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Abstract

This paper deals with a theoretical study of laminar natural convection over
a semi-infinite vertical plate. It is assumed that the plate is maintained at
a given concentration in some chemical species and convection is induced
by diffusion into and chemical reaction with the ambient fluid. The fluid
is assumed to be viscous and the induced fluid flow, steady. A similarly
transform to one variable is possible in the absence of chemical reaction.
However, when the chemical reaction takes place between the plate and
the ambient fluid, a similarity solution is not available. Thus to obtain
an analytical solution of the problem, perturbation expansions about an
additional similarity variable which is dependent on the reaction rate must
be employed. It has been found that the Schmidt number Sc and the
reaction order n are the two fundamental parameters of the problem.

1 Introduction

Boundary value problems involving the principles of heat and mass diffusion
in a fluid medium, where the results are directly influenced by the presence
of fluid motion may in general be termed convection processes. If the motion
of the fluid is determined by boundary conditions specified externally to
the system, the process is called forced convection. Otherwise, if the fluid
velocities are caused by the effects of gravity force, i.e. by the interaction
of a body force with variable density arising from heat or mass diffusion,
then the process is called natural convection. The phenomena of natural
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convection can be observed in the atmosphere, in bodies of water, adjacent
to domestic heating radiators or over semi-heated fields and roads. In this
study we shall be concerned with the natural convection process.

One classical problem of natural convection flow has been stated by
Jacob [4] and Kays [5]. The problem concerns the flow between two vertical
parallel plates held at different temperatures and placed in a fluid of uniform
density and viscosity.

A problem of steady state natural convection induced by chemical dif-
fusion from a vertical plate has been reported by Levich [7]. The plate, at
zero concentration of a chemical species A, but containing some catalytic
substances is placed in a fluid solution of A at concentration Co > 0. When
the plate comes into contact with the solution, an heterogeneous chemical
reaction takes place on the plate. Changes in concentration imply density
gradients while in the presence of gravational field, induce natural convec-
tion flow near the plate.

The principles of transport phenomena are described in a book by Bird
[2], and that of chemical kinetics by Aris [1], The methods of similarity and
perturbation are available in the references including the authors Hansen
[3] and VanDyke [11]. Recently a few studies on the similar solutions for
natural convection flow have been performed by Kulkarni et al [6] and Shu
and Wilks [9]. Interested readers are referred to their works.

An interesting extension of the natural convection problem is the study
of effects caused by the inclusion of general chemical reaction of order n.
In particular, this article is concerned with the study of the steady state
behavior of the same binary system composed of a semi-infinite plate and
ambient fluid, each initially at different concentrations of a given species,
but between which a homogeneous irreversible isothermal chemical reaction
of order n is assumed to take place.

2 Uniform concentration at the plate

We consider that a vertical plate composed of species A has been immersed
in a fluid at rest with uniform density and viscosity. We will assume that
the concentration of A in the solution at the plate surface is maintained
(by some suitable external means) at a uniform concentration CQ. Con-
centration differences between the plate and the ambient fluid will induce
convection-diffusional flow and we assume that steady-state conditions have
been attained. During this process, the species A and the fluid B will react
chemically with each other. The primary objective in this study is to show
the effect of this reaction upon the mass transfer and the natural convection
flow which ensues.
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2.1 Perturbation method

The differential equations which describe the steady-state behavior of the
system described above can be written as (see Bird [2])

- ̂ X̂ YY = V^YYY + 9/3*(C - Coo), (1)

TbrCy = DCyy - &(C - C«r, (2)

with boundary conditions

Y = 0; VY = V* = 0,

00

Introducing the transformations

L/ — C/oo
« = 7; - Ĵ ~.L/o — L/oo

/p\
(5)

where

Gr* = -J- 22l (8)

which may be called the local Grashof number, equations (1) and (2)
reduce to

f%2 f / r\ r\ 2
= 0 (9)

(10)?c<y//- uif

where
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and Sc = &//D, which is called the Schmidt number. Use of the trans-
formations (5), (6) and (7) reveals that the partial differential equations
(9) and (10) nearly reduce to ordinary differential equations in the variable
TI excepting for one coefficient c(X) which remains dependent on X. This
coefficient may be termed the local reaction-rate number and may be con-
sidered arbitrarily small depending on the slowness of the reaction. Hence
for 6 = 0, the similarity analysis is complete and equations (9) and (10)
may be assumed to admit a solution c = CQ(TI) and / = /o(f/). In the case
e ̂  0, if the reaction-rate is such that

for some f > 0, a solution may be possible by perturbation-expansion
about t(X) of order (, provided attention is confined to the region down-
stream of the leading edge given by 0 < X < £.

