 )
=1

to estimate it, where 2" = (h*,...,h*) and h* is another bandwidth. Taking into consideration
the difficulty in selecting #*, we conclude that EGLS is simpler than GMM because in EGLS
no partial derivative of Ey)y_,G(Y,x"f) is involved.

Assume that f,y_.(z) is continuous and bounded with respect to (z,x). Note that f,x_(0)
may depend on x as pointed out by Jung (1996). Suppose that ||f,|| is bounded by a known
constant, and that the conditions (K0), (X0) and 0 <5 < 1/2 hold. Then it follows from
theorems 1, 2 and 3 that

W2 - B,) N0, V)

with 7! = [1/¢(1 — q)]EX((ﬁ,‘X(O))ZXXT). Thus, f has the same asymptotic distribution as the
quasi-likelihood based regression quantile estimator investigated by Jung (1996). In particular,
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it is adaptive to the unequal behaviour of conditional error densities given different values of
the predictor.

The similar phenomenon is also found in the multiple quantile regression (Welsh er al.,
1994; Zhang & Gijbels, 1999).

Note that in example 5, we can develop some instrumental variable estimator based on a
characterization of the conditional quantile as the solution to a particular expected loss
minimization problem (Powell, 1994). However, it seems difficult to find such kind of
characterizations in example 1.

Example 6. Consider the ordinary non-parametric regression model Y = 0(X) + e with
unknown function 0(X) and E,ye = 0. Let (;,x;), i =1,...,n be iid. observations. Write
G(Y,0(X)) =Y — 0(X). Then

-1

2
1y(0) = —% <Z wii(y) = 9()?1‘))> {2 wi (v — 9()@‘))2} (1+0,(1))
=1 \Jj=1 =

1
Ry (0) = — % O — 0(x:))? {Z wji(v; — 9(&/))2} -
1 =

1,-(0) is a summation of n local y-statistics for 6. /,.(6) and Ry (6) are asymptotically adaptive
for the unequal variances. Especially, ﬁM(O) recovers the objective function for weighting the
unequal variances of errors suggested by Silverman (1985) in his smoothing spline estimator.
The numerical results in Silverman (1985) support our observation.

Let Q=[0,1]. Assume that E,yexp(tle]) < oo for some positive constant f,, min.eo
o(x) >0, and |6*(x + 1) — 0?(x)| < c|t| for all x € Q, where ¢*(x) = E,y_e* and ¢ >0 is a
constant. Then, a result similar to example 2 holds. In particular, when w* < 1/4, the SEL
estimator attains the optimal global convergence rate in the L, norm.

5. Discussions
5.1. Bandwidth
There are two typical candidates for the weights wj;, 1 <i,j < n:

(i) the kernel weights with a constant bandwidth: wj; o< K(||x; —x;||/h),1 < i,j < n, where
K(| - |) is a univariate kernel function;

(ii) the kernel weights with a nearest neighbour bandwidth: let 4(x,m) be the mth smallest
number among ||xx —x||, 1 <k <n. Then, wj; < K(||x; — xi||/h(x;,m)). Usually we set
K(|l7) = (1 = [)#])}. (Cleveland, 1979).

We extend a theorem due to Fan & Gijbels (1996) that the nearest neighbour bandwidth is
adaptive for the design points.

Proposition 1
Suppose X has a compact support Q and a continuous positive density f. If m,/n — 0 and
my/logn — oo, then for any x € Q,

(I+0(1))

1 my,
f®)elp) n

where c(p) is the Lebesgue measure of the p-dimensional hypersphere {x € R’ : ||x|| < 1}, and

h(x, mn)p =

o(1) — 0 almost surely and uniformly in x € Q.
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We note that under condition (X0), by the above proposition, there exist two positive
constants d, and d; independent of x such that when » is large, for 4 = h(x,m,), we have
W, =d,n" < h <dn"=h?, Some issues on how to select the bandwidth for a finite
sample in practice and how to compute the associated estimators have been addressed in
LeBlanc & Crowley (1995). There is some further progress in this direction (Zhang & Liu,

2000).

