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SIMILARITY ANALYSIS AND SCALING CRITERIA FOR LWR'S UNDER 
SINGLE-PHASE AND TWO-PHASE NATURAL CIRCULATION

by

M. Ish ii  and I .  Kataoka

ABSTRACT

Scaling c r i te r ia  fo r a natural c ircu lation loop under single phase and 

two-phase flow conditions have been derived. For a single phase case the 

continuity, integral momentum, and energy equations in one-dimensional area 

average forms have been used. From th is ,  the geometrical s im ila r ity  groups, 
f r ic t io n  number, Richardson number, characteristic  time constant ra t io ,  Biot 
number, and heat source number are obtained. The Biot number involves the 

heat transfer coeffic ient which may cause some d i f f ic u l t ie s  in simulating the 

turbulent flow regime. For a two-phase flow case, the s im ila r ity  groups ob
tained from a perturbation analysis based on the one-dimensional d r i f t - f lu x  

model have been used. The physical significance of the phase change number, 
subcoolihg number, d r i f t - f lu x  number, f r ic t io n  number are discussed and con
ditions imposed by these groups are evaluated. In the two-phase flow case, 
the c r i t ic a l  heat f lu x  is one of the most important transients which should 

be simulated in a scale model. The above results are applied to the LOFT fa 
c i l i t y  in case of a natural c ircu lation simulation. Some preliminary conclu
sions on the fe a s ib i l i ty  of the f a c i l i t y  have been obtained.

NRC FIN No. T i t le

A2026 Phenomenological Modeling of Two-phase Flow in Water
Reactor Safety Research
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a Flow area
a„ Wall cross sectional areas
A Non-dimensional area

B Biot number
Cp Fluid heat capacity
Cpg Solid heat capacity

Distribution parameter 

d Hydraulic diameter
f  Friction factor
F Friction number

f (x )  Void-quality re lation
g Gravity
Gr Grashof number
G Mass velocity

h Heat transfer coeffic ient
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j  Total volumetric flux
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Conductivity of solids
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Ji Axial length

Length of hot f lu id  section 

L Non-dimensional length
5,^1̂  Non boiling length (heated section)

Non boiling head (cooled section)
Nu Nusselt number
Npch Phase change number

Nsub Subcooling number
Np  ̂ Froude number
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N Density ra tio
p
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NOMENCLATURE (C ont'd)

Pr Prandtl number
p Pressure

Heat generation in solid
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q" Heat flux
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R Richardson number

Re Reynolds number
St Stanton number

t  I  i me
I  Fluid temperature

Solid temperature

Tsat Saturation temperature
I *  Characteristic time ra tio
u Velocity ( l iqu id )
u  ̂ Representative velocity
u  ̂ Liquid velocity

Ug Vapor velocity
u Mixture velocitym
U Non-dimensional velocity
Vgj D r i f t  velocity
X Vapor quality
xe Exit quality
y transverse distance
Y Non-dimensional transverse distance
z Axial distance
Z Non-dimensional axial distance

Greek Symbols

a  Void fraction
a Exit void fractione
a Solid thermal d i f fu s iv itys
3 Thermal expansion coeffic ient
Tg Vapor mass source
6 Conduction thickness

v m
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NOMENCLATURE (C ont'd)

6(z) Delta function

AT Characteristic temperature rise
Latent heat

‘ "sub Subcooling

AP Pressure drop

Ap Density difference

Ay Viscosity difference
0 Non-dimensional temperature

y Viscosity of liqu id

5 Wetted (heated) perimeter

p Density of liqu id

Ps Density of solid

a Surface tension

T Non-dimensional time

Subscripts

i ith  section

0 Reference constant (heated section)

r Representative variable

s Solid

h Hot
c Cold

R Model to prototype ra tio

in In le t
ex Exit
m Mixture

g Vapor

( Model

' >p
Prototype



EXECUTIVE SUMMARY

Sim ilarity  laws and scaling c r i te r ia  are quite important for designing, 
performing, and analyzing simulation experiments using a scale model. They 

are particu larly  important for studying phenomena which cannot be easily  ob
served in a prototype model. Nuclear reactor transients and accidents fa l l  
into this category. I t  is obvious that fu l l  scale experiments w i l l  be too 

dangerous and costly, thus i t  is necessary to use scale models and simulation 

experiments.
In view of the above, scaling c r i te r ia  for single phase and two-phase 

flow loops have been developed with special emphasis on a natural c irculation  

mode. The s im ila r ity  c r i te r ia  have been obtained from conservation equations, 
boundary conditions, and geometry of a system. For a whole loop simulation 

i t  is very important to consider not only local conditions but also integral 
effects over an entire  loop and components. Thus i t  becomes necessary to in 
clude integral balances in the s im ila r ity  analysis.

For a single phase flow, the continuity, integral momentum, and energy 

equation in one-dimensional area averaged forms have been used. F irs t ,  re le 
vant scales for basic parameters are determined, then the s im ila r ity  groups 

have been obtained from the conservation equations and boundary conditions.
The heat transfer between the f lu id  and structure is included in the analysis 

by using the solid energy equation. From these, the geometrical s im ila r ity  

groups, f r ic t io n  number, Richardson number, characteristic  time constant ra
t io ,  Biot number, and heat source number are obtained. The Biot number in 
volves the heat transfer coeffic ient which may cause some d i f f ic u l t ie s  in 

simulating the turbulent flow thermal boundary layer. However, overall simi

la r i t y  can be easily established by satsifying scaling c r ite ra  developed under 
the study. In general, a real time simulation by a scale model is possible in 

the single phase region. I t  is noted that the simulation of a long, large 

pipe by a small scale model may encounter some d i f f ic u l t ie s  i f  a prototype 

system does not have a reasonably large loss coeff ic ien t in addition to the 

wall fr ic t io n a l loss.
For a two-phase flow case, s im ila r i ty  gorups have been developed from a 

perturbation analysis based on the one-dimensional d r i f t - f lu x  model. The 

physical significance of the phase change number, subcooling number, d r i f t -  

flux number, f r ic t io n  number are discussed in deta il and conditions imposed



by these groups are evaluated. In two-phase flow case, the occurrence of the 

c r i t ic a l  heat flux is one of the most important transients which should be 

simulated in a scale model. Simulation experiments using a scale model and 

same f lu id  under prototypic pressure and temperature conditions are one of 
the most important special cases. This is particu la r ly  so in nuclear reactor 

safety experiments. Therefore, this case is studied in deta il and specific  

scaling c r i te r ia  are developed. These new c r i te r ia  have considerable prac
t ic a l importance in designing integrated or separate test f a c i l i t i e s  for  

nuclear reactor safety related experiments.
The above results are applied to the LOFT fa c i l i t i e s  in case of a natural 

circulation simulation. Some preliminary conclusions on the fe a s ib i l i ty  of 
the f a c i l i t y  have been obtained. The results show that the real time simula
tion is only possible in case of a single phase flow. Simulations of two- 
phase phenomena require a d istortion of time scale. This is the single most 
important conclusion from the application of the present c r i te r ia  to the 

scale model.

