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The ac Josephson effect in a ferromagnetic Josephson junction, which is composed of two
superconductors separated by a ferromagnetic metal (FM), is studied by a tunneling Hamiltonian and
Green’s function method. We obtain two types of superconducting phase dependent currents, i.e.,
Josephson current and quasiparticle-pair-interference current (QPIC). These currents change their signs
with thickness of the FM layer due to the O—m transition characteristic to the ferromagnetic Josephson
junction. As a function of applied voltage, the Josephson critical current shows a logarithmic divergence
called the Riedel peak at the gap voltage, while the QPIC shows a discontinuous jump. The Riedel peak
reverses due to the O—r transition and disappears near the O—x transition point. The discontinuous jump
in the QPIC also represents similar behaviors to the Riedel peak. These results are in contrast to the
conventional ones.
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1. Introduction

The Josephson effect is a macroscopic quantum phenom-
enon involving phase coherence between two superconduc-
tors (SC’s), and is characterized by a zero voltage current
through a thin insulating barrier (dc Josephson effect). On
the other hand, when a finite voltage is applied across the
junction, an alternating current flows according to time-
dependence of phase-difference, 6, in two superconductors
(ac Josephson effect), which gives two types of current as,
Iyy = I sinf and Ij; = I, cos 6.9 The former is the same as
the dc Josephson current except for time-dependence of 6,
while the latter is a phase-dependent dissipative current
inherent to the ac case. As a function of applied voltage, V,
the amplitudes, I.; and I, show singularities originating
from the gap, A, in an s-wave superconductor. The I;; has
a logarithmic divergence called the Riedel peak at the gap
voltage, V = 2A/e, due to the square root singularities in
the density of states,>”” while the I., shows a discontinuity
at V=2A/e and is zero below V < 2A/e at zero temper-
ature.> The I, is experimentally observed near the
superconducting transition temperature, 7.,® in various
types of Josephson junctions.’”'¥

Recently, a Josephson junction with a ferromagnetic metal
(FM), which is called the ferromagnetic Josephson junction,
has been actively studied both experimentally and theoret-
ically.’>?® One of the most interesting phenomena in the
ferromagnetic Josephson junction is the oscillation of the I ;
as a function of the thickness of the ferromagnetic film. The
mechanism of the oscillation is similar to that of Fulde—
Ferrell-Larkin—Ovchinnikov (FFLO) state.?’*? Cooper pairs
penetrating into the FM acquire a finite center of mass
momentum proportional to the magnetic exchange splitting,
hex, between up- and down-spin bands. As a result, the pair
correlation in FM oscillates as a function of the thickness of
FM. If the thickness of the FM is about a half of the period
of the oscillation, the current-phase relation is shifted by =
from that of a conventional Josephson junction (0-junction)

like as, I.; < 0. This is called a m-junction, which has
potential applications as a quantum bit.3'*? In addition, the
m-junction is used in some experiments to measure a
nonsinusoidal current-phase relation. Using the ac Josephson
effect, Sellier et al. experimentally evidenced the second
harmonic term given by sin 26 in the SC/FM/SC junction.’”)
However, most of studies on the m junctions have been so
far focused on the dc Josephson effect. Studies on the ac
Josephson effect in ferromagnetic m junctions will open a
new pathway of basic physics and will contribute to realize
the quantum bit including SC/FM/SC junctions.

In this paper, we study the ac Josephson effect in a SC/X/
SC junction, where X is either a NM or a FM. Using a
tunneling Hamiltonian and Green’s function method,**—>
we obtain two types of phase dependent current, i.e. the
ac Josephson current (I;; = I sin#) and the QPIC (I}, =
I.>cosB). In a SC/NM/SC junction, I;; and I, monoto-
nously decrease with the thickness of NM. As a function
of applied voltage, I.; shows a logarithmic divergence (the
Riedel peak) at the gap voltage, V =2A/e, while I,
discontinuously jumps at the same voltage. On the other
hand, in a SC/FM/SC junction, I} and I, exhibit the strong
dependence on the thickness of FM and change their signs
by crossing the O-m transition point due to the magnetic
exchange splitting between the up- and down-spin bands in
FM. In particular, it is predicted that the Riedel peak in I,
disappears at the 0 transition and the 0—x transition occurs
in I, like as I.;.

