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Signal Recovery from Random Measurements via
Extended Orthogonal Matching Pursuit

Sujit Kumar Sahoo, Member, IEEE and Anamitra Makur, Senior Member, IEEE

Abstract—Orthogonal Matching Pursuit (OMP) and Basis Pur-
suit (BP) are two well-known recovery algorithms in compressed
sensing. To recover a d-dimensional m-sparse signal with high
probability, OMP needs O (mInd) number of measurements,
whereas BP needs only O (m In 7%) number of measurements.
In contrary, OMP is a practically more appealing algorithm
due to its superior execution speed. In this piece of work, we
have proposed a scheme that brings the required number of
measurements for OMP closer to BP. We have termed this scheme
as OMP,,, which runs OMP for (m + |am|)-iterations instead
of me-iterations, by choosing a value of « € [0,1]. It is shown
that OMP, guarantees a high probability signal recovery with
O (mln ﬁ) number of measurements. Another limitation
of OMP unlike BP is that it requires the knowledge of m. In
order to overcome this limitation, we have extended the idea
of OMP,, to illustrate another recovery scheme called OMP,
which runs OMP until the signal residue vanishes. It is shown
that OMP., can achieve a close to /o-norm recovery without any
knowledge of m like BP.

I. INTRODUCTION

Compressed sensing (CS) means acquiring/measuring the
sparse signals from a limited number of linear projections at a
subNyquist rate. It is a growing field of interest for researchers
[1]. Through N linear projections v € RY, CS measures a d-
dimensional real valued sparse signal s € R?, where d > N.
CS stacks NN projection vectors to form a measurement matrix
® c RV*4 and that makes

y = Ps.

The core idea of CS relies on the fact that the measured
signal s is sparse, i.e. ||s|lo < d. CS can also be extended to
those signals which are sparse (compressible) in some basis
or frame.

There are two basic problems in CS. The first one is to
find a ® that ensures every m-sparse signal (i.e. ||s||o = m)
has unique measurements, so that their unique reconstruction
is possible. The following theorem gives an example of an
admissible ®.

Theorem 1 (Theorem 1 of [2]). Let N > Cymln 7%, and
® has N x d Gaussian i.i.d entries. The following statement
is true with probability exceeding 1 — e~“'™N. It is possible
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to reconstruct every m-sparse signals s € R? from the data
v = Ps.

Here C; and c; are positive constants. In order to bring gen-
erality, ® is usually quantified using the Restricted Isometry
Property (RIP) [3]. Any matrix ¥ satisfies RIP of order m, if
there exists a constant 0 < 4,,, < 1 for which the following
statement holds V||s|lo < m.

(L+Gm)lsll3 > @83 > (1 — )lIs 13

In other words, any combination of m or less columns from ®
will form a well conditioned submatrix. Therefore, ® needs to
satisfying a RIP of order 2m to have the unique measurements
for an m-sparse signal. Theorem 1 implies, N = O (mIn )
ensures RIP of order 2m for Gaussian measurement matrix.

The second problem in CS is to find a suitable algorithm
that can exactly recover any sparse signal from its unique
measurements,

(4o)

Our paper focuses on the second problem, where typically two
major questions need to be answered.

1) Knowing that the measured signal s is sparse, i.e. ||s]|o < d,
can an algorithm reconstruct it exactly?

2) How many measurements are necessary for the algorithm
to work?

Solution to (£y) is combinatorial in nature, where we have
to find a sparse solution to an undetermined linear system
of equations. Instead of exhaustively searching for the spars-
est solution among all possible solutions, there exist many
efficient techniques to solve ({y). Two broad classes of such
techniques are iterative greedy pursuit [4], [5], [6], and convex
relaxation [7], [8]. The convex relaxation technique has gained
more importance in comparison to greedy pursuit because
of two reasons. First, its theoretical recovery performance is
much better than greedy pursuits. Second, it does not need the
knowledge of sparsity m unlike greedy pursuit.

The greedy pursuits iteratively identify the nonzero indices
of s. One of the fundamental greedy pursuit techniques is
Orthogonal Matching Pursuit (OMP) [5]. It minimizes the /o
norm of the residue by selecting one atom in each iteration,
where atoms refer to the columns of the measurement matrix
® (ie. p; € RY). Therefore, for CS recovery of m-sparse
signals, the usual scheme is to run OMP for m iterations.
Some impressive theoretical guarantees for the OMP scheme
have been established in [9], [10], [11]. The best among them
shows, OMP can recover m-sparse signals exactly with high
probability, when N = O (mInd) [2].

(RIP)

§ = argmin [|s||, such that v = ®s.
s



In contrast, the convex relaxation technique works by relax-
ing the problem ({y) as follows.

(1)

which is well know as Basis Pursuit (BP). It has been
demonstrated that BP can recover any m-sparse signal if the
measurements are unique [12], [13], [14]. This implies, BP
only requires N = O (m In %) for signal recovery in the case
of Gaussian measurement matrices (Theorem 1).