I .  INTRODUCTION

The scaling laws for forced convection single phase flow have been well 
established and modeling using these c r i te r ia  has long been an accepted prac
t ic e . Similar reasons exist for the desire to model natural c irculation sin
gle and two-phase flows. However, the s im ila r ity  analysis for a natural c i r 
culation system is much more complicated due to the coupling of the driving  

force and heat transfer processes. The flow condition can only be determined 

by the integral e ffec t of the thermo-hydraulic processes along the entire  

loop. Therefore, in order to develop meaningful s im ila r ity  c r i t e r ia ,  i t  is 

necessary to consider these integral effects through some forms of simplified  

solutions.
There are some publications on a simulation of a single phase natural 

circulation system. For example, Heisler and Singer [1] and Heisler [2 ] have 

analyzed the simulation of a liqu id  metal natural c ircu lation system. The 

s im ila r ity  analysis fo r a two-phase flow system has been carried out by Ish ii  

and Zuber [ 3 ] ,  Ish ii  and Jones [4 ] ,  and Zuber [5 ] among others. The determi
nation of scaling c r i te r ia  fo r single phase flow is achieved through appropri

ate non-dimensionalization of the well established balance and constitutive



equations. However, the same approach for two-phase flow encounters consid
erable d i f f ic u lt ie s  due to the existing uncertainties in the basic formulation 

related to balance equations, two-phase flow correlations, and flow regime 

transition c r i te r ia .

The available methods to develop s im ila r ity  c r i te r ia  for two-phase flow 

systems have been reviewed by Ish ii  and Jones [4 ] .  In the present analysis, 
the results based on the local conservation equations and ones based on the 

perturbation method are u t i l iz e d .  The extension of the s im ila r ity  analysis 

to a natural c irculation system is achieved by considering the scaling c r i 
te r ia  from a small perturbation method and the steady state solution. For 

this purpose, the re la t iv e ly  well established d r i f t - f lu x  model and constitu
t ive  relations [6 ,7 ]  are used.

The above results are applied to the simulation of a natural c irculation  

in pressurized lig h t  water reactors by the LOFT f a c i l i t y  [ 8 ] .  I t  is noted 

that the single phase and two-phase heat transfer under a natural c irculation  

pattern is particu larly  important fo r LWR's. Accidents which lead to the 

decay heat removal by natural c ircu lation have much higher probability  than 

those of the severe accidents extensively studied recently. However, the 

breakdown of the natural c irculation boiling which leads to dryout and burn
out of heated surface in these conditions have s ign ificant consequences. A 

detailed study of the c r i t ic a l  heat flux under these conditions has been car
ried out by Mishima and Ish ii [9 ] .  This resu lt is used to analyze the re 
quirements for the simulation of the c r i t ic a l  heat f lux  phenomena in addition 

to the general thermo-hydraulic simulation.

I I .  SINGLE PHASE SIMILARITY LAWS

A. S im ilarity  Parameters for Single Phase Natural Convection

The s im ila r ity  c r i te r ia  for a natural c irculation system can be obtained 

from the integral effects of the local balance equations along the entire  

loop. A typical system under consideration is shown in Fig. 1. This system 

consists of the heat source, heat sink, connecting piping system, and flow 

resistances such as o r if ices . For a single phase flow case, a method sim ilar  

to that used by Heisler and Singer [1 ] and Heisler [2 ] for a liquid  metal 
system is applied to develop s im ila r ity  c r i te r ia .
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In the following analysis, subscripts o and r denote the reference con
stant value and representative variable of a system. The ith  component and 

solid are denoted by subscripts i and s. Using the Boussinesq assumption for  

a single phase natural convection system, the f lu id  is considered incompres
s ib le , except in the gravitational term in the momentum equation. Then the 

conservation laws can be expressed by the following set of sim plified balance 

equations based on a one-dimensional formulation.

Continuity Equation

u. = ^  u . ( 1 )
1 â  r  ̂ '

Integral Momentum Equation

2

Fluid Energy Equation for i th  Section 

Solid Energy Equation for i th  Section

S s  ^  *  "s °  • P )

The boundary condition between the i th  section f lu id  and structure is given by

- h W - * '  ' V P  •

In the above equations, u  ̂ is the representative velocity  of the system 

corresponding to the velocity of the section having cross sectional area a^.
is the equivalent total length of the hot f lu id  sections. The above set 

of equations can be non-dimensionalized by introducing the following dimen- 

sionless parameters:



û . = u./u^ , = u^/u^

’  *-h ^  ^  ^^ ^0

(6)

T  =  t  U / £o' 0

e = aT /aT^

fli = a,/a^

* 2  2 2 V = , Y = y/6

The dimensionless balance equations can be given by the following expressions.

Continuity Equation

= U^A. . (7)

Momentum Balance

2

Fluid Energy Equation ( i th  Section)

(8 )

90. U 90.

9 ^  A T g ^  " (®si'®i^ •

Solid Energy Equation ( i th  Section)

30 ■ ^

V i ^ s i - O s , " ' ’ • < '“ >

Fluid-Solid Boundary Condition ( i th  Section)

(9 ^ , -9 , )  . ( 1 1 )



The s im ila r i t y  groups appeared in  the above equations are defined below.

Richardson No. ; R s --------2 In ert ia  Force
0

Friction No. ; F. s / ' j i - + kV  = Fhlction
i yd y i In ert ia  Force 

Modified Stanton No.; St '' - Convection
i \ pC^u d I  . Axial Convection \  p 0  /  I

( 12)
Time Ratio No. ; T* s = T r a y jo r t  Time.