The rest of this paper is organized as follows. In §2, we
introduce the model Hamiltonian including the tunneling
Hamiltonian, and explain the formulation to calculate the
ac current by the thermal Green’s function method. In §3,
the ac Josephson current and the QPIC in the SC/NM/SC
and SC/FM/SC junctions are shown as functions of thick-
ness and applied voltage. We compare these two types of
junctions and discuss similarities and differences. Summary
and discussion are given in §4. Below, i =1 and kg = 1 are
used in the equations.
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Fig. 1. Fourth order diagram with a tunneling matrix element contributing
to [y. Insulating barrier is at interfaces between SC and X.

2. Tunneling Hamiltonian Approach for AC Josephson
Current

2.1 Model Hamiltonian

We consider a junction composed of a ballistic FM with
the thickness d and s-wave SC electrodes as shown in Fig. 1.
A dc bias voltage, V, is applied across the junction.

The SCs and the FM are connected by tunneling
Hamiltonian. The total Hamiltonian is given by

H :Héc +H]§C + Hrm + Hr, (D
N 1 ev
Hge = Z/dr %La(_ m v? - M7> VLo
+ Aelt /dr ¥4, +he., 2
R ev ev
HY. = L—>R,—u7—>+u7 , 3)
1 .
Hpy = Z /dr 1p;r?M,a(_ % V2 — n = lahex) 1pFM,m 4)

H=Y [ T e
o relL,reFM

+ / drdr’ T, Yk  VUimo
ZU: reR,r eFM mrR,

+ h.c,, 5)
where ¥, = ¥, ,(r) is the electron field operator with the
position r in the region i (=L, R, or FM) and the spin o
(= 1, ). We adopt the BCS mean field Hamiltonian Hgo)
with the s-wave gap A and the phase variable 6 r) in the
left (right) SC. Then, the phase difference is given by
0 = 6L — Or. The electron mass and the chemical potential
are denoted by m and u, respectively. Note that FeV/2 is
added in the Hamiltonian (2), since the applied voltage, V,
imposes a chemical potential difference, V/2, at each
boundary between FM and SC. The Hamiltonian of the
FM, Hpv, which has no impurity scattering, has the
exchange energy, hex. Ht is the tunneling Hamiltonian,
whose matrix element is denoted by 7,, and has a
finite value at the SC/FM boundary as, T,, =
Tod(r — r)8(r — rir))- ruw) is the position of the interface
between the left (right) SC and the FM.

We calculate the expectation value of a current operator,

J=—ie / drdr/'Tpe 2yl (OYrme()
o I

cL,reFM
+hec., (6)

where x involves both time, ¢, and r. The superconducting
phase dependent current is given by

I = (J) = I, sin6 + I, cos b, (7)
where (J) is the expectation value of the current operator.
The first term of eq. (7) is the Josephson current and /.; is
the Josephson critical current. The second term is called the
quasiparticle-pair-interference current (QPIC).

2.2 Josephson critical current and QPIC formula
In the SC/FM/SC junction, the fourth order term of J
with regard to T, is shown in Fig. 1. Detailed calculations
are given in Appendices A and B. For hey /1, w, /1 < 1, and
temperature, 7T = OK, I.; and I, are given by,
O(Ag — |[E—eV])

O’0A(2) o0
I, = dE
e Jao /B2 — A} JA} — (E —eV)?
(2E — eV . [(2E — eV
X {Cil ———d | sin| ———d
VR VR
2FE — eV (2E — eV T
—cos| ———d||Si| —————d ) — =
UF VR 2

2hex
X COS dl, (8)
%3
AZ eV /2—Ag
I, = 2020 / dE
e 0
OV —2Ap)
X
\/(E +eV/2)? — A%\/(E —eV/2)* — A}
2E 2hex
x cos| —d ) cos d), 9
UF Vg

where A is the superconducting gap at T =0K, oy =
167> T4NL(0)Nr (0)[mv/(27ed)]* is a constant determined
by materials and interface, Ny (r) is the density of states in
the left (right) lead at the Fermi level, vg is the Fermi
velocity, v and d are the volume and the thickness of the
X, respectively. Ci(x) and Si(x) are the cosine and sine
integrals, respectively. When ke =0, our formulation
reproduces the current in the SC/NM/SC junction.
For d/&, > 1, eq. (8) is simplified as

N OAg—|[E—eV
T [y OB V)

Te Jao o JE2 AL )AL~ (E —eV)?

