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Si gnal pr ocessi ng consi der at i ons f or l i qui d i oni zat i on cal or i met er s
i n a hi gh r at e envi r onment

W. E. Cl el and * , E. G. St er n 1

Depar t ment of Physi cs and Ast r onomy, Uni ver si t y of Pi t t sbur gh, Pi t t sbur gh, PA 15260, USA

( Recei ved 13 Jul y 1993)

We pr esent t he r esul t s of a st udy of t he ef f ect s of t her mal and pi l eup noi se i n l i qui d i oni zat i on cal or i met er s oper at i ng i n a hi gh

l umi nosi t y envi r onment . The met hod of opt i mal f i l t er i ng of mul t i pl y- sampl ed si gnal s t o obt ai n t i mi ng and ampl i t ude f r om

cal or i met er si gnal s i s descr i bed . Thi s met hod has some advant ages over t he t r adi t i onal met hod of sampl i ng t he peak of a shaped
si gnal , whi ch i ncl ude a r educed sensi t i vi t y t o channel - t o- channel var i at i ons i n t he pr e- f i l t er shapi ng par amet er s and good

per f or mance over a wi de r ange of oper at i ng condi t i ons. Anal yt i c expr essi ons f or t he var i ance of ampl i t ude and t i mi ng measur e-

ment s ar e f ound t hr ough a f r equency domai n appr oach . I mpl i cat i ons f or t he choi ce of pr e- f i l t er shapi ng t i me, number and posi t i on

of t he sampl es, and di gi t i zat i on accur acy ar e di scussed .

1. I nt r oduct i on

We descr i be a t echni que f or t he det er mi nat i on of

t he ampl i t ude and t i mi ng i nf or mat i on of a shaped

si gnal f r om a l i qui d i oni zat i on det ect or of t he t ype

t ypi cal l y used i n hi gh ener gy physi cs . I n par t i cul ar we

wi sh t o concent r at e on t he ef f ect s of di st or t i on of t he

si gnal due t o t her mal noi se and t o r eal si gnal s f r om
uncor r el at ed event s whi ch ar e cl ose i n t i me t o t he
event of i nt er est , t he " pi l eup" or " physi cs" noi se . The
pr oper choi ce of t he shapi ng f unct i on per mi t s opt i mal
det er mi nat i on of t he ampl i t ude wi t h a si ngl e measur e-
ment at t he peak of t he si gnal . However , because of
channel - t o- channel var i at i ons i n t he physi cal par ame-
t er s whi ch det er mi ne t he opt i mal shapi ng t i me and

because of pr act i cal l i mi t s on t he pr oduct i on of shap-
i ng ci r cui t s of a gi ven shapi ng t i me i n hi gh channel
count appl i cat i ons, i t i s of t en necessar y t o wor k wi t h

non- opt i mal shapi ng. However , by mul t i pl y sampl i ng

t he wavef or m and combi ni ng t he sampl es i n an opt i mal
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way, i t i s possi bl e t o achi eve accur acy whi ch exceeds
t hat of a si ngl e sampl e, even t hough t he act ual shapi ng

ci r cui t may be f ar f r om opt i mal . I n addi t i on, t he same

sampl es may be combi ned wi t h a di f f er ent set of coef f i -

ci ent s t o obt ai n t i mi ng i nf or mat i on .
The gener al appr oach f or t he det er mi nat i on of am-

pl i t ude and t i mi ng f r om t he sampl es i s t hat of opt i mal

f i l t er i ng [ 1] . Thi s met hod uses t he aut ocor r el at i on f unc-

t i on of t he sampl es, whi ch i s a f unct i on of t he r at i o of

t he t her mal t o pi l eup noi se ampl i t udes, t o maxi mi ze

t he si gnal / noi se r at i o f or det er mi nat i on of t he t i me

or i gi n and t he ampl i t ude of t he si gnal . The met hod has

been t est ed by usi ng Mont e Car l o dat a, i n whi ch t he

di st r i but i on of pi l eup noi se used i s t hat obt ai ned f r om
I SAJET, a commonl y used hi gh ener gy physi cs event
gener at or .

The mot i vat i on f or t hi s st udy i s t he need t o under -
st and such quest i ons i n desi gni ng si gnal pr ocessi ng
el ect r oni cs f or l i qui d i oni zat i on cal or i met er s at hi gh

l umi nosi t y col l i der s, such as SSC and LHC. Pr act i cal

consi der at i ons l i mi t t he peaki ng t i me of shaped si gnal s

t o 20 ns or gr eat er , and t he ent i r e wavef or m wi l l dwel l

f or at l east as l ong as t he dr i f t t i me of t he el ect r ons i n
t he det ect or pl anes, t ypi cal l y 400 ns . The col l i der s i n
quest i on wi l l have col l i si ons at i nt er val s much shor t er
t han t he dwel l t i me, and hence pi l eup ef f ect s wi l l
occur . Because of t he possi bi l i t y of a col l i si on occur -

r i ng at each beam cr ossi ng ( 16 ns f or t he SSC) , i t may

be necessar y t o sampl e t he wavef or m at t he f r equency
of beam cr ossi ngs . Sampl es may be di scar ded, i f t he
t r i gger l ogi c i n t he exper i ment i ndi cat es t hat t hey ar e
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associ at ed wi t h an uni nt er est i ng event . Even f or i nt er -
est i ng event s, i t may not be necessar y t o di gi t i ze al l
sampl es ; one onl y needs t o pr eser ve enough sampl es t o
accur at el y r econst r uct t he ampl i t ude, t i mi ng, and
wavef or m qual i t y i nf or mat i on .

I n l i qui d i oni zat i on cal or i met er s wi t h wel l desi gned
si gnal pr ocessi ng el ect r oni cs, par al l el whi t e noi se and
] I f noi se ar e negl i gi bl e i n compar i son t o ser i es whi t e
noi se [ 2] . The t wo pr i nci pal sour ces of noi se whi ch
must be consi der ed f or l i qui d i oni zat i on cal or i met er s
oper at i ng i n a hi gh l umi nosi t y envi r onment ar e t her e-
f or e ( 1) ser i es t her mal noi se, whi ch has a whi t e spec-
t r um and whose ampl i t ude depends onl y upon t he
char act er i st i cs of t he det ect or and t he si gnal pr ocessi ng
ci r cui t r y ; and ( 2) pi l eup or physi cs noi se, whi ch i s due
t o t he const ant bombar dment of cal or i met er cel l s by
pr oduct s of col l i si on r eact i ons wi t h hi gh cr oss sect i ons
( mai nl y mi ni mum bi as and t wo j et event s) . Pi l eup si g-
nal s ar e gener at ed at a beam cr ossi ng f r equency, and
t he number spect r um of t he event s i s gi ven by a Poi s-
son di st r i but i on, whose mean val ue Xi f or event t ype i
i s r el at ed t o t he cr oss sect i on Qi , t he bunch spaci ng Te ,
and t he col l i der l umi nosi t y _9' by t he si mpl e f or mul a
,Vi =YTePi . For t hi s r eason t he l evel of pi l eup noi se
depends on t he l umi nosi t y Y of t he machi ne, whi ch
may var y wi t h t i me . The l evel of pi l eup noi se al so
depends on t he dept h of t he cal or i met er sect i on, as
deeper par t s of t he cal or i met er ar e shi el ded f r om l ow
ener gy par t i cl es . Because t he t r ansver se moment um
spect r um i s appr oxi mat el y i ndependent of pseudor a-
pi di t y vl ( r l = - I n t an B/ 2, i n whi ch 0 i s t he pol ar
angl e of t he cal or i met er cel l wi t h r espect t o t he beam
l i ne) , t he pi l eup noi se ampl i t ude, when expr essed i n
uni t s of t r ansver se ener gy, i s a sl owl y var yi ng f unct i on
of 77 i n t he cent r al r egi on, 1771 < 3 . For t he case
1771 > 3, wher e t ower si ze become compar abl e t o or

smal l er t han t he si zes of shower s i n t he cal or i met er ,
speci al consi der at i ons appl y whi ch ar e st udi ed el se-
wher e [ 3] . Al t hough t her mal noi se depends onl y on t he
cal or i met er geomet r y and t he si gnal pr ocessi ng ci r -
cui t r y, because we wor k i n uni t s of t r ansver se ener gy,
al l si gnal s f r om t he cal or i met er ar e wei ght ed wi t h
si n 0, so t he t her mal noi se becomes negl i gi bl e at l ar ge

1771 .

We begi n i n sect i on 2 wi t h a br i ef di scussi on of t he
si gnal wavef or ms and how t hey ar e cal cul at ed . I n sec-
t i on 3 we di scuss t he t wo maj or sour ces of noi se and
r epor t t he r esul t s of a st udy of t he ampl i t ude of t he
pi l eup noi se expect ed at t he SSC, i ncl udi ng i t s var i a-
t i on wi t h cal or i met er t ower si ze and dept h. Sect i on 4
cont ai ns a di scussi on of how t hese noi se sour ces con-
t r i but e t o t he r esol ut i on of t he cal or i met er . Assumi ng
t hat mul t i pl e sampl es of t he shaped si gnal wi l l be
t aken, we i nt r oduce t he not i on of opt i mal f i l t er i ng i n
t he t r eat ment of t hese sampl es . I n sect i on 5 we di scuss
t he i mpl i cat i ons t hese st udi es have on t he desi gn of t he

dat a acqui si t i on syst em f or a l ar ge cal or i met er . The
met hod of opt i mal f i l t er i ng i s i l l ust r at ed i n sect i on 6 by
means of a Mont e Car l o cal cul at i on . We summar i ze
our r esul t s i n sect i on 7 and st at e t he pr i nci pal concl u-
si ons of t he paper . Pr el i mi nar y r epor t s of t hi s wor k
have appear ed el sewher e [ 4, 5] .

2 . Si gnal wavef or ms

The wavef or ms t o be anal yzed i n t hi s paper ar e
t hose pr oduced by t he convol ut i on of t he cur r ent wave-
f or m f r om t he l i qui d i oni zat i on chamber wi t h t he i m-
pul se r esponse of t he ci r cui t i n t he el ect r oni cs chai n,
whi ch we cal l t he " pr e- f i l t er " . The l at t er i s descr i bed
i n a l umped par amet er ci r cui t model . A char ge i nt e-
gr at i ng pr eampl i f i er wi t h f eedback capaci t ance CF i s
f ol l owed by an anal og f i l t er , whi ch we assume t o be of
t he f or m ( CR) Z - ( RC) " wi t h equal t i me const ant s
T F = RC f or t he i nt egr at i on and di f f er ent i at i on st ages .
Ther e i s an addi t i onal st age of i nt egr at i on at t he
pr eampl i f i er i nput wi t h t i me const ant TA . For t hi s
syst em t he r esponse f unct i on i s [ 6]

K
(
j TFCJ) 2

H( W)
( j 0CF1+i TAW) \ 1+j 7FW) n+2'

The 8- r esponse of t he pr e- f i l t er h( t ) i s t he Four i er
t r ansf or m of t hi s f unct i on, wi t h t he nor mal i zat i on con-
st ant K chosen so t hat t he peak of t he f i r st l obe i s
uni t y . The cur r ent f or t he l i qui d i oni zat i on chamber ,
assumi ng no r ecombi nat i on, i s a l i near l y decr easi ng
f unct i on of t i me :

i ( t )
- Ne ge
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-	 t

t d t d
( 0 < t < t d ) ,

	

( 2)

i n whi ch Ne i s t he number of el ect r ons gener at ed i n
t he gap and qe i s t he el ect r oni c char ge .

The convol ut i on of t he cur r ent wavef or m wi t h t he
i mpul se r esponse yi el ds t he f i nal si gnal wavef or m:

1
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g( t ) = - h( t ) * i ( t ) = -
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i ( t - u) h( u) du,

	

( 3)
ds

	

qs

i n whi ch qç , t he i nt egr at ed si gnal char ge, i s t he con-
st ant r equi r ed t o make t he f i r st l obe of g( t ) equal t o
uni t y .

A usef ul quant i t y whi ch char act er i zes t he i mpul se
r esponse i s t he measur ement t i me t m, def i ned as [ 71

" ch( t ) dt

	

( 4)

and r epr esent s t he ef f ect i ve t i me of i nt egr at i on of t he
cur r ent . I n t hi s expr essi on Tzc i s t he zer o- cr ossi ng poi nt
of t he f i r st l obe of t he i mpul se r esponse, as i ndi cat ed
i n Fi g . 1 . The r at i o of char ge q, i n t he si gnal t o t he



0 . 8

0 . 6

0 . 4

0. 2

0. 0

- 0. 2

- 0 . 4

Fi g . 1 . Shape of t he i mpul se r esponse and t he si gnal wavef or m
f or t he st andar d case ( t m= 50 ns, ( RC) 2 - ( CR) 2 shapi ng,
t d = 400 ns) used i n t hi s paper . The poi nt mar ked r , , i s used
i n t he cal cul at i on of t he measur ement t i me t m( see Eq . ( 2 . 4) ) .

char ge of t he el ect r ons gener at ed i n t he gaps i s r e-

l at ed, t o a good appr oxi mat i on, t o t d and t m by [ 7] :
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A par amet er whi ch i s conveni ent f or exper i ment al
use i f t he peaki ng t i me of t he wavef or m t P, def i ned t o

be t he t i me t aken f or t he si gnal t o r i se f r om 5 t o 100%

of t he val ue of t he f i r st l obe . The r el at i onshi p bet ween

t , , and t P depends on t he t ype of pr e- f i l t er used . The
r esul t s i n t hi s paper ar e gi ven i n t er ms of t m, i n or der
t o mi ni mi ze dependence on t he t ype of pr e- f i l t er cho-
sen . For conveni ence, we gi ve i n Tabl e 1 t he r el at i on-

shi p bet ween t mand t P f or t hr ee t ypes of f i l t er s, al ong

wi t h t he val ues of t wo quant i t i es I , and SP used

t hr oughout t hi s paper . I n cal cul at i ng t hese val ues and

t hr oughout , we assume an ampl i f i er t i me const ant TA

of 2 ns and a dr i f t t i me t d of 400 ns .
An i l l ust r at i on of t he r esul t i ng wavef or ms f or t he

case t m= 50 ns and t d = 400 ns wi t h a ( CR) 2 - ( RC) 2

pr e- f i l t er i s shown i n Fi g . 1 . We wi l l use t hi s wavef or m

i n var i ous numer i cal exampl es i n t hi s paper , r ef er r i ng

t o our st andar d case, whi ch i s an EM t ower of ar ea

071AO= 0. 04 X 0. 04, l ocat ed 75 cm f r om t he i nt er ac-

t i on poi nt .

3 . Noi se sour ces

I n t hi s sect i on we t r eat t he t wo sour ces of noi se

whi ch ar e i mpor t ant f or t he pr obl em, and i n each case

we use a f or m whi ch conveni ent l y ( f or our pur poses)

separ at es t hat par t of t he ampl i t ude whi ch i s depen-

dent on t he si gnal pr ocessi ng par amet er s f r om t hat

par t whi ch depends on physi cal pr ocesses . I n each case
we r ef er t o t hi s l at t er f act or as t he noi se " densi t y" .

Tabl e 1
Val ues of peaki ng t i me, I I , and SP f or t hr ee di f f er ent pr e- f i l t er s, as a f unct i on of t m, t he quant i t y used i n t hi s paper t o char act er i ze
t he i mpul se r esponse wavef or m. I n cal cul at i ng t hese val ues, an ampl i f i er t i me const ant 7F of 2 ns and a dr i f t t i me t d of 400 ns have
been used
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t m
[ ns]

( CR) 2

[ ns]

- ( RC) 2

[ ns - 1 ] [ ns]

( CR) 2

[ ns]

- ( RC) 4

[ ns - 1 1 [ ns]

( CR) 2

[ ns]

- ( RC) 6

1,
[ ns - 1 1

SP
[ ns]

15 12 . 2 0. 2039 28. 9 13 . 3 0. 2253 24 . 9 14 . 7 0. 2411 24. 3
20 15 . 3 0. 1524 39. 0 17 . 2 0. 1588 33 . 8 19 . 0 0. 1688 31 . 5
25 18 . 2 0. 1230 49. 5 21 . 4 0. 1279 43 . 1 23 . 2 0. 1351 40 . 1
30 21 . 2 0. 1031 60. 2 25 . 5 0. 1079 52 . 3 27 . 5 0 . 1147 48 . 7
35 24 . 2 0. 0889 71 . 1 29 . 4 0. 0912 61 . 6 31 . 9 0 . 0967 57 . 5
40 27 . 4 0. 0781 82 . 1 33 . 2 0. 0801 71 . 4 36 . 2 0 . 0846 66 . 7
45 30 . 5 0. 0698 93 . 2 37 . 5 0. 0715 81 . 4 40 . 7 0 . 0758 75 . 8
50 33 . 7 0. 0630 104 . 4 41 . 5 0. 0640 91 . 2 45 . 0 0. 0677 85 . 3
60 40 . 1 0. 0527 126 . 4 49 . 6 0. 0535 111 . 3 54 . 0 0. 0567 104 . 4
70 46 . 6 0. 0451 147 . 7 57 . 7 0. 0458 131 . 6 62. 9 0. 0484 123 . 8
80 53 . 1 0. 0395 168 . 2 65 . 9 0. 0401 151 . 5 71 . 9 0. 0423 143 . 2
90 59 . 6 0. 0351 187 . 1 74 . 1 0. 0357 170. 7 80. 8 0. 0377 162 . 3

100 66 . 2 0. 0317 204 . 9 82 . 2 0. 0321 189. 2 89. 7 0. 0339 181 . 0
120 79 . 4 0. 0264 236 . 2 98 . 6 0. 0267 223 . 2 107. 6 0. 0282 216 . 0
140 92 . 6 0. 0226 262 . 7 115 . 0 0. 0229 253 . 1 125 . 5 0. 0242 247 . 3
160 105 . 7 0 . 0198 285 . 4 131 . 4 0. 0201 279 . 2 143 . 4 0. 0212 275 . 2
180 118 . 9 0 . 0176 305 . 2 147 . 8 0. 0178 302 . 3 161 . 3 0. 0188 300 . 2
200 132 . 1 0 . 0159 323 . 1 164 . 2 0. 0160 323 . 1 179 . 2 0. 0169 322 . 8
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3. 1 . Ther mal noi se

The el ect r oni c noi se i s expr essed as t he equi val ent
noi se char ge at t he i nput of t he pr eampl i f i er . For t he
case i n whi ch t he capaci t ance of t he pr eampl i f i er i s not
mat ched t o t he i oni zat i on chamber gap capaci t ance t he
r el at i onshi p f or t he equi val ent noi se char ge due t o
ser i es noi se i s [ 2]

ENC2 = ' e 2 Ct ot h'

dh 2

I ' -

	

J dt ) dt .
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i n whi ch en i s t he ser i es noi se vol t age densi t y f or t he
ampl i f i er , Ct ot i s t he sum of t he det ect or capaci t ance
and t he channel capaci t ance of t he t r ansi st or at t he
ampl i f i er i nput , and I , i s t he ser i es noi se i nt egr al ,
whi ch i s r el at ed t o t he 8- r esponse of t he ci r cui t h( t ) as :

To expr ess t he noi se i n uni t s of ener gy measur ed i n
t he cal or i met er , we cal cul at e t he char ge gener at ed by a
par t i cl e of ener gy Eo i nci dent on t he f r ont f ace . The
f r act i on of i oni zat i on ener gy deposi t ed i n t he i oni za-
t i on gaps f or a mi ni mum i oni zi ng par t i cl e i s t he sam-
pl i ng f r act i on 71s . Due pr i mar i l y t o t he hi gher Z mat e-
r i al s used i n t he absor ber pl at es, t he f r act i on of ener gy
l ost i n t he absor ber f or shower i ng par t i cl es exceeds t he
val ue of 1/ 71 s by a f act or ae ( t he N, / e r at i o) . Ther ef or e
t he ener gy Eg deposi t ed by t he shower i ng par t i cl es i s
gi ven by

Eg = Eo 71s/ ae >

	

( 8)

and t he char ge of t he el ect r ons gener at ed by t hi s
ener gy i s gi ven by

cl eNe =qe Eg/ Wi on ,

1 enCt ot Wi onae

42- 77sger q

i n whi ch Wi on i s t he mean ener gy r equi r ed t o cr eat e an
i on pai r i n t he l i qui d . Onl y a f r act i on r q = gs/ qeNe of
t hese el ect r ons ar e i nt egr at ed i n t he si gnal , so t he
i nt egr at ed number of si gnal char ges becomes

qs =
r gqe7l s Eo/ aeWi on '

	

( 10)

The scal e f act or needed t o conver t t he noi se f r om
char ge uni t s t o ener gy uni t s i s q, / E0, whi ch l eads t o
t he f ol l owi ng expr essi on f or t he ser i es t her mal noi se :

ot = ENC/ ( qs/ Eo)

	

( 11 )

( 12)

We have separ at ed t he above expr essi on i nt o t wo f ac-
t or s : p t , t he t her mal noi se densi t y, whi ch i s i ndepen-
dent of t he si gnal pr ocessi ng par amet er s, and t he ot her ,

I t / r q , whi ch i s i ndependent of al l of t he cal or i met er
const ant s except f or t d . The di mensi ons of pt ar e
Ev~T . We gi ve her e, f or r ef er ence, t he val ues of t he
const ant s used i n t he above equat i ons f or t he t her mal

noi se densi t y . We assume a sampl i ng f r act i on ?7s of
0 . 25, a w/ e r at i o ae = 1 . 4, and a t ot al capaci t ance of
600 pf . The val ue of Wi on f or l i qui d ar gon i s 23 . 6 eV,
and qe = 1 . 6 X 10 - t 9 C. The r esul t i ng val ue f or t he
t her mal noi se densi t y i s pt = 8 MeV ns , whi ch i s
t ypi cal f or a 3 X 3 cm2 cel l of a l i qui d ar gon cal or i me-
t er i n t he accor di on geomet r y wi t h a 2 mmgap and 25
r adi at i ons l engt h deep .