1 \ ^2 Uq y.j Conduction Time

n-„4. M„ D - / h6 \  Wall Convection
• ° i  M  k j j i  ° Conduction-----

.1 .  r .1 n  t  0  \  Heat Source
Heat Source No. ; Q^, a = Axial Energy Change

In addition to the above defined physical s im ila r ity  groups, several geometri
cal s im ila r ity  groups are obtained. These are;

Axial Scale ; L̂ . = (L^ = ĥ'^̂ ô

Flow Area Scale; A.j = a.j/aQ
(13)

I t  is noted here that the hydraulic diameter d., and the conduction depth 

s .  are defined by

d. = 4a^ 5 . (14)

and

«i = ^ i / 5 l



where and are the flow area, solid cross sectional area, and wet
ted perimeter of ith  section, respectively. Hence, d̂  and 6 .̂ are related by

( 16)

In the above development, the reference scales for the velocity and tem
perature change have been used. The simplest way to obtain these scales are 

to use the steady state solutions. By taking the heated section as a repre
sentative section, one can obtain the following solution for temperature rise .

AT )  (17)

where subscript 0 denotes the heated section. Substituting the above expres-
(

si on into the steady state momentum integral equation, the solution for the 

velocity becomes

u ( 18)

B. General S im ila rity  Laws

The s im ila r ity  c r i te r ia  between two d if fe re n t systems can be obtained 

from a detailed consideration of the s im ila r ity  groups developed above to 
gether with necessary constitutive re lations. In the following analysis, 

subcript R denotes the ra t io  between the model and prototype. Thus

= for model / ig \
R ” fo r prototype *

In general, the solid materials need not be the same between the model
and prototype. However, fo r  s im plic ity  the use of the same materials for

structures is assumed in the present analysis. This implies that



PsR ^psR ^ s R  “ “sR ^

The most fundamental requirement for the s im ila r ity  is concerned with the 

geometrical s im ila r ity  c r i te r ia .  I t  is evident from the continuity re lation  

that for a complete kinematic s im ila r ity  the geometrical s im ila r ity  for the 

flow area

should be satis fied . On the other hand, from the dynamic s im ila r ity ,  i t  is 

necessary that

(23)

^hR

These are somewhat weaker restrictions than the complete axial geometrical 

s im ila r ity  given by

= • < - )

However, for sim plicity  both the transverse area and axial length s im ila r it ie s  

are assumed at least where the energy transfer is important.
From the dynamical s im ila r ity  condition one obtains that

This requirement can be easily  satis fied  by using appropriate o r if ic e s , thus 

this restr ic t io n  on the f r ic t io n  number is assumed to be satis fied  uncondi

t io n a lly .
From the steady state condition given by Eqs. (18) to (25 ), the ra tio  of 

the reference velocities becomes



_ _ ( • /  B \  ^oR „ 2  1
“ o R - U o p - j ' ' o R ( p c J , d o / o R )  ( « )

v/here = pQf /̂pQp a>̂ cl = -̂Qj /̂^Qp- Thus the temperature rise ra tio  is  

given by

''^0 R - A T „ p - % R ( p c J „ u „ , d „ ,  •

By substituting Eq. (27) into the de fin it io n  of the Richardson number, i t  can 

be shown that Rp = i is equivalent to Eq, (26). Therefore, the correct scal
ing of velocity sa tis fies  the Richardson number requirement automatically.

Then

R|̂  = 1 equivalent to Eq. (26) . (28)

On the other hand, the energy s im ila r ity  conditions require that

StiR = 1

(29)

★

TiR = 1  

®iR " ^

^soR " ^

I t  is noted here that the Stanton number and Biot number involve a heat trans
fe r  co e ff ic ien t. Thus a form of the constitutive re la tion for h becomes im
portant. Under the conditions of

same solid materials, Eq. (20),
■ transverse flow area s im ila r ity ,  Eq. (2 2 ), and 

axial length s im ila r ity ,  Eq. (24),  
the above energy s im ila r ity  conditions reduce to

TiR = £pj/(Up6 ?p) = 1 . (30)
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^iR ^

OsoR = ( - S ' r  i  = ’ • <32)

For the las t re la tion , the velocity scaling c r i t e r ia ,  Eq. (26), and geometri
cal re lation given by Eq. (16) have also been used. An important point is 

that the Stanton number requirement is satis f ied  automatically i f  the above 

three s im ila r ity  c r i te r ia  can be achieved.

Physically the time ra tio  scales the speed of transport processes in 

f lu id  and solid. The Biot number is the ra tio  of the thermal conductances in 

f lu id  and solid. Thus i t  is the scale for the boundary layer temperature 

drop and thermal gradient in solid . The heat source number is important for  

the temperature in solid and for the overall energy level of the system. The 

Stanton and Biot numbers are related to the boundary condition at the f lu id -  

solid interface. Thus they contain a heat transfer coeff ic ien t. Under a 

natural c irculation condition, re la t iv e ly  slow transients are anticipated.
For these cases, the s im ila r ity  requirement from these two numbers mainly 

contribute to the simulation of the temperature drop in the boundary layer 

and the in terfac ia l temperature.
The requirements from the time constant ra tio  and heat source number 

lead to additional geometrical res tr ic tio ns . Thus the conduction depth (̂  ̂

wall thickness) should be

(33)

whereas the hydraulic diameter should be

‘’oR = ‘*iR = ''R = - ! 7 c ^ ' T ^ x / 5 ^  • <3'”

Furthermore, the Biot number s im ila r ity  requires

(35)
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In contrast to the design parameters such as 5̂ . and d^, the heat transfer co

e f f ic ie n t  cannot be determined independent of a flow f ie ld  and f lu id  proper
t ie s . Thus Eq. (35) imposes an additional constraint on the flow f ie ld .