We therefore rewrite the transforms as follows:

(12)

) (13)

where

Y
(14)

(15)

Introducing these transformations into equations (9) and (10) results in

6m, + c + 3//,m - 2/2 + 2( {/«/„ - /,/„} = 0 (16)

5% + 3/c, + e{2/,c, - 2/,c, - c"} = 0 (17)

and the following perturbation scheme about e. may be employed:

... (18)

... (19)

Substituting (18) and (19) into (16) and (17) results in the following sets
of ordinary differential equations for each order of t:

The zeroth-order approximation:

C + <* + 3/o#-2/o" = 0 (20)

c% + 3Sc/o4 = 0 (21)

The first-order approximation:
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f"' + ci + 5/itf + 3/o/r - 6/X/{ = 0 (22)

< + Sc{5A4 + 3/ocJ - 2cij% -<}=0 (23)

The boundary conditions may be written as

/r(0) = 0 }

::
Cr+l(0) = 0 J

(24)

fr(oo) = Cy(oo) = 0 when 77 —» oo

r = 0,1,2,3,...m. (25)

Here the prime denotes differentiation with respect to TJ. The zerotfa-
order approximations describe the stream function and the concentration
distribution without chemical reaction, whereas the higher order approxi-
mations describe these distributions when chemical reaction is present in
the system.

3 Distributed concentration along the plate

for various reaction-kinetics

This section consists of similarity solutions which may be found when the
initial concentration along the surface of the plate is assumed to obey some
algebraic law with respect to the order of chemical reaction. In the previ-
ous section, we have presented an analysis giving rise to perturbation-type
similarity solutions.

Consider the following transformation:

Similarity variable: q(X,Y) = Yb(X) (26)

Stream function: (̂X,Y) = i/a(X)f(rf) (27)

C — C
dimensionless concentration: c(X, Y) = — — (28)

Go — Coo

and e(X) = Co - C« (29)

where Coo is a constant concentration at infinity.
Introducing these transformations into equations (1) and (2), one obtains

the following ordinary differential equations:
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/'" + ̂  + T""-($ + ?)/" =\ /

5 + T^-JT^-^r'-« <">
provided,

<*x _ „ "*** -r "** - r ^^ _ /^ *:̂ "̂  _ „ /oo\
"j" - ̂^ "p" - ̂, -%r - ̂ 3» 753 - ̂4, -7̂ 5- - Og (JZj

where Ci, C^, Cg, C± and Q are constants, and sub X means differenti-
ation with respect to X. The relations (32) reveal that the transformations
(26) to (28) must be of the following forms:

1/4

c(X,Y) = (33)
L/o — L/oo

and Co — CQO = initial distribution function.

= NX^ (34)

where Or* = local Grashof numbers

and JV is a dimensional quantity.
The equations (30) and (31) become:

/'" + c + (5 - 3n)//" - (4 - 2n)/" = 0 (36)

-I- (5 - SrO/c' - 2/'c - pc" = 0 (37)
iDC

where p = y* ^ , a dimensionless rate number.
Y @— 4n

The boundary conditions are:

/(O) = 0
/'(O) = 0 ? = 0 (38)
c(0) = 1

It has been observed that the initial distribution (34) can produce valid
ordinary differential equations (36) and (37) except for n = 1, | and |.
From physical considerations, the analysis for the case n = | is of little
importance, because a reaction with this order is very rare.
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4 Discussion of results

Numerical solutions for the dimensionless concentration and velocity profiles
are depicted in graphical forms. Fig. 1 shows the effect of order of reaction
n, as it varies from n = 0,1,2 at fixed Sc = 0.01, on the concentration
distribution at the station x = 0.5 From these results it is evident that
within the range (0,2), an increase of n (which effectively increases the
sensitivity of the species depletion rate with change in concentration) tends
to expand the diffusion-convection layer away from the plate by a factor
from two to three times, with a general decrease in concentration gradients.
Hence one may expect a larger, while less distinct, diffusion layer for larger
orders n. Fig. 2 shows similar effects of varying n on the velocity profiles at
the same station, emphasizing the expansion of the actual convection-layer
in concert