3. 2. Pi l eup noi se

The pr obl em of t he ef f ect s of over l appi ng event s at
a hi gh l umi nosi t y col l i der has r ecei ved consi der abl e
at t ent i on i n wor kshops f or t he SSCand LHC [ 10- 13] .
Ear l y est i mat es wer e concer ned wi t h t he r andomnoi se
l evel seen i n i ndi vi dual cal or i met er cel l s, and t he as-
sumpt i on was f r equent l y made t hat noi se f r om nei gh-
bor i ng cel l s i s i ndependent and t her ef or e may be added
i n quadr at ur e . However , we know t hat a si gni f i cant
f r act i on of t he pi l eup wi l l come f r om t wo j et event s
si nce t he cr oss sect i on f or t hei r pr oduct i on i s about
hal f of t he t ot al cr oss sect i on . I n such event s, t he
ener gy i n nei ghbor i ng cel l s wi l l be cor r el at ed, due t o
t he ener gy f l ow char act er i st i cs of j et event s . As di s-
cussed bel ow, we have eval uat ed t hi s ef f ect i n a Mont e
Car l o cal cul at i on based on hi gh cr oss sect i on event s
and f i nd t hat over a ver y wi de r ange of ar ea, t he
var i ance of t he ener gy deposi t ed i n a gi ven ar ea scal es
as sV o` at SSC ener gi es . I n t hi s paper we wor k i n
angul ar space def i ned by t he pseudor api di t y 71 and t he
azi mut h ( b, and an ar ea i n t hi s space i s a cel l of l at er al
di mensi ons . l = A7l X i 10 .

3. 2. 1 . Pi l eup i n t i me- var i ant syst ems
Pi l eup noi se i s a r el at i vel y new phenomenon i n hi gh

ener gy physi cs . Typi cal l y, acci dent al backgr ounds i n
hi gh ener gy physi cs exper i ment s ar e t r eat ed as i ndi vi d-
ual event s whi ch must be subt r act ed f r om t he desi r ed
si gnal . For cal or i met er s oper at i ng at hi gh ener gy and
hi gh l umi nosi t y, however , t he r at e of par t i cl es st r i ki ng
t he cal or i met er i s suf f i ci ent l y hi gh and t hei r ener gy
suf f i ci ent l y l ow t hat i t i s mor e appr opr i at e t o cl assi f y
t hi s t ype of backgr ound as a noi se sour ce . I n sect i on 6
we addr ess t he quest i on of whet her an i nher ent l y non-
Gaussi an di st r i but i on i s adequat el y r epr esent ed by t hi s
t r eat ment .

The f ocus of t hi s paper i s on l i qui d i oni zat i on
cal or i met er s, whi ch ar e nor mal l y handl ed by t i me- i n-
var i ant t echni ques of shapi ng and sampl i ng ( t he sam-
pl i ng i nt r oduces t i me- var i ance, but t he essent i al el e-
ment s of t he si gnal pr ocessi ng ar e cont ai ned i n t he
shapi ng, whi ch i s a t i me i nvar i ant pr ocess) . I n t i me-
var i ant syst ems, such as gat ed i nt egr at or s, t he dat a
pr ocessi ng i s car r i ed out numer i cal l y, and t her ef or e a
sl i ght l y di f f er ent appr oach t o t he anal ysi s of t he syst em



( E) = Y, E; / N,

Y_ Ei
QÉ=

N
- ( E) 2=p2Tc>

U=a( E) ,

Qz =

	

pz TUaoEz =aP~ .

a
S; =Q° - bQb=Eo +U°

WE. Cl el and, E. G. St er n / Nucl . I nst r . and Met h. i n Phys . Res . A338 ( 1994) 467- 497

i s r equi r ed . We i ncl ude t hi s di scussi on i n t he pr esent

paper , si nce t her e ar e cer t ai n common f eat ur es i n t he

t wo syst ems concer ni ng t he pi l eup noi se . One such

concept whi ch i s appl i cabl e t o ei t her syst em i s t hat of

t he r esponse f unct i on . Thi s f unct i on pl ays an i mpor -

t ant r ol e i n t he anal ysi s of t he t i me- i nvar i ant syst em,

and we di scuss bel ow how t he r esponse f unct i on f or a

t i me- var i ant syst em may be si mi l ar l y def i ned .

Let us i magi ne t hat we ar e deal i ng wi t h a cal or i me-

t er whose out put wavef or m i s a 8- f unct i on: each t i me

ener gy Eo i s deposi t ed i n t he cel l , t he det ect or si gnal i s

Eo8( t - t o ) , i n whi ch t o i s t he t i me at whi ch t he i nt er -

act i ons occur . We al so assume t hat a cer t ai n amount of

ener gy due t o pi l eup event s, on aver age, i s deposi t ed i n

t he cal or i met er at each beam cr ossi ng . Because t he

l evel of pi l eup depends on t he l umi nosi t y Y of t he

col l i der , whi ch wi l l var y wi t h t i me, i t wi l l be i mpor t ant

t o est abl i sh cont i nuousl y t he ampl i t ude of t he pi l eup

noi se . One way woul d be t o measur e t he pi l eup ( E) i n

a nar r ow gat e, so t hat onl y one cr ossi ng i s det ect ed .

We assume t hat al l par t i cl es pr oduced i n t he i nt er ac-

t i on t r avel at vel oci t y c, so t hat t her e i s no over l ap

bet ween event s f r om di f f er ent cr ossi ngs . Let E; be t he

i nst ant aneous val ue pr esent i n cr ossi ng i . I n t hi s si t ua-

t i on we measur e t he mean val ue of ener gy seen and i t s

var i ance af t er Ncr ossi ngs :

i n whi ch pp , t he symbol f or pi l eup noi se densi t y, i s

i nt r oduced f or compar i son wi t h t he t i me- i nvar i ant case,

and T, i s t he per i od of t he machi ne cl ock, or t he t i me

bet ween bunch cr ossi ngs . We now consi der t he si t ua-

t i on wher e t he gat e i s wi dened t o a val ue of aT,

( a > 1) ; t he mean and var i ance measur ed wi t h t he

wi der gat e ar e :

Nowconsi der t he case wher e a t r ue si gnal of ener gy Eo

i s pr esent . We wi sh t o measur e t hi s si gnal Qa i n a gat e

of wi dt h aT, but we need t o subt r act t he pi l eup

backgr ound. We sampl e t he backgr ound at t hat i nst ant

i n t i me by measur i ng t he char ge Qb i n a second gat e of

wi dt h bT. .
The si gnal S cal cul at ed f r om t he measur ed char ge

i n t he t wo gat es i s

b
Ub

Si gnal

Pi l eup

Si gnal gat e

Backgr ound gat e

Response f unct i on

z

Qn =apPT~ +
( a
b ) bppT~

T
a/ b

1
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Fi g . 2. Di agr amshowi ng t he r el at i ve t i me of a si gnal and gat es

f or an i deal cal or i met er whi ch i s r ead i nt o a gat ed i nt egr at or .
The pi l eup noi se i s measur ed i n t he backgr ound gat e, and t he

subt r act i on of t he backgr ound f r om t he si gnal , t aki ng i nt o
account t he di f f er ent gat e wi dt hs, r esul t s i n t he r esponse f or
t he syst em whi ch i s shown . I t i s t he ef f ect i ve wi dt h of t he

r esponse f unct i on t hat det er mi nes t he l evel of pi l eup noi se .

and t he par t of i t s var i ance due t o t he pi l eup i s

( 13)

a
=a( 1 +

b ) p° T` .

	

( 14)

We now cal cul at e t he r esponse f unct i on y( t ) f or

t hi s syst em. The r esponse f unct i on i s def i ned as t he

val ue of S f or uni t ener gy deposi t ed at t i me t i n t he

cal or i met er cel l . I t t akes on t he f ol l owi ng val ues :

0

	

t < - b or t >a
a

y( t ) b

- b<t <0

1 0<t <a .

Thi s f unct i on i s i l l ust r at ed i n Fi g . 2 . The r esponse

f unct i on, when appl i ed t o t he r eal i nput of t he syst em

and i nt egr at ed over t i me i s seen t o be

J ~y( t ) q( t ) dt = I ~~y( t ) ( Eo8( t ) +E( t ) ) dt =Eo ,

si nce t he mean val ue of t he pi l eup cont r i but i on E( t ) i s

zer o . The ef f ect i ve wi dt h of t he r esponse f unct i on i s

def i ned as t he wi dt h of a r ect angl e of uni t hei ght

whose ar ea i s t he i nt egr al of t he squar e of t he f unct i on :

W= f ~~y 2 ( t )
dt ,

	

( 15)

z
-

( a
b ) bT, +aTc =aT, ( 1 +

b) .
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Not i ce t hat t he pi l eup var i ance can be expr essed as

0
2 = W, 0 2

P PP'

QP - hPTc

	

_
g2( t i ) =PPSP

WE. Cl el and, E. G. St er n/ Nucl . I nst r . and Met h. i n Phys . Res. A 338 ( 1994) 467- 497

( 16)

whi ch i s a usef ul pr oper t y of t he r esponse f unct i on f or
t he di scussi on of pi l eup noi se . I t i s i nt er est i ng t o not e
t hat Wi s not si mpl y t he sumof t he t wo gat es, al t hough
W= 2 f or t he case a = b . I f b = a/ 2, W= 3a, demon-
st r at i ng t he i mpor t ance of t he st at i st i cal f act or ( al b ) 2

i n Eq. ( 13) . Fr om t hi s exampl e i t can be seen t hat
measur i ng t he basel i ne i n a gat e nar r ower t han t hat
r equi r ed f or t he si gnal woul d not be advant ageous .

Because of t he sensi t i vi t y t o pi l eup, one coul d i mag-
i ne not measur i ng t he basel i ne i n t he second gat e, but
i n t hi s case i t woul d be necessar y t o i ncl ude i n t he
var i ance any f l uct uat i ons i n pi l eup noi se due t o var i a-
t i ons i n t he l umi nosi t y, or , i f t he det ect or does not
have a per f ect 6- f unct i on out put wavef or m ( and no
det ect or r eal l y does) , t her e wi l l be f l uct uat i ons i n t he
basel i ne ar i si ng f r om t he sl ower component of t he
r esponse, whi ch wi l l al so i ncr ease t he var i ance . Bot h
ef f ect s ar e r emoved by measur i ng t he basel i ne i n t he
second gat e, but , as shown above, t hi s pr ocedur e af -
f ect s t he sensi t i vi t y t o pi l eup noi se .

I n summar y, we see t hat t he r esponse f unct i on
char act er i zes t he si gnal pr ocessi ng oper at i ons of t he
syst em, and t hat i t s wi dt h, def i ned i n Eq . ( 15) i s a
conveni ent par amet er f or descr i bi ng t he ef f ect s of si g-
nal pr ocessi ng on t he cont r i but i on of pi l eup noi se . I n
sect i on 4 we cal cul at e t he r esponse f unct i on f or t he
t i me- i nvar i ant syst em.

3. 2. 2. Pi l eup i n syst ems wi t h bi pol ar shapi ng
I n t he si t uat i on wher e pi l eup noi se i s cont i nuousl y

di st r i but ed i n t i me, Campbel l ' s t heor em [ 8- 9] may be
used t o f i nd t he pi l eup var i ance . However , at a col -
l i der , wher e t he si gnal s ar e gener at ed at f i xed i nt er val s,
i t i s necessar y t o use a di scr et e sum i n cal cul at i ng t he
ef f ect of pi l eup noi se. The expr essi on f or t hi s case i s
der i ved i n t he appendi x .

Fr om Eq. ( 99) we see t hat t he expr essi on f or t he
pi l eup var i ance i s

( 17)

i n whi ch p 2
= Var ( E) / T, i s t he var i ance of t he ener gy

deposi t i on i n t he cal or i met er per cr ossi ng, Tc i s t he
t i me bet ween cr ossi ngs, g( t ) i s t he si gnal wavef or m
and SP , cal l ed t he " pi l eup sum" i n t hi s paper , i s t he
di scr et e f or m of t he so- cal l ed " pi l eup i nt egr al " ,

12 P = f ~~g2 ( t ) dt .

	

( 18)

The quant i t y pp , cal l ed t he pi l eup noi se densi t y, i s t hat
par t of o p whi ch i s i ndependent of t he si gnal pr ocess-
i ng par amet er s . The di mensi ons of pp ar e E/ FT whi l e
SP has di mensi ons of T, r ef l ect i ng t he t i me i nt er val

over whi ch pi l eup event s cont r i but e t o t he noi se var i -
ance .

3. 2. 3. Mont e Car l o eval uat i on of t he pi l eup noi se densi t y
To est i mat e t he ef f ect s of pi l eup, we use a Mont e

Car l o pr ogr am t o si mul at e t he t i me st r uct ur e of t he
machi ne by per mi t t i ng col l i si ons at poi nt s i n t i me sepa-
r at ed by t he bunch cr ossi ng t i me and use Poi sson
st at i st i cs t o det er mi ne t he number of col l i si ons of each
t ype of event s at each cr ossi ng . We consi der onl y t wo
j et ( wi t h t r ansver se ener gy of t he j et above 5 GeV) and
mi ni mumbi as event s, as gener at ed i n I SAJET ver si on
6. 21 . The t wo t ypes of event s occur i n appr oxi mat el y
equal pr opor t i ons .

Ener gy deposi t i on i n t he cal or i met er i s si mul at ed by
t he pr ogr am [ 14] whi ch empl oys t he Bock par amet er i -
zat i on [ 15] f or t he el ect r omagnet i c and hadr oni c show-
er s . We assume a spher i cal cal or i met er of i nner r adi us
75 cm wi t h t wo dept h segment at i ons : an el ect r o- mag-
net i c sect i on of t hi ckness 25 r adi at i on l engt hs and a
hadr oni c sect i on of 10 absor pt i on l engt hs . Tr ansver se
spr eadi ng i n t he cal or i met er i s par amet er i zed i n a
si mpl e way, and compar i sons wi t h exper i ment al dat a
i ndi cat e t hat t he wi dt h i s cor r ect t o an accur acy of
about 10%. I n t hi s cal cul at i on, we deal wi t h sums of
t r ansver se ener gy, i . e . we assume t hat si n 0 wei ght i ng
i s made i mmedi at el y af t er t he pr eampl i f i er .

Af t er t he t r ansver se ener gy deposi t i on f or each
cal or i met er cel l i s det er mi ned, a sum f or t he cel l Ei

over al l event s i n a gi ven cr ossi ng i s made . We cal cu-
l at e pp by eval uat i ng t he quant i t y

Y_ E12

	

Y, Ei
i

	

i

nn

2

( 19)

whi ch i s a char act er i st i c of t he sampl e of event s con-
t r i but i ng t o t he pi l eup . We have cal cul at ed pp f or a
r ange of val ues of t he ar ea of t he cal or i met er , f r om t he
si ze of i ndi vi dual cel l s ( . al = A71 XAO= 0. 04 X 0 . 04) up
t o si zes compar abl e t o or gr eat er t han t hat of j et s . The
r esul t s ( see Fi g . 3) l eads one t o t he concl usi on t hat

p p ( X ( O004) ) o
. ~6

over a wi de r ange of t ower si zes . For uncor r el at ed
noi se, one woul d expect t he var i ance t o be l i near i n , l ;
t hi s r esul t i ndi cat es t hat t he cor r el at i ons i n ener gy
deposi t s due t o t he domi nance of j et pr oduct i on si gni f i -
cant l y al t er s t hi s nai ve expect at i on . We can combi ne
t hi s scal i ng l aw, al ong wi t h t he obvi ous l i near depen-
dence of t he pi l eup var i ance wi t h l umi nosi t y, and usi ng
t he absol ut e val ue of t he cur ve shown i n Fi g . 3, we
ar r i ve at an empi r i cal f or mul a f or t he pi l eup noi se
densi t y:

1/ 2

pP=380( A1700)
0. 76( ~ )

MeV/ ns . ( 20)
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Jn

Fi g. 3 . Mont e Car l o cal cul at i on of t he pi l eup noi se densi t y

P, = aP / SP f ound i n a cal or i met er t ower as a f unct i on of

t he squar e r oot of i t s ar ea . l =Ov7®A~6 . For t hi s cal cul at i on

we have used I SAJET t o gener at e 2 j et event s, one of whi ch
has PT i n t he r ange 5- 10 GeV/ c . I n t hi s cal cul at i on, t he
cal or i met er i s assumed t o have spher i cal geomet r y, and t he

deposi t i on i s est i mat ed usi ng t he Bock par amet er i zat i on .

Ver y si mi l ar r esul t s have been obt ai ned [ 16] usi ng t he

Pyt hi a event gener at or and a di f f er ent par amet er i za-

t i on f or t he deposi t i on of ener gy i n t he cal or i met er .

I n t hi s paper , t he val ue of t he pi l eup noi se densi t y

( p p = 3. 75 MeV/ ns ) used f or our st andar d case cor -

r esponds t o t he dat a poi nt f or t he cel l of si ze 0. 04 X

0. 04 .

4. Cont r i but i on of noi se t o cal or i met er r esol ut i on

Because of t he r el at i vel y shor t ( = 16 ns) spaci ngs

bet ween beamcr ossi ngs and t he hi gh l umi nosi t y whi ch

l eads t o a col l i si on r at e of sever al event s per cr ossi ng,

t he abi l i t y t o cor r el at e si gnal s i n t i me depends cr i t i cal l y

on t he abi l i t y t o ext r act t he t i mi ng i nf or mat i on f or m

t he si gnal i t sel f . I nt ui t i vel y, one expect s t hat an i m-

pr ovement i n t i mi ng r esol ut i on and a r educt i on i n t he

ef f ect of event pi l eup woul d be r eal i zed as t he mea-

sur ement t i me i s decr eased. However , such a r educt i on

i s accompani ed by t wo ef f ect s whi ch l ead t o a det er i o-

r at i on i n t he si gnal t o noi se r at i o :
- The t her mal noi se i ncr eases as t he bandwi dt h of

t he syst em i s i ncr eased ; t he ENC i s pr opor t i onal t o

1/ t m.
- As t m i s decr eased, a smal l er f r act i on ( =t m/ t d)

of t he char ge deposi t ed i n t he cal or i met er i s ut i l i zed i n

t he si gnal pr ocessi ng, whi ch l eads t o a r educt i on of t he

si gnal hei ght , and si nce t he noi se i s measur ed i n ener gy

uni t s, a cor r espondi ng i ncr ease i n t he t her mal noi se .

Thus Qt a t m3/ 2 , so t m cannot be r educed t o ar bi -

t r ar i l y smal l val ues, and i t cannot be i ncr eased t o

ar bi t r ar i l y l ar ge val ues due t o t he ef f ect s of event

pi l eup and degr adat i on of t he t i mi ng r esol ut i on . One

of t he mai n goal s of t hi s paper i s t o under st and how t o

choose an opt i mum f or t he pr e- f i l t er shapi ng t i me t , n ,

consi der i ng t he combi ned ef f ect s of t her mal and pi l eup

noi se .
We appr oach t he pr obl em of det er mi ni ng t he am-

pl i t ude and t i mi ng i nf or mat i on f r oma set of measur ed

sampl es by l ooki ng f i r st at t he t r adi t i onal met hod f or

ext r act i ng i nf or mat i on f r om an over det er mi ned dat a

set : t he X2 met hod . We t hen t ur n t o a sol ut i on f r om

si gnal pr ocessi ng t heor y [ 1] , opt i mal f i l t er i ng, and show

t hat t he t wo met hods ar e equi val ent t o f i r st or der . Thi s

equi val ence i s par t i cul ar l y r el evant f or onl i ne dat a pr o-

cessi ng si nce opt i mal f i l t er i ng cal cul at i ons ar e i deal l y

sui t ed f or i mpl ement at i on i n har dwar e usi ng di gi t al

si gnal pr ocessor s . We t hen di scuss some i mpl i cat i ons of

t he opt i mal f i l t er i ng f or mal i sm t hr ough t he use of t he

syst em wei ght i ng and r esponse f unct i ons . We have

ver i f i ed t he met hod usi ng Mont e Car l o si mul at i ons of

t he noi se si gnal s by r ecover i ng t he known i nput par am-

et er s of t he si gnal s wi t h opt i mal f i l t er i ng, as di scussed

i n sect i on 6 .
We assume t hat t he f or m of t he si gnal at t he out put

of t he pr e- f i l t er i s known, except f or i t s ampl i t ude A

and t i me or i gi n T ( t he devi at i on f r om t he assumed

cr ossi ng t i me) . The expr essi on f or t hi s si gnal i s

S; =Ag( t i - T) ,

	

( 21)

i n whi ch g i s t he convol ut i on of t he i mpul se r esponse

h( t ) of t he pr e- f i l t er wi t h t he dr i f t cur r ent i ( t ) , as

shown i n Eq . ( 3) . We al so assume t hat t he wavef or m

wi l l be sampl ed many t i mes, gi vi ng a set of measur e-

ment s S 1 , - - - , SzyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA� . We wi sh t o det er mi ne t he par ame-

t er s A and T f r om t he dat a set Si .