In general the heat transfer coeffic ien t depends on the f lu id  properties 

and flow conditions. I t  is customary to represent a correlation for h in 

terms of the Nusselt number defined by

Nu E M  (36)

where d and k are the hydraulic diameter and f lu id  conductivity. There are a 

number of correlations for Nu for a flow in a re la t iv e ly  long tube, however, 
the following three correlations typ ica lly  represent the three important 
groups

' Laminar Flow (q given) Nu = 4.36

(37)Turbulent Flow Nu = 0.0155 Re°'^^ Pr°'^
(1 < Pr < 20)

Liquid Metals Nu = 4.82 + 0.0185 (RePr)°‘ ^^
(Pr < 0.1)

This shows that the Nusselt number depends on the Reynolds number and f lu id  

properties.
On the other hand, in a free convection range, Nu depends on the length 

of a heated surface and the Grashof number defined by

93(T -T)£^
Gr E -------  ̂ ■ X- - - . (38)

( y / p )

Then for a wide range of Gr, the Nusselt number may be correlated by

Nu = 0.3 (GrPr)°*^ ( y )  . (39)

These d if fe re n t constitutive relations fo r  h indicate that the s im ilar
i t y  requirements from the Stanton and Biot numbers are not easy to meet.

12



particu larly  in the case of a f lu id  to f lu id  simulation. The correlation for 

forced convection flow given by Eq. (37) shows that i t  is desirable to use a 

f lu id  with a similar Prandtl number.
In a laminar flow range, the heat transfer correlation gives

hp -  , (40)

whereas for turbulent flow of f lu id  such as water

j
I t  is evident that Eqs. (40) and (41) impose quite d if fe ren t constraints on 

operational and design parameters with respect to Eq. (35). Furthermore,
Eqs. (34), (35), and (41) require that the ra tio  of the Reynolds number to be 

close to one. For a scale model this may resu lt in higher model velocity and 

very high model power. Because of th is ,  the s im ila r ity  condition based on 

the Biot or Stanton number should be carefu lly  evaluated.

C. Scale Model with Same Fluid

A special case of a scale model with the same f lu id  is now examined.

For this case a l l  the property ra t io  groups can be set as unity. Thus

pR " " *̂ R " R̂ " *̂̂ R "  ̂ ‘

Then the s im ila r ity  laws developed above reduce to the following equations. 

Reference Velocity Ratio

6
a ( 4 3 )^oR dĵ  R̂ I •

Wall Conduction Depth Ratio

(44)

13



Hydraulic Diameter Ratio

(45)

Biot Number S im ilarity

(46)

Heat Transfer Laws

f  Laminar ^
R

Turbulent ho = (Undn)°-®^ . (48)
i ' v W a t e r )  R dj^ R R

Liquid Metals ^  • (49)
('vLow Velocity) R

The Biot and Stanton number s im ila r ity  conditions with the constitutive  

laws for the heat transfer coeffic ient mainly simulate the boundary layer tem

perature drop. When the heat transfer mechanism is not completely simulated, 
the system would adjust to a d if fe re n t temperature drop in the boundary layer. 
However, the overall flow and energy d istr ibution  w i l l  not be strongly a f 

fected in slow transients typical of a natural c irculation system. The vio
lation of the Biot or Stanton number s im ila r ity  within the liqu id  flow condi
tion should not cause a major problem except at very rapid power transients.

In view of the above, the f i r s t  three conditions are of prime importance. 
The substitution of Eq. (44) and (45) gives

Hence

14



From Eq. (16), th is  implies th a t

(52)

In addition to these conditions, the f r ic t io n  number s im ila r ity  and geometri 

cal s im ila r ity  conditions should be sa tis fied . Thus

and

(53)

(54)

The last geometrical s im ila r ity  condition can be relaxed depending on the de
gree of s im ila r ity  required. For example, the transverse area condition is 

important only where the heat transfer is s ign ificant because the velocity  

simulation in adiabatic sections is not important. In terms of the axial 
length s im ila r ity  condition, i t  is important that Eq. (54) is satis fied  in 

the hot leg section such that the driving head is well simulated. When Eq.
(54) is p a r t ia l ly  v io lated, i t  is very important that Eq. (23) is satis fied  

such that the f lu id  transient time over the entire  loop is correctly simulated. 

Hence

'-hR ^

R =  1

(55)

In view of Eqs. (46) to (49), i t  becomes clear that a laminar flow or 

liqu id  metal flow at moderate Reynolds number can automatically satis fy  the 

s im ila r ity  c r i te r ia  for so lid -l iq u id  boundary conditions, i . e . ,  the Biot and 

Stanton number c r i te r ia .  On the other hand, fo r a turbulent flow of water, 

i t  is almost impossible to satis fy  them in a scale model due to the very much 

increased power demand in a model.
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A scale model can be designed by f i r s t  determining the size of the model 
or This factor and the available power determine the velocity scale from 

Eq. (50). I t  is important to note that the time scale w i l l  be shifted by the 

factor

• (56)

Therefore, for a real time simulation an additional condition of

tn -  1 or ^  -  1 (57)R Up

should be imposed. In this case, the power level can be uniquely determined

by

doR = R̂ • (58)

Then one obtains

6r = dp = 1 . (59)

D. Sample Calculations (Real Time Scale)

As an example, a simulation of natural c ircu lation  flow in a typical 
l ig h t  water reactor by the LOFT f a c i l i t y  is considered. The representative 

geometry of PWR relevant to the natural c irculation study is shown in Fig. 2

and that of LOFT f a c i l i t y  [ 8 ] in Fig. 3. Here the PWR geometry is that of CE
System 80. Some of the important design parameters are l is te d  in Table I .

In view of the elevation AF and AB, the axial length ra t io  «,p is in the 

range of

tp = 0.4 'V 0.44 . (60)

For a real time simulation, the velocity should be reduced by the same factor  

as given by Eq. (57). Then
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Fig. 2. Simplified LWR Geometry Relevant to Natural Circulation  
(Dimensions in m)

17



STEAM ^  
GENERATOR2.73

0.513

O Z ^

FROM
PUMP

UPPER
CORE
STRUCTURE

.965

DOWN -  
COMMER

CORE .68

0.53

0.73

TO
PUMP

Fig. 3. Simplified LOFT F a c il i ty  Geometry Relevant to Natural Circulation  
(Dimensions in m)

18



Table I .  Basic Geometrical Parameters fo r  PWR and LOFT F a c i l i t y  [8 ]