5.2. Conclusions

The empirical likelihood cannot be directly applied to a problem with certain infinite
dimensional parameters of interest involved. To overcome this difficulty, we proposed the
sieve empirical likelihood (SEL) approach. The large sample study shows such a method is
promising. Like the parametric likelihood based maximum estimators (Lehmann, 1983; Wong
& Severini, 1991), the SEL based maximum estimators are asymptotically optimal in the
parametric regression setting and can achieve the optimal global convergence rate in the non-
parametric regression setting. It is shown that the SEL procedure is adaptive for
heteroscedasticity in the model. Furthermore, the SEL ratio statistic for a finite dimensional
parameter is asymptotically x> distributed (LeBlanc & Crowley, 1995). Recently this theorem
has been extended to the case of infinite dimensional parameter (Fan et al., 2001; Fan &
Zhang, 2000). Like LeBlanc & Crowley (1995), the SEL can be constructed for censored
survival data and for a random effect regression model. However, their properties are still
unknown.
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Appendix A. Technical conditions

In this appendix, we collect the conditions used in the previous sections. We begin with some
notations. Let N(e, p, #) be the covering number, the smallest number of e-balls in metric p
needed to cover . Let N3(¢, p, #) be the bracketing covering number, the smallest number m
for which there exist f{ <f¥ k=1,...m with maxigenmp(ff—fl) <e and
F C Ui [, /4. The commonly used metrics are the Lo, and L,(Q), 0 < r < oo with respect
to a probability measure Q. The corresponding metric entropies are defined by
H(e,p,7)=1ogN(e,p,#) and HZ(e,p,7) =1logNB(e,p,#). Let K(-) be a univariate
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density function. Let », denote a predetermined positive constant. We first introduce the
condition for X.

(X0)

X has a compact and convex support Q. And the density f of X is continuous over Q and
0 < supyeof(x) < oc.

The conditions for the parametric regression setting are as follows.

As before, consider the case that 0(x) =x*f. Denote by f, the true value of f. For
1 <k m<k,, set

F o ={G(5 BB = Boll < 7o}y 66, = {Gh (s “B)Gu (5 “B): 1B = Boll < 7o}

In addition to (X0), we assume:

(K0)
K(s) is non-increasing as s goes from 0 to co. For any J, > 0,
[ K =1, [ kieear=o. [ &) ar < o ™)
(P1)
Almost surely for x € Q, Eyjy—_.G(Y,X"B,) = 0.
(P2)

There exists o, > 4 such that

E sup [Gi(Y,X"P)
168, I<r,

%o

< o0, 1<k<k,.

(P3)
For 1 <k <k,,

sup By Gi(Y, X°f) < oc.
xeQ,||B=p,[<r,

(P4)
For 1 <k,m <ky, Eyjx—xG(Y,X"$)Gn(Y,X"p) is finite and continuous with respect to
(x, 8). And the smallest eigenvalue of Eyy_.G(Y,X"B,)G*(Y,X"B,) is positive for x € Q.

(P5)
For 1 <k <k,,
8Ey‘X:ka(Y,X7[5)H
sup ———|| < .
xeQ[|p-p,lI<rs op

(P6) (Covering number)
For 1 <k <k,,

N(e,Li(Py)), Fg,) < AB)e™™,
where limsup, EA(P,) < oo, and w is a positive constant.
(P7)
Asz— 0,

sup |Ey|x=x+:G(Y, X" B) — Eyx—.G(Y, X" )| — 0,
xEQ[|B—PB, <70

Hsup | IEy|x=x:Gn (Y, X" B)Gr(Y, X" B) — Eyjx=xGu(Y, X B)Gi(Y, X B)| — 0,
x€Q||B—B,||<ro

for 1 <m,k <k,.
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For any p > 0,

sup |[EG(Y, X"B)|| # O;
188,120

and for any sequences of constants, 0 < p,; < p,, — 0, there exists a constant ¢ such that
sup  [[EG(Y, X*B)|| = cp,.-

P ZlIB=Bo =P

(P8)
For each 1 < k < k,, there exists a positive constant b; such that for any || — f8,|| < r, and
x € Q,
Eyix—|Ge(Y, X*B) = Gu(Y. X"B,)I* < billB — B, I,
|EY|X=x+qu(Y7XT/))) _EY|X=ka(Y7XTﬁ)H = O(Hﬁ - .Ho||)7 as u — 0.