4. 1 . X2 appr oach

We def i ne t he X2 f unct i on as f ol l ows :

X
2( A, - r ) =Y_ ( Si - Ag( t i

- T) ) Vj ( Sj
-

Ag( t i - T) )

( 22)

i n whi ch Vj i s t he wei ght mat r i x f or t he measur ed

poi nt s Si . The dependence on T i s l i near i zed by t he

use of a Tayl or expansi on :

g( t i - T) = g( t i ) - Tg , ( t i ) ,

i n whi ch g' ( t ) = dg/ d t . Def i ni ng t he t wo par amet er s

i n t he f i t t o be a l = A and a2 =AT, we have

X2= 1: ( Si - a l g i +a 2gi' ) VI ( Si - al gi +a2gj ) ,

ü
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wher e we have adopt ed t he obvi ous not at i onal conve-

ni ence t hat g( t i ) =g i and si mi l ar l y f or g' ( t i ) . We now
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f or m t he f ol l owi ng sums, expr essed al so i n t he equi va-
l ent mat r i x not at i on :

Q1 = Egi l t j gj =g+Vg ,

Qz = y- gi Vyg; = g , + Vg' ,

Q3 - Y- gi vi i gj - g_

	

+Vg>

i i

Q4 - Lr gi vi i si - g +VS,

Q5 - Y_gi Vj Sj - g, +VS .

	

( 23)
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I n t hese equat i ons g i s t he l i ne vect or of t he uni t - am-
pl i t ude shapi ng f unct i on sampl es, g+ i s i t s t r anspose,
and g' i s i t s t i me der i vat i ve . The l i ne vect or S i s t he

set of measur ed dat a poi nt s . We set aX2/ aa i = 0, and
sol ve t he r esul t i ng l i near equat i ons f or a i . The r esul t s
ar e :

4 = Q] Q2 - Q3

4. 2. Opt i mal f i l t er i ng i n t he t i me domai n

The covar i ance mat r i x el ement s e i j f or t he par amet er s
a l and a2 ar e t he el ement s of t he i nver se of t he mat r i x
1/ 2 azx 2/ aa i aa j :

I n usi ng t hi s met hod, one nor mal l y sol ves t he above
equat i ons, t hen r ecal cul at es t he f unct i on wi t h t he new

t i me par amet er , and i t er at es t he pr obl em. Thi s avoi ds
er r or s due t o t he t r uncat i on of t he Tayl or expansi on
f or g at t he f i r st t er m.

I n t he cont ext of cal or i met er si gnal pr ocessi ng, opt i -
mal f i l t er i ng r ef er s t o t he f or mat i on of l i near combi na-
t i ons of si gnal sampl es t o r ecover t he si gnal par ame-
t er s, namel y t he ampl i t ude A and st ar t t i me 7, whi l e
mi ni mi zi ng t he ef f ect s of noi se. We def i ne coef f i ci ent s
a and b and f or m t he l i near sums u and v of si gnal
sampl es S :

u= Y_ai Si ,

	

u= Y_bi Si .

	

( 29)

We wi l l choose coef f i ci ent s so t hat u wi l l be t he
ampl i t ude A of t he si gnal , and v wi l l eval uat e t o A7 .

The shape of t he si gnal i s known, so t hat t he sam-
pl es Si wi l l have val ues

S, =Ag( t i - r ) =Agi - A- r gi +n i ,

wher e ni i s a noi se component and use has been made
of t he Tayl or ser i es expansi on as bef or e . Si nce we
r equi r e t he expect at i on val ue of u t o be A and t he
expect at i on val ue of v t o be A- r , we have

A = ( u) = Y ( Aai gi - A7ai g; + ( ni ) ) ,

A7=( v) = Y_( Ab i g i - Ar bi gi +( ni ) l .

The noi se wi l l aver age t o 0, and t hi s l eads t o con-
st r ai nt s on a i and bi t hat

Y_ai gi =1 , Y_ai gi =0,

	

( 30)

Y_bi gi =0,	 Y_bi gi = - 1 .

	

( 31)

The var i ances of t he par amet er s u and u ar e gi ven by

Var ( u) = Y_ai aj ( n i nj ) = Eai aj Ri j ,
i i

	

i i

Var ( u) = Y_bi bj ( n i nj ) = Y_bi bj Ri j .

	

( 32)
i i

	

i j

The expect at i on val ue ( n i n j ) =Ri j i s t he noi se aut o-
cor r el at i on f unct i on eval uat ed at t i me t i - t j whi ch i s
di scussed bel ow i n sect i on 4. 3 .

We mi ni mi ze t he var i ances of a and v whi l e sat i sf y-
i ng t he const r ai nt s of Eqs . ( 30) and ( 31) usi ng Lagr ange
mul t i pl i er s . The f unct i ons t o be mi ni mi zed ar e :

I , , = Y_Ri j ai aj - A( Y_ai gi -
1 ) - KY, ai gi ,

	

( 33)
i i

	

i

	

i

I , = FRi j bi bj - p, Lr bi gi - p( Ebi gi +1) ,

	

( 34)
i i

	

i

	

i

and A, K, )u and p ar e t he Lagr ange mul t i pl i er s .
Pr oceedi ng i n t he usual f ashi on and set t i ng t he par t i al
der i vat i ves wi t h r espect t o a i and b i t o 0 gi ves :

Thi s i s a set of l i near equat i ons whi ch can be expr essed
i n mat r i x f or m. I n t hi s f or m, t he sol ut i on f or a - - - a i and
b - - _ b i i s :

a =AVg + KVg' ,

	

( 37)

b = AVg +pVg' .

	

( 38)

The mat r i x V i s t he i nver se of t he aut ocor r el at i on
mat r i x R- - - Ri j and i s t he same mat r i x t hat appear s i n
Eq . ( 22) as t he wei ght mat r i x of t he si gnal sampl es .

ai , ,
_ ~Ri j aj - Agi - Kgi =0 . ( 35)

aai
i

aI u
=

Y_ Ri j bj -
wgi - pgi =0 . ( 36)

ab i j j

QÂ - el l = Q2/ 4 , ( 26)

A ,2zQ=
=EZZ=Qi / 4, ( 27)

Ei z = Q3/ 4 . ( 28)

1
A - -- ai = d 1Q2Q4- Q5Q31, ( 24)

1
A,r =a2 = Q[ QI Q5 - Q3Q4 ] , ( 25)

i n whi ch



g- a =Ag+Vg+Kg+Vg, = 1,

g' - a =Ag' +Vg
+ Kg'

+Vg , = 0.

4. 3. Cooar i ance mat r i x f or si gnal sampl es

r el at i on f unct i on, gi ven by
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The Lagr ange mul t i pl i er s can be det er mi ned f r om

t he const r ai nt equat i ons . For exampl e, f or A and K we

have

and si mi l ar l y f or Fr and p wi t h t he const r ai nt s of Eq.
( 31) . The sol ut i on i n t he not at i on of Eqs . ( 23) i s

wher e 4 = QI Q2 - Q3. Subst i t ut i on of Eqs . ( 40) i nt o
Eqs . ( 37) , ( 38) and ( 29) yi el ds t he same r esul t s as wer e
gi ven pr evi ousl y i n Eqs. ( 24) and ( 25) f or t he gener al

f i r st or der XZ met hod . Thus we see t hat t he r equi r e-
ment of mi ni mi zi ng t he var i ances of t he par amet er s A
and A- r and mi ni mi zi ng t he XZ f unct i on t o f i r st or der
l ead t o t he same r esul t s .

Si nce we ar e deal i ng wi t h a syst em whi ch i s band-
wi dt h l i mi t ed by t he pr e- f i l t er , dat a sampl es t aken i n a
t i me whi ch i s shor t compar ed t o t he dwel l t i me of t he
shaped si gnal ar e cor r el at ed. I t i s necessar y, when

consi der i ng t he t r eat ment of hi ghl y cor r el at ed dat a, t o
under st and t he aut ocor r el at i on f unct i on f or t he syst em
[ 17] , f r om whi ch we can obt ai n t he covar i ance mat r i x
f or t he dat a sampl es .

I n our case, we have t wo sour ces of noi se ; t her mal
noi se cont r i but es a ser i es noi se and gi ves an aut ocor r e-
l at i on f unct i on Rt , whi l e pi l eup noi se gi ves a par al l el
noi se wi t h an aut ocor r el at i on f unct i on RP. These t wo
aut ocor r el at i ons ar e summed t o gi ve a t ot al aut ocor r e-
l at i on f unct i on.

( n i n j ) =R( t i - t j ) =Rt ( t i - t j ) +RP( t i - t i ) . ( 41)

The f unct i on Rt i s t he ser i es ( t her mal noi se) aut ocor -

R, ( t ) =
P'

f
~
-

h' ( t + u) h' ( u) du,

	

( 42)

i n whi ch h' = dh/ dt and pt i s def i ned i n Eqs . ( 11) and
( 12) . The f unct i on RP i s t he aut ocor r el at i on f unct i on
f or pi l eup noi se :

i n whi ch QS2 i s t he var i ance of an i ndi vi dual sampl e Si ,
o, t i s gi ven by Eq . ( 12) and op by Eq . ( 17) .

0

6

0. 4

- 0. 2

- 0. 4

A= Y, a; S( t i ) ,

100 200 300 400 500 600

t ( ns)

Fi g. 4 . Aut ocor r el at i on f unct i ons f or ser i es t her mal noi se
( sol i d l i ne) and pi l eup noi se ( dot t ed l i ne) . Bot h cur ves ar e
nor mal i zed t o uni t ampl i t ude . The t ot al aut ocor r el at i on f unc-
t i on i s t he sumof t he sol i d cur ves mul t i pl i ed by t he t her mal
noi se var i ance Ut 2 and t he dot t ed cur ve mul t i pl i ed by t he
pi l eup noi se var i ance oP. The aut ocor r el at i on f unct i on i s

symmet r i c i n t i me, so t hese cur ves appl y t o - t as wel l as t .

I n Fi g. 4 we show an exampl e of R, ( t ) and RP( t )

f or our st andar d case ( t m=50 ns, t d = 400 ns) . Not e

t hat RP i s a much wi der f unct i on t han Rt , whi ch i s due

pr i mar i l y t o t he f act t hat t he f unct i on g( t ) i s consi der -

abl y wi der t han h( t ) because of t he convol ut i on wi t h

i ( t ) ( see Eq . ( 3) ) .

4. 4. Wei ght i ng and r esponse f unct i ons

I n or der t o under st and t he i mpl i cat i ons of t he sol u-
t i ons f ound above, we cal cul at e her e t he wei ght i ng
f unct i ons ( one f or each par amet er ) f or t he syst em as

wel l as t he r esponse f unct i ons, whi ch ar e cl osel y r e-

l at ed . The gener al def i ni t i on of t he wei ght i ng f unct i on
[ 2] i s t he cont r i but i on t o t he syst em out put at measur e-
ment t i me t o due t o a uni t i mpul se appl i ed t o i t s i nput
at some pr evi ous t i me t . For a t i me- i nvar i ant syst em

wi t h i mpul se r esponse h( t ) , t he wei ght i ng f unct i on i s

t he mi r r or i mage of t he i mpul se r esponse, i . e . w( t ) =

h( t o - t ) . Thus t he wei ght i ng f unct i on can be vi ewed as

a descr i pt i on of t he memor y of t he syst em. For a

syst em i n whi ch mul t i pl e sampl es ar e t aken, each sam-
pl e r ecor ds a si gnal whi ch cont ai ns t he memor y of t he
syst em r el at i ve t o t he t i me of t hat sampl e . Ther ef or e i f
t he si gnal r econst r uct ed f r om t he sampl es i s of t he
f or m

t he wei ght i ng f unct i on f or t hi s syst em i s gi ven by

wA( t ) = Y, ai h( t i - t ) .

475

The composi t e wei ght i ng f unct i on f or a set of 5 sam-
pl es ( pat t er n B, descr i bed bel ow) i s i l l ust r at ed i n Fi g. 5 .

z
- Q3

_ A =, K r ( 39)
4

Q3 - Qi
A=- ,

A
, P =- , ( 40)

R, ( t ) =p' p f g( t +u) g( u) du . ( 43)

Not e t hat

R( 0) = at Z +aP = O' s2, ( 44)



476

1 . 0

0 . 8

0 . 6

0 . 4

0 . 2

0 . 0

- 0 . 2

- 0 . 4

- 400 - 300 - 200 - 100 0 100 200

t ( ns)
0. 6

0. 4

0. 2

0. 0

- 0 . 2

- 0 . 4

WE. Cl el and, EG. St er n / Nucl . I nst r . and Met h. i n Phys . Res . A338 ( 1994) 467- 497

r
. %a! 11

Nam
- 200 - 100 0 100 200

t ( ns)
1 . 0-

0 . 8-

0 . 6-

0 . 4-

0 . 2-

0. 0

- 0. 2

- 0. 4

- 0 . 6

M

r
- 400 - 300 - 200 - 100

	

0

	

100 200 300 400

t ( ns)

Fi g. 5 . Const r uct i on of t he composi t e wei ght i ng and r esponse
f unct i on . ( a) wei ght i ng f unct i on ( sol i d cur ve) and r esponse
f unct i on ( dot t ed) cur ve f or a si ngl e sampl e wi t h a coef f i ci ent a
of uni t y . These ar e mi r r or i mages of t he f unct i ons h( t - t s)
and g( t - t , ) about t he t i me i s of t he sampl e . ( b) Composi t e
wei ght i ng f unct i on f or t he case of 5 sampl es ( pat t er n B) ,
f ound by mul t i pl yi ng each i ndi vi dual wei ght i ng f unct i on by t he
coef f i ci ent of t he sampl e, whi ch i s i ndi cat ed by t he hei ght of
t he ver t i cal bar . ( c) Sol i d cur ve : wei ght i ng f unct i on, as f ound
i n ( b) ; dot t ed cur ve : r esponse f unct i on, f ound i n a si mi l ar way
by combi ni ng t he i ndi vi dual r esponse f unct i ons : dashed cur ve :
si gnal wavef or m. As i n ( b) , t he posi t i on of t he ver t i cal bar s
show t he posi t i on of t he sampl es, and t hei r hei ght i ndi cat es

t he val ues of t he coef f i ci ent s .

The r esponse f unct i on i s t he cont r i but i on t hat a
8- f unct i on of char ge i n t he cal or i met er at t i me t makes
t o t he out put at t i me t 0 . I t i s r el at ed but not i dent i cal
t o t he wei ght i ng f unct i on, si nce i n t hi s case, t he i nput
t o t he pr eampl i f i er i s not a 8- f unct i on but t he cur r ent
wavef or m ( Eq . ( 2) ) , and t he out put wavef or m i s g( t ) .
The ampl i t ude r esponse f unct i on descr i bes t he mem-
or y of t he syst em, i ncl udi ng t he ef f ect s of dr i f t t i me i n
t he cal or i met er . I t i s composed of a l i near sum of t he
out put wavef or ms :

y, ( t ) = Y_ai g( t i - t ) .

	

( 45)

Thi s ampl i t ude r esponse f unct i on ( or si mpl y " r esponse"
f unct i on, except i n cases wher e i t i s i mpor t ant t o di st i n-
gui sh bet ween t he f unct i ons f or ampl i t ude and t i mi ng
measur ement s) can be vi ewed as a measur e of t he
r esponse of t he syst em t o r eal si gnal s whi ch ar e out of
t i me . Recal l i ng Eq . ( 3) , we see t hat YA( t ) i s t he convo-
l ut i on of wA( t ) wi t h t he cur r ent wavef or m

YA( t ) =WA( t ) * t ( t ) = f ~t ( t - u) w, ( u) du .

Fi g . 5c shows bot h t he wei ght i ng and r esponse f unc-
t i ons f or t he ampl i t ude measur ement f or t he case of
sampl i ng pat t er n B wi t h f i ve sampl es .

For t he t i mi ng measur ement , t he wei ght i ng f unct i on
w, ( t ) i s def i ned i n t he same way, wi t h t he coef f i ci ent s
a i r epl aced by t he bi . The t i mi ng r esponse f unct i on

y, ( t ) i s si mi l ar l y t he convol ut i on of wz ( t ) and i ( t ) . Thi s
gi ves

w* ( t ) = Y_bi h( t i - t ) ,
i

and

y* ( t ) = Y_bi g( t i - t ) . ( 46)

The t i mi ng r esponse f unct i on has t wo pr oper t i es whi ch
can be ver i f i ed by i nspect i on of t he const r ai nt equa-
t i ons Eq . ( 31) . One i s t hat y, ( 0) = 0, and t he ot her i s
t hat y7( 0) = - 1, so t hat t he magni t ude of t he t i mi ng
r esponse f unct i on f or a si gnal di spl aced by an amount
,r i s si mpl y equal t o r . The cur ve of y r ( t ) vs t shows
t he r egi on over whi ch t he opt i mal f i l t er i ng met hod i s
abl e t o det er mi ne t he t i me of f set . As i s shown i n
sect i on 4 . 6, y, ( t ) i s pr opor t i onal t o yA( t ) , whi ch i s a
usef ul pr oper t y f or r eal t i me appl i cat i ons of opt i mal
f i l t er i ng.

We nowconsi der t he r el at i onshi p bet ween t he var i -
ances of t he par amet er s and pr oper t i es of t he r esponse
and wei ght i ng f unct i ons. Recal l ( Eq . ( 32) ) t hat

Var ( A) = Y_ai aj Ri i ,

or

QÂ _

	

- a i aj Rt ( t i - t i ) + ` ai ai RP( t i - t i )
=~, +6 P .

The quant i t i es 6, and 6 P ar e t he cont r i but i ons t o t he
var i ance Qâ comi ng f r om t her mal and pi l eup noi se,
r espect i vel y .

By def i ni t i on yA( 0) i s uni t y . The ef f ect i ve wi dt h of
t he r esponse f unct i on, def i ned i n Eq . ( 15) , i s

W=f ~y, 2 ( t ) dt Yai g( t i

- t ) ~ 2

dt

	

( 47)
i

- Y_ai ai f . ~g( u) g( t i - t i +u) du
i i
1
2 F, a i a j RP( t i - t i ) ,

PP

	

i i



=P' Ir 2

	

I ~a i h' ( t i - t ) I 2 dt
e

WE. Cl el and, E. G. St er n / Nucl . I nst r . and Met h . i n Phys . Res . A338 ( 1994) 467- 497

wher e t he l at t er subst i t ut i on comes f r omEq . ( 43) . We

t hus concl ude t hat t he pi l eup cont r i but i on of t he var i -

ance i s r el at ed t o t he ef f ect i ve wi dt h of t he r esponse

f unct i on by t he si mpl e equat i on

p = ppW.

By compar i son wi t h Eq . ( 17) , we see t hat t he ef f ect i ve

wi dt h of t he r esponse f unct i on Wpl ays t he same r ol e

as t he i nt egr al I 2p pl ays f or t he var i ance of a si ngl e

dat a poi nt . Not e t he si mi l ar i t y bet ween t hi s expr essi on

and t hat der i ved f or t he si mpl e case of a gat ed i nt egr a-

t or ( Eq . ( 16) ) .
The t her mal noi se f or t he case of mul t i pl e sampl i ng

can be vi ewed as a r el at i on anal ogous t o Eq . ( 12)

2
Pt I ef f

~t =
r 2

1
v

_ Pt f

	

, 2
t -

r 4
J ~~I wAI

	

d

2

2
Pt

= 2 Y_ai a i
l

	

h' ( u) h' ( t i - t i +u) du

= Yai aj R, ( t i - t i ) .