System

Item PWR LOFT

Fuel Rod O.D., cm 0.97 1.07
Length (AB), cm 381 168
Pitch, cm 1.29 1.43

Hydraulic Diameter, cm 1 . 2 1.363

No. of Rod 'X.55000 1300

Elevation BC, cm 158 196.5

Elevation CE, cm 197 75.9

Elevation EF, cm 1050 273

SG Tube I . D . , cm 1.69 1 . 0 2

Wall Thickness, cm 0.107 0.124

No. of Tube - ^ 1 1 0 0 0 1845
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Un = 0.4 0.44

(61)
= 0.4 -V 0.44

On the other hand, the hydraulic diameter and the conduction depth in the im
portant heat transfer sections, i . e . ,  the core and steam generator, should 

satis fy  Eq. (59). From Table I i t  is clear that these conditions are s a tis 
f ied . Hence, the single phase natural c ircu lation can be easily  simulated by 

the LOFT f a c i l i t y  by in s ta ll in g  appropriate offices and using proper length 

pipes in a horizontal section. In case of a turbulent flow, the boundary 

layer temperature drop cannot be simulated well due to unrealistic  demand on 

the necessary power in the model. However, i t  is considered that this d is
crepancy may have l i t t l e  e f fec t on the overall s im ila r i ty  of the systems.

Another major difference is the re la t iv e  length of the steam generator 

tubes. The length ra tio  here is only 0.26. Thus the axial length in the 

cooling region is much shorter in the model in re la tion  to other sections.

This may be a problem in case of rapidly changing power.

I I I .  TWO-PHASE SIMILARITY LAWS

A. Basic Formulation fo r Two-phase Natural Circulation

The s im ila r ity  parameters fo r a natural c ircu lation system under a two- 
phase condition can be obtained from the integral effects of the local two- 
phase flow balance equations along the entire  loop. Under a natural c ircu la 
tion condition, the majority of transients are expected to be re la t iv e ly  

slow. Furthermore, fo r  developing system s im ila r ity  laws, the response of 
the whole mixture is important rather than the detailed responses of each 

phase and phase interactions
The basic concept of the d r i f t  f lux  model is to consider the motion and 

energy of mixture as a whole, rather than those of two phases separately. How
ever, the d r i f t  f lu x  model requires some additional constitu tive assumptions 

on the phase interactions [7 ,1 0 ,11 ]. For the derivation of system s im ila r ity  

c r i te r ia  under a natural c ircu lation condition, the d r i f t - f lu x  model is ap
propriate [3 ,4 ,1 2 ] .  This is because the d r i f t - f lu x  model can properly des
cribe the mixture-structure interactions over a wide range of flow conditions. 

The overall s im ila r ity  of two d if fe re n t  systems in terms of mixture properties 

can be analyzed e ffec t ive ly  by using the d r i f t - f lu x  model.
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The s im ila r ity  c r i te r ia  based on the d r i f t  flux model have been developed 

by Ish ii and Zuber [3] and Is h i i  and Jones [4 ] .  Two d if fe ren t methods have 

been used. The f i r s t  method is based on the one-dimensional d r i f t - f lu x  model 
by choosing proper scales for various parameters. Since i t  is obtained from 

the d if fe re n tia l equations, i t  has the characteristics of local scales. The 

second method is based on the small perturbation technique and consideration 

of the whole system responses. The local responses of main variables are ob
tained by solving the d if fe re n t ia l  equations, then the integral effects are 

found. The resulting transfer functions are nondimensionalized. From these, 
the governing s im ila r ity  parameters are obtained [3 ] .

The f i r s t  method based on the balance equations of the d r i f t - f lu x  model 
is useful in evaluating the re la t ive  importance of various physical effects  

and mechanisms existing in the system. However, there are certain shortcom
ings in this method when i t  is applied to a system s im ila r ity  analysis. In 

developing the s im ila r ity  c r i te r ia ,  the most important aspect is to choose 

proper scales for various variables. However, this may not always be simple 

or easy, because in a natural c irculation system the variables change over 

wide ranges. Therefore, the scaling parameters obtained from this method are 

more locally  oriented than system oriented.
The second method requires that the f ie ld  and constitutive equations are 

firm ly established and that the solutions to the small perturbations can be 

obtained analy tica lly  for the system under consideration. When these condi

tions are met, i t  gives quite useful s im ila r ity  laws. In what follows, the 

combination of the results from the above two methods w il l  be used to develop 

practical s im ila r ity  c r i te r ia  for a natural c irculation system.
The d r i f t - f lu x  model obtained from the temporal and area averaging [6 ,7 ,  

1 0 ] is given below.

Mixture Continuity Equation

*̂̂ m . 3+ ^  = 0  . (62)3t 3z '"̂ m m 

Continuity Equation for Vapor
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Mixture Momentum Equation

3P:m
9Z

ap„p
CI-a)Pn, '̂ 90

+ K 6 ( z - Z , m'^  . ,N u y , ^ - Z .  ) p„u„|u„2D 1 J m m' r

Mixture Enthalpy Energy Equation ( i th  Section)

(64)

4h
J D .  ( T  _ T  i  -  —
d  ̂ s sat' 9z

ap p
— ^  AH. V„ . 

Pm 9 9J
(65)

Solid Energy Equation ( i th  Section)

9T . p
p C + k V T - q = 0 ,ŝ ps 9t s s ( 6 6 )

Solid-Fluid Boundary Condition ( i th  Section)

(67)

Here is the d r i f t  velocity given by = ( l-a ) (u ^ -u ^ ) .  The mixture
f r ic t io n  factor and heat transfer coeffic ien t are denoted by f„  and h„, re-m m
spectively. The constitutive relations for the d r i f t  ve loc ity , V and they J
vapor source term should be specified in the above formulation. Under the 

thermal equilibrium condition, i t  can be shown [3 ] that

dAH
f9

( 68 )

For water a t re la t iv e ly  high pressure and under natural c ircu lation conditions, 
the assumption of the thermal equilibrium is reasonable. The representative  

constitutive equation [7] for the d r i f t  velocity  is given by

(7)
1/4

(69)
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where the to ta l  f lu x  j  is  given by

The re la tive  motion between phases can be specified by a number of d i f 
ferent forms. For example, the classical void-quality  correlation which gives

a = f (x )  (71)

is mathematically equivalent to Eq. (69).
The heat transfer coeffic ient can be given by the standard correlations  

[13,14]. The boiling heat transfer is rather e f f ic ie n t ,  and the value of h  ̂

is generally very high. In normal conditions the wall superheat, T  ̂ - T^,.
S S o u

is re la t iv e ly  small. However, the occurrence of the c r i t ic a l  heat flux (CHF) 
is s ign ificant, because the heat transfer coeffic ient is d ras tica lly  reduced 

at CHF. Therefore, in two-phase flow the simulation of the CHF condition is 

much more important than that of the thermal boundary layer. The occurrence 

of CHF can be considered as a flow regime transition due to a change in heat 
transfer mechanisms.