(Zhex > Ur 1

X COS d] ———,

VR 2E — eV d
where &) = vg/2Ay. It is found that I;; decays with d in the
power law as 1/d. This behavior is consistent with the case
of dc Josephson critical current in a double barrier Josephson
junction.”® On the other hand, for d — 0, eqgs. (8) and (9)
reproduce the current in SC/I/SC junctions.” The integra-
tion in eqgs. (8) and (9) is numerically carried out and results

are shown in the next section.

10)

3. d- and V-Dependence of I.; and I,

In this section, we show thickness d and bias voltage V
dependences of I.; and I.,. First, the SC/NM/SC junction is
discussed to see the difference between NM and FM cases
clearly. Then, we will give detailed discussions on the SC/
FM/SC junction.

014708-2



JOPhysOSocOJpnd20097 80
Downloaded fran pumalsosp by 10651226 on 0800402 20For personaluse onlyl

J. Phys. Soc. Jpn., Vol. 78, No. 1

S. HIKINO et al.

N eVI2A=0

A eVI2A=1.5 |
1.5 ]

0.1+

I, =0foreV/2Ay=0

- (b) / | l
K 05

0 1.5

1
d/&y

Fig. 2. (a) Normalized Josephson critical current, I;, and (b) the
quasiparticle-pair-interference current, I.,, as functions of d/& for a
SC/NM/SC junction (he, =0), where I = I 1me/ogAo and I, =
1C27T€/O'0A().

3.1 SC/NM/SC junction

The thickness dependence of I.; and I, is shown for
several values of V in Fig. 2. In Fig. 2(a), the vertical axis is
the normalized I.; and the horizontal axis is the thickness d
normalized by the coherence length &,. It is found that
I.; shows a monotonic decrease as a function of d. For
d/& > 1, I.; decreases in the power law as 1/d shown in
eq. (10). In Fig. 2(b), I, is plotted. It is found that I,
decreases as a function of d for eV /2Ay = 1.5, while it is
always equal to zero at eV/2Ay = 0.

The I, in the SC/NM/SC junction is shown for several
values of d in Fig. 3(a). The vertical axis is the normalized
I.; and the horizontal axis is the normalized voltage,
eV /2Ap. In Fig. 3(a), I.; shows the Riedel peak at the gap
voltage similar to that in a SC/I/SC junction. In this system,
the Riedel peak exhibits weak dependence on d. The I, is
shown in Fig. 3(b). It is found that /., has discontinuity at
eV /2Ay = 1. The behavior of I, is the same as the case of
SC/1/SC and I, exhibits very weak dependence on d.

Here, we examine the above results in details. I.; shows
the monotonic decrease as a function of d, which represents
a decoherence of the Cooper pair penetrating into the NM.
This behavior is equivalent to the case of dc Josephson
effect. On the other hand, the behavior of I, is quite
different from that of I, since I, has a finite value only
when V is larger than the gap voltage as shown by Fig. 3(b).
Therefore, it is interpreted as quasiparticles in the band

—dlE;=0.01]
I di&y=0.16

" ——d/&,=0.01
_______ d/g()=016
2 -diE =03 1
[\ e
INO
L |
0 1 2

eV12A,

Fig. 3. (a) Normalized Josephson critical current, I.1, and (b) quasipar-
ticle-pair-interference current, I», as functions of eV/2A, in a SC/NM/
SC junction, where I, = 1me/opAg and I, = Iome /oA

below the superconducting gap contribute to I, and carry
the superconducting phase coherent dissipative current as in
the case of a SC/I/SC junction.>® Moreover, I, in a long
SC/NM/SC junction (d > &) oscillates as a function of d
and V with the period (47E/vr)d because of cos[(2E/vp)/d]
in eq. (9). This behavior represents the phase shift by = and
the O—m transition occurs as a function of d and V. In the V-
dependence of I, the divergence of I.; at the gap voltage is
also shown in the SC/I/SC junctions. Since, the density of
states has a square-root singularity at the gap edge as we can
see in eq. (8), the amplitude of the Josephson critical current
produces a logarithmic singularity at the gap voltage. This
mechanism on the singularity is the same as that of SC/I/SC
junction. In I.,, the current vanishes for eV/2Ay < 1 and
jumps at the eV /2Ay = 1. This behavior is similar to that of
the SC/I/SC junctions. In a long SC/NM/SC junction
(d > &), I, oscillates as a function of V with the period
(4nE/vp)d as shown in eq. (9).