However, in practice, BP is a computationally demanding
technique, which requires O (N2d*/?) number of floating
point operations [15]. In contrast, OMP requires O (mNd)
number of floating point operations [16]. The greedy pursuits
are faster, and can be useful for large scale CS problems.
Therefore, many variants of OMP have been proposed in
recent years to achieve the benchmark performance of BP,
e.g. regularized OMP [17], stagewise OMP [18], backtracking
based adaptive OMP [19], etc. However, a well known behav-
ior of standard OMP still remains unexplored. Experiments
suggest OMP can produce superior result by going beyond m-
iterations [20, chapter 8, footnote 6]. Some theoretical works
on uniform signal recovery using OMP advocate going beyond
m-iterations [21], [22], [23]. Using RIP, [21] analytically
shows that any m-sparse signal can exactly be recovered in
0] (ml'z) iterations of OMP, if N = O (ml‘Glog d). Along
the same line of analysis, [22] shows that any m-sparse
signal can exactly be recovered in 30m iterations of OMP,
if N = O(mlogd). An improvement is claimed in [23],
which shows any m-sparse signal can exactly be recovered
in [2.8m] iterations of OMP, if N = O (mlogd). All these
papers converge to a common conclusion that a minimum of
N = O (mlogd) is needed for CS recovery using OMP.

The aim of this article is to reduce the required N by OMP
from O (mInd) to O (mln 1) with few additional iterations
beyond m. Therefore, we propose to run OMP for m + |am]
iterations, where « € [0, 1]. We refer this extended run of OMP
as OMP,, and we analyze its recovery performance for noise
free measurements. The result of our analysis is the following
theorem.

§ = argmin [s||, such that v = ®s,
s

Theorem 2 (OMP with Admissible Measurements). Fix a €
[0,1], and choose N > ComIn W Suppose that s is
an arbitrary m-sparse signal in R, and draw a random
N x d admissible measurement matrix ® independent from
the signal. Given the data v = ®s, OMP can reconstruct the
signal with probability exceeding 1 — e=com(lem]+1) jp gy
most m + |am/| iterations.

Here Cy and cg are positive constants, and the admissible
measurement matrix is defined in section IV.A. The proof of
the theorem is in Section IV of the paper. Going further with
the analysis of OMP,, we have illustrated another recovery
scheme called OMP,.,, which runs OMP until the signal
residue vanishes. It is shown that OMP., can achieve a close
to ¢p-norm recovery without any knowledge of m like BP.
OMP,, can be considered as the first OMP scheme for CS
recovery that works without the knowledge of sparsity m.
Outline of the paper: The standard scheme of OMP for
CS recovery is discussed in section II. The proposed scheme
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of extended OMP (OMP,,) for CS recovery is elaborated in
section III. The recovery performance of OMP,, is analyzed
in section I'V. The scheme of sparsity unaware OMP (OMP)
for CS recovery is demonstrated in section V. The theoretical
CS recovery performances of OMP, OMP,,, and OMP, are
experimentally validated in section VI. The paper ends with a
brief discussion in section VII.

Notations: Let @, s are as defined, and I C {1,2,...,d}.
The matrix ®; € RY*II consists of the columns of ® with
indices 7 € I, and s; € R consists of the components of §
indexed by i € I. We also denote (.)” and (.)T for transpose
and Moore-Penrose pseudo-inverse respectively.

II. OMP FOR CS RECOVERY

In the problem of CS recovery using OMP, it is known a
priori that the measured signal s is m-sparse, which means s
has non-zero entries only at m unknown indices. Let’s define
the unknown support of s as I, and |s|lp = |I| = m. We
refer to the atoms ¢; corresponding to these indices j € [
as correct atoms, and rest ; : j ¢ I as wrong atoms. OMP
identifies I by selecting one candidate index in each iteration.
The detailed steps are describe in the following algorithm.

Algorithm 1 (OMP for CS Recovery).
Input:

o measurement matrix ® € RN*?

o measurement v € RN

o maximum iterations tm,, = m

Output:

o signal estimation §

o index set A; containing elements from {1, ... d}
o approximation a; € RN of measurement v

o residual ry € RN

Procedure:
1) Initialize: residual ro = v, index set Ao = 0 and
iteration counter t = 0;
2) Increment t =1+ 1;
3) choose the atom \; = argjlrllaxd|<<pj,rt_1>

4) Update A=A 1 U {)\t}; 7

5) Update x; = @Rtv;

6) Update ap = ®p,x¢, re=v—ay;

7) Go to Step.2 if t < tmax = M, else terminate;

8) The estimation § for the signal s has nonzero
elements at Ay and rest zeros, i.e. S), = X;.

’

OMP begins by initializing the residual to the input mea-
surement vector ry = v, selected index set to empty set Ag = ()
and initial approximation to a null vector @y = 0. At iteration
t, OMP chooses a new index A; by finding the best atom
max [(p;.re-1)] and
updates the selected index set Ay = A;—1 U{\;}. Then, OMP
obtains the best ¢-term approximation a; by a least-squares
(LS) minimization. That is,

x; = argmin |y — ®,, x|,
xz
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which has a close form solution x; = <I>j\tv, where @Rt =
(@Kttimt)_l 7 . LS procedure in OMP [5] brings a signif-
icant improvement in comparison to its parent algorithm, the
matching pursuit (MP) [4].