In view of the above, the conduction in solid may be decoupled from the 

f lu id  convection for the purpose of the s im ila r ity  analysis. Thus the bound
ary condition, Eq. (67), may be changed to

T = T^,. (at s o lid -f lu id  boundary) (72)
S S a u

which is applicable from the boiling inception point to the CHF point.
The CHF condition at low flow has been reviewed by Leung [1 5 ], Katto [16],

and Mishima and Ish ii [9 ] .  The modified Zuber correlation [17] for low flow 

is given by

q
II _ /  ggA.p.\

1/4
= 0.14 (1-a) P A H -  f \ . (73)

Based on the limited data on blowdown experiments i t  is recommended [15] for
2

the mass velocity range of -24 to 10 g/cm sec. I t  is evident that this cor
re lation is based on a pool boiling CHF mechanism. Thus i t  may apply only 

for transients involving flow reversal.
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K atto 's  c o r re la t io n  [16 ] fo r  low f low  is  given by

0.043 AH,
= 1  ''“tg r  

0

, sub 

‘ "fg
(74)

which implies that the c r i t ic a l  quality  is Here G and

AHsub the mass velocity and in le t  subcooling. The typical value of
is 0.5 - 0 .8 , thus the underlining mechanism should be the annular flow film  

dryout. This correlation can be applied to most slow transient situations at 
low flow.

However, there is a p o ss ib ility  [9 ] that the c r i t ic a l  heat f lux  may occur 
at much lower e x it  quality  than that given above due to a change in two-phase 

flow regimes. In a natural c irculation system with very small flow fluctua
tions, the occurrences of CHF have been observed at the transition between the 

churn-turbulent to annular flows. Beyond this tran s it io n , the lack of large 

disturbance waves eliminated the preexisting rewetting of dry patches. This 

leads to the formation of permanent dry patches and CHF. The c r i te r ia  devel
oped by Mishima and Is h i i  [9 ] for this case is given by

(75)

Here Ĉ  is the d istr ibution parameter for the d r i f t - f lu x  model [7 ] and given by

Cq = 1.2 - 0.2 . (76)

These CHF c r i te r ia  should be used to develop a s im ila r ity  c r ite r ion  for 

the f lu id -s o l id  boundary instead of the heat transfer co eff ic ien t. This en
sures that the c r i t ic a l  heat flux occurs under the s im ilar condition in a 

simulated system.

B. Steady State Formulation for Two-phase Flow

As has been shown in the case of a single phase flow, the steady-state  

solutions are very important in obtaining scales for thermo-hydraulic param

eters. Therefore, a b r ie f  summary of a steady-state formulation is presented 

below.
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By assuming an a x ia lly  uniform heat flux for s im plic ity  of the analysis, 
the nonboiling length of the heated section is given by

sub 0 0
“nb 4q|; (77)

However, in steady-state the heat flux is related to the heat generation rate 

by

so (78)

The vapor quality  at the e x it  of the heated section is given by

X. = ^ 0  0
ah sub

e p u ^ A H .  d „  a H -  
0 fg 0 fg

(79)

and the volumetric flux in the heated section by

j  = (1 + ApX/Pg)u^ . (80)

The pressure drop in the heated section can be given approximately by

1

0.25 ( V ^ n b )

Xp ( 1 -x )^
_ § .£ _ +  e _ 1
a p ( 1 -a )e g e

+ - Apg [<a>o(V^nb^^ • (81)

Here the homogeneous two-phase f r ic t io n  factor model and ou tle t o r if ic e  pres

sure drop model have been used [18]. Furthermore, the average quality  have 

been used for calculating the pressure drop along the heated section. Hence 

the mean void fraction is given approximately by
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(82)

A sim ilar pressure drop equation can be written for the other two-phase 

sections, i . e . ,  the upper plenum and condensation section. From this formu
la t io n , i t  is clear that the density ra t io ,  viscosity ra t io ,  e x it  quality ,  
and void-quality (or d r i f t  velocity) correlations are very important for the 

s im ila r ity  of two-phase systems in addition to the s im ila r ity  conditions for  

single phase flow. In essence, the e x it  quality  corresponds to the tempera
ture rise AT in a single phase flow. Furthermore, the f r ic t io n a l ,  convective, 
and gravitational pressure drops depend strongly on the e x it  qu a lity , property 

ratios and void-quality correlation. These dependencies make the s im ila r ity  

requirement for two-phase flow much more severe than that fo r single phase 

flow.
For a natural c ircu lation system, the to ta l driving force can be written

as

Ap^^ = 3gpAT j  + y ^ ( A p g < g > i l ) .  .

/  TP

(83)

On the other hand, the resistance to the flow is given by

Ap f r

1 + ApX/p
(1  + Ayx/pg) 0.25

E I ' l l ' + ApX̂
TP ■Ct) (84)

Here SP and TP denote the single phase and two-phase regions. The net convec

t ive  acceleration term has been neglected because the large part of i t  should 

cancel out between the boiling and condensation processes. The r igh t hand 

side of Eq. (83) represents the single phase and two-phase driving force due

26



to density change. In two-phase flow, the second term should dominate because 

the density change by boiling is very large. I t  is evident from the above two 

expressions that reference velocity u  ̂ can be obtained from the solution for  

the quality  given by Eq. (79) and the force balance. However, since this in 
volves a void-quality correlation, i t  is not s tra ight forward as in the case 

of single phase flow.

C. S im ilarity  C rite r ia  for Two-phase Flow

The s im ila r ity  groups for two-phase flow can be obtained from the set of 
balance equations d irec tly  [4] or from the perturbation analysis [3 ] .  The 

results obtained from the la t te r  method are sutrmarized below.