I

	

2 1/ 3

	

2

	

\ 1/ 3

T- t m
1 ~

Ol t

- t m
Qt

t ~

	

~ G. . ai ai Rt ( t i - t i )

Var ( AT) = ~bi bj Ri i ,

A2Q7 = Ebi bj R, ( t i - t i ) + Y_bi bj Rp( t i - t i )

( 48)

( 49)

i n whi ch I , f f i s t he i nt egr al over t he squar e of t he

der i vat i ve of t he composi t e wei ght i ng f unct i on :

Fr om t he ar gument s gi ven at t he begi nni ng of t hi s

sect i on, we know t hat at scal es as t m3/ 2 . Compar i ng

Eq . ( 12) wi t h Eq . ( 49) suggest s t hat we can i nt r oduce

an ef f ect i ve measur ement t i me T f or t he mul t i pl y

sampl ed syst em by r equi r i ng t hat i t f ol l ows t he same

scal i ng l aw. We r equi r e t hat 6, var y as T- 3 and t hat

when ~t = Qt 2 t hen T= t m. Thi s gi ves t he r el at i on

For t he t i mi ng measur ement , we pr oceed i n a si mi -
l ar way . Fi r st , we not e t hat t he var i ance f or Aa- r can

al so be wr i t t en i n t er ms of i t s t her mal and pi l eup
component s :

To def i ne par amet er s wi t h a physi cal i nt er pr et at i on,
we consi der t he expr essi on f or t he t i mi ng r esol ut i on f or
a syst em wi t h a const ant f r act i on di scr i mi nat or oper at -
i ng at a poi nt t o on t he wavef or m Eg( t ) of ampl i t ude

E and nor mal i zed shape g( t ) . I f t he noi se i n t he

syst em i s QE, t he t i me r esol ut i on i s gi ven by

o- * =o, e1Eg' ( t o) ,

i n whi ch g' ( t o ) i s t he sl ope of t he wavef or m at t o . I n

t he opt i mal f i l t er i ng met hod, sever al poi nt s ar e mea-

sur ed on t he wavef or m. We can, however , def i ne an

aver age ef f ect i ve sl ope m f or t he measur ement , i n

anal ogy wi t h t he above expr essi on :

m= t TA / AQ, .

We def i ne t wo sl ope par amet er s mt and mp , whi ch

ar e t he ef f ect i ve sl opes i n t he t her mal and pi l eup

l i mi t s, r espect i vel y . I n t er ms of t he quant i t i es def i ned

above, t hey ar e gi ven by

and

These quant i t i es have t he usef ul pr oper t y t hat t hey ar e

i ndependent of t he val ue of p t or pp assumed i n t he

cal cul at i on and depend onl y on t he pr e- f i l t er shapi ng

f unct i on and t he sampl i ng pat t er n assumed .

I n summar y, t he f our const ant s T, W, mt , and mp

can be used t o r el at e t he val ues of QA and Aa r t o t he

noi se val ue f or a si ngl e sampl e i n t he t wo l i mi t i ng

cases . I n t he case wher e t her mal noi se domi nat es

W) 1/ 2

aA=O' pf s_

(
t T

) 3/ 2

	

and

	

AQz = ni ,
t

wher e at i s gi ven by Eq . ( 12) . I n t he l i mi t wher e pi l eup
noi se domi nat es, we have

o, A
and

	

Au, = - ,
mp

wher e op i s gi ven by Eq . ( 17) .
I n Fi g . 6 we demonst r at e one of t he pr oper t i es of

t he ampl i t ude r esponse f unct i on by showi ng how i t

behaves f or t wo ext r eme cases : ( 1) t he case f or t her mal

noi se onl y ( i . e . pp = 0) and ( 2) t he case f or pi l eup noi se
onl y ( pt = 0) . I n t he f i r st case, t he r esponse f unct i on
maxi mi zes i t s wi dt h, si nce t her e i s no penal t y f or pi l eup,
and t he ef f ect i ve measur ement t i me T i s made as l ong
as t he pr e- f i l t er per mi t s, t her eby mi ni mi zi ng t he t her -
mal noi se . I n t he second case, onl y pi l eup i s i mpor t ant ,
so t he ef f ect i ve wi dt h Wbecomes as smal l as possi bl e,

t o mi ni mi ze i t s ef f ect s . As i s di scussed i n sect i on 5 . 2,

t he l i mi t at i on t o t he wi dt h of t he ampl i t ude wei ght i ng
f unct i on i n a pr act i cal syst em may be det er mi ned by
t he ADC quant i zat i on er r or .

4. 5 . Opt i mal f i l t er i ng i n t he f r equency domai n

477

The opt i mal f i l t er i ng pr obl em can equi val ent l y be

consi der ed i n t he f r equency domai n . Wher eas i n t he
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Fi g . 6 . Ampl i t ude r esponse f unct i on f or t wo ext r eme cases : ( 1)
dashed cur ve : pi l eup noi se onl y ( t her mal noi se = 0) , ( 2) dot t ed
cur ve : t her mal noi se onl y ( pi l eup noi se = 0) . Not e t hat i f t her e
i s no pi l eup noi se, t he opt i mal f i l t er i ng met hod br oadens t he
wei ght i ng f unct i on ( and hence t he r esponse f unct i on) i n or der
t o mi ni mi ze t he t her mal noi se . I n t he case wher e t he t her mal
noi se i s negl i gi bl e, t he met hod mi ni mi zes t he wi dt h of t he
r esponse f unct i on i n or der t o r educe t he ef f ect s of pi l eup

noi se .

t i me domai n, one has a known si gnal as a f unct i on of
t i me and var i ous noi se sour ces, i n t he f r equency do-
mai n, one has a si gnal wi t h a known f r equency spec-
t r um, and noi se sour ces wi t h known spect r a . The t ask
i s t o devel op a f i l t er whose f r equency r esponse i s such
t hat i t passes t he si gnal f r equenci es but r ej ect s noi se
f r equenci es .

The f or mal i smf or f r equency domai n f i l t er s i s devel -
oped by Papoul i s [ 1] . I n t he f r equency domai n, a f i l t er
i s a f unct i on of f r equency whi ch mul t i pl i es t he f r e-
quency di st r i but i on of t he si gnal r esul t i ng i n some new
f r equency di st r i but i on . The opt i mal f i l t er i ng pr obl em i s
t o devel op a f i l t er whi ch det er mi nes t he unknown
ampl i t ude A and t i me of f set T of a si gnal whi ch has
t he known f or m Ag( t - T) i n t he pr esence of noi se .

We nor mal i ze t he known si gnal g( t ) such t hat i t has
uni t ampl i t ude at i t s peak, and t he pr obl em t hen
r educes t o t hat of f i ndi ng t he val ue of t he ampl i t ude
const ant A wi t h t he hi ghest si gnal / noi se r at i o .

I t i s shown i n r ef . [ 1] t hat f or a si gnal wi t h ( compl ex)
f r equency spect r um G( w) , t he Four i er t r ansf or m of
g( t ) , and a noi se power spect r um S( o) ) , t he f i l t er ( w)
t hat maxi mi zes si gnal / noi se at t i me t o ( t he poi nt i n
t i me at whi ch t he f i l t er i s opt i mi zed, whi ch we choose
t o be 0) has a f r equency r esponse

KAG* ( 6o)
- i ~e~

A( w) =

	

e

	

,
S( w)
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( 50)

wher e G* i s t he compl ex conj ugat e of G and KA i s a
mul t i pl i cat i ve const ant t o nor mal i ze t he f i l t er ed si gnal .
Thi s i s t he wel l - known mat ched f i l t er , whi ch i nt ui t i vel y
has t he r i ght pr oper t i es ; i t i s l ar ge at f r equenci es wher e
t he si gnal i s l ar ge and t he noi se i s smal l , and i t i s smal l
wher e t he noi se i s l ar ge and t he si gnal i s smal l .

The f i l t er ed si gnal y r ( t ) , i s gi ven by t he i nver se
Four i er t r ansf or m:

Yf ( t ) = 2Tr ~~G( w) ~A( w)
ei ` dw .

	

( 51)

We wi sh t o nor mal i ze t he f i l t er so t hat i t gi ves uni t
ampl i t ude f or t he peak when oper at i ng on t he known
wavef or m g( t ) wi t h spect r um G( o) ) . Thi s gi ves t he
condi t i on t hat

1 1 I G( w) 1 2
dw .

	

( 52)
KA - 2Tr f

	

S( w)

Not e t hat t he exponent i al f act or s di sappear si nce
we ar e nor mal i zi ng at t he same poi nt wher e t he f i l t er i s
opt i mi zed so t he act ual val ue of t o i s uni mpor t ant .
Wi t h t hi s nor mal i zat i on, det er mi nat i on of t he ampl i -
t ude A of a si gnal wavef or m u( t ) wi t h Four i er t r ans-
f or m U( w) i s j ust

A

The ampl i t ude r esponse f unct i on f or t he f i l t er i s t he
r esponse of t he f i l t er t o a si gnal of uni t ampl i t ude as a
f unct i on of t i me shi f t . I n t he t i me domai n, shi f t i ng t he
f unct i on g( T) by amount t r esul t s i n t he f unct i on
g( T - t ) . I n t he f r equency domai n t hi s t i me shi f t cor r e-
sponds t o mul t i pl yi ng t he f r equency spect r um G( o) ) by
t he f act or e - " " . Thus t he r esponse f unct i on i s ob-
t ai ned by i nser t i ng f or U( w) i n Eq . ( 53) t he quant i t y
G( w) e- " ` gi vi ng :

YAW

	

2Tr
f ~° ' VA( w) G( w) e- i " dw.

	

( 55)

Except f or t he si gn of t , A' ( w) G( ( o) i s t he Four i er
t r ansf or m of t he r esponse f unct i on . Si nce yA( t ) i s a
r eal f unct i on and equal t o i t s compl ex conj ugat e, we
can t ake t he compl ex conj ugat e of t he r i ght hand si de
t o i dent i f y äYA( w) G* ( ( o) as t he Four i er t r ansf or m of
t he r esponse f unct i on YA( t ) . Usi ng t he expr essi on f or
' A f r om Eq . ( 50) , we have

KA

	

-

	

I G( w) 1
2

YAW
=

2t r f _

	

S( w)

	

et ' ( r o
- ' ) do) .

	

( 56)

We not e t hat our nor mal i zat i on pr ocedur e gi ves t he
ampl i t ude r esponse f unct i on uni t ampl i t ude at t = t o .

1
dw

2Tr
f ~e- ° A( co) U( o) ) ( 53)

1 ~ G* ( w) U( w)

=
dw.

2Tr
KAf

S( w)
( 54)



The spect r al densi t y of t he f i l t er ed noi se i s

	

2A 12S

so t he var i ance of t he f i l t er ed si gnal i s

~A =
21r r I ~.

1
~A( a) ) 12S( co) dw

We now t ur n t o t he opt i mal f i l t er f or t he t i me of f set

par amet er - r . I n t hi s case, a change i n t he si gnal

wavef or m u( t ) i s r el at ed t o - r t hr ough t he der i vat i ve of

g :

Su( t ) = - A7 g' ( t ) .

Thus we pr oceed as bef or e, onl y t he f i l t er i s opt i mi zed

f or t he Four i er t r ansf or mof - g' , whi ch i s - j wG( w) .

Ther ef or e t he opt i mal f i l t er i s

~( ~) =
1wK, G

* ( t o ) e- i mr a .

	

( 58)
S( w)

We nor mal i ze t he f i l t er t o gi ve uni t y when pr e-

sent ed wi t h t he Four i er t r ansf or mof - g' ( t ) eval uat ed

at t =t 0 :

or

1

	

~

	

1 G( w) 1 2
- KÂI

	

SZ( w)
S( m) dw

	

( 57)
2i r

=KA .

1

2- r r

	

* ( w) ( - 1WG( w) ) ei " ° dw

I

	

-
K7

w21 G( w) 1 2

1

	

1

	

w2 1 G( w)
12

dw.

	

( 59)
Kr - 2 , r r

	

S( w)

Wi t h t hi s nor mal i zat i on, f or an unknown si gnal t he

val ue of A- r i s

A, r = Z, r r J_~X, ( w) U( w) dr u

Kr ° ° j wG* ( ca) U( w)
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d w.

	

( 60)
2Tr S( W)

The r esponse f unct i on f or r i s t he Four i er t r ans-

f or m of t he compl ex conj ugat e of t he pr oduct of t he

f i l t er and t he si gnal f unct i on or

-Y' ( t )

	

2ar f - ~

	

1wS ai ( w)

2

ej ' ( r u- t ) dw.

Thi s pr oduct i s pur el y i magi nar y and odd i n o) , so

t he t i mi ng r esponse f unct i on i s r eal as i t shoul d be, and
y r( t ) i s odd about t 0 , whi ch means t hat i t s val ue i s 0 at
t = t 0 , as expect ed . Fol l owi ng t he same r easoni ng used
i n Eq . ( 57) , we f i nd f or t he var i ance

1

	

1

	

-

	

à) 2 1 G( co) 1 2

	

1
dw =

	

.
AZar 27r S( w) Kr

( 61)

( 62)
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Fi g . 7 . Component s of t he power spect r um. The sol i d l i ne i s
t he cur ve f or t her mal noi se and t he dot t ed cur ve i s t he power
spect r um f or t he pi l eup noi se, whi ch i s al so t he spect r um f or
t he si gnal . Each cur ve i s nor mal i zed t o uni t y . The opt i mal
f i l t er suppr esses t hose f r equenci es out si de of t he si gnal r egi on
whi l e pr eser vi ng t hose f r equenci es wher e t he si gnal i s pr esent .

Fr om Eqs . ( 56) and ( 61) one sees t hat yA
and y r ar e

r el at ed by

K

	

AQ 2_

	

_

	

_ Y~( t )
Yr ( t ) = KA Y, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA"t ( t ) -

	

QAr )
YA( t )

	

m2

as was ment i oned i n sect i on 4. 4 . I n t hi s expr essi on, m

i s t he ef f ect i ve sl ope f or t he t i mi ng measur ement i nt r o-

duced i n sect i on 4. 4 . I t can al so be easi l y ver i f i ed f r om

Eqs . ( 61) and ( 59) t hat at t = t 0 , y* _ - 1, as r equi r ed
f r om i t s def i ni t i on .

Mul t i pl yi ng t he si gnal f r equency spect r um wi t h t he
f r equency r esponse of a f i l t er cor r esponds i n t he t i me
domai n t o a convol ut i on of t he si gnal wi t h t he Four i er
t r ansf or m of t he f i l t er r esponse . Si nce t he opt i mal
f i l t er i ng oper at i on i n t he t i me domai n as pr evi ousl y

devel oped i s f or mal l y a di scr et e convol ut i on, we i den-
t i f y t he coef f i ci ent s a i obt ai ned ear l i er wi t h t he Four i er
t r ansf or m of t he f i l t er r esponse r , ( t u) obt ai ned i n t he

f r equency domai n usi ng di scr et e Four i er t r ansf or ms .

We have cal cul at ed t he ampl i t ude and t i mi ng opt i -
mal f i l t er s f or our st andar d case, bot h i n t he t i me and
f r equency domai n usi ng di scr et e Four i er t r ansf or ms .
Fi g . 7 shows t he power spect r um of t he t wo noi se
sour ces, pi l eup noi se and t her mal noi se . The pi l eup
noi se comes f r om r eal event s so i t has t he same spec-
t r um as t he si gnal . The t her mal noi se i s r epr esent ed as

a cur r ent gener at or i n par al l el wi t h t he det ect or capac-

i t ance, so t he noi se 8- i mpul ses ar e conver t ed i nt o 8'
doubl et s [ 18] . The noi se wavef or m i s t he convol ut i on of
t he doubl et wi t h t he pr e- f i l t er i mpul se r esponse h( t ) ,
whi ch yi el ds h' ( t ) , gi vi ng i t s power spect r um a l ar ger

hi gh f r equency component . We f i nd ver y good agr ee-
ment bet ween coef f i ci ent s gi ven by t he Four i er t r ans-
f or m of a f i l t er f unct i on wi t h t hose cal cul at ed i n t he

( 63)
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4. 6 . Pr oper t i es of opt i mal f i l t er s
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t i me domai n . For t he pur pose of t hi s compar i son, we
assumed t hat t he si gnal i s sampl ed i n a r egi on symmet -
r i c ar ound t i me zer o i n or der t o be consi st ent wi t h t he
def i ni t i ons used i n t he f r equency domai n cal cul at i on .
Al t hough t her e i s negl i gi bl e di f f er ence bet ween t he
coef f i ci ent s cal cul at ed by t hese t wo met hods, t he t i me
domai n al l ows mor e cont r ol over t he number and
posi t i on of sampl es ( see sect i on 5. 3) maki ng i t mor e
usef ul f or pr act i cal pur poses .

I n t he f r equency domai n, i t i s easy t o under st and
t he behavi or or t he ampl i t ude r esponse f unct i on i n t he
t wo ext r eme cases descr i bed i n sect i on 4. 4 . Recal l t hat
t he r esponse f unct i on i s G( ce) e2°A( t o) wher e G i s t he
si gnal f r equency di st r i but i on and ?' a i s t he f i l t er spec-
t r al r esponse . However , we know t he f or m of ' ? A f r om
Eq . ( 50) , so t he r esponse f unct i on becomes pr opor -
t i onal t o I G

12 / S. For t he case when pt = 0 ( negl i gi bl e
t her mal noi se) , t hen t he onl y cont r i but i on t o S( a) )
woul d be f r om pi l eup noi se whi ch has t he same f or m
as t he si gnal power spect r um

	

I G12
. The r esponse

f unct i on i s a const ant i n f r equency space ; t he Four i er
t r ansf or m of a const ant i s a 8- f unct i on . Al t er nat i vel y,
f or t he case when pi l eup noi se i s negl i gi bl e ( p p - - 0) ,
t hen t he f i l t er ( and hence t he r esponse f unct i on) i s
onl y nonzer o i n a f r equency band ar ound t he si gnal
f r equenci es . The nar r ower t he band, t he wi der i t s
Four i er t r ansf or m becomes .

Besi des pr ovi di ng an i nt ui t i ve under st andi ng of op-
t i mal f i l t er s, t he f r equency domai n f or mal i sm per mi t s
us t o der i ve gener al pr oper t i es of opt i mal f i l t er s t hat
ar e not evi dent i n t he t i me domai n f or mul at i on . As we
have devel oped opt i mal f i l t er i ng i n t he f r equency do-
mai n, we have r equi r ed i nt egr at i on over al l f r equen-
ci es . I n t he t i me domai n, t hi s cor r esponds t o i nt egr a-
t i on over al l t i mes and t o sampl i ng t he si gnal at i n-
f i ni t el y smal l t i me i nt er val s . We r ef er t o t hi s unphysi cal
si t uat i on as t he " i nf i ni t e sampl i ng l i mi t " ( I SL) . Asi t ua-
t i on somewhat cl oser t o r eal i t y i s f ound by i nt egr at i ng
t he f unct i on bet ween f i xed l i mi t s, whi ch ar e det er -
mi ned i n par t by t he sampl i ng f r equency and i n par t by
t he pr oper t i es of t he si gnal wavef or m. Thi s r epr esent s
t he si t uat i on i n whi ch t he si gnal i s sampl ed per i odi cal l y
and a f i ni t e number of sampl es ar e anal yzed . We r ef er
t o t hi s si t uat i on as t he " f i ni t e sampl i ng" . We gi ve
bel ow t he l i mi t s appr opr i at e t o per f or mi ng t he f i ni t e
sampl i ng i nt egr al s ( FSI s) and der i ve anal yt i c expr es-
si ons f or t he var i ances of t he par amet er s i n t hi s case .
I n a pr act i cal case of cour se, we must consi der si gnal s
t hat ar e sampl ed at a f ew poi nt s l ocat ed at i nt egr al
mul t i pl es of t he bunch cr ossi ng t i me . We show i n
sect i on 5 . 3 t he ext ent t o whi ch t he i nf i ni t e sampl i ng
l i mi t f or mul ae and f i ni t e sampl i ng i nt egr al s appr oxi -
mat e t he pr act i cal si t uat i on .

We now der i ve anal yt i c expr essi ons f or t he var i -
ances of t he par amet er s A and AT i n t he i nf i ni t e
sampl i ng l i mi t . Consi der an opt i mal f i l t er whi ch has as
i t s i nput di gi t i zed dat a f r om a pr e- f i l t er wi t h an i m-
pul se r esponse h( t ) . The i mpul se r esponse spect r um
H( co) i s t he Four i er t r ansf or m of h( t ) . The si gnal
wavef or m g( t ) i s t he convol ut i on of h( t ) wi t h t he
cur r ent wavef or m as di scussed i n Eq . ( 3) . I n t he f r e-
quency domai n, t hi s means t hat t he si gnal spect r um
G( m) i s I ( m) H( w) / g, wher e I ( co) i s t he Four i er t r ans-
f or m of t he cur r ent wavef or m i ( t ) . The f act or 1/ q s
appear s because bot h g( t ) and h( t ) ar e nor mal i zed t o
uni t y . The noi se spect r al densi t y S( c) ) i s a sumof t he
spect r a SPGo) and St ( co) f or pi l eup and t her mal noi se .
Pi l eup noi se i s der i ved f r om r eal event s so i t must have
a spect r um pr opor t i onal t o I G1 2 . The i nt egr al of t he
pi l eup spect r al densi t y over al l f r equenci es must equal
t he pi l eup var i ance :

1
UP =

Z~i
f

.
SP( w) dt o .

For t he case of cont i nuousl y di st r i but ed pi l eup, t he
var i ance i s known f r om Campbel l ' s t heor em t o be

pP f g 2 ( t ) d t . Fr omPar seval ' s t heor em of Four i er anal -
ysi s we al so know t hat f g 2 ( t ) dt = 1/ 2 r r f I G( w) I z

dco

so we obt ai n

Sp( W)
=

p2I G( t o ) I Z =
PZ I I ( o) I ZI I I ( ~) I 2 .