In OMP, the residue r;—; is always orthogonal to all the
selected atoms ®,, ,. That means the non-zero correlation
(@j,ri—1) # 0 will only occur for those atoms, which are not
linear combinations of atoms in ®,, ,. Thus at iteration ¢,
OMP will select an atom ¢,, which is linearly independent
from the previously selected atoms ®,, ,,ie. A\ € {j:¢; #
®,, ,x}. Therefore, the obvious choice for m-sparse signal
recovery is to identify m correct atoms in m iterations of OMP
[2]. The following proposition provides the recovery scenarios.

Proposition 1. Take an arbitrary m-sparse signal s in R?, and
let ® be any N x d measurement ensemble with the property
that any 2m atoms are linearly independent. Given the data
vector v = Ps,

o OMP for tnax < m will result inry, # 0;
o OMP for tax = m will result inr,, #0, if § #s;
o OMP for tyax = m will result inry, =0, if§ =s.

Proof. Tt can easily be proved by contradiction. If signal
residue vanishes i.e. ry, = 0 after any ¢p,, iterations, that
means we have a ¢,x-sparse solution v = ®s. As there exists a
generating m-sparse solution s, it can be stated as ®(s—s) = 0,
where the signal (§ —s) can have a maximum of ¢p,x + m
nonzero coefficients i.e. [|§ — s|jo < tmax + M. FOr i < m
it becomes contradictory, if ® has a property that any 2m
columns of it are linearly independent. Hence it is proved that
for such @, the signal residue of OMP will not vanish for
tmax < M, OF tpax = m and § # s. O

Note 1. Proposition 7 of [2] considers random ® case with
tmax = M, whereas proposition 1 is a more general version.

o Note that since RIP of order 2m ensures that any 2m
columns of ® are linearly independent, any ® satisfying
RIP of order 2m will satisty the above proposition.

o Note that since Gaussian or Bernoulli measurement en-
semble of any 2m columns are linearly independent with
probability close to one for N > 2m [24], [25], any ®
made out of these random ensemble will satisfy the above
proposition with a very high probability.

RIP of order 2m requires N = O (mIn-%) in the case
of random measurement matrices. It could be inferred from
Proposition 1 that a RIP of order 2m is necessary for a unique
solution s at ty,x = m. However, it can not guarantee that
OMP will obtain a solution at ¢,,,x = m. In order for that to
happen with high probability, OMP needs N = O(mlInd) >
O (m In %) measurements. This is because, in addition to RIP
of order 2m, the probability of selecting m correct atoms in
m iterations decides the required N for OMP.

III. EXTENDED OMP (OMP,) FOR CS RECOVERY

Identifying a m-sparse signal in only m selections is a sheer
restriction to OMP, which has motivated many backtracking
based greedy algorithms. These algorithms work with the main
strategy of selecting more atoms and then tracking back to m

—S—m=T4
—H—m =82
——m =90

m =98
——m =106

% of exactly recovered signal

Fig. 1. The percentage of signal recovered in 1000 trials with increasing c,
for various m-sparse signals in dimension d = 1024, from their N = 256
random measurements.

atoms. However, we are more interested in the fundamental
behavior of OMP when it selects more atoms.

It can be observed that, when OMP has failed to pick m
correct atoms out of ®; in m iterations, it has not reached
a solution and r,, # 0. However, if we extend the iteration
beyond m, then the chances of selecting m correct atoms will
increase. Even though there are no published experimental
results, this scenario is well known to the researchers working
on greedy pursuits [20, chapter 8, footnote 6]. Recent attempts
of OMP with extended run can be found in [21], [22], [23].
As discussed in the introduction, all of them have converged
to a common conclusion that a minimum of N = O (mlogd)
is needed for CS recovery using OMP.

However, we are aiming at recovery of a m-sparse signal
from O (m In %) noise free measurements, by running few
additional iterations of OMP beyond m. We have linearly
extended the run of OMP beyond m iterations, and ana-
lyze it along the line of [2]. We propose to run OMP for
tmax = M+ |am/| iterations, which is referred as OMP,, here
onwards, where o € [0, 1]. This extended run may increase
the computational cost of OMP only by a factor 1 4 «, but it
will still be of order O(mNd). The proposed extended OMP
algorithm is the following.

Algorithm 2 (OMP,, for CS Recovery). This algorithm
is same as Algorithm 1 (OMP for CS recovery) except the
following change in step 7:

7) Go to Step.2 if t < m+ |am], else terminate;

By allowing an additional selection of |avm | atoms, we have
increased the chance of acquiring m correct atoms. Thus, the
conventional use of OMP for CS recovery can be viewed
as a limiting case of OMP, where @ = 0. By using its
orthogonality property, and RIP of the sensing matrix, the
following proposition shows how OMP,, can identify the m
correct atoms from the m + |am] selections.