Phase Change No. N
4o" Io _ £ _  M  = Flux due to Phase Change

pch du aĤ  p p_ In le t  Flux

ahCL T- M .. sub Ap Subcooling
Subcool 1 ng No. ^  = Latent Heat

Froude No. T r
Ap In e rt ia

g2..<a>̂  p 
^ 0  0

Gravity Force

V .
D r i f t  Flux No. N. = (or Void Quality Relation)

0

Density Ratio N̂  = p^/p

Friction No.
1 + ApX/p

(1 + AyX/Vq) 0.25 (

O rifice  No. N„ '  K(1 + . (85)

In addition to the above, the single phase s im ila r ity  groups given in 

Eq. (12) can be obtained. In case of a two-phase natural c ircu la tio n , the 

temperature r ise can be replaced by subcooling as
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ah .
AT = . ( 8 6 )

°  S

In view of Eqs. (12), (85 ), and ( 8 6 ) ,  the additional groups are

Time Ratio i t  =

(87)
q £ C

Heat Source No. Q--,- = I — r  aCSI I  o C U AH .^ s  ps 0  sub

The groups related to the thermal boundary layer should be replaced by 

the one based on the c r i t ic a l  heat f lu x . Thus

q"
CHF No. ^q  ̂ ^

where q|l is given by Eqs. (73 ), (74) or (75) depending on the CHF mechanisms.
In view of Eqs. (78) and (85), the phase change number can be modified

to

^  (gg)

pch ■

On the other hand, the re la t iv e  velocity scale based on the d r i f t  velocity  

correlation is

\ l /4N. ■ - • . ... ................
'd 0.2 (1 +  Apx/pg) + (90)

or i t  should have the same void quality  correlation

a = f ( x ,  P g / p ,  Vg/y, e tc . )  . (91)

The original s im ila r ity  parameters and the modified ones given above in 
dicate that the s im ila r ity  c r i te r ia  fo r d if fe ren t f lu ids  a t d if fe re n t pres

sures are extremely complicated. However, i f  the following conditions are 

met, s ign ificant simplifications can be made.
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Negligible Effects of Viscosity Ratio on Two-phase Friction
Relatively Small Exit Orific ing
Relatively Small Local Slip  

In general, i t  can be shown from Eqs. (79) and (85),

‘ ‘■ V o g  = < V h  ■ "sub> • (92)

Therefore, the s im ila r ity  based on the phase change number and subcooling num

ber can satis fy  N^, N^, and approximately. For a natural c irculation the 

Froude number and thus the void fraction plays a very important ro l l  a t the 

low quality . However, at re la t iv e ly  high q u a lity , the void fraction is very 

close to unity and, therefore, the driving force becomes only dependent on 

the length of the two-phase region.
Physically, the phase change number is the scale fo r the amount of heat

ing and phase change, whereas the subcooling number is the scale fo r the cool
ing in the condensation section. The subcooled liqu id  temperature is mainly 

determined by the excess cooling in this section. The s im ila r ity  analysis 

becomes much more complicated when there is not s u ff ic ie n t cooling to condense 

a ll  of the steam or the subcooling cannot be well controlled by the condensa
tion section. In such a case, detailed modeling of condensation process and 

the analysis of the secondary loop may become necessary to determine the ex it  

quality  or subcooling at the condensation section.

D. Scale Model with Same Fluid

A special case of a scale model with same f lu id  under same pressure is  

now examined because of i ts  obvious importance. In this case, a l l  the f lu id  

properties can be considered the same between the model and prototype, thus

PR  ̂ PgR R̂ " ^pR " *̂ R " ^R " V  "  ̂  ̂ ‘

Under the above condition, the s im ila r ity  c r i te r ia  become

(V h > R  = ^ = '  •

^^sub^R " ^^^sub^R " ^
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“ R
• ( 96)

< V r ' ( ^ ) r ( ^ ) ^  = '  • (97)

'No) r = ^r ( ^ ) ^ =  ' • (98)

The d r i f t  f lux number can be automatically s a t is f ie d , i f  the contribution  

of the local s lip  is small in comparison with the s lip  due to the transverse 

velocity and void p ro fi le s . When the local s l ip ,  i . e . ,  the second term on 

R.H.S. of Eq. (90), is the dominant factor fo r the re la t iv e  motion, the sim
i l a r i t y  requirement is Uĵ  = 1 which is a rather severe re s tr ic t io n . Hence 

from = 1 one obtains.

Distribution Controlled S lip  -> Automatically Satisfied
(99)

Local S lip  Controlled ->• u  ̂ = 1

For most cases the f i r s t  condition applies. Even in the second case, the dis
tortion of the velocity  w i l l  introduce limited changes in the void-quality  

re la tion . Therefore, in the following analysis the f i r s t  condition w i l l  be 

assumed.
From Eqs. (92) to (93 ), i t  is evident that basically  the s im ila r ity  in 

terms of the vapor quality  is sa tis f ie d . Thus

x,̂  = 1 . ( 1 0 0 )

And from Eq. (99) th is implies that the void s im ila r i ty  also exists,

= 1 . ( 101)

Hence, excluding the f r ic t io n  s im ila r ity  conditions, i t  is required that
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' 'r “ R

( ' '«sub>R=' • ( 1 0 2 )

U„/«,R = 1

In addition to the above, the c r i t ic a l  heat f lux  s im ila r ity  requires

( ^ ) r '  1 • ( i ns'

Using the Katto CHF crite rion  given by Eq. (74) and s im ila r ity  c r i te r ia ,  
i t  can be shown that Eq. (103) becomes

/  , \  0.043
(xJ r = ( - ^ )  = 1  . (104)

y W l

I t  is noted that the exponent of the above expression is very small a t 0.043. 
This implies that the x  ̂ is in the range of 0.6 0 .8 . Therefore, i t  may
safely be assumed that Eq. (104) is approximately satis fied  i f  the quality  

s im ila r ity  given by Eq. (100) holds.
From the single phase scaling c r i te r ia  on geometry given by Eqs. (44) 

and (45), i t  is necessary that

^R " V^R

and . (105)

These requirements also satis fy  the single phase scaling c r i te r ia  on the ve

lo c ity  given by Eq. (43). However, the real time simulation cannot be achieved 

in case of two-phase flow due to the additional conditions imposed on the sys
tem. Furthermore, Eq. (105) implies that the power to the system should be 

increased in a model. Additional caution should be paid to the simulation of
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the CHF under natural c irculation conditions. For example, i f  the CHF occurs 

due to the local condition such as given by Eq. (7 3 ), i t  cannot be simulated 

by the above scaling c r i te r ia .