	

( 64)
qs

As ment i oned above, r epr esent i ng t he ser i es noi se
as a par al l el sour ce i nt r oduces an ef f ect i ve di f f er ent i a-
t i on i n t he spect r um, so t he pr e- f i l t er r esponse t o
t her mal noi se i s pr opor t i onal t o h' ( t ) . The spect r um of
h' ( t ) i s j coH( c) ) so t he t her mal noi se spect r al densi t y i s
pr opor t i onal t o co z I H( w) 12

. Agai n usi ng Par seval ' s
t heor emand not i ng t he f or m of o, t i n Eq . ( 11) gi ves

z
Ù)

z

St ( w) = pYZ
I H( ci ) I 2.

9

We nowcal cul at e QÂ, t he var i ance of t he ampl i t ude
af t er opt i mal f i l t er i ng, usi ng t o Eq . ( 57) and r ecal l i ng
t hat r . =gsl qeNe :

1

Â

	

1

	

I G( t o) 1 2

O= 2, f ~Sp( W) +St ( t o
dt o

1
2

I
I ( m)

I

z

qe NeI

27r f~$ 0

	

2
P,

I I ( w) I Z+pi coz
( g e Ne )

( 65)

1

qs
I I ( co) I _

	

z l H( m) I z

z

	

z z

	

dm
21T

	

q5
I I ( co) I z1H( oo) I z+

p~c)
1H( w)

2

9

dco . ( 66)



The poi nt at t o = 0 has been excl uded because t he

noi se and si gnal do not have any DC component ,

r ender i ng t he i nt egr and undef i ned . Excl udi ng t hi s si n-

gl e poi nt does not af f ect t he i nt egr al .

The quant i t y I ( w) i s t he Four i er t r ansf or m of t he

cur r ent wavef or m i ( t ) . For l i qui d i oni zat i on cal or i me-

t er s [ 7] t hi s i s t he l i near f unct i on of t i me gi ven i n Eq.

( 2) . The Four i er t r ansf or m of t hi s f unct i on i s

q, N, '

	

J( Ot d

f r om whi ch we have

2
PP wzt 2

d

6â =
V[8

	

_t 3
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awt d

2 e - j " d / 2 si n
2

géNe2

	

t o t d

	

3t

	

+

	

4t

Consi der i ng t he i nt egr and of Eq . ( 66)

( 67)

a b c

wt d w3 t â w° t â

+
3t 3

+
w4w t ad d

wi t h a, b, and c val ues of magni t ude l ess t han 1, we

see t hat at l ar ge w, t he t er ms pr opor t i onal t o b and c

become smal l compar ed t o t he l eadi ng t er m pr opor -

t i onal t o a . At smal l w, t he t er m i n t he denomi nat or

pr opor t i onal t o awe becomes smal l , and t he i nt egr and

appr oaches 1/ PP. Bot h of t hese condi t i ons st i l l hol d i f

we appr oxi mat e 1I ( w) 1
2
/ géN

2
by i t s f i r st t er m

1/ &) 2 t 2
d*

Thi s l eaves us wi t h t he expr essi on

Jw2 t d

wt d	 p) t d

	

6 ) t d
4 si n

2
cos
2

	

4 si ne
2

+Pt w2

The i nt egr al can be eval uat ed by cont our i nt egr at i on

and has t he val ue of r r / vf2 l eadi ng t o t he var i ance f or

A i n t he i nf i ni t e sampl i ng l i mi t :

( 71)

Al l quant i t i es cal cul at ed i n t he I SL ar e desi gnat ed wi t h

a t i l de ( - ) .

The t ot al f i l t er ed noi se var i ance oA has cont r i bu-

t i ons f r om t her mal and pi l eup noi se

Sp=
_

j
.

~j 2A( w) 1 2 SP( w)
dw,

1

t
=

2Tr I ~~12° A( w) 12St ( w) dw.

We wr i t e t he noi se spect r al densi t y ( see Eqs. ( 64) and

( 65) ) as

S( w) = BPUP( cw) +B, U, ( w) ,

wher e

SP( w)
=

PPUP( w)
=

BPUP( t o) St (

( O
) = Pi U( w) = 6t U( w) .

Fr om Eq . ( 72) t he f or m f or ~ P, t he cont r i but i on of

pi l eup t o QÂ, i s

6 P

~P
=3

1
1G( w) 1

2

23r I - - ~ S( w) 2 Sp( a) ) dw

2 2
1 G( w) 1

dw
2Tr S( cd)

1

	

I G( w) I 2

2r r BpI

	

( BPpP( w)
+

et Ut ( w) , 2 Up( w) dw

1

	

1
F( w) 1

2

	

l 2

2 , r r I
BPUP( w) + Bt Ut ( w)

dwJ

ô

	

1

	

I G(
w

) 1
2

	

,

6P
aBP ( 2r r

	

BPUP( . ) + Bt ut ( w)
dw

aQÂ

=
OP

âe ,
P

3
t dPt Pp

2

3 - 2
= 4 QA ,

t dPt Pp

	

t - 2

2

	

=
a~A

.
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( 72)

( 73)

and si mi l ar l y f or t he t her mal cont r i but i on . I dent i f yi ng

BP=PP
and 9t =Pi and appl yi ng Eq . ( 73) gi ves us t he

pi l eup and t her mal cont r i but i ons i n t he I SL as

( 74)

Not e t hat t hese r esul t s ar e i ndependent of any .

par amet er s of t he i mpul se r esponse f unct i on, such as

t he shapi ng t i me or or der of t he pr e- f i l t er .

The var i ance of t he t i mi ng par amet er AQz can al so

be cal cul at ed t he same way st ar t i ng f r om Eq . ( 62) and

1

1
(
u2t 2

d

0. 2
dw

A
2, r r I oo P2P

w
2

t 2

+P2w2

d

1

2r r f

1

~pP+Pi t dw

4dw ( 68)

1

~~° °

du
( 69)

2 , r r t dPt Pp 1 + u'

wher e we have made t he subst i t ut i on

t dPt
u ( 70)

PP
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pr oceedi ng as bef or e . Af t er usi ng t he same appr oxi ma-
t i on f or t he dr i f t f unct i on, we have

1

	

1

	

C02 dù)

A2` 2 - 2- r r f - - P2 + t 2 2 w4
r

	

P dPt

27r

Thi s i nt egr al al so has t he val ue- r r / ~2 so

A
Z
Q, = V8 t d t Pp ,

	

( 76)

wi t h t her mal and pi l eup cont r i but i ons

m

2

t dPi Pp , 2- 2=4AUr ,

PP

2

t dPi Pp

WE. Cl el and, E. G. St er n / Nucl . I nst r . and Met h. in Phys . Res. A 338 ( 1994) 467- 497

1

	

u2 du

t d
e

i Pp f

	

1 + u4
. ( 75)

2

	

= 3A2Q2 .

	

( 77)

By compar i ng Eq . ( 48) wi t h Eq . ( 74) we see t hat we
can obt ai n a val ue f or t he ef f ect i ve wi dt h of t he r e-
sponse f unct i on i n t he I SL :

3C2 t dPt
W=

	

1

	

.

	

( 78)
Pp

The expr essi on has t he pr oper t i es t hat one i nt ui t i vel y
expect s, namel y t hat t he ef f ect i ve wi dt h i s i ncr eased as
t he t her mal noi se i ncr eases and decr eases as t he pi l eup
noi se i ncr eases . We not e al so t hat t he ef f ect i ve sl ope
f or t he t i mi ng measur ement i nt r oduced i n sect i on 4 . 4
can be cal cul at ed i n t he I SL. We f i nd

3V-2 1

t dPt 2 W

The degr ee t o whi ch t he act ual r esponse f unct i ons
f ol l ow t hese f or mul ae i s di scussed i n sect i on 4. 7 .

Use of l i mi t s on t he i nt egr al s whi ch span al l f r e-
quenci es cor r esponds t o sampl i ng t he wavef or m at
i nf i ni t esi mal l y spaced poi nt s ext endi ng over al l t i me . I t
i s t hi s obvi ousl y unphysi cal sampl i ng pat t er n whi ch

l eads t o t he unphysi cal behavi or of Eqs . ( 71) and ( 76)

as ei t her p t or pp appr oaches zer o . We nowshow how

our r esul t s ar e modi f i ed when sampl i ng at f i ni t e i nt er -

val s over a f i ni t e r egi on of t i me i s i nt r oduced .
We suppose t hat t he si gnal wavef or m i s sampl ed N

t i mes at sampl i ng i nt er val s TG , whi ch coul d be t he

machi ne cr ossi ng per i od Tc or some mul t i pl e t her eof .
The f ul l wi dt h of t he sampl ed r egi on i s t her ef or e
d = NT, The ef f ect of t he f i ni t e sampl i ng i s t o r est r i ct
t he f r equency r ange over whi ch t he si gnal pr ocessi ng
net wor k oper at es t o a f i ni t e number of di scr et e f r e-
quenci es gi ven by :

wk = kAw,

	

Ow = 2ar / A,

	

( 79)

wher e k has a r ange det er mi ned by t he number of
sampl es

N N

	

N N
k=-

2
- Z +1, . . . - 2 _1 , 1 2 . . . Z _I , - .

Accor di ng t o t he Nyqui st t heor em, t he l ar gest angul ar
f r equency t hat can be di st i ngui shed gi ven t he sampl i ng
i nt er val i s t ar / 2T, .

To est i mat e t he var i ances of t he par amet er s we
ut i l i ze Eqs . ( 66) and ( 75) , but appl y f i ni t e l i mi t s :

1

	

2

	

uh du

~â

	

2ar t aPt PP ~,

	

1 + u4 ,

1

	

2

	

uh u2 du

AZaT

	

2ar t dPi Pp ~i

	

1 + u4 .

The val ues of t hese i nt egr al s f r om t he Mapl e comput er
al gebr a pr ogr amar e :

du

	

v/ _2 I

	

u2 +u~+1

I 1+u 4

	

8

	

l og
u2 - u ~2 +1

+2 t an - 1 ( u~2 + 1) + 2 t an- ' ( uv2 - 1) I ,

u 2 du

	

~2 I

	

u2 - u~+1
l og

1+u4

	

-
8

	

u2 +u ~2 +1

( 80)

( 81)

+2 t an - 1 ( uV2 + 1) +2 t an - 1 ( uV2 - 1) I .

Not e t hat t he f r equency co i s r el at ed t o u by t he
equat i on u = w/ co o . Si nce co o = Ppl Pt t d , we see t hat

i n t he case wher e pi l eup noi se domi nat es u becomes
smal l , and si mi l ar l y, i f t her mal noi se domi nat es, u
becomes l ar ge . Ther ef or e, t he l i mi t s on t he i nt egr al s
may be f ound by r equi r i ng t hat t he val ues of t he
i nt egr al s appr oach t he val ues f or t he var i ances i n t hese
t wo l i mi t i ng cases . We choose t o est abl i sh t hem by
eval uat i ng ~A and A

Z
C- T f or t he t wo l i mi t i ng cases . We

t her ef or e est i mat e ~t and ~ P, t he val ues of uA f or t he
case wher e ei t her t her mal or pi l eup noi se domi nat es,
r espect i vel y, and by usi ng t he l i mi t i ng f or ms of t he
i nt egr al s, we r el at e t hese val ues t o t he i nt egr al l i mi t s
uu = wu/ wo and u, =w, / co o . ( We use t he addi t i onal
subscr i pt s A and T on t he l i mi t s f or t he i nt egr al s f or
oA and Aor , r espect i vel y . ) For t he pi l eup noi se l i mi t
t he l i mi t i ng f or m of t he i nt egr al i s

du
l i m ( - =,
u- 0

	

1 + u4



and combi ni ng t hi s wi t h Eq . ( 69) we f i nd

1

	

UA, u - UA, l

	

Ù) A, u - mA, l
- _

	

= P2
P

t
SP

	

Tr

	

t dPt P3p

whi ch yi el ds

, Rp 2
P

WA , u = - + ( ) A, ] '

P

Si mi l ar l y, f or t he case wher e t her mal noi se domi nat es,

t he l i mi t i ng val ue of t he i nt egr al i s

l i m f

	

=

	

-
u - ~

	

1 +u 4

	

- 2

	

3u 3

and usi ng Eq . ( 69) agai n we f i nd

1

	

1

	

1 1

	

1

St

	

3Tr t dpt PP uA, l

	

UÂ, u)

	

3Tr t dPLWÂ, 1

whi ch yi el ds

O) A, 1 =

	

2 2 '3sr t d p t

Si mi l ar consi der at i ons l ead t o t he

si ons f or t he i nt egr al l i mi t s f or AQr :

~r , l

	

St

	

+ Cd7 u

,

31Tp 2
3

	

P
w, , u =

	

~P

The expr essi ons f or t he par amet er
of t he i nt egr al l i mi t s ar e t her ef or e :

OA

1

	

Tr Pt t d

	

1

and

AQr =

du Tr 1
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f ol l owi ng expr es-

var i ances i n t er ms

3
Pt 3Tr u) A, 1

( 8t dPt PP) 1/ 4

	

( I SL r egi on) ,

	

( 82)

( t her mal r egi on) ,

Pp~" / \ ' A, u - WA, 1)

	

( pi l eup r egi on) .

t dPt uTr / ( 1 / W, , 1 - 1/ Wr , u)

( Bt dPt Pp) 1/ 4

	

( I SL r egi on) ,

( t her mal r egi on) ,

( pi l eup r egi on) .

( 83)

Ther e ar e t hr ee separ at e appr oxi mat i ons f or each pa-
r amet er : t he t her mal noi se r egi on appl i es when t he

l umi nosi t y i s zer o, or when pi l eup noi se i s ver y smal l
compar ed wi t h t he t her mal noi se, and t he pi l eup r e-
gi on appl i es when pi l eup i s t he domi nant f or m of
noi se . Bet ween t hese t wo r egi ons, t he I SL i s a r eason-
abl y good appr oxi mat i on t o t he exact sol ut i on .

I n t he di scussi on i n sect i on 4. 4, we have shown how
t he opt i mal f i l t er i ng r esul t s f or oA and AQr can be

expr essed i n t er ms of f our quant i t i es : t he ef f ect i ve

i nt egr at i on t i me T, t he ef f ect i ve wi dt h of t he r esponse

f unct i on W, and t he t wo ef f ect i ve sl opes mt and mp .

Fr om t he expr essi ons gi ven her e, i t i s st r ai ght f or war d

t o expr ess t he i nt egr al l i mi t s i n t er ms of t hese par ame-

t er s :

COA, u

Tr

m2

1/ 3

(

j l

)

t m

9 d3Tr r 2 t 2 T

W

3Tr mP

W

O) A, I I
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WT, 1 3( oA, 1
- T . u

Wi t h t he i nt egr al l i mi t s, whi ch r epr esent t he behav-

i or of a syst em consi st i ng of a gi ven pr e- f i l t er shapi ng

f unct i on and a gi ven sampl i ng pat t er n i n t he t wo l i mi t -

i ng r egi ons ( t her mal and pi l eup) , i t i s possi bl e t o use

t he f i ni t e sampl i ng i nt egr al s t o obt ai n t he val ues f or oA

and AQr at any i nt er medi at e val ue of noi se densi t i es .

4. 7 Numer i cal st udi es

We now i l l ust r at e t he concept s t hat have been de-

vel oped i n t he pr ecedi ng sect i ons, compar i ng t he i nf i -

ni t e sampl i ng l i mi t and t he f i ni t e sampl i ng i nt egr al
wi t h pr act i cal sampl i ng scenar i os . The dat a pr esent ed
her e ar e f or t he st andar d case of an EM0. 04 x 0. 04
t ower of t he accor di on t ype, al t hough t he qual i t at i ve

behavi or descr i bed i s qui t e gener al . As ment i oned i n
sect i on 2, our est i mat es f or an accor di on- t ype l i qui d
ar gon cal or i met er l ead t o t he f ol l owi ng val ues f or t he

cal or i met er par amet er s : pt = 8 MeV ns and pp = 3. 75
MeV/ ns at y= 10 33 cm- 2 s - 1 .

I n or der t o see t he ef f ect of di f f er ent choi ces of

sampl i ng pat t er n on t he i nt egr al l i mi t s, we pr esent an

exampl e of t hr ee sampl i ng pat t er ns ( A, B, and C) of 5

sampl es each and t he case f or f ul l sampl i ng over t he

wavef or m ( pat t er n D) , wi t h one sampl e at each beam

cr ossi ng. The posi t i on of t he t hr ee 5- sampl e pat t er ns

r el at i ve t o t he wavef or m ar e descr i bed i n Tabl e 2 and

shown i n Fi gs . 8 and 9, wher e we al so show t he
wei ght i ng and r esponse f unct i ons at t wo val ues of
l umi nosi t y . Each of t he pat t er ns has t he cent r al sampl e
near t he peak of t he wavef or m. I n pat t er n A, ever y
sampl e i s t aken, wher eas i n pat t er n B, ever y ot her
sampl e i s t aken, and i n pat t er n C, ever y t hi r d sampl e i s

t aken . As can be seen i n t he f i gur es, t he sampl e
spaci ng can have i mpor t ant consequences f or t he shape
of t he wei ght i ng f unct i ons, but t he r esponse f unct i ons
ar e qui t e si mi l ar i n shape . Sampl i ng pat t er n D has a

t ot al of 44 sampl es, one each 16 ns, spr ead over t he
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Fi g . 8 . Composi t e wei ght i ng f unct i on wA( t ) and r esponse f unct i on yA( t ) f or t he ampl i t ude measur ement i n t he t her mal noi se l i mi t .

Sol i d cur ve : wei ght i ng f unct i on, dot t ed cur ve : r esponse f unct i on, dashed cur ve : si gnal wavef or m. The f our pl ot s cor r espond t o t he
f our sampl i ng pat t er ns ( A, B, C, and D) descr i bed i n t he t ext . The posi t i on of t he sampl es i s i ndi cat ed by t he hor i zont al posi t i on of

t he ver t i cal bar s, and t he val ues of t he cor r espondi ng coef f i ci ent s a; ar e i ndi cat ed by t he hei ght of t he bar s . Not e t hat yA( 0) =1, as

r equi r ed by t he const r ai nt s .
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Fi g . 9 . Composi t e wei ght i ng and r esponse f unct i on f or t he ampl i t ude measur ement f or t he st andar d l umi nosi t y . See Fi g . 8 f or

det ai l s .
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Fi g . 10 . Composi t e wei ght i ng f unct i on w, ( t ) and r esponse f unct i on y, ( t ) f or t he t i mi ng measur ement i n t he t her mal noi se l i mi t .

Sol i d cur ve : wei ght i ng f unct i on, dot t ed cur ve : r esponse f unct i on, dashed cur ve : si gnal wavef or m. The f our pl ot s cor r espond t o t he

f our sampl i ng pat t er ns ( A, B, C, and D) descr i bed i n t he t ext . The posi t i on of t he sampl es i s i ndi cat ed by t he hor i zont al posi t i on of

t he ver t i cal bar s, and t he val ues of t he cor r espondi ng coef f i ci ent s bi ar e i ndi cat ed by t he hei ght of t he bar s . Not e t hat y, ' ( 0) _ - 1,

as r equi r ed by t he const r ai nt s . The uni t s of y, ar e beam cr ossi ng per i ods ( 16 ns) .

ent i r e wavef or m. I t i s i ncl uded her e as t he l i mi t i ng case

f or a f i ni t e number of sampl es. The cor r espondi ng

wavef or ms f or t he t i mi ng measur ement s ar e shown i n

Fi gs . 10 and 11 .
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I n Tabl e 3 we gi ve t he par amet er s T, W, mp , and

r n t , whi ch char act er i ze t he sampl i ng pat t er ns f or t he

l i mi t i ng cases, al ong wi t h t he cor r espondi ng f r equency

l i mi t s f or t he i nt egr al s . One can see t hat f ul l sampl i ng

t ( ns)

t ( ns)

Fi g . 11 . Composi t e wei ght i ng and r esponse f unct i on f or t he t i mi ng measur ement f or t he st andar d l umi nosi t y ( Y =1033 CM
- Z s - t ) .

See Fi g . 10 f or det ai l s .
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Tabl e 2

Sampl i ng pat t er ns st udi ed . The per i od of t he sampl i ng i s 16

ns, t he beam cr ossi ng per i od at t he SSC. The common sampl e

i n t he cent er of pat t er ns, A, B, and Ci s pl aced near t he peak

of t he wavef or m wi t h t m=50 ns . Pat t er n D, whi ch has sam-

pl es over t he f ul l wavef or m, cont ai ns 44 sampl es f or tm= 50

ns

Pat t er n name

	

Sampl i ng pat t er n

A

B

C

D

WE. Cl el and, E. G. St er n / Nucl . I nst r . and Met h. i n Phys. Res. A 338 ( 1994) 467- 497
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Fi g . 12 . Ampl i t ude r esol ut i on usi ng t he met hod of opt i mal

f i l t er i ng ver sus t he pi l eup noi se densi t y pp = o'
p

/ Sp . The

dot - dash cur ve i s t he I SL f or mul a, and t he sol i d and dashed

cur ves ar e f r om t he f i ni t e sampl i ng i nt egr al . The dot t ed cur ve

i s t he val ue of os f or a si ngl e sampl e . The symbol s ar e val ues

of aA f ound f r om t he numer i cal sol ut i on i n t he t i me domai n .