Proposition 2. Take an arbitrary m-sparse signal s € R?,



and let ® be an N X d measurement ensemble satisfying RIP

of order m + |am]. Given the data vector v = ®s;

(S) OMP,, will successfully identify any m-sparse signal s,
and Pmt|am] = 0,i1C Am+[o¢mJ’

(F) OMP,, will fail to identify any m-sparse signal s, irre-
spective Ofrer\_amjr if 1 g Am+|_amj'

Proof. At t™ jteration, OMP,, will find a t-term least square
approximation §, = @Rtv. The best least square approxi-
mation for any linear system is the exact solution, leading to
a; = s = v — r; = 0, which can only be possible if v
lies in the column space R(®,,). Since I C A4 |am) and
v € R(®;), which implies v € R(®,, 4 |am|). the obtained
(m + |am])-term solution is exact, i.e. v = ®§. However,
this makes ®(§ —s) = 0, which implies that ® may contain
m~+|am] or less number of linearly dependent atoms, because
Is = sllo < m + |am]. It becomes contradictory since ®
satisfies RIP of order m + |am|. Therefore, ®(§ —s) = 0
implies § = s, and OMP,, successfully identifies the s-sparse
signal.

Conversely, I Z Ay jam] = R(®1) & R((I’AmﬂumJ ),
then §4,, ., Will either produce a (m + [am])-term least
square solution leading to signal residue 7,4 |4m| = 0, or
a (m+ [am])-term least square approximation with signal
residue 7y, 4 |am) # 0. In either case OMP, has failed to
identify the exact m-term solution using columns of ®;. [

The event (S) stands for successful recovery in Proposi-
tion 2, which is a super set to the event of success in standard
OMP. It is intuitive that the occurrence of event (S) has a
higher probability for a > 0 than for o = 0. In order to
see the behavior of event (S), we have shown an empirical
observation of probability vs « in Fig. 1, which shows the
increase in probability of recovery with «. In the next section
Theorem 2 is proved by deriving the probability of event (F).

IV. ANALYSIS OF OMP,,

In this section, we want to find the condition on NN to
recover a m-sparse signal with high probability using OMP,,.
In other words, we want to arrive at Theorem 2. The unique-
ness of the measurement is a prerequisite for any recovery
algorithm. Therefore ® is required to satisfy RIP of order
2m for m € (0,d/2). Since OMP,, requires RIP of order
m + |am] to function as a recovery algorithm for a m-
sparse signal, we restrict « to the range [0,1]. It is because
« may be as large as 1 without requiring higher order of
RIP than the unique measurement condition. In the following
subsection, we define the Admissible Measurements which is
the prerequisite for Theorem 2. In the succeeding subsection,
we brief the approach to the proof of Theorem 2. Then we
detail the events of OMP,,, proof of the Theorem 2, and OMP
as a special case in the subsequent subsections.

A. Admissible Measurements

The properties of admissible measurement matrices are
based on Gaussian/Bernoulli sensing matrices. We will use the
properties of these admissible matrices to compute OMP,,’s
probabilities of failure.
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Matrices ® € RV*? with entries ®(4, j) as i.i.d. Gaussian
random variable N(O, ﬁ) or i.i.d. Bernoulli random variable
Witl’.l sample space{ﬁ,—ﬁ‘} are consider.ed to be good
choices for measurement matrix. These matrices are known
to satisfy RIP of order 2m [3]. Apart from this, four other

useful properties of ® are the following.

(Po) Independence: Columns of @ are statistically indepen-
dent.

(P1) Normalized: Vj E[||l¢;]3] =1

(P2) Correlation: Let u be a vector whose {2 norm ||u|2 = 1,
and ¢ be a column of ® independent of u. Then, for any
€ > 0, the probability

P{|{p,u)| >} < 2e =N,

The above inequality can easily be verified from the
tail bound of any probability distribution (Gaussian and
Bernoulli).

(P3) Bounded singular value: For a given N X m submatrix
®; from P, the singular values o(®;) satisfy,

P{o(®;)>(1—-6,)}>1- e~ N

where 0 < §,, < 1. This is equivalent to stating that for
any vector X,

P{l|®rx[3 > (1 - dm)|x[3} 21— ¥,

which is based on the RIP property of Gaussian and
Bernoulli measurement matrices.'

B. Approach to the proof of Theorem 2

The requirement of N for OMP,, is decided by the proba-
bility of achieving the condition (S) of Proposition 1, which
is further to RIP of order 2m. Basically, the condition (S)
stands for the success scenario of OMP,,. Therefore, we need
to derive the expression for probability of success in terms of
N,m and d. Instead of analyzing the set of all possible events
of success (Fgc) as in [2], we analyze the set of all possible
events of failure (Fk,j).

The success probability can be expressed as P (Fge) =
P (Fsuce, X) + P (Fgyee, X°), where the conditional event X
means, P satisfies RIP of order 2m. For Gaussian and
Bernoulli measurement matrices

P(X)>1—e ¥V,
when N > Cimln % [3]. It can be stated that

P (Esucc) > P (Esucm E): P (E) (Esucc|2)

=P(X)(1-P(EmlX). @

Thus, a lesser value of P (Fp;|X) means a better chance
of success. RIP of order m is sufficient for the analysis of
P (Egq|X). However, X is taken as RIP of order 2m to have
the uniqueness of the measurement. This is also essential for
OMP,, to function (see Proposition 2).