3.2 SC/FM/SC junction

In this subsection, the case of the SC/FM/SC junction is
compared with that of the SC/NM/SC junction from the
viewpoints of the d-dependences of I.; and I, as shown
in Fig. 4. In Fig. 4(a), the normalized I.; is plotted as a
function of d/&y. For eV /2Ay = 0, i.e., dc Josephson effect,
I, shows a damped oscillatory behavior as a function of d
and the O—r transition occurs by increasing d unlike the case
of SC/NM/SC junction. For eV/2A, = 1.5, I is qualita-
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Fig. 4. (a) Normalized Josephson critical current, I, and (b) quasipar-

ticle-pair-interference current, icz, as functions of d/&j for hex/Ay = 50
in SC/FM/SC junction, where I, = I.;me/0ogA¢ and I, = Iyme/ooAo.

tively the same as that in the dc Josephson effect. On the
other hand, I, is zero for eV /2Ay = 0, but has a finite value
for eV/2Ag = 1.5 similar to the SC/NM/SC junction.
However, the I, changes its sign with increasing d due to
the O—m transition and vanishes at the transition point as
shown in Fig. 4(b).

Figure 5 shows the ac current amplitude as a function of V
in the SC/FM/SC junction. In Fig. 5(a), the vertical axis is
the normalized I.; and the horizontal axis is the normalized
voltage, eV /2A. In this system, the Riedel peak exhibits a
strong dependence on d and changes its sign with increasing
d due to the O— transition. Therefore, near the thickness at
which the O-r transition occurs, the Riedel peak disappears
as shown in Fig. 5(a). In Fig. 5(b), it is found that /., has
a finite value above eV/2Ao = 1. For d/& = 0.01, the
behavior of I, is the same as those of SC/I/SC and SC/
NM/SC junctions. On the other hand, I, changes its sign
with increasing d due to the O—r transition and disappears
near the thickness at which the O-m transition occurs, as
shown in Fig. 5(b).

The I.; shows the damped oscillatory behavior as a
function of d and the O—r transition occurs. In eq. (8), only
the ratio of hex and vg determines the period of oscillation in
the I.;—d curve. The mechanism of O transition in the ac
Josephson effect is the same as that of the O—r transition in
the dc Josephson effect. Concerning I.,, it has a finite value
above eV /2A(y = 1, similar to the SC/I/SC and SC/NM/SC

T T

\L——di&y=0.01 1
——————— d/Ey=0.16
----- A&, =03
(o]
INOO H —

(a) Normalized Josephson critical current, I, and (b) quasipar-

Fig. 5.
ticle-pair-interference current, INCZ, as functions of eV/2A, for
hex/Ao =50 in SC/FM/SC junction, where I, = I, me/oyA¢ and

Iy = lame /o0 Ao.

junctions. The behavior of I, is quite different from that
of SC/NM/SC junction. In the SC/FM/SC junction, the
oscillating term in eq. (9) is composed of two part. One is
cos(2Ed/vr) (the region of E being from 0 to eV /2 — Ay),
the other is cos(2hexd/vr). In the practical case, hex is
experimentally larger than eV.'”-2” Therefore, the period is
dominated by hex and is short compared with &. The V-
dependence of I; and I, in the SC/FM/SC junction shows
remarkable phenomenon. In I, the Riedel peak exhibits a
strong dependence on d. It changes its sign with changing
d and disappears at the O—m transition point as shown in
Fig. 6(a). I, also changes its sign with changing d and
disappears at the O—n transition point as shown in Fig. 6(b).
We expect that these results provide a new method to
observe the O—r transition in SC/FM/SC junctions.
We take a look at the total ac current given by

[ = I + I% sinQ2eVt + x), (11)
x = arctan(l.p /1.1). (12)

Figure 6 shows the -current-phase relation (CPR) for
hex/ Ao = 100, d/&y = 0.07, and eV /Ay = 1.5 and 2.5. For
eV/2Ap < 1, only the Josephson current flows because
of I, = 0. Therefore, the CPR represents a conventional
behavior as in a SC/I/SC junction as shown by the dashed
line in Fig. 6. On the other hand, for eV /2A( > 1, the phase
of CPR is shifted by x due to the finite QPIC. The behavior
is shown in the solid line in Fig. 6. From these results, we
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Fig. 6. Ac current [ as a function of 7/ A for hey/Ag = 100, d/& = 0.07,
eV/Ag =15 and 2.5. [ = Ie/oyAy.

can confirm the existence of the QPIC when the voltage
dependence of the current-phase relation is measured.