The f ul l sampl i ng sol ut i on ( sol i d cur ve and ( X) symbol s) ,

descr i bed i n t he t ext , set s a l ower l i mi t t o t he val ue of o-A

whi ch can be achi eved wi t h a f i ni t e number of sampl es . The

sol ut i on wi t h 5 sampl es ( pat t er n B) i s t he dashed cur ve and

ast er i sk ( * ) symbol s . The ver t i cal ar r ow mar ks t he val ue at

whi ch t he l umi nosi t y i s 1033
CM- 2S- 1, cor r espondi ng t o t he

st andar d case used i n t hi s paper .

Tabl e 3

Par amet er s f or t he f our sampl i ng pat t er ns di scussed i n t he t ext . T i s t he ef f ect i ve measur ement t i me, Wi s t he ef f ect i ve wi dt h of

t he r esponse f unct i on, and mp and mt ar e t he ef f ect i ve sl opes i n t he pi l eup and t her mal noi se l i mi t s, r espect i vel y
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Fi g . 13 . Ti me r esol ut i on usi ng t he met hod of opt i mal f i l t er i ng

pl ot t ed ver sus t he pi l eup noi se densi t y pp =oP / SP . The

dot - dash cur ve i s t he I SL f or mul a, and t he sol i d and dashed

cur ves ar e f r om t he f i ni t e sampl i ng i nt egr al . The dot t ed cur ve

i s t he val ue of Ao7 t hat woul d be obt ai ned usi ng an i deal

const ant f r act i on di scr i mi nat or wor ki ng at t he poi nt of st eep-

est sl ope i n t he wavef or m. The symbol s ar e val ues of Ao,

f ound f r om t he numer i cal sol ut i on i n t he t i me domai n . The

f ul l sampl i ng sol ut i on ( sol i d cur ve and ( X) symbol s) , de-

scr i bed i n t he t ext , set s a l ower l i mi t t o t he val ue of Ao, r

whi ch can be achi eved wi t h a f i ni t e number of sampl es . The

sol ut i on wi t h 5 sampl es ( pat t er n B) i s t he dashed cur ve and

ast er i sk ( * ) symbol s . The ver t i cal ar r ow mar ks t he val ue at

whi ch t he l umi nosi t y i s 10 33 cm- Z S- 1, cor r espondi ng t o t he

st andar d case used i n t hi s paper .

l eads t o a wi der i nt egr al l i mi t s, whi ch r educes t he

er r or s on t he par amet er s, as i s shown i n Fi gs . 12 and

13 . For t he cases wi t h 5 sampl es, one sees a gener al

cor r espondence bet ween t he sampl e spaci ng and t he

f r equency l i mi t s, but pat t er n B gi ves gener al l y bet t er

per f or mance i n t he ampl i t ude measur ement . Thi s be-

havi or i s i nt i mat el y r el at ed t o t he f or m of t he compos-

i t e wei ght i ng and r esponse f unct i ons, whose compl exi -

t i es pr ecl ude a si mpl e i nt ui t i ve expl anat i on .

To i l l ust r at e t he behavi or of t he opt i mal f i l t er sol u-
t i ons as a f unct i on of l umi nosi t y, we sol ve f or aA and

Ao- r f or f i xed val ues of p t and t a . I n Fi g. 12 we

Pat t er n T

[ ns]

W

[ ns]

Mt

[ ns] - '

Mi ,

[ ns] - ' [ 106 r ad/ s]
WA, u
[ 70 6 r ad/ s]

X7 . 1

[ 10' r ad/ s]
0' r . u
[ 106 r ad/ s]

A 79 . 1 62. 4 0. 0111 0. 0558 9. 44 59 . 9 15 . 9 77 . 8

B 65 . 4 46. 1 0. 0127 0. 0282 11 . 4 68 . 1 18. 0 51 . 5

C 79 . 9 65 . 9 0. 0119 0. 0535 9. 34 47 . 7 13 . 9 68 . 9

D 146. 0 27. 1 0. 0098 0. 0854 5. 10 115. 9 4. 03 134. 6
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compar e t he val ues gi ven by t he FSI i n our st andar d

case, f or t wo sampl i ng pat t er ns : one wi t h 5 sampl es

( pat t er n B) and one wi t h f ul l sampl i ng ( pat t er n D) . We

show bot h t he t i me- domai n cal cul at i ons as wel l as t he

val ues f ound f r om FSI , and t he agr eement i s good .

Essent i al l y, one det er mi nes t he val ues of O) A' , and &) , ' ,

usi ng t i me domai n cal cul at i ons f or t he t wo l i mi t i ng

cases, and t he FSI i s used t o i nt er pol at e al l i nt er medi -

at e val ues . I n Fi g . 13, we show t he t i me domai n cal cu-

l at i on and FSI cal cul at i on f or t he same cases gi ven i n

Fi g . 12 . Agai n, i t i s seen t hat FSI i s a r easonabl y good

r epr esent at i on of t he t i me- domai n cal cul at i ons .

Fr om t he di scussi on of sect i on 4. 6, t her e ar e t hr ee

r egi ons of i nt er est : ( 1) t he r egi on wher e t her mal noi se

domi nat es, ( 2) t he r egi on wher e bot h t her mal and

pi l eup noi se ar e i mpor t ant , and ( 3) t he r egi on wher e

pi l eup noi se domi nat es . Each of t he r egi ons has a

char act er i st i c dependence on p, or pp , whi ch i s evi dent

f r omEqs . ( 82) and ( 83) and can be seen i n Fi gs . 12 and

13 . The pl ot s al so i l l ust r at e how t he pat t er n wi t h 5

sampl es compar es wi t h t he r esul t s of f ul l sampl i ng and

al so how t hey compar e wi t h a si ngl e measur ement at

t he peak of t he wavef or m i n t he case of t he ampl i t ude

or wi t h an i deal const ant f r act i on di scr i mi nat or i n t he

case of t he t i mi ng measur ement . The absci ssa i n t he

pl ot i s t he pi l eup noi se densi t y, but i n a mor e gener al

sense, t he pl ot shows t he behavi or of t he syst em as a

f unct i on of ( 1) l umi nosi t y ( p p aY1 / 2 ) , wi t h l umi nosi t y

i ncr easi ng t o t he r i ght , ( 2) dept h i n t he cal or i met er ,

i ncr easi ng t o t he l ef t , and ( 3) ar ea of t he t ower si ze,

i ncr easi ng t o t he r i ght ( p p a . 1° . 76 , whi l e p t ( x . l ° s ) .

I n Fi g . 14 we show a pl ot of t he wi dt h of t he

ampl i t ude r esponse f unct i on as a f unct i on of pp f or

sampl e pat t er ns B and D, ef f ect i ve wi dt h i n t he al ong

wi t h t he ef f ect i ve wi dt h i n t he i nf i ni t e sampl i ng l i mi t .

Not e t hat t he wi dt h of t he r esponse f unct i on f or t he

pr act i cal case of 5 sampl es mor e or l ess appr oxi mat es

t he I SL f or mul a i n t he cent r al r egi on but t her e ar e

ver y l ar ge di f f er ences i n ei t her t he pi l eup or t her mal

noi se r egi ons. Thi s i s easy t o under st and : i n t he t her -

mal noi se r egi on, t he f i l t er woul d l i ke t o pr oduce a

r esponse f unct i on wi t h a l ar ge wi dt h, but i t i s l i mi t ed

by t he f i ni t e sampl i ng i nt er val , wher eas i n t he pi l eup

noi se r egi on, wher e a nar r ow wi dt h i s desi r ed, i t i s

l i mi t ed by t he si ze of t he sampl i ng per i od . Not e t hat

t he f ul l sampl i ng sol ut i on i s abl e t o appr oxi mat e much

cl oser t he I SL wi dt h, but i t event ual l y i s l i mi t ed t o

f i ni t e val ues f or t he same r easons .

5 . Dat a acqui si t i on consi der at i ons

I n desi gni ng t he dat a acqui si t i on and t r i gger i ng
syst ems f or a l ar ge cal or i met er , i t i s i mpor t ant t o
under st and t he i mpl i cat i on of var i ous desi gn choi ces at
t he anal ysi s st age . The choi ce of t he number of sam-

5 . 1. Choi ce of t he pr e- f i l t er shapi ng t i me
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Fi g . 14 . Ef f ect i ve wi dt h of t he ampl i t ude r esponse f unct i on,

pl ot t ed agai nst t he pi l eup noi se densi t y p p = up / Sp . The

sol i d cur ve i s t he I SL f or mul a, whi l e t he dot t ed cur ve i s
obt ai ned f r om t he t i me- domai n opt i mal f i l t er cal cul at i on,
assumi ng sampl es t aken over t he ent i r e wavef or m ( pat t er n D) .
The f ai l ur e of t he f ul l sampl i ng cur ve t o f ol l ow t he I SL cur ve
i s a consequence of t he f i ni t e sampl i ng i nt er val and t he
mi ni mum t i me bet ween sampl es. The dot - dash cur ve i s ob-
t ai ned wi t h t he 5- sampl e sampl i ng pat t er n ( pat t er n B) . Thi s
quant i t y det er mi nes t he cont r i but i on of pi l eup noi se t o t he

val ue of QA .

pl es and wher e t hey ar e pl aced wi t h r espect t o t he

or i gi n of t he si gnal i s an obvi ous exampl e . Because of

t he hi gh channel count , dat a vol umes wi l l necessar i l y

be qui t e l ar ge, so i t i s usef ul t o r educe t he number of

sampl es t o t he mi ni mum, consi st ent wi t h t he goal s of

t he desi r ed ampl i t ude and t i mi ng pr eci si on . Anot her

i mpor t ant desi gn choi ce i s t he t ype of pr e- f i l t er used i n

t he el ect r oni cs chai n and i t s associ at ed t i me const ant s .

Pr act i cal consi der at i ons r est r i ct t he peaki ng t i mes t o

= 20 ns or gr eat er , but consi der abl e ef f or t i s r equi r ed

t o bui l d a syst em wi t h hi gh anal og bandwi dt h, so i t i s

i mpor t ant t o under st and t he i mpl i cat i ons of bandwi dt h

l i mi t i ng i n t he f r ont end el ect r oni cs . Fi nal l y, t he ques-

t i on of t he pr eci si on r equi r ed f or t he di gi t i zat i on st age

i s one t hat has i mpl i cat i ons f or t he pr eci si on of t he

anal yzed dat a, and how t he di gi t i zat i on er r or pr opa-

gat es t o t he er r or i n t he f i nal r esul t depends on choi ces

f or bot h t he shapi ng t i me and t he number of sampl es .

These quest i ons ar e addr essed under t he assumpt i on

t hat t he dat a ar e pr ocessed usi ng t he met hod of opt i -

mal f i l t er i ng .

I n sect i ons 4. 6 and 4. 7 we have seen t hat t he use of

opt i mal f i l t er i ng best ows upon t he syst em a cer t ai n

i nsensi t i vi t y t o t he pr e- f i l t er shapi ng t i me t m. But t her e
ar e l i mi t s t o t he degr ee t o whi ch t he opt i mal f i l t er can
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compensat e f or an i nappr opr i at e choi ce of t he shapi ng
t i me, and i t i s t her ef or e usef ul t o exami ne a met hod
f or choosi ng t m.

We consi der t he case f or a cal or i met er cel l oper at -
i ng at a gi ven l umi nosi t y, i . e . wi t h pp and p, f i xed. An
i nt ui t i ve choi ce f or t m woul d be t hat val ue whi ch
mi ni mi zes vs z , t he var i ance of t he si gnal i ncl udi ng bot h
pi l eup and t her mal noi se . Thi s val ue can be easi l y
f ound . The expr essi on f or Qs z i s

I t m
_Q, Z+Qp- ppSP( t m) +Pc

2( )

r q ( t. )

i n whi ch Sp i s def i ned i n Eq . ( 17) , I I i n Eq . ( 17) , and
r q i n Eq . ( 5) . To a good appr oxi mat i on, t he f unct i onal
dependenci es of t hese quant i t i es on t m i s gi ven by
I I = al / t m, Sp = ap t m, and r q = t m/ t d , i n whi ch a l and
a p ar e di mensi onl ess const ant s of or der uni t y . Thi s
r esul t s i n a si mpl e expr essi on f or QS as a f unct i on of t m
whi ch has a mi ni mum at

Pct a

Pp

WE. Cl el and, E. G. St er n / Nucl . I nst r . and Met h . i n Phys. Res . A 338 ( 1994) 467- 497

( 84)

at whi ch poi nt t he val ues f or t he component s of QSZ

ar e :

2 -	 1/ 4

	

3 l / a
Up -

3

	

(
a l a

P)

	

V Pt t dPp e

2

	

3 1/ 4
~

	

4
Qc =

3- 3/ 4( a1Cl p)

	

~Pct aPP ,

whi ch yi el ds

3 i / a
z

	

( ai av

	

~3
sa- =

4l 27
)

	

~Pct aPP .

Not e t hat at t he opt i mal shapi ng t i me

( 85)

Ther e i s an i nt er est i ng si mi l ar i t y bet ween t hi s expr es-
si on and t hat f or ( i â ( Eq . ( 71) ) , t he opt i mal f i l t er r esul t
i n t he i nf i ni t e sampl i ng l i mi t . Thi s ar gument al so gi ves
t he val ue 3 f ound i n Eq . ( 74) f or t he r at i o of t he pi l eup
t o t her mal cont r i but i on t o t he var i ance . The numer i cal
coef f i ci ent appear i ng i n Eq. ( 84) , ( 3a ß / a p )

i / a
, i s r ea-

sonabl y i nsensi t i ve t o t he choi ce of t m or t o n, t he
or der of i nt egr at i on of t he f i l t er . For t he val ues shown
i n Tabl e 1, we f i nd t hat t hi s f act or i s wi t hi n 5%of t he
val ue 1 . 5 . Thus, t o t hi s l evel of accur acy, t he expr essi on
f or t he opt i mal measur ement t i me becomes

t om= 1 . S Vpt t d/ Pp .

For our st andar d case of an ( RO' - ( CR) z f i l t er , we
f i nd a val ue of 4. 06 f or t he numer i cal coef f i ci ent i n Eq .
( 85) . Compar i ng t hi s wi t h t he f act or of v r8 i n Eq . ( 71)
we see t hat t he opt i mal f i l t er i n t he I SL yi el ds a l ower
val ue of t he var i ance t han asz :

o, = 0 . 69asz .

Anot her appr oach t o t he quest i on of opt i mal shap-
i ng t i me i s t o exami ne t he behavi or of t he opt i mal f i l t er
i t sel f as a f unct i on of t m. We consi der t he cont r i but i on
of t he pi l eup and t her mal noi se t o t he val ue of Qâ as a
f unct i on of t m. Fr omEq . ( 48) , not i ng t hat ~t a 0, z and

~p a Qp , we can wr i t e

i n whi ch t he noi se f act or s D, and Dp ar e di mensi on-
l ess number s ( Dp and Dt can be expr essed i n t er ms of
T and W, but t hat i s unnecessar y f or t hi s ar gument ) .
They ar e t he f act or s by whi ch t he t her mal noi se and
pi l eup noi se ar e wei ght ed by t he opt i mal f i l t er . Fr om
Eq . ( 72) we see t hat , i n t he I SL, ~t and S p ar e bot h
const ant s, i ndependent of t he measur ement t i me . Thus
we i nf er t hat t he measur ement t i me dependenci es of
D, and Dp ar e t he i nver se of t hose of a- I Z and o- P,
r espect i vel y . We suggest t hat a usef ul cr i t er i on f or t he
pr e- f i l t er shapi ng t i me woul d be t hat val ue f or whi ch
Dp =Dt , i . e . t hat at t he opt i mal val ue f or t he measur e-
ment t i me, i t i s not necessar y f or t he f i l t er t o wei gh t he
t wo sour ces of noi se unequal l y. Fr om Eq . ( 74) we see
t hat

t
SP

=
DP Qz

P

z
=3 .

Dca-c

When Dt =Dp , t he w= 3o,t 3 and
3a1Pc

a t wo=PP 2 m

	

, t apt ) 3 >
1
\ lm

gi vi ng

a P

Pct a _
t m

	

( 87)
PP

showi ng t hat bot h cr i t er i a yi el d t he same r esul t i n t hi s
appr oxi mat i on .

I n Fi g . 15 we i l l ust r at e t he equi val ence of t he t wo
met hods . Whi l e t he var i at i on of usz wi t h r espect t o t m
shows a mi ni mum at t ° zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA� i t i s qui t e shal l ow, due t o t he
ext r eme asymmet r y of t he cur ve about t he mi ni mum.
The cr ossi ng poi nt of t he Dt and Dp cur ves i s a much
mor e shar pl y def i ned poi nt . Not e t hat t he val ues of t he
coef f i ci ent s at whi ch t hey cr oss i s about 0. 73, f r om
whi ch one can concl ude t hat at t m= t m' ,

o-A2 =Di at z + DpQP = 0. 73Qsz

whi ch i s sl i ght l y l ar ger t han t he val ue f ound f r om t he
cr i t er i on based on QA, as expect ed . Thi s ar gument al so
i ndi cat es how t o choose t he val ue of t m t o achi eve
opt i mum t i mi ng per f or mance . Si nce by/ ~c =1/ 3, t hi s
opt i mum occur s wher e 3vP =Qt Z, gi vi ng t op` ` ( t i mi ng) _
t m' ( ampl i t ude) / ~.

5. 2 . Quant i zat i on accur acy

We now t ur n t o t he quest i on of how t he quant i za-
t i on accur acy of t he di gi t i zat i on of t he sampl es S;
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T

60

Fi g. 15 . Gr aph showi ng t he equi val ence bet ween t he t wo

met hods f or det er mi ni ng t he opt i mum pr e- f i l t er shapi ng t i me .

The dot t ed cur ve i s t he val ue of us as a f unct i on of t m, wher e

i t i s seen t hat t her e i s a ver y shal l ow mi ni mum at t o. . The t wo

dashed cur ves ar e t he noi se f act or s Dp( f al l i ng) and D, ( r i si ng) ,

whi ch ar e t he wei ght s gi ven t he pi l eup and t her mal var i ances

f or t he ampl i t ude i n t he opt i mal f i l t er i ng met hod ( o- = DpoP

+ D, o, z) . The poi nt t . P t occur s wher e t he t wo noi se f act or s

ar e equal . The dat a ar e f or t he st andar d case of a 0. 04 x 0. 04

EMcel l .

af f ect s t he var i ance of t he par amet er s . I nt ui t i vel y one

suspect s t hat i f t her e ar e l ar ge negat i ve val ues of t he

f i l t er coef f i ci ent s, whi ch i ndi cat es t hat t he f i nal val ue

of t he par amet er i s t he di f f er ence of t wo l ar ge num-

ber s, t her e may be i ncr eased sensi t i vi t y t o t he quant i za-

t i on er r or . I t i s easy t o show t hat t hi s i s i n f act t he case .

I f we assume t hat a l i near ADC scal e i s used, wi t h a

maxi mumr ange of t 1 E = Emax - Emi n1 t hen f or a pr eci -

si on of nb bi t s, t he quant i zat i on er r or i n Si i s

o,q = AE/ 12 N,

	

(
88

)

i n whi ch N= 2nh - 1 i s t he f ul l r ange of t he ADC.