(P9)
There exist o, >4 and 0 < {; <1 such that for 1 <k <k, and any || — S,|| < r,,
‘Gk(yﬂctﬁ) - Gk(yvxrﬂo)‘ < M(yvx)Hﬂ - ﬁo”gl
with
sup EM™(Y,X) < oo, supEy|XM4(Y,z) < o0.
zeQ

The conditions for the non-parametric regression setting are as follows.
For 1 < k,m < k,, and for any positive sequence {r,} with r, — 0, write

TG =Gk (00)) 110 = 0ol <7}y Fi6, = {Gi(,0()) G (- 0()): 1|0 = O] <7}

In addition to the condition (X0), we assume

(K1)

For some positive constant c,, and for any s1,52 € R!, |K(s1) — K(s2)| < ¢ols1 — s2|- And (7)
holds.

We define the conditions (N1), (N2), (N3) and (N5) by replacing x*f, X*f and || — B,|| < o
in the conditions (P1), (P2), (P3) and (P5) by 0(x), 0(X) and [|0—0,|| <r,, 0€ O,
respectively.

(N4)
For 1 <k,m<k,, Dy, = GyG,,, as u — 0.

sup |Eyx—suDin(Y, 0(X)) = Eyx—.Din(Y, 0(X))| — 0.
||0—0,||<r,,0€0.26Q

The smallest eigenvalue of Eyx_.G(Y,0(X))G*(Y,0(X)) is uniformly positive for
[16 —6,|| <r,, 0 € ®and z € Q.

(N6) (Entropy)
For 1 <k,m<k,,

H (e, La(P), 75,) < A°(P)e/r) ™, HP(e.1a(P), F ) < B'(P)(e/ra) ™,

where 4*(P) and B*(P) are some positive constants.

(N7)
Asz—0,
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sup  |[|Eypy—:G(Y, 0(X)) = Eyx—G(Y, 0(X))|| — 0,
€Q|0-0,]1<r,

QHSBuI(:; | |EY\X:x+sz(Y7 H(X))Gk(Yv G(X)) 7EY\X:xGm(Y7 G(X))Gk(yv Q(X))‘ - 07
x€Q,||10-0,||<r,

for 1 <m,k <k,.
For any p > 0,

sup ||EG(Y,0(X))[| # 0.
10=00] 2

Moreover, for any 0 < p,; < p,» — 0, there some constant ¢ such that

sup — [[EG(Y, 0X))[| = cpy.-

P2 |10=05[1=p)
(N8)
(i) There exist some measurable function M (y,x) and a positive constant #, such that for any
0,€0,i=12,and k=1,...k,
|G (v, 01(x)) = Gr(y, 02(x))| < M (y,x)[01(x) — O2(x)]

and

sup Eyx exp(t,M(Y,x)) < oo.
xeQ

(i) Fork=1,... k,, Eypy—Gi(Y,0(X)) has a bounded first derivative with respect to 6 which
satisfies for any 0, € ©,i=1,2, and x € Q,

OEyx—xGi(Y,01(X))  OEyx—Gi(Y, 02(X))
00 00

< clf(x) = 02(x)]

where ¢ is a constant.
(iil) Let U(x) = Eyjx—.G(Y,0,(X))G (Y, 0,(X)). U(x) satisfies sup,q |[|U(x + 1) — U(x)|| < |t
and the minimum eigenvalue of U(x) is uniformly positive with respect to x € Q.

Remark 4. These conditions are not necessarily independent. For example, the condition
(N8) used to prove theorem 5 implies the condition (N6).

Appendix B. Proofs

Throughout the remains of the paper, we denote fi.x = max, f(x), fmin = min, f(x),
W, =H,(n) =d,n" and k2, (n) = din~" for some positive constants d, and d;. Write

0) :iwﬂx)G(yﬁ 0(x,)).

nx 9 ij yj? xj))G (yj? ( ))7

Z,(0) = maXIIG(ypO( )l

1<j<n

Let e,(x,0) be the minimum eigenvalue of S,(x,0). For convenience, we use 4,(x, ), Z,(f),
Su(x, B) and e,(x, B) to denote 4,(x,0), Z,(0), S.(x,0) and e,(x, ) in lemmas 1 and 3—6 below.