ITheorem 1 can be considered as an example of such RIP obeying
measurement matrix.
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C. Events of OMP,

OMP,, works by selecting the candidate atoms ¢; one after
another based on their correlation with the residue r;_;. Let’s
partition the measurement matrix into two sets of atoms, i.e.
® = [P, D], where Py &f {o; : j € I'} is the set of correct
atoms, and ® e &ef {¢; : j € I°} is set of the remaining
atoms (also termed as wrong atoms). Using correlation of the
partitioned ® it can be classified whether OMP,, will reliably
select a correct atom from ®; or a wrong atom from ® ..

Correct atom: <= max|(<pj,rt D < 12T 1| -

Wrong atom: <— EI \(gaj,rt > ||¢' Fi—1]|oo-

It is important to note that when we have [(p;,r_1)| =
|®%r; 1]/, selections of both wrong and correct atoms
are possible. In order to keep the analysis simple, we have
classified this tie scenario as selection of wrong atoms.

In order to analyze the events, let’s specify the outcome of a
run of OMP,, as Ay, i |am] = {A1, A2, -+, Aoy |am] }» Where
A+ € {1,2,...,d} denotes the index of the atom chosen in
iteration t. Since the exact sequence of appearance of these
atoms are not important in determining the success or failure,
we only consider the set of indices {)\;}. Let’s define the
set of correct selections as Jo = {\; : Ay € I}, which
means for these iterations I]%al>6<|<npj,rt_1>| < @M1 o

Let’s also define Jw = {\; : A\; € I}, which in turn means
that 5%2}3?\<¢j»rt71>| = [{prsre-1)| > [[®7re-1]|o denoting

selection of a wrong atom. Using these sets we can explain

the Success (S) and Failure (F) of the OMP,, algorithm.

(S) After m + |am| steps if we have |Jc| = m and |Jw| =
lam], then certainly I C A4 |am . Note that o = 0
implies success in conventional OMP, while % <a<l1
implies success in OMP,,.

(F) After m+ |am] steps if we have |Jc| < m, |[am|+1 <
|[Jw| < [am] +m, Then I ¢ Apy|am) (excluding tie
scenario) and OMP,, has failed.

With our conservative definition of failure as described earlier,

the event of all possible failures is defined as

lam|+m
Ea = U )
k=lam|+1 | |Jw|=k

and the complementary event of success is defined as Fgc.

D. Proof of Theorem 2

Let’s now estimate the failure probability from equation (2)
using union bound,

lam|+m
P (Eta) < Z P U Jw
k=|lam]|+1 | Jw|=k
lam|+m
d —
S ( km)P{Jwawk} 3)
k=|lam]|+1

where UI Jwl=k Jw denotes all possible Jyw having size k, and
Jw“ Jl=k denotes one such Jy. Due to the property (Pg),

P{JW‘Ilezk} is same for any Jw having size k, and does
not depend on the specific atomic indices in it.

|Jw| = k means, OMP,, has selected k wrong atoms, i.e.
Mayeny {onsreo1)] > | @71 1]l irrespective of iteration
of occurrence ¢. Property (Py) states that ¢, are independent,
and we make a pessimistic assumption that each event of

unreliable selection is independent of each other. Thus using

(Py) it can be stated that
() el > ||‘I’?'t1||oo}

P{w] e f = IED{
At€Jw

~ P* {|{pr, re-1)| > | ®Tri—1llo }
=P {[(¢,re—1)| > |®Tri—1]lo0 }

since the probability on the right hand side is same for any
Y e 3] Jc.

In order to simplify the derivation let’s normalize the
residue vector to u = "'rt:ll‘Z’ which makes |jullz = 1.

Normalizing r;_; on both sides of the equation will not affect
the probability estimation, thus

P{w] sy o} = P* {l (0] > | @ulloc}

> % As ®Tu is a m-

It is known that Vo € R™, |||/

T
dimensional vector, it is true that | ®Tul|o > M. Thus it
I Vm
can be stated that

Pl ime} <P {ltpn) = 1220 L

Since the left hand side event is a subset of the right hand side
event, the upper bound on its probability will remain true for
any given condition. By taking the conditional event as X and

using property (P3), we have ||[®Tully > /(1 — 6,,)||ull2, or

P { w5 k|2}<19>k{ \/7‘ }

Thus by using the property (P,) of sensing matrices, i.e. the
Gaussian tail probability, it can be written that

P{w] 5y sl T} < [26*62“‘7‘”’”]’6. @)

Using this bound of the conditional failure probability of
equation (4), the combination inequality (g < ( % )B , and
equation (3), it can be written that