E. Sample Calculations

As an example, a preliminary consideration on the simulation of LWR by 

the LOFT f a c i l i t y  is presented. In this case, as stated above i t  is not pos
sible to operate in the real time scale. Therefore, the time scale should be
distorted in order to have a meaningful simulation.

From Eqs. (60) and (105)

Jlp = 0.4 'V- 0.44

Up = 0 .6 3  0 .66  . (106)

qp = 1 .5 8  -x- 1.51

The geometrical s im ila r ity  c r i te r ia  given by Eqs. (44) and (45) requires that 

6 p = dp = 0.8 . (107)

The subcooling or the secondary loop temperature is lim ited by

=  ’  • ‘ ’ OS)

Furthermore, for an accurate simulation, i t  is necessary that in two-phase

sections the f r ic t io n  and o r if ic e  number satis fy

( t ) , - 1 or fp = 2  'X- 1 . 8

and (109)

Kr = 1

where i t  was assumed that  ̂ based on dp = constant. On the other
hand, fo r single phase sections the overall f r ic t io n  s im ila r ity  is s u ff ic ie n t .
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I t  is noted that the above conditions also sa tis fies  the single phase 

natural c irculation requirements. The exception is the simulation of the 

turbulent boundary layer. As mentioned above the time scale is distorted by

t n  =  r r =  0-63 0.66 . ( 1 1 0 )R Up

Therefore, the time events w i l l  be accelerated in the model.
The above s im ila r ity  requirement can be compared to the parameters given 

in Table I .  I t  is clear that the geometrical condition given by Eq. (107) is 

only met approximately. Furthermore, Eq. (106) shows that the power should 

be higher in the LOFT f a c i l i t y  by 50% or more. I t  is necessary to adjust the 

f r ic t io n a l pressure drop coeffic ients by in s ta ll in g  several o r if ices  in the 

two-phase flow sections. For modifications of the f a c i l i t y  or designing ex

periments, much more detailed analysis may be needed. In the present analysis 

only the general s im ila r ity  c r i te r ia  and the fe a s ib i l i ty  of using the LOFT 

f a c i l i t y  are examined.

IV. SUMMARY AND CONCLUSIONS

Scaling c r i te r ia  fo r a natural c ircu lation loop under single phase and 

two-phase flow conditions have been derived from the f lu id  balance equations, 
boundary conditions, and solid energy equations. For a single phase case the 

continuity, integral momentum, and energy equations in one-dimensional area 

averaged forms have been used. The solid heat conduction is considered only 

in a direction normal to the flow, therefore, the e ffe c t  of axial conduction 

has been neglected. For a two-phase natural convection case the one-dimensional 
d r i f t - f lu x  model obtained from the short time temporal averaging the sectional 
area averaging has been used.

The set of balance equations and boundary conditions is nondimensional
ized by using reference scales and steady state solutions. From th is ,  impor

tant s im ila r ity  groups have been id e n tif ie d . The natural c irculation in a 

closed loop is induced by the density changes due to heating up of l iqu id  and 

due to boiling. Therefore, special attention has been paid to the driving  

head of the gravitational term in the d if fe re n t ia l  and integral momentum equa
tions. The coupling of this gravitational driving force with the solution of 
the f lu id  energy equation is the p articu lar characteristic  of a natural c i r 

culation loop.
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The above s im ila r ity  analysis shows that fo r a single phase case the ge
ometrical s im ila r ity  group, f r ic t io n  number, Richardson number, characteris
t ic  time constant ra t io ,  Biot number, and heat source number are important.
I t  can be shown that the Stanton number, obtainable from the f lu id  energy 

equation, is redundant in terms of the above s im ila r ity  groups. The geomet
r ica l s im ila r ity  group consists of the axial length and flow area ra tio  of 
various sections. The Biot number involves the constitutive re la tion  fo r the 

heat transfer coeff ic ien t. This w i l l  cause some d i f f ic u l t ie s  in case of a 

f lu id  to f lu id  simulation, however, the relaxation of the Biot number simi

la r i t y  condition influences the boundary layer temperature drop only, and, 
therefore, i t  may not be very s ign ificant in the single phase case.

In the case of two-phase natural c ircu la tio n , the dimensional analysis 

shows that the phase change number, d r i f t - f lu x  number, f r ic t io n  number, den

s ity  ra t io ,  and two-phase Froude number are the important s im ila r ity  groups. 
The physical significances and conditions imposed by these s im ila r ity  param
eters are discussed. These are interpreted into the conditions on the opera
tional parameters and standard two-phase flow parameters such as the void 

fraction and quality . In the two-phase case, the c r i t ic a l  heat flux is one 

of the important transients which should be simulated in a scale model. This 

additional condition is also discussed in deta il in terms of the standard high 

quality  CHF and the newly discovered low quality  CHF.
The above results are applied to the LOFT f a c i l i t y  in case of a natural 

circulation simulation. The f lu id  and pressure levels are assumed to be the 

same between the model and prototype. Therefore, the s im ila r ity  c r i te r ia  are 

evaluated with respect to the operational conditions and system geometry. In 

particu la r , the fe a s ib i l i ty  of the real time simulation which imposes an ad
d itional constraint is discussed. The results show that the real time simu
la tion  is only possible in the case of a single phase flow. The s im ila r ity  

c r i te r ia  fo r two-phase natural c ircu lation  basically  requires the s im ila r ity  

in terms of the steam quality  and void frac tion . Because of th is ,  the power 
requirement for a scale model should be considerably higher than in the pro
totype. The detailed geometrical s im ila r ity  in the two-phase region is quite 

important due to the strong dependence of the fr ic t io n a l and gravitational 
pressure drops on the steam quality  or void frac tion . I t  appears that some 

modification of the LOFT f a c i l i t y  by in s ta ll in g  several o r if ices  in the hot 

legs is necessary.
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In the present study, only general s im ila r ity  c r i te r ia  and the fe a s ib i l 
i t y  of using the LOFT f a c i l i t y  for PWR natural c irculation simulations have 

been examined. A more detailed study may be necessary for optimum modifica
tions of the f a c i l i t y  or designing experimental programs.
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