The proofs of the lemmas in this appendix are omitted but available from Zhang & Gijbels
(1999).
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Lemma 1
If
(L +11Z,(0)[ )4 (x, 0)]|

sup =0,(1)
0€6.]/0-0,]|<r, w0 ea(x,0) e

then 0,(1) in (5) and (6) tends to zero uniformly in 0 € O, |0 — 0,|| < ry, and x € Q.

The following lemma follows directly from the proof of th. 37 of Pollard (1984).

Lemma 2
Let &, be a class of functions with envelop 1. Let v, denote the empirical process

—nil/zz gy, x;) —Eg(Y, X))

for g € F,. Suppose that for some constants v, w and d,,

sup var(g) <wv, N(&Li(B), F,) < A(R,)(dye)™"
=
where limsup EA(P,) is bounded by some positive constant A(P). Then, for M > 0, when n is
sufficiently large,
P(sup v,(g)| > M) < e1(P)(V/n(Md,)™")" exp(—M?/(2 x 64> x v) + ea(P)o™" exp(—nv)
where ¢i(P) and c,(P) are two positive constants.
Lemmas 3-6 below will be used to prove theorem 1.

Lemma 3

Suppose 0(X) = X*B. Then, under the conditions (K0), (X0), (P1)-(P3), (P5) and (P6),
0 <n < (% —2)/2 and r, = O(n="1%), we have sup{(1 + Z,(B))|4a(x, B)|} = 0,(1), where
the supremum is with respect to (x, B, h”) with {x € Q,||f — Bo|| < ru, h; < P < k2 }.

Lemma 4

Suppose 0(X) = X*B. Then, under the conditions (K0), (X0), (P1)~(P4), 0 < n < (o, —2)/
(0o +2) and r, — 0, we have S,(x,p) = Eyjx—.G(Y,X )G (Y, X"f) + 0p(1), where o,(1) is
uniform in x € Q, || — B,|| < ry, and K, < h? < kP,

Lemma 5
Suppose 0y is an inner point of ©. Under the conditions (K1), (X0), (N1)~(N3), (N5) and (N6),
o = O(n~Y%), and

min %72,2(%72+W) , 0 < wr <2,
Oy (2 4+ w*)a,

o, —2 1
min{ =—=,— %, w* > 2,
o, W

0 <n<

we have sup{(1 + Z,(0))|4,(x,0)|} = 0,(1), where the supremum is respect to (x,0,h) with
x€Q,10—0,]| <r,0€Oand W, <h <k .

Lemma 6
Suppose that 0y is an inner point of . Then, under the conditions (K1), (X0), (N1)—(N4), (N6),
r, — 0, and
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%7 0 < w* <2,
0<n< Of;+_va(°‘”_ )

— > 2

(4 — 2)w" v

we have S,(x,0) = Eyjx—xG(Y,0(X))G(Y,0(X)) + 0p(1) where 0,(1) is uniform in x € Q,
[0 — 0,|| <1y, 0 €O, and W, < h? < k2, and 0, is the true value of 0.

nu?

Proof of theorem 1. It follows from lemmas 1, 3, 4, 5 and 6.

Proof of theorem 2. 1t is similar to the proof of theorem 1 in Zhang & Liu (2000) and thus
omitted.

Recall that U(x) = Eyjx—.G(Y,X*B,)G*(Y,X*B,). To facilitate the proof of theorem 3, we
establish lemmas 7-10 below.