[e(d —m) . (1—6m)N} i
——=2¢ m

lam]+m

>

k=|am]+1

lam]+m

= 2

k=|am]+1

P (Eru|X) <

e[m Zeldom) ¢, =0m) Nk

Changing the variable i = k — |am] and c3 = c2(1 — d,,),

m

P (Ep|X) < Z elin Tomrit —ea R ] (Lam)+9)
i_
< mell? TamTE —es 2] (Lam] +1)

2e(d—m m
_ o[ T e —es ] (Lam+1). ®)




mitT <

In m, when m > 1 and 0 < « < 1. Thus, the above
upper bound can be expressed as

It can be found from the appendix of this paper that L

de(d—m)m
(lam]+1D)2

P (Ei|X) < el es 5] (Lam)+1)

Using the fact (d — m)m < d?/4, it can be stated that

ed? el N
P(Efai]|2) S 6[ln o 7172 Lsm](LamJ+1)' (6)
The dominant variable term absorbs the constant, hence it can

be stated that 21n +1<Cyln This gives

_d _d
lam|+1 lam|+1°

P (Era|%) < elC 1 o —cam](laml+D),

Using (1) along with the upper bound for P (), it can be said
that OMP,, will succeed with probability

[C4 In W c3 m](LamH»l) 701N.

IP)(-Esucc) Z 1—e €

The third term can be absorbed into the second term, by
increasing C4 and decreasing c3 if necessary.

P (Bge) 21— 6[04 In fesiprr —ca ] (Lam)+1)

By taking N > CymIn Tom]F1 7 for Cop > =, we can ensure
that OMP,, will succeed W1th probability ]P)(Egucc) > 11—
e~ m(LamHl), where ¢y > c3 — % This proves Theorem 2.

The above result brings the number of measurements for
BP and OMP to the same order, when o — 1. Our result is
mostly inspired by Tropp and Gilbert’s analysis of OMP for
m-iterations [2], and it simplifies to their result when o = 0.
Similar to [2], our result also is valid for random independent
atoms. In contrast, the result for BP shows uniform recovery
of all sparse signals over a single set of random measurement
vectors. Nevertheless, OMP remains a valuable tool along
with its inherent advantages, which makes Theorem 2 more
attractive.

E. Cross-validating OMP,

Algorithm 1 (OMP for CS recovery) can be viewed as a
limiting case of OMP,,, where the extended run factor o = 0.
Therefore, analysis of OMP,, at o = 0 should converge to the
analysis of OMP in [2]. In order to verify that let’s evaluate
P (Eg;|X) at o = 0. It can be obtained by substituting o« = 0
in equation (5),

P (Er|X) < e[ {2e(d—m)}+Inm—ca 7]

e [ln{2e(d7m)m} —c3 %} )

IN

Using the fact (d — m)m < d?/4, it can be stated that

e 27 ANV
P(Efail|2) S e[ln% Cgﬁ} .

The dominant variable term can absorb the constant, hence
2Ind + lng < C4lnd. This gives

P (Efa11|2) < e[C4 In dfcg%]'

Using (1) along with the upper bound for PP (), it can be said
that OMP,, will succeed with probability

J—P)(Esucc) >1- e[C4 lndfcg%} —e N,

IEEE TRANSACTION ON SIGNAL PROCESSING, VOL. , NO. , AUG 2014

The third term can be absorbed into the second term, by
increasing C4 and decreasing c3 if necessary.

P (Euee) > 1 — elCsmd—esii]

By taking N > CymInd for Cy > %‘, we can ensure that

OMP will succeed with probability P (Egec) > 1 — eCom
where ¢cg > ¢c3 — g—“

It serves as another validation of OMP,, because the
limiting result for & = 0 coincides with the result of OMP
in [2]. It again proves that OMP, would require a reduced
number of measurements for the same success probability.

F. OMP,, with less computation

While Algorithm 2 (OMP,, for CS Recovery) uses the loop-
ing condition as iteration ¢t < m + |am], some computations
may be saved by using condition t < m + |am] & r; # 0.
The advantage is obvious under the success scenario (S),
I C Ay, resulting in r, = 0. However, since other sparse
solutions may exist, r, may become 0 with [ Z A;. With the
r; = 0 based termination, the iterations will stop with this
wrong solution. One may wonder if continuing the iterations
might have allowed OMP,, to obtain the correct solution, or
I € Ay |am)- The following proposition shows that, once
a wrong solution is found, we can never reach the correct
solution by completing the m + |[«m| iterations, since too
many wrong atoms have already been selected.

Proposition 3. Take an arbitrary m-sparse signal s in R?, let
® be an N x d measurement ensemble satisfying RIP of order
m+|am|, and execute OMP,, with the data v = ®s. If OMP,,
arrives atry =0:m <t <m+ |am|, and I ¢ Ay, then it
has already selected more than |am| wrong atoms. Thus, by
completing m+ | am| selections it will never achieve I C A,.