The ampl i t ude A and t he t i me shi f t T ar e r el at ed t o

t he sampl es Si by t he si mpl e l i near expr essi ons

1
I r =- F_bS .

The pr opagat i on of t he quant i zat i on er r or t o t he f i t t ed

par amet er s i s st r ai ght f or war d :

Fr _ z _
QA - ~q

	

ai
- Qg RA,

	

(
89

)

A4 7 = q
g

	

+bi
z

=og
R7 >

	

(
90

)
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Fi g . 16 . Val ues of t he quant i zat i on coef f i ci ent s and t hei r ef f ect on t he val ues of oA and Aor f or t he case of 5 sampl es ( pat t er n B) ,

as a f unct i on of r el at i ve l umi nosi t y ( - 910 =1033 CM- 2S- 1) . ( a) Val ue of RA = qA 10" q' ( b) Fact or f A by whi ch t he val ue of oA i s

i ncr eased by t he ef f ect of quant i zat i on er r or f or t he st andar d case . The val ues of oq , chosen t o be mul t i pl es of t he t her mal noi se 0- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA�

ar e i ndi cat ed i n t he l egend . The sol i d cur ve i ndi cat es t he ef f ect of i ncl udi ng t he quant i zat i on er r or i n t he cal cul at i on of t he

coef f i ci ent s, as di scussed i n t he t ext . ( c) Val ue of Rr = Aq r / oq . ( d) Fact or f r by whi ch t he val ue of Aor i s i ncr eased by t he

quant i zat i on er r or , as expl ai ned i n ( b) . The l egend f or ( b) al so appl i es t o ( d) .
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i n whi ch qA and Aq, ar e t he cont r i but i ons of t he
quant i zat i on er r or t o t he var i ances of A and AT,

r espect i vel y and must be added i n quadr at ur e t o QA
and AQr . The quant i t i es RA and Rr , bei ng t he f act or s
whi ch det er mi ne how t he sampl e quant i zat i on er r or
pr opagat es t o t he quant i zat i on er r or s i n A and T,

char act er i ze a par t i cul ar sol ut i on f or t he coef f i ci ent s .
These quant i t i es i ncr ease wi t h i ncr easi ng l umi nosi t y, as
can be seen i n Fi g . 16, and t hi s i s under st ood as a
consequence of t he appear ance of negat i ve coef f i ci ent s
whi ch ar e needed t o r educe t he ef f ect i ve wi dt hs of t he
r esponse f unct i ons . I f t he quant i zat i on er r or becomes a
si gni f i cant component of t he noi se t er ms, i t i s possi bl e
t o r educe i t s ef f ect t hr ough t he i ncl usi on of t hi s t er m
i n Eq . ( 32) i n cal cul at i ng t he coef f i ci ent s . The t er m Ri j

i s i ncr ement ed by t he amount 5i i a4 , and coef f i ci ent s
f ound ar e t hose whi ch mi ni mi ze t he var i ance i ncl udi ng
t he ef f ect s of quant i zat i on er r or . I n Fi gs . 166 and 16d
we show t he f act or s f A and f 7 by whi ch t he val ues of

oA and AQ, r ar e i ncr eased by t he ef f ect s of quant i za-
t i on er r or s . The f act or s ar e def i ned as

-
U

1+
CI A

f A -

	

2
VA

and

We show r esul t s f or t hr ee val ues of oq , wher e t he
quant i zat i on er r or i s i gnor ed i n t he cal cul at i on of t he
coef f i ci ent s . For t he l ar gest quant i zat i on er r or st udi ed

( o- q = 4o- , ) we showf or compar i son t he ef f ect of i ncl ud-
i ng i t i n t he sol ut i on . I t can be an i mpor t ant ef f ect
when t he pi l eup noi se i s l ar ge .

I t shoul d al so be ment i oned t hat i n some dat a
acqui si t i on syst ems, t he use of a dual - r ange ADC may
be empl oyed, wi t h a br eak poi nt at a cer t ai n val ue of
t he pul se hei ght . When a pul se whose peak i s j ust
above t he br eak poi nt i s measur ed, sampl es near t he
peak may be di gi t i zed on t he l ow- gai n scal e, wher eas
sampl es f ur t her f r om t he peak ar e di gi t i zed on t he
hi gh- gai n scal e wi t h l ower quant i zat i on er r or . By cal cu-
l at i ng coef f i ci ent s i n whi ch t he i ndi vi dual quant i zat i on
er r or s ar e i nt r oduced i n t he mi ni mi zat i on pr ocess, i t i s
possi bl e t o wei gh t he sampl es i ndi vi dual l y t o cor r ect l y
account f or t hei r pr eci si on .

For t he case wher e a l ogar i t hmi c scal e i s used, t he
quant i zat i on er r or i n a sampl e S i s gi ven by

l og_ ( f - 1)
O-q - 12

( S- Emi n) ,

i n whi ch

AE
1I N

f ° ( )l
EO
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and EO r epr esent s t he uni t s of E. Pr opagat i ng t hi s
er r or t o t he er r or i n t he par amet er s yi el ds t he f ol l ow-
i ng expr essi ons

I og

	

f - 1

	

z

	

2

	

2Emi n
9A =A 12 ~7ai gi - A

2

	

i / z
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A2n

	

_b
21

Not e t hat f or t he case Emi n = 0, q " 91A and q71 '
9 ar e

i ndependent of t he si gnal ampl i t ude . The quant i t i es
Ea i g, 2 and Ebizg i ar e smal l er t han RA and Rt , r e-
spect i vel y, si nce g i _< 1 .

Use of t he l ogar i t hmi c scal e i s advant ageous i n
si t uat i ons wher e t he f r act i onal ener gy r esol ut i on i s
const ant , si nce t he quant i zat i on er r or t hen r emai ns t he
same pr opor t i on of t he r esol ut i on over t he ent i r e en-
er gy scal e . For a cal or i met er whose r esol ut i on of aV,

t he f r act i on of er r or due t o quant i zat i on i ncr eases wi t h
E when a l ogar i t hmi c scal e i s used and decr eases wi t h
E when a l i near scal e i s used .

5. 3 . Number and posi t i on of t he sampl es

The choi ce of t he number and posi t i on of t he sam-
pl es can be dr i ven by a number of cr i t er i a, whi ch
somet i mes conf l i ct . We i t emi ze her e a f ew obser vat i ons
we have made i n i nvest i gat i ng a var i et y of sampl i ng
pat t er ns .

- A f i ni t e set of sampl es may be chosen wi t h t he
goal of achi evi ng opt i mal ampl i t ude or t i mi ng r esol u-
t i on. These ar e gener al l y compl ement ar y set s, i f t he
number of sampl es i s l i mi t ed t o 3 or l ess . Thus, i n
or der t o use a common set of sampl es t o det er mi ne
bot h ampl i t ude and t i mi ng, one achi eves noi se val ues
wi t hi n about 20% of t he I SL val ues wi t h at l east f i ve
sampl es .

- For a gi ven number of sampl es ( >_ 5) i n t he I SL
r egi on, t he sensi t i vi t y t o t he posi t i oni ng of t he sampl es
i s qui t e l ow. However , i f t he syst em oper at es i n ei t her
t he t her mal noi se or t he pi l eup noi se r egi ons, t her e i s a
st r onger dependence on cer t ai n f eat ur es of t he sam-
pl i ng pat t er n . I n t he t her mal noi se r egi on, bet t er r eso-
l ut i on i s obt ai ned by spaci ng t he sampl es wi del y, i n
or der t o i ncr ease t he wi dt h of t he ef f ect i ve wei ght i ng
f unct i on . However , when t he separ at i on bet ween t he
sampl es becomes suf f i ci ent l y wi de, si gni f i cant r i ppl es
can appear i n t he wei ght i ng f unct i on ( see Fi g . 8) , whi ch
can i ncr ease t he t her mal noi se .
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Tabl e 4
Val ues of t he er r or s on t he par amet er s A and T obt ai ned f or

t he 4 sampl i ng pat t er ns di scussed i n sect i on 4 . 6 f or t hr ee
di f f er ent val ues of l umi nosi t y . The quant i zat i on coef f i ci ent s
RA and R, ar e al so gi ven i n each case . The ef f ect of quant i za-
t i on er r or was not i ncl uded i n t he cal cul at i on of t he coef f i -
ci ent s

- Quant i zat i on er r or can be af f ect ed by t he sam-
pl i ng pat t er n, and f or t he l ow l umi nosi t y case can

gener al l y be r educed by usi ng cl osel y spaced sampl es .

At hi gh l umi nosi t y, wher e t he opt i mal f i l t er r educes

t he ef f ect i ve wi dt h of t he ampl i t ude r esponse f unct i on

by i nt r oduci ng l ar ge coef f i ci ent s of opposi t e si gns, sam-

pl i ng pat t er ns wi t h cl osel y spaced sampl es r esul t i n

l ar ge quant i zat i on coef f i ci ent s .

As an exampl e of t he ef f ect s of choosi ng di f f er ent

sampl i ng pat t er ns on t he r esul t i ng er r or s i n A and T,

we gi ve i n Tabl e 4 t he r esul t s obt ai ned f or t he f our

sampl i ng pat t er ns i nt r oduced i n sect i on 4. 6 at t hr ee
di f f er ent l umi nosi t i es . I t i s seen t hat t he sensi t i vi t y t o

t he pat t er n i s l ar gest f or hi gh l umi nosi t y, and f or t he

par t i cul ar case st udi ed, pat t er n B i s somewhat bet t er

t han pat t er ns A and C. I t i s i nt er est i ng t hat near t he

l umi nosi t y wher e t m= t ~( 0 . 5 x 1033 CM- 2 s - ' ) , al l of

t he pat t er ns ( i ncl udi ng f ul l sampl i ng) ar e near l y equi va-

l ent , as can al so be concl uded f r om Fi gs . 12 and 13 . At

l ow l umi nosi t y, i t i s cl ear t hat t he choi ce of sampl i ng

pat t er n can be ver y i mpor t ant .

The shapi ng t i me of t he pr e- f i l t er ci r cui t depends
on t he val ues of component s such as r esi st or s and
capaci t or s as wel l as di st r i but ed i nduct ances and capac-

i t ances of connect i ons and ci r cui t r out es . Si nce t hese

may di f f er f r om channel t o channel , i t i s i mpor t ant t o

i nvest i gat e t he sensi t i vi t y of t he r esol ut i on of t he sys-
t emt o t he act ual val ue of shapi ng t i me t mf or t he case
wher e t he sampl i ng pat t er n i s hel d f i xed . I n Fi g . 17 we

show t he var i at i on of oA
and Av, f or t he f our di f f er -

ent sampl i ng pat t er ns ver sus t he pr e- f i l t er shapi ng t i me .

The coef f i ci ent s a i and b i ar e r ecal cul at ed f or each

val ue of t m, cor r espondi ng t o t he case wher e t he

shapi ng t i me i s known . The mai n ef f ect her e i s t hat t he

sampl es ar e bei ng hel d f i xed i n t i me whi l e t he shapi ng

t i me i s var i ed . Thus a di f f er ent val ue of t mcor r esponds

t o sampl i ng a di f f er ent par t of t he wavef or m, i n t he

case of t he t hr ee pat t er ns wi t h 5 sampl es . Si nce t he

ent i r e wavef or m i s sampl ed f or al l t m f or pat t er n D,

t her e i s ver y l i t t l e sensi t i vi t y t o t mexcept at t he l owest

val ues, wher e t he ef f ect of l i mi t ed spaci ng bet ween t he

sampl es ( Tc = 16 ns) becomes evi dent .

6. Mont e Car l o t est s

I n or der t o ver i f y some of t he r esul t s obt ai ned i n

t hi s paper , we have wr i t t en a Mont e Car l o pr ogr amt o

si mul at e t he addi t i on of t he t her mal and pi l eup noi se

t o a shaped si gnal of known ampl i t ude, and t hen t o

r econst r uct t he ampl i t ude usi ng t he opt i mal f i l t er i ng

met hod . One of t he mai n mot i vat i ons f or car r yi ng out

t hi s st udy i s t o ascer t ai n t he ext ent t o whi ch t he non-

Gaussi an nat ur e of t he pi l eup di st r i but i on compr o-

mi ses t he appr oach of t r eat i ng i t as essent i al l y a Gauss-

i an di st r i but i on .
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Fi g . 17. Var i at i on of QA and Ao as a f unct i on of measur e-
ment t i me t m f or t he f our di f f er ent sampl i ng pat t er ns ( A, B,
C, and D) descr i bed i n t he t ext . The posi t i ons of t he sampl es
ar e hel d f i xed i n t i me, so di f f er ent par t s of t he wavef or m ar e
sampl ed as t he shapi ng t i me i s var i ed . The coef f i ci ent s ar e
r ecal cul at ed f or each val ue of t m. The pat t er ns wi t h 5 sampl es
( A, B, and C) have t he cent r al sampl e pl aced near t he peak

f or t he case t m= 50 ns .

Lumi nosi t y
[ cm- z s - ' ]

Pat t er n OA
[ MeV]

Aa- ,
[ GeV ns]

RA R,
[ ns]

1W A 12. 0 0. 94 0 . 64 53
B 9 . 1 0. 80 0 . 60 39
C 9. 0 0. 75 0 . 86 42
D 4. 2 0. 42 0. 64 59

10 33 A 41 . 1 1 . 50 0. 95 49
B 38 . 2 1 . 37 0. 93 58
C 40 . 6 1 . 28 0. 98 50
D 35 . 7 1 . 15 0. 84 51

10 34 A 107 . 3 3 . 70 3 . 79 67
B 99 . 0 2 . 38 1 . 42 94
C 111 . 1 2. 39 1 . 33 62
D 83 . 1 1 . 92 3 . 28 129
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6. 1 . Pr ocedur e

1

Î G( E) =

	

e( E- ( E>) ` / 2pp
Z~p v

W. E. Cl el and, E. G. St er n / Nucl . I nst r . and Met h . i n Phys. Res. A 338 ( 1994) 467- 497

The model f or t her mal noi se appr oxi mat es t he ac-
t ual noi se gener at i on pr ocess by an ampl i t ude di st r i bu-
t i on of a Gaussi an shape wi t h a wi dt h p1 and mul t i pl y-
i ng t hi s ampl i t ude by h' ( t ) . The i nt er val chosen f or t he
or i gi nat i on of t he wavef or ms i s t he per i od of t he ma-
chi ne cl ock ( 16 ns) . Thi s di st r i but i on i s cl ear l y i ncor -
r ect , si nce noi se pul ses ar e gener at ed uni f or ml y i n
t i me, and t her ef or e exhi bi t addi t i onal f l uct uat i ons due
t o t he Poi sson pr ocess . I n f act , gener at i ng noi se si gnal s
i n t hi s way pr oduces a var i ance descr i bed by Eq . ( 17)
r at her t han t he cor r ect var i ance gi ven by Eqs . ( 11) and
( 12) . I n or der t o si mul at e t he Poi sson nat ur e of t he
f l uct uat i ons, we def i ne an el ement ar y noi se si gnal as
one wi t h a Gaussi an ampl i t ude di st r i but i on . For each
beam cr ossi ng we obt ai n t he number N of such si gnal s
occur r i ng, accor di ng t o a Poi sson di st r i but i on of mean
f r equency 1/ T, We t hen sum N sampl es f r om t he
Gaussi an di st r i but i on t o f i nd t he ampl i t ude of t he
ser i es t her mal si gnal f or t he cr ossi ng . The der i vat i ve of
t he i mpul se r esponse h' ( t ) i s t hen mul t i pl i ed by t hi s
ampl i t ude, and t he wavef or m i s pr opagat ed t o t he
succeedi ng cr ossi ng, wher e t he pr ocess i s r epeat ed .
Thi s pr ocedur e i s f ound t o gi ve an adequat e r epr esen-
t at i on of t he ser i es t her mal noi se f l uct uat i ons, as i s
seen i n our r esul t s pr esent ed bel ow.

The model f or t he pi l eup noi se i s somewhat mor e
pr obl emat i cal and, as ment i oned above, i s one of t he
pr i mar y mot i vat i ons f or t hi s st udy . The pr ocedur e f or
cal cul at i ng t he di st r i but i on of ener gy deposi t i on i n a
cal or i met er cel l i s di scussed i n sect i on 3. 2 . 3, and t he
r esul t i ng hi st ogr am f or one cel l i s shown i n Fi g . 18 .
Not e t hat a l ar ge f r act i on of t he hi st ogr am i s i n t he
l owest bi n, i . e . wi t h zer o ener gy deposi t i on . Thi s i s
si mpl y t he r esul t of par t i cl es mi ssi ng t he cel l ( or cel l s i n
i t s i mmedi at e nei ghbor hood) a subst ant i al f r act i on of
t he t i me . The r emai nder of t he di st r i but i on shows a
f al l of f char act er i st i c of t he exponent i al di st r i but i on of
t he i ncl usi ve cr oss sect i on, as i s evi dent f r om t he hi s-
t ogr am. As i s di scussed i n sect i on 3. 2 . 3 we char act er i ze
t hi s di st r i but i on wi t h i t s var i ance and pr oceed t o t r eat
t he der i ved quant i t y op when f or exampl e combi ni ng i t
wi t h Q7 ( see Eq . ( 44) ) as i f i t wer e a Gaussi an- di st r i b-
ut ed quant i t y . We wi sh t o t est t he degr ee t o whi ch we
can r el y upon t he cent r al l i mi t t heor emf or t hi s pr oce-
dur e .

We pr oceed by wor ki ng wi t h t wo di st r i but i ons f or
t he pi l eup noi se: f NG( E) , whi ch i s t he obvi ousl y non-
Gaussi an hi st ogr amof Fi g. 18 and a Gaussi an di st r i bu-
t i on f G( E) , def i ned as
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Fi g. 18. Hi st ogr am of t he t r ansver se ener gy deposi t ed per
cr ossi ng i n an EM cel l of si ze0. 04X0. 04 at a l umi nosi t y of
10 33

CM- 2 s - 1 . The event s ar e 2- j et event s, wi t h t he PT of
one of t he j et s bet ween 5 and 10 GeV/ c, as pr oduced by t he
I SAJET event gener at or . The l ar ge spi ke i n t he f i r st bi n i s
caused by t he l ow occupancy . The exponent i al t ai l i s char ac-

t er i st i c of t he ET di st r i but i on of t he par t i cl es .

i n whi ch ( E) i s t he mean val ue of f I G( E) and P2
i s i t s

var i ance . I n ei t her case E r epr esent s t he pi l eup ener gy
seen i n a cal or i met er cel l f or one machi ne cr ossi ng,
wher e t he number of i nt er act i ons i s assumed t o be
Poi sson di st r i but ed wi t h a mean of 1 . 6 event s . ( Thi s
number comes f r om t he assumpt i on of a t ot al cr oss
sect i on of 100 mb, a machi ne l umi nosi t y of ~= 1033
cm- 2 s - 1 and a machi ne cl ock per i od of 16 ns . ) The
r andom var i abl e E i s t hen mul t i pl i ed by t he si gnal
wavef or m g( t ) , and we pr oceed t o t he next cr ossi ng .

At any cr ossi ng t he t ot al noi se si gnal n( t ) i s f ound
by addi ng t oget her t he t her mal and pi l eup si gnal s f r om
al l pr evi ous cr ossi ngs occur r i ng wi t hi n t he devi at i on of
t he si gnal wavef or m g( t ) . We cal cul at e
= Var ( n) f or compar i son wi t h t he expect ed val ue

O' s 2 f r om Eq . ( 44) .
At a speci f i c cr ossi ng, af t er t he st at i onar y val ue of

n( t ) i s r eached ( i . e . af t er t he dur at i on of t he si gnal
g( t ) ) , a si gnal wavef or m of a gi ven ener gy E0 i s si mu-
l at ed by gener at i ng a wavef or m U( t ) =EO g( t ) . To t hi s
si gnal i s added t he noi se si gnal n( t ) at each cr ossi ng .
For t he r econst r uct i on phase, a mask i s used t o pi ck
t hose cr ossi ngs t hat ar e t o be sampl ed . We gi ve r esul t s
of t he pat t er n di scussed i n sect i on 5. 3 wi t h 5 sampl es
( pat t er n B) , si nce i t i s r epr esent at i ve of t he t ype of
dat a t hat mi ght be avai l abl e i n an of f l i ne anal ysi s . The
val ues of t he 5 sampl es Sj = U+ n~ , i n whi ch j i s t he
cr ossi ng i ndex and k i s t he event i ndex, ar e t hen st or ed
i n a dat a ar r ay . The opt i mal f i l t er coef f i ci ent s, cal cu-
l at ed accor di ng t o t he pr escr i pt i on di scussed i n sect i on



4. 2 ar e t hen used t o f i nd t he noi se- di st or t ed val ues of

t he ampl i t ude and t i mi ng par amet er s f or t he k t h event :

AkTk = Y_hj Sk .

Af t er pr ocessi ng a number N of event s we f i nd t he

var i ances Var ( A) and Var ( AT) ar e cal cul at ed . The

i dent i cal pr ocedur e i s car r i ed out f or bot h pi l eup di s-

t r i but i ons AG( E) and f , ( E) .

6 . 2. Resul t s of t he si mul at i on

We begi n by showi ng t he ampl i t ude di st r i but i on of

t he basel i ne obt ai ned f or t he non- Gaussi an di st r i bu-

t i on of t he pi l eup noi se . I n Fi g . 19a we show how t he

di st r i but i on of Fi g . 18 i s t r ansf or med by t he i nt r oduc-

t i on of bot h bi pol ar shapi ng and smear i ng i n t i me .

Whi l e t he di st r i but i on i s st i l l qui t e asymmet r i c, i t now
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Tr ansver se Ener gy ( MeV)

Fi g . 19 . ( a) Di st r i but i on of t he basel i ne f ound af t er si mul at i ng
t he ef f ect of bi pol ar shapi ng and t he t i me di st r i but i on f or t he
dat a of Fi g . 18. The dot t ed cur ve i s a Gaussi an of t he same
ar ea and var i ance as t he hi st ogr am. ( b) Dat a of ( a) but wi t h
ser i es t her mal noi se added t o t he pi l eup noi se . As i n ( a) , t he
dot t ed cur ve i s a Gaussi an of t he same ar ea and var i ance as

t he hi st ogr am.