Lemma 7
We suppose that when G is bounded, the conditions (K0), (X0), (P1), (P4), (P5), (P6) and (P8)
hold; and that when G is unbounded, the conditions (K0), (X0), (P1), (P2) and (P6)—(P9) hold. If

rn — 0 and
1/2, G is bounded,
o— L1 (=1
0<np< q—1t —+ G , G is unbounded,
o +1\2 o, —1
then

i Wi (0) (GO, X B) — G, xiB,))" = Evix:[G* (Y, X7B)] = op(max{||B — B,|l,n""/*})
k=1

where o, is uniform in (x, §,h) withx € Q,||f — B,|| < ry and K, < h* < kD,

Lemma 8
Under the same conditions in lemma 7, we have

%zn:Wi(x)EHX[GT(Y?Xf U™ (%) = Eypy—[G* (Y, X" B)U™" (x)]
py

+op(max{||f — B,|l,n~"/*})

where o, is uniform in x € Q, || — Bo|| < ry and i, < h? < kP,

Lemma 9
Suppose that when G is bounded, (P1), (P3)—~(P8) hold; when G is unbounded, (P1) to (P9) hold.
The”’ EG(YaXTﬁ) = O(HB - ﬁoll) and

%Z(G(y_nx;ﬁ) = Gy xjB,) — EG(Y, X"B)) = op(max{||B — B,||.n""/2}).
=1

Lemma 10
Suppose that when G is bounded, (P1), (P3)—(P6), (P8) hold; when G is unbounded, (P1)—(P9)
hold. Then
1 - - T T T
;ZEY\X:X/ (G (Y, X B)U (5)(G(ry, %} B) — G (31, XB,) — Exipe—, [G(Y, X"B]))
=1

= op(max{|[f — B,|I*.n""}).
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Proof of theorem 3. We take for example 0(x) = x*f. It suffices to establish the asymptotic
normality of the estimator defined by minimizing

T —1
. 1 n n . n . . . n .
R,(B) = EZ (Z w;iG(y;, B X_/) {Z wiiG (v, Bxj) G (v, Box;) } (Z wiG(y;, B x/))
i=1 \ j=1 J=1 J=1

where the minimization is performed over || — ,|| < 4, and {r,} is a sequence of constants
satisfying r, > en~V/% for some constant ¢ > 0.

For this purpose, we first easily observe from lemmas 7, 8 and 9 that under the conditions
(PI)to (P9),and 0 < 5 < (ap —2)/(2o +2),

R R OEy|x—x 3
R(B)—Ry(B,)=(B—B,)° Z Ly, ,[gﬁ(y X°B,)]
=

(ﬂ ﬁ){ ZaEY‘XV[gﬁ(YXﬁ)]U (x;)
j=1

v ( .f)G(y/7x;ﬁo)

. 8EY\X:J(/ [GT(varﬂo)]
op
where, without loss of generality, we drop the factor 1+ 0,(1). Here and hereafter o,(1) is

always uniform in (x,f,h), x€ Q, ||f—pB,|| <r, and i), <k < h?,. Then via the same
argument and symbols of th. 5 of Pollard (1984, p. 141), we have

aEY\X Y[GT(Y’Xﬂﬂo)}

}(ﬂ — Bo) + op(max{[| = B,|I*,n"}).

4=A40x) = p U ()G x°B,)
and £4 =0,
EAN = E{ {%’;XW]TU”Q{) [%’;Xﬁ)] }

Therefore, let V = EAA®, we have

V(B - B,) SN, V).

The proof is completed.

Proof of theorem 4. 1t is similar to th. 1 of Zhang & Liu (2000) and thus omitted. Lemmas
11-14 below are employed to prove theorem 5.

Lemma 11
Under the conditions (X0), (K1), (N1), N8(i) and N8(ii), if 1y > 0, g > 1, and

1
n>m(l—=5b), n>mab—b), n < 5(1 —2bymy +aibymy),

2 w*
n < m (1 —2bymty +w'ny + a1by (1 —7)),

then
ZW/ (G0, 0(x7)) = G, 06(x7)) — Eyix=G(Y,0(X)) = Op(n"™)

where O, is uniform in 0 and x with ||0 — 0,|| < cn™™, 100 — 0]| < eyn™ and x € Q, and ¢y is
any fixed positive constant.
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Lemma 12
In addition to the assumptions in lemma 11, we assume that N8(iii) holds. Then, we have

Xn: Wi()Eype— [G* (Y, 00U (x1) = Eypx[G7 (Y, 0(X))JU™" (x) = Op(n™(+527)
i=1

where O, is uniform in 0 and x with ||0 — 0,]| < c;n™™,0 € O, and x € Q.