Proof. When the signal residue vanishes after ¢ iterations (i.e.
r; = 0), it means that we have obtained a ¢-sparse solution v =
®s. Let’s assume that in this ¢-sparse solutions we have p such
atoms which are not from ®;. As there exists a generating
m-sparse solution s using atoms of ®;, it can be stated that
®(s —s) = 0, where the signal (§ —s) has p + m nonzero
coefficients i.e. ||§ — s|[o = p + m. It implies, ® contains
p + m linearly dependent atoms, which is only possible if
p > |am]. It is because ® obeys RIP of order m + [am].
Hence it is proved that OMP,, has already selected more than
|awm | wrong atoms. Thus, by completing m+ | am | selections
it will never achieve I C A,. O

We now argue that early termination does not affect the
results in Theorem 2. The failure event analysis in equation
(2) covers all possible events of wrong selection from |am |41
to |am| + m wrong atoms. With early termination, one may
argue that the algorithm selects only upto |am| +m’ wrong
atoms, where m’ < m. Even then, the proof of Theorem 2 will
remain unaltered, because replacing —2™— with Inm'_ ip

lam]+1 Lozmj +1
equation (5) will not affect the upper bound in equation (6).

V. SPARSITY UNAWARE OMP (OMP.,) FOR CS RECOVERY

The superior execution speed of OMP comes with two draw-
backs in its present form of CS recovery. First, it needs more
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number of measurements in comparison to BP for recovering
the same signal. Second, it requires prior knowledge of the
sparsity m, whereas no such information is needed for BP.
Through the scheme of OMP,,, we have brought down the gap
between OMP and BP in terms of required N both in theory
and practice. However, the requirement of prior knowledge of
the sparsity in OMP still remains.

Since OMP,, runs for more than m iterations unlike OMP,
if we get rid of the bound on the number of iterations in
OMP,,, prior knowledge of m is no longer required. The bound
of m + am iterations is only required to prove Theorem 2.
More iterations may only improve the performance of OMP.
Removing the iteration based termination condition from step
7 of Algorithm 2, we obtain the modified algorithm referred
as OMP_..

Algorithm 3 (OMP,, for CS Recovery). This algorithm
is the same as Algorithm 2 (OMP,, for CS recovery)
except the following change in step 7:

7) Go to Step.2 if ry # 0, else terminate;

Contrary to its name, the worst case scenario of OMP, is
not infinite iterations but when it selects NV linearly indepen-
dent vectors that spans the whole RY space to reach ry = 0.
Thus, its worst case complexity is of order O(N?2d), which
is still less than BP. Also, the probability bounds of Theorem
1 are equally applicable for OMP,, based reconstruction for
not only Gaussian but other admissible measurement matrices.
Choosing N > CymlIn %, supposing that s is an arbitrary
m-sparse signal in R?, drawing a random N x m admissible
measurement matrix ® independent from the signal, and given
the data v = ®Ps, OMP,, can reconstruct the signal with
probability exceeding 1 —e =", where C; and c; are positive
constants. Due to its restriction of m iteration, the same is not
true for earlier OMP based reconstruction.

In the following we present an analysis of OMP., per-
formance. OMP,, can be viewed as running lim OMP,.
Consider an inadequate number of measurements.(]y\f:ofc}or some
sparsity mg, and lets interpret the outcome with increasing
a. It can be observed from equation (6) that the conditional
failure probability P (Ey,;|X) & 1, till « reaches

1 c No 1] >1 d

—|cs— — n—m———.

2 \ P my lamg| +1
Thereafter, it will start decaying exponentially with «, which
can be continuously approximated as

P (Efai1|2) S e—cs (OH_ﬁ)NO .

Here ¢c; = c3 — ’ﬁ—g (2 lnm + 1). However, since
P(Eguec, 2¢) — 0 and may be ignored, the final probability
of successful recovery of a sparse vector can be expressed as

P (Faee) ~ P (Faee, X) =P () (1 = P (Ea|X)) -

While increasing «, we will achieve a point where
P (Egu|X) — 0, and the final success probability

P(Ege) ~P(X).

It shows that PP (FEg,.) will increase with v and it will meet
P (X) asymptotically. Fig.1 is a nice illustration of this behav-
ior, where percentage of signal recovered represents P ( Egycc)-

In other words, success of OMP,, depends on P (X), the
probability that & obeys a RIP of order 2m. In the case of
Gaussian and Bernoulli random matrices, RIP of order 2m
holds for entire range of m € (0,d/2) with high probability
exceeding 1 — e~ V. if N > Cymln 2.

VI. EXPERIMENTS

The proposed extension of OMP is validated in this sec-
tion. It is experimentally illustrated that OMP, has not only
improved the performance of OMP but also it has been
competitive to BP. As per Theorem 2, we validate the algo-
rithm on random sensing matrices. The obtained results for
Bernoulli ensemble are strikingly indifferent to Gaussian, thus
we have only presented the results on Gaussian ensemble. The
practical question is to determine how many measurements /N
are needed to recover an m-sparse signal in R? with high
probability. Thus the experimental set up is the following.