4. Summary

In summary, we have studied the ac Josephson effect in
the SC/X/SC junction (X = NM, FM). Using a tunneling
Hamiltonian and Green’s function method, we obtained the
Josephson current and the quasiparticle-pair-interference
current (QPIC). The Josephson critical current, I.;, shows
the Riedel peak at the gap voltage, V =2A/e. In the SC/
NM/SC junction, the Riedel peak exhibits weak dependence
on d. The amplitude of QPIC, I.,, has a finite value above
the gap voltage at T = O K. These behaviors are similar to
those of SC/I/SC junctions. On the other hand, the critical
currents in the SC/FM/SC junction show quite different
behaviors compared with those in the SC/I/SC and SC/
NM/SC junctions. In I, the Riedel peak exhibits a strong
dependence on d and changes its sign with increasing d due
to the O— transition. Therefore, at the thickness of the O—m
transition, the Riedel peak disappears. I, also shows the O—r
transition with increasing d and vanishes at the thickness of
the O-m transition. The ac Josephson current has a strong
dependence on the applied voltage, and at the gap voltage
the amplitude of I, shows logarithmic divergence. The
amplitude of the higher harmonic Josephson current also
shows the applied voltage dependence, similar to the
Josephson current. The study of the ac Josephson effect in
the SC/FM/SC junction gives a possibility to observe the
higher harmonic Josephson current.

We have studied the ferromagnetic Josephson junction
in the clean limit in this paper. In many experimental
situations, FMs are usually in a diffusive transport region.
However, the essence of 0—r transition in the ac Josephson
current may be the same even if the case of a dirty FM.
Recently, the current—voltage characteristic was studied by
using the superconducting phase difference coupled with
the spin wave excitation in the ferromagnetic Josephson
junction within the phenomenological model.*” And the dc
Josephson current coupled with the spin wave excitation was
also discussed.’® Therefore, it might be important to
consider the spin wave excitation for the ac Josephson
current from microscopic view point. These problems will
be left in a future issue.
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Appendix A: Perturbative Calculation of I.; and I, in
Path Integral Formulation

A.l Basic formula
In the path integral formulation, the partition function is
given by

zsz*ﬁzfwaW€S

B
= /D\P*D\Dexp[—/ dr(/drlp*arlp+H(r))i|,
0

(A-1)
where Wick’s rotation is performed, it — 7, eV/2 — iQ2
B = T-', t is an imaginary time variable, Q is a

temporary boson’s Matsubara frequency. That becomes
eV /2 by an analytic continuation.) and ¥*0,y = ¥ 9.y +
Vim0 ¥em + Y d-¥r. It is noted that the energy of the left-
hand superconductor (L) is different from that of the right-
hand superconductor (R), since the voltage, V, is applied.
When these systems are separated each other, the time-
development in the left-hand side is given by

UL(t,t') = exp[—i(HL — NL)(t — 1)

+i(eV/2NL(r — )], (A-2)
while that in the right-hand side is
Ur(t,t) = exp[—i(Hr — Np)(t — ¢
R(, 1) P[ (Hr R)(/ ) (A3)
—i(eV/2)Nr(t — 1)],
Here, we make a transformation as,
YL(r, 1) = VP gy (r 1), (A-4)
Yr(r, 1) = eV g (r,0). (A5)
Therefore, H in the action, S, is transformed as
~ - 1 -
HII;CS = Z /dxvji,o (a‘r - 2_ Vz - M) l[/L,o
~ m
—a / SRR RN (A6)
Hpy = (unchanged), (A7)
Hyos = (L — R), (A-8)
Hr = Z / dedy' Tove V29F dpmo
5 JreLrefM ’
+ Z / dx d.X/ Tx,x/ eieVz/Z ]/;E,GV}FM,U
o reR,reFM
+ h.c. (A-9)