Lemma 13
Under the conditions (X0), (N1), N8(i) and N8(ii), if 7y < 1, then

(600, 005)) + GOy 0450)) = 0,7
o

uniformly in 0 with ||0 — 0,|| < cijn™™ and 0 € 6.

Lemma 14
Under the conditions (X0), (N1) and (N8), if 0 < m; < 1/(24+w*) and 0 < w* < 2. Then
uniformly in 0 with |0 — 0,|| < cin™™ and 0 € ©

S By [6°0F, 000U (560, 0057) — Gl 45)) — Evpe G, 00X)))
J=1

_ Op(n—m—l/(2+w*))'

Proof of theorem 5. First of all, we claim O, and o, below are uniform in 0 € ©. By
theorems 1 and 4, we need only to consider the EGLS estimator defined on the parameter set
{0 € ©:]|0 — 0,|| < r,} with the constant r, — 0. Note that, as ||0 — 0,|| < r, — 0, applying
the similar arguments used to prove theorem 1, we obtain

Iés(f))—ﬁs(@g):—l y E wiG(y;, 0(x))) | U™ (x) § wiiG(y;, 00x;)) (1 4+ 0p(1)).  (8)
2
1 j=1

=1 \ =
The strategy adopted in the remainder of the proof, similar to Shen & Wong (1994), is to
improve the rate iteratively by obtaining increasingly faster uniform approximation rate of the
objection function Iés(ﬁ) in a sequence of shrinking neighbourhoods.
Iteration. Let the initial value of 7| is zero. If at the previous step we have obtained
10— 0,1 = 0p(n™), 116" — 00| = Op(n°
ol| = Op(n™™), || o |l = Op(n™™),

and if ©; satisfy

| —

(1 — 2b2n1 —O—alb]n]),

then in the next step we can show
116 = 0,]| = Op(n~ T +7)/2) 4 O, (n~(m/2H1/ @)y (9)

n>m(l—by), n>m(aby—b), n <

D[E

2
n< T (1 —2bymy +wimy +a1by <1 -

A1) —(m4m) (1—w* —(n w)) (1—w*
167 = 00| = 0, (- EH=II-w)/2) 4 0 (- (/21 @)1=y (10)
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and replace 7; by (1 — w*)min{(n; + m2)/2, (m:/2 + 1/(2 +w*))}. Write
a(x, 0(x)) = U () Eyx—G(Y, 0(X)), W, = =U""2(x)G(r;, 00(x))), j=1,...,m

Write my = 5 + bymy and by, = 2(1 — w*) /(2 — w*). Then, the combination of (8) and lemmas
11 to 14 gives

R(0) = R(0) = -3 a e, 00 5Dl 005
j=1 Jj=1

+ 01,(n7("3+”')) + Op(nf(m+2/(2+w*))) (1 1)
provided
1/2+w)>m >0, w <1, (12)
n>mn(aby —by), n < %(172b2m+a1b1m), (13)
2 w*
n < St (1—2b2n1+w*n1+a1b1<1—7>>. (14)

Let [|a|]* = Ela(X,0(X))|* and O, be uniform with respect to 0 € @. By (11) and the definition
of 0, and by th. 2.2 and 2.3 of Mammen & van de Geer (1997), we find

) —w’ —(2—w* w* - 1 A _ w
—max{(la(-,0())||' /7w Cm D} 0, (071 2) 4 Zmaxa(-, 00 )|, Op (w2}
< 0,(n ™)y 4 O, (n~ M+ )y

which together with the assumptions implies (9). Invoke the Sobolev interpolation inequality,
there exists a constant b, forany 0 < p <1,

16" — 001 < bo~2(10 — 0,12 + o200 — 0|13

where || - ||, is the Holder norm. Let p = ¢1]|6 — 6,|" with w* = 1/(g + r). Then, we derive
(10).

The above iteration continues if (12)-(14) hold, n; < (1 —w*)/(2 —w*), n > m (1 — by), and
(n + 2bym; 4+ 7)) (1 — w*) > 2m;. Now the proof is completed by some simple calculations.

Proof of proposition 1. See Zhang & Gijbels (1999).
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