The probability of success is viewed as the percent of
a m-sparse signal recovered successfully out of 1000 tri-
als. Successful recovery implies that the distance between
the original and recovered sparse signal is insignificant, i.e.
8§ — sll2 < 107C. For each trial the m-sparse signal s is
generated by setting nonzero values at m random locations
of a d-dimensional null vector. The measurement matrix ® is
constructed by generating N x d Gaussian random variables
of parameters (0,1/v/N). The recovered signal § is obtained
performing BP, OMP, OMP, and OMP, on the measurement
v = ®Ps. Although it is possible to obtain different set of results
in OMP,, by varying the extended run factor 0 < o < 1, the
results presented here are for o = 0.25.

The nonzero coefficients in s play an important role in
the performance of matching based greedy algorithms from a
practical point of view. The measurement matrix ® is obtained
using zero mean random variables. Thus, when all the nonzero
coefficients become equal, the measurement v = ®s becomes
the scaled sample mean of the random variables making it
very close to zero i.e. v — 0. This scenario degrades the
performance of the matching step of OMP depending on the
precision of the device. Hence, all the results are obtained
for this extreme scenario, when the sparse coefficients are set
equal i.e. s; = 1 (same as the experimental setup in [2]).
Signal dimension is taken as d = 256 and each m-sparse signal
is recovered from the number of measurements starting with
N =4to N = 256 in steps of 4. The percentage of successful
trials is plotted against the number of measurements (/N) in
plot (A) of Fig.2.

With the same philosophy we might be interested to know,
for a given sparsity level how many measurements will be
needed to ensure a recovery with certain probability of success
(for example 0.95 or 95%). Since the %-success vs. N is
monotonically increasing, the N at which we first achieved
success rate of 95% can be obtained empirically. Plot (B)
of Fig.2 shows the plot N vs. m for 95% success. In
order to study the characteristic of N vs. m data points, a
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curve fitting is done using Matlab toolbox. The results are
tabulated in Table.I, which shows O(mInd) nature of OMP
and O(mIn #—H) nature of OMP,, but O(mIn %) nature
of OMP_, and BP.

In order to validate Theorem 2, we obtained the curve fitting
result for OMP,, for & = 0,1/16,1/8,1/4,1/2 in similar
manner. However, we have increased the signal dimension to
d = 1024 to acquire more integer points for better curve fitting.
Fig. 3 shows a tight fitting of the curve Coym In ﬁﬂ + Cq
with the obtained data points, and the values of Cy and Cg for

various « are tabulated in Table. II.

VII. DISCUSSIONS

Greedy pursuit is advantageous in terms of computational
cost, which interests researchers to improve its performance
towards the benchmark of convex relaxation (BP). The pro-
posed OMP,, uses the orthogonality property of OMP and
the probabilistic linear independences of random ensemble to
enhance its performance. Its required number of measurements
for high probability signal recovery follows a logarithmic trend
like BP, instead of following a linear trend as OMP. Further,
the proposed OMP,, shows an overwhelming improvement in
OMP by bringing it close to BP in terms of both required
order of measurements and no prior knowledge of sparsity.
The theoretical guarantee of OMP,, along with the obtained
empirical results make OMP, a more compelling algorithm.

Convex relaxation has rich varieties of results including the
cases when the measured signal is not exactly sparse or is
contaminated by noise. The results presented for OMP,, and
OMP,, are focused on strictly sparse signals. How these pro-
posed schemes of OMP behave recovering the measurements
contaminated by noise is an interesting direction to pursue.
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APPENDIX
For an appropriate c7,
Inm crm
<lIn )
lam]+1 = |am]|+1
where sparsity m > 1 and 0 < o < 1.

(7

A. Form=1

Let’s substitute the limiting value m = 1 in inequality (7).

0<In = ¢7 > |a] + 1.

_r
la] +1
As a < 1, inequality (7) will be true for c7 > 2.

B. For m > 2
The inequality (7) can be rearranged as the following.

1 1
p lem +1 (1_ ) lam
cr lam] +1

lam] +1 c_m

= lo

C7 o mw
1
1)m TemI+1
> (Lam] +1)m ®)
m

Interestingly, the condition on c7 is a function of a and m,
1

f(m,a) = (am+1)+m+l For any give m, if we set

c7 > Jmax, f(m, ) )

inequality (7) would be valid for all range of « € [0, 1]. It can
be seen that

ofime) _ [, lum
Oa am+1
1 -1
<0 for a < al——
m
1 —1
— O at o = HL
m
1 -1
> 0 for a > %,
This implies, f(m,a) decreases with a until a = 27=1,

and then increases. However, f(m,«) is a monotonically

increasing function of « for m < e, because Inm < 1 makes
W > 0 unconditionally. Hence,

r > max {f(m,0), f(m, 1)} = f(m, 1) (10)
Fon ) = (14 2 ) s > 1= f(m.0)
If we set
cr > max f(m, 1) (11)

inequality (7) would be valid for all m > 2. The derivative

K [ <

(m+ 1)mm#+1

om m
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shows that f(m, 1) is a decreasing function of m. Hence,

3.,
> = = 93,
o7 2 max f(m, 1) = f(2,1) = 52

However, the previously obtained (lzondition cy > 2 for the
case of m = 1, is higher than 393 Therefore, it is proved

that at c; = 2 the inequality (7) %olds for the entire range of
m and a.
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