UL,
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Fi g . 20. ( a) Mont e Car l o dat a f or t he val ue of cr , " as a
f unct i on of l umi nosi t y . The cl osed ci r cl es ar e dat a t aken f r om
t he non- Gaussi an di st r i but i on ( i . e . , t he dat a of Fi g. 18) and
t he open ci r cl es ar e f or dat a t aken f r om a Gaussi an di st r i bu-
t i on wi t h t he same var i ance . The dashed cur ve i s cal cul at ed
f r om t he f or mul a asz = or t z +( Y/ YO) Qpo, t o whi ch Qpo i s t he
pi l eup var i ance cal cul at ed f or Y= - moo .

St at i st i cal er r or s ar e
smal l er t han t he si ze of t he symbol s . ( b) Cor r espondi ng val ue
of QÂ` . The dashed cur ve i s t he same cur ve f or a- 5 shown i n
( a) and t he sol i d cur ve i s t he expect ed val ue f or v, 4 f r om t he
opt i mal f i l t er met hod, assumi ng 5 sampl es ( pat t er n B) . ( c)
Cor r espondi ng val ue of Ao- , " . The cur ve i s t he expect ed
val ue f or Ao, f r om t he opt i mal f i l t er met hod, assumi ng 5
sampl es. St at i st i cal er r or s ar e smal l er t han t he si ze of t he

symbol s .

has zer o mean ( guar ant eed by t he ar ea bal ance of t he

pr e- f i l t er shapi ng f unct i on) but wi t h a shape whi ch i s

st i l l qui t e non- Gaussi an . We super pose on t he hi s-

t ogr am a Gaussi an of t he wi dt h Qhi st =33 MeV, whi ch

i s t he squar e r oot of t he var i ance of t he hi st ogr am. I n
Fi g . 19b, we show howt he di st r i but i on i s al t er ed when

t her mal noi se i s added, and agai n super pose a Gauss-

i an of wi dt h 42 MeV, gi ven by t he hi st ogr am. We now

compar e t he var i ance of Fi g. 19a wi t h t he expect ed

val ue, gi ven by Eq . ( 17) . The val ue of t he pi l eup noi se
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densi t y f r om t he hi st ogr am of Fi g .

	

18 i s

	

pp = 3. 7
MeV/

	

ns . Fr omTabl e 1 we f i nd t hat SP = 104 ns f or
our st andar d case of ( RC) 2 - ( CR) 2 pr e- f i l t er shapi ng
wi t h t m= 50 ns and t d = 400 ns . Thi s yi el ds

r r p = PPJSP/ T~ - 38 MeV,

at Y=Yo, i n r easonabl e agr eement wi t h t he val ue of

0- hi st f ound above . The - 20%di f f er ence bet ween t he
t wo val ues i s pr esumabl y t he ef f ect of t he non- Gaus-
si an nat ur e of t he di st r i but i on shown i n Fi g . 18 .

The r emai nder of t he st udy i s t o car r y out t he
pr ocedur e out l i ned above, f i ndi ng Mont e Car l o val ues
f or osmc = Var ( n) , o- q` = Var ( A) , and Ao- , m'

= Var ( AT) . We choose t o di spl ay t hese quant i t i es

as a f unct i on of l umi nosi t y, passi ng f r om t he r egi on

wher e o- t >> o p t o t he r egi on wher e Qc << QP . I f t her e

wer e an i mpor t ant ef f ect due t o t he non- Gaussi an

nat ur e of t he pi l eup noi se, one woul d expect t o see a

di f f er ence bet ween t he t wo dat a set s at hi gh l umi nos-
i t y . No such ef f ect i s seen at t he l evel of st at i st i cal
accur acy of t hese si mul at i ons, whi ch i s appr oxi mat el y

1%.

7 . Summar y and concl usi ons

WE. Cl el and, E. C. St er n / Nucl . I nst r . and Met h. i n Phys . Res. A 338 ( 1994) 467- 497

The mai n poi nt of t hi s wor k has been t o show t he
ut i l i t y of measur i ng mul t i pl e sampl es on a shaped

wavef or m and combi ni ng t hem t o f i nd val ues of t he
unknown par amet er s A and A- r . The pr i nci pal concl u-
si on i s t hat when t he val ue of t he pr e- f i l t er shapi ng
t i me i s chosen t o gi ve t he mi ni mumval ue f or a par t i cu-
l ar l evel of pi l eup and t her mal noi se, t he er r or i n A
f ound f r om measur i ng one sampl e at t he peak i s ver y
cl ose ( t ypi cal l y wi t hi n 20%) of t hat whi ch can be
achi eved by measur i ng any number of sampl es on t he
wavef or m. The mai n advant age i n mul t i pl e sampl i ng
comes i n cases wher e t he shapi ng t i me i s not t he
opt i mal one . The opt i mum f i l t er met hod, i n ef f ect ,

r edef i nes t he shapi ng t i me numer i cal l y and t her ef or e
per mi t s one t o come cl ose t o opt i mal val ue f or t he
er r or even t hough one may be r at her f ar f r om t he

opt i mal shapi ng t i me f or t he pr e- f i l t er .
Ther e ar e l i mi t s t o how wel l t he met hod can wor k,

whi ch become mor e r est r i ct i ve as t he number of sam-
pl es i s decr eased . The pr eci si on of t he measur ement

can be ser i ousl y compr omi sed i f t he pr e- f i l t er shapi ng
t i me t m i s si gni f i cant l y l onger t han t he opt i mal val ue,
as t he quant i zat i on er r or may become qui t e si gni f i cant .
Thi s occur s si nce t he di gi t al f i l t er i ng met hod ef f ect i vel y

cr eat es t he di f f er ence bet ween l ar ge number s i n com-

i ng t o i t s sol ut i on, as i s di scussed i n sect i on 5. 2.
Sever al r ef er ences ar e made t o t he " I SL" or " i n-

f i ni t e sampl i ng l i mi t " t hr oughout t he t ext . These ar e
anal yt i c expr essi ons f ound usi ng t he f r equency domai n

f or mal i sm, and t hey can be vi sual i zed as t he val ues ( f or
o a and Ao- r ) whi ch woul d be obt ai ned i f one coul d
t ake i nf i ni t el y many sampl es over t he ent i r e wavef or m.
These expr essi ons ar e usef ul bot h because t hey r epr e-
sent l i mi t s whi ch can be appr oached i n any pr act i cal
si t uat i on and al so because i n many cases of pr act i cal
i nt er est , wher e bot h pi l eup and t her mal noi se ar e
pr esent , t hey appr oxi mat e t he pr act i cal sol ut i on t o
wi t hi n about 20%. Quant i t i es cal cul at ed i n t hi s l i mi t
ar e desi gnat ed by a t i l de ( - ) . Amor e r ef i ned ver si on
of t he f r equency domai n sol ut i on, whi ch we cal l f i ni t e
sampl i ng occur s when we eval uat e t he f r equency i nt e-
gr al s wi t h f i ni t e l i mi t s . An i nt er est i ng l i mi t i s t he case
of f ul l sampl i ng, i n whi ch sampl es ar e t aken over t he
ent i r e wavef or m at t he beam cr ossi ng per i od Tc . Thi s
sol ut i on has t he pr oper t y ( unl i ke t he I SL sol ut i on) t hat
i t gi ves meani ngf ul val ues i n t he l i mi t wher e ei t her t he
pi l eup or t her mal noi se vani shes . I t i s al so usef ul as a
l ower l i mi t t o t he val ues of oA and At r r, whi ch can be
obt ai ned wi t h a pr act i cal number of sampl es . These
quant i t i es i ncl ude t he ef f ect s of t he r est r i ct i on of pe-
r i od of t he sampl es t o Tc but st i l l do not r epr esent a
pr act i cal si t uat i on, si nce sampl es ar e t aken over by t he
compl et e wavef or m. They do have t he advant age, how-
ever , t hat t hey r epr esent pr oper l y t he val ues i n t he
l i mi t wher e t he pi l eup or t her mal noi se domi nat e t he
er r or s i n t he sampl es . I n or der t o under st and t he ef f ect
of choosi ng a smal l number of sampl es, we make
f r equent compar i sons numer i cal l y t o t he f ul l sampl i ng
l i mi t .

I n or der t o demonst r at e t he ut i l i t y of t he I SL f or -
mul ae, we compar e i n Tabl e 5 t he quant i t i es cal cul at ed
i n t hr ee ways f or our sampl e case, wher e t he l umi nosi t y
i s 1033 CM- 2 s - ' . The accur acy of t he I SL f or mul ae

Tabl e 5
Compar i son of r esul t s f or t he noi se i n t he ampl i t ude and
t i mi ng measur ement at t he st andar d l umi nosi t y ( 10 33
CM- 2S- 1) under di f f er ent sampl i ng condi t i ons . The I SL f or -
mul ae and r esul t s ar e shown, al ong wi t h t he val ues obt ai ned
wi t h f ul l sampl i ng ( sampl i ng pat t er n D) and wi t h 5 sampl es
( pat t er n B) . The ef f ect i ve wi dt h Wmeasur es t he sensi t i vi t y t o
pi l eup noi se, and t he ef f ect i ve sl ope mi ndi cat es t he sensi t i v-
i t y of t he t i mi ng measur ement

3V2 (
pp

)
m[ ns - ' ]

	

-

	

0 . 034

	

0 . 031

	

0. 028
2 Pt t d

1/ 2

Quant i t y I SL f or mul a I SL Pat t er n
D

Pat t er n
B

QA [ MeV] ( 8p t t a pp3) t / 4 34. 0 36 . 8 38 . 1

Ao- , [ GeVns] ( 8pi t dPP) I / 4 1 . 00 1 . 14 1. 40

3 v~2 Pt t d
1/ 2

W[ ns]
(

62 69 76
2 PP



becomes poor whenever t he t her mal noi se or pi l eup

noi se domi nat es, as di scussed i n sect i on 4 . 6 .

One of t he usef ul appl i cat i ons of t he I SL f or mul ae

i s i n t hei r appl i cat i on t o si t uat i ons i n whi ch t he noi se

i n t he cal or i met er as a f unct i on of l umi nosi t y Y, ar ea

. ~V i n t he cal or i met er i s needed . As poi nt ed out i n

sect i on 3 . 2 . 3, t he pi l eup noi se densi t y can be expr essed

as a f unct i on of t hese t hr ee var i abl es by t he si mpl e

equat i on

1 enCt ot Wi onae
Pt = -

715Re
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p p = 380( Ar 10¢) o ' 6 (

	

MeV/ ns .
o

The t her mal noi se densi t y, f r om Eqs . ( 11) and ( 12) , i s

By expr essi ng pt i n t er ms of t he geomet r i cal const ant s

whi ch det er mi ne t he capaci t ance C and t he sampl i ng

f r act i on 77 5 , one can obt ai n scal i ng l aws f or QA, and

Aä,.

The opt i mal pr e- f i l t er shapi ng t i me may be f ound

usi ng t wo di f f er ent cr i t er i a, whi ch gi ve ver y si mi l ar

r esul t s . One cr i t er i on si mpl y r equi r es t hat o-s =

ßt 2 +UP
i s a mi ni mum; t he ot her r equi r es t hat t he

opt i mal f i l t er wei ghs t he t her mal and pi l eup noi se

equal l y . I n ei t her case t he val ue f or t he opt i mal shap-

i ng t i me i s gi ven appr oxi mat el y by :

t mo = 1 . 5 Pt t d/ Pp .

Pr opagat i on of t he quant i zat i on er r or t o t he er r or

i n A and r depends upon t he sampl i ng pat t er n chosen .

The coef f i ci ent s RA and Rr char act er i ze t he sol ut i ons

i n t hi s r egar d . Car ef ul l y chosen sampl i ng pat t er ns can

achi eve near l y an addi t i onal bi t of pr eci si on i n t he

ampl i t ude i . e . , RA = 0 . 6, but ot her s can pr oduce l ar ge

val ues of RA and R, . Thi s i s par t i cul ar l y t r ue f or cases

wher e pi l eup noi se i s i mpor t ant , when t he ef f ect i ve

wi dt h of t he ampl i t ude r esponse f unct i on becomes

shor t er t han t he pr e- f i l t er shapi ng t i me t l n .

Ther e i s no si mpl e answer t o t he quest i on of how

many sampl es ar e needed and wher e shoul d t hey be

pl aced . As ment i oned above, a si ngl e sampl e wi t h

t m=t o, yi el ds a val ue of oA whi ch i s wi t hi n 20% of

t hat achi eved by f ul l sampl i ng, and t her ef or e t he bene-

f i t s of mul t i pl e sampl es ar e mi ni mal . Mul t i pl e sampl i ng

i s however usef ul i n cases wher e :

- pr e- f i l t er shapi ng t i mes ar e nonuni f or m f r om

channel t o channel due t o var i at i on of par amet er s i n

t he manuf act ur e of i nt egr at ed ci r cui t s ;

- i t i s r equi r ed t o oper at e t he cal or i met er over a

wi de r ange of machi ne l umi nosi t y ;

- non- opt i mal shapi ng i s used f or r easons of conve-

ni ence, i . e . by i nst al l i ng ci r cui t s of si mi l ar shapi ng

t i mes i n r egi ons of t he cal or i met er wi t h si gni f i cant l y

di f f er ent val ues of t ° , ;

- t i mi ng i nf or mat i on of i ndi vi dual cal or i met er cel l s

i s i mpor t ant f or backgr ound r ej ect i on .

Dependi ng on whi ch of t hese cr i t er i a domi nat e t he

desi gn, di f f er ent choi ces f or t he number and posi t i on

of t he sampl es may be made . When t m i s not cl ose t o

t ° , i t i s possi bl e t o obt ai n val ues of A and 7 f r om

opt i mal f i l t er i ng wi t h a st at i st i cal accur acy si gni f i cant l y

bet t er t han t hat of a si ngl e sampl e .

The use of opt i mal f i l t er i ng per mi t s a r api d cal cul a-

t i on of t he par amet er s wi t h coef f i ci ent s t hat can be

det er mi ned f r om a knowl edge of t he t her mal and pi l eup

noi se i n t he cal or i met er . For t hi s r eason i t i s an al go-

r i t hm wel l sui t ed t o onl i ne appl i cat i ons, as f or exampl e

i n a cal or i met er t r i gger syst em. The pr oper t i es of t he

r esponse f unct i ons y, ( t ) and yz ( t ) , whi ch can be gen-

er at ed i n r eal t i me i n a di gi t al pr ocessor , can be used

t o est abl i sh bot h t he magni t ude and t i mi ng of t he

di gi t i zed val ues of t he cal or i met er si gnal .
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Appendi x

Var i ance of pi l eup noi se f or sampl ed wavef or ms

Pi l eup noi se i s not a t r ue noi se sour ce, si nce i t i s

det er mi ni st i c, ar i si ng f r om t he debr i s of col l i si ons whi ch

ar e pr oduced by col l i di ng par t i cl es . However , i n si t ua-

t i ons wher e t he pr obabi l i t y of such i nt er act i ons i s l ar ge

and t he hi t occupancy i s hi gh enough t o cr eat e an

essent i al l y cont i nuous backgr ound, i t i s conveni ent , f or

t he r easons shown el sewher e i n t hi s paper , t o consi der

i t as a noi se sour ce . Because of i t s det er mi ni st i c na-

t ur e, t hi s noi se sour ce i s pecul i ar i n t hat i t occur s at a

f i xed and known f r equency, whi ch di st i ngui shes i t f r om

ot her noi se sour ces . One of t he basi c t heor ems r el at i ng

t he var i ance of t he out put of syst em wi t h a know

r esponse f unct i on due t o t he f r equency of a r andom
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noi se sour ce i s Campbel l ' s t heor em. I n t hi s appendi x,
we der i ve t he anal ogous t heor em, i nt r oduced i n t he
mai n t ext of t he paper as Eq . ( 17) , f or t he case of a
f i xed f r equency noi se sour ce, whi ch f or compat i bi l i t y
wi t h cur r ent cont ext , i s descr i bed as a col l i der pr oduc-
i ng pi l eup noi se i n a cal or i met er . However , t he t heo-
r em i t sel f , whi ch i s st at ed i n Eq . ( 99) , i s gener al , t he
onl y assumpt i on bei ng t hat t he noi se sour ce i s st at i on-
ar y and wi t hout cor r el at i ons bet ween pul ses .

Consi der a si ngl e channel i n t he cal or i met er . Num-
ber each beam cr ossi ng by an i ndex j , whi ch wi l l go
f r om - - t o +- . For t he beamcr ossi ng j , t her e wi l l be
an associ at ed ener gy ( or t r ansver se ener gy) deposi t i on
of Ej . Si nce each beam cr ossi ng i s i ndependent of t he
ot her s, Ej can be consi der ed t o be st at i st i cal l y i nde-
pendent of Ek as l ong as j 4= k . The physi cs det er mi n-
i ng t he ener gy deposi t i on i n each beamcr ossi ng i s t he
same, so t hat ( Ej ) i s t he same as ( Ek ) , and ( Ej 2) _

( Ek) .

An ener gy deposi t i on dur i ng beam cr ossi ng j , wi l l
cont r i but e a si gnal t o subsequent beamcr ossi ngs whi ch
i s det er mi ned by t he si gnal wavef or m g( t ) . I f t he si gnal
i s sampl ed onl y at beam cr ossi ngs, t hen i t can be
consi der ed t o be a f unct i on of t he di f f er ence i n cr oss-
i ng number bet ween t he ener gy deposi t i on and t he
si gnal obser vat i on . The f unct i on g( t i - t ) wi l l vani sh
f or val ues of t i - t j out si de of a r est r i ct ed t i me char ac-
t er i zed by t he si gnal wavef or m. The obser ved si gnal i n
any channel i s t he sum of t he cont r i but i ons f r om t he
pr ecedi ng cr ossi ngs . I f t he si gnal i s sampl ed onl y at
beam cr ossi ngs, t hen

S= Y_ Eg( t - t )i j i j ,

The aver age val ue of t he obser ved si gnal due t o
pi l eup i n t he cal or i met er i s gi ven by t he expect at i on
val ue of t he above expr essi on :

( Si > - ( y_ Ej g( t i - t j ) / .

	

( 91)
i

Si nce expect at i on val ues ar e l i near , and g( t i - t ) i s

j ust a number , we can br i ng t he expect at i on val ues
i nsi de t he sum, whi ch gi ves

( Si > =

	

Ej ) g( t i - t j ) .

	

( 92)

( Ej ) i s i ndependent of j , and Eg( t i - t ) ext ends f r om
- - t o +cc, so we get

( S> = ( E> Y_ g( t j ) .

j - - x
( 93)

To cal cul at e t he var i ance of t he si gnal , we f i r st sol ve
f or t he val ue of ( SZ) .

Ej g( t i - t j )

J

L

	

Y_

	

Ekg( t i - t k)
J )i - ~

	

k - - ~

( 94)

= \ ( ~Ej Ekg( t i _t j ) g( t i - t k) /
l , k

Y- 9( t i
-

t i ) g( t i - t k) ( Ej Ek) . ( 95)
j , k

Two cases can be consi der ed ; ei t her j = k or j * k .

I n t he f i r st case, ( Ej Ek ) yi el ds ( E2 ) . I f j o k, ( Ej Ek )

r educes t o ( Ej ) ( Ed or ( E) 2 because j k and Ej i s

i ndependent of Ek . Ther ef or e

( S2) = yg 2 ( t i - t j ) ( El

+ Y-
g( t i -

t i ) g( t i
- t k) ( Ej >( Ek) .

	

( 96)
j - t k

The second t er m can al so be expr essed as

( 2nd t er m) = E( 1- Sj k) 9( t i - t i ) g( t i - t k)

j , k

X( Ej ) ( Ek>,

wher e 3 i k i s t he Kr onecker del t a symbol . Thi s can be
f ur t her expanded t o get

( 2nd t er m) =f Y_ g( t i - t j ) ( Ej ) ~

The t er ms encl osed by br aces ar e j ust ( S ) , so subst i t ut -
i ng i nt o Eq . ( 96) yi el ds

( Si2 ) = Lg2( t i t j ) CEj 2)

i

+( S) 2-

	

g 2( t i
t j ) ( E' j )

2
.

1

( 98)

Recogni zi ng t hat ( S2 ) - ( S) 2
i s j ust t he var i ance of S

and r ear r angi ng t er ms gi ves

Var ( S) =Var ( E)

	

g 2 ( t j ) .

	

( 99)
j =x

Not e t hat because t he posi t i ve and negat i ve l obes of
t he si gnal must bal ance char ge,

g( t i ) =o .
j = _ x

j - -
X L9( t i - t k) ( Ek) ~

wher e Si i s t he obser ved si gnal at cr ossi ng i , Ej i s t he
k

ener gy deposi t ed dur i ng cr ossi ng j , and g( t i - t ) i s t he -
_

g 2 ( t i - t j ) ( Ej ) 2 . ( 97)
si gnal wavef or m. i



Thi s i mpl i es t hr ough Eq . ( 93) t hat ( S) = 0, so t hat t he

aver age si gnal i s zer o, as i s r equi r ed f or basel i ne

r est or at i on . I n addi t i on, a f i xed ampl i t ude ener gy de-

posi t i on wi l l have Var ( E) = 0 so t hat t he var i ance of S

wi l l al so be 0 . Thus, a const ant ener gy deposi t wi l l not

appear i n t he shaped si gnal .
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