For convenience, the tilde is abbreviate: &f’? = &E?(x), iis
L,R,or FM, x = (r, 1), and Ty = T, ,8(t — 7). The current
operator is defined as

S dNL d}’lL .
J=——=—¢ [dr— —ie drn., H|,
dr dr
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/ —ieVt/2 ;T
drdr’ T, e 7" y] Yime
€L, eFM

= —ie;/r

+ h.c.,
=Y V¥ VLo
o

We eliminate the quartic interaction term in Hamiltonian
egs. (A-6) and (A-8) using Stratonovich—Hubbard trans-
formation,

(A-10)
(A-11)

1=/DA*DA

1
x exp[— p / dx(A — gy YA — gw’;ufj)], (A-12)

where A® = A®(x). With this transformation, the action
becomes

S = Scond + Sels (A-13)
ALl? Ag/?
Scond=fdx' Ll +/dx' D A
8L 8rR
Se1 = fdxfdx/ ()G ¥ (). (A-15)
The Green’s function, G- = G (x,x'), is a 6 x 6 matrix

spanned both in the space of L, FM, R, and Nambu space.
The electronic fields are expressed as

YLr
Vi,
YEMt
Y(x) = o |
YRy
YRy
The inverse of the Green’s function for electron system, G,
is given by

(A-16)

[ —-6; T 0 |
G =| T -Gy T
| o T Gy
= -Gy +P, (A-17)
6 o .
-Gy'=| 0 -Gy O |, (A-18)
L 0 - R -
o0 T 0
P=|7T™ o T/| (A-19)
Lo T 0
~Gp = |9:60 — (i A+ M)@ - ALeigL&3&1i|
| 2m
x 8(x — x), (A-20)
~Gg =(L - R), (A-21)
— Gy = _3r50 - (ﬁ A+p+ iUhex)53:|
x 8(x — x'), (A-22)
. r eiiQTTr,r’ 0 /
T= 0 g :|8(r - 7). (A-23)

01, 63 are the Pauli matrices and &y is a unit matrix. ;) is
the phase of superconducting order parameter, Apg)e®.
Below, we consider the case that the superconductor L and R
are same.

An auxiliary field, ¢, that couples to the current operator,
J, is introduced in eq. (A-10) as,

ALl Ag|?
Scond=/dx| L +/dx| R|
8L &R
B
+/dt¢],
0

oI =¢ / dx dy’ U* (0 [J]W(x),

where ¢ = (7) and J = J(x,x’). The current operator is
denoted as,

(A-24)

(A-25)

[0 —ieR 0

J=1ieR* 0 0/ (A-26)
L0 0 0

A ‘efiser”, 0 ,

R= 0 g ]5@ —7).  (A27)

Tracing out the electron fields from eq. (A-25), we obtain
the effective free energy, Fes, with Josephson junction as
following,

PFetr = —Tr(In[G™" + ¢J1)
= —Tr{ln[(-G; + ¢J) + P]}. (A-28)
In eq. (A-28), Tr means taking trace with respect to the
matrix element of the Green’s function and integrating with
respect to x, x'. In the fourth order perturbation theory about
the tunneling matrix, the current is approximated to be
7= OF et

19 . .
= —— —Tr{ln[(-G; + ¢))+ P
6 1o 590 r{ln[(—Gy + ¢J) ]}¢=0

~ % TrliGol + %Tr[fégf’(%] " % THGoPGoPGoPGol.
(A-29)
The first and second terms does not contribute the Josephson
current, whose leading term is the third one in eq. (A-29).
Because Tr is not affected by a change of basis, the matrix
element can be transformed from (r,t) component to its
Fourier component (k,iw,). Here, iw, is the Matsubara
frequency of the electrons. Here we made use of the fact that
the tunneling matrix element differs from O only for r ~
and in the neighborhood of the SC/FM boundary, i.e.,
T, = Tod(r — r')8(r — ruw)), Where rig) is the position of
the interface between the left (right) SC and the FM. Tracing

out the matrix element of the Green’s function, we can
obtain the current formula as follows,

4. 1

I] = —SeTO Im—

B
x Y [ ki ki £y (k. i, + 1R)g%, 1 Uit i)

{k} i,
O kb (ks i, — i

XgFM,l( e —iwp) fr (kR iw, — i2)],
where r = rg — rp. and each Green’s function is given by

ALei‘/’L
(0, + Q) + & + A}

(A-30)

Sk, io, +182) = (A-31)
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frlky,iw, —i€2) = (L — R), (A-32)
0) : !
gFNm(kFMT, iw,) = — T (A-33)
iw, — &gyt
©) ~ 1
gp]\/[,¢(_kFM¢, —iw,) = — T (A-34)
1w, + Efy
k]%(R)
e A-35
ELR) om P (A-35) Re
2
SEM = 2F_n1\;[ — b — Ohex. (A-36) Fig. B-1. Paths in the complex plane for the contour integration of

. . (B-1).
Note that kpmy and kpyy, are independent of each other. After “

integrating Green’s functions of the FM as to kgv, We can
obtain the following formula,

2 2
A 1 1 2h
Iy = 16eT} 22 mli = Z ] R cos(i e 2V | sin g
2rd B i im0 (@n+ Q)7+ Ep (0n — Q)+ Ej, vrd

2 2

A 1 ! 2hex

+ 16T, [m_v] Im[— Z > 575 COS (—)ez“’"d/”F} cos 6
2nd B i o (0n+ Q7+ E (0 — Q) + Ef, vrd

= [, sinf + I, cos 6, (A-37)

where v is a volume of the FM, kg is the Fermi wave number, = TN

Appendix B: Summation of Matsubara Frequency

We evaluate Matsubara frequency summation in (A-37). This summation is performed by a contour integration in Fig. B-1.
The integral has the form

d )
Ic = ‘f = fmp(el (B-1)
c 2mi

1 1 1 1

f@)=—— . . . ,
2+IQR—Ey z+1Q+ Ey 72— 12 — Ep, z —1Q + Ep,

C=C +C,+C,+Cpg, B-3)
where np(z) is a Fermi distribution function, C; and C, are a closed path enclosing the pole of the anomalous Green’s
function, C,, is a integration on the real axis of complex plane, and Cy is a large semicircle of radius R in the limit as R — oo.

The contour integration with Cg is zero because of the Jordan’s theorem. When each contour integration is performed, the
following result is obtained,

(B-2)

1 1 1 2Q 4 2E,,
Ic1 = - — - ne(Eg)expli——d (B-4)
4EkLEkR 1292 + Ew, — Ex, 12Q + Ey, — Ey, VR
. 1 1 1 o122 2B ®3)
=— - np(—Ep)exp|i—— .
T T A E, \2Q —Ey — B, 29— Ey + B )T W SXP -

L /00 do 1 1 1 N 1
“ —o0 i 4EkLEkR 122 — EkR - EkL i2Q2 + 2w — 2EkL 12Q — 2w — 2EkR

~ do 1 1 1 1
+ /,oo 7 4E Ey, 12 1 Ey, — Ey, (iZQ 20— 2B, 20 —20+ 2EkR>
© do 1 1 1 1 )
+ /,oo T 4Ey, Ey, 122 — Ex, + Ex, <12§z 20+ 2E, 20— 20— 2Ekk)”F("’) eXp(l “ kFL) ®-6)

© do 1 1 1 1 2w
— / — - - =+ - np(w)exp|i—4d ). (B-7)
—_oo 1 4EkLEkR i2Q2 4 EkR + EkL 2Q 4+ 2w + ZEkL 12Q — 2w + 2EkR VUfr

Here, we consider the case of absolute zero temperature. Then ng(Ej ) =0, np(w) = O(—w). Making an analytic
continuation i2€2 — eV + id and integrations with respect to w and Ej, or Ej,, we obtain the analytical form of /;; and I,

o0 A} [ O(Ag — |E —eV)) (2E—eV \ . [2E—eV
I = dE Ci d)sin| ———d

e Jao o JE2 — AL )AL — (E —eV)? UF UF
2F — eV [2E — eV T 2hNex
—cos| ———d)|Si| ———d ) — = |} cos d), (B-8)
VR VF 2 VUF
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BO(eV — 2A¢)

(B-9)

on A2 [eV/2=Ao
Iy = 220 f dE
e 0

where 0y = 167e*T§NL(0)Ng (0)[mv/(27d)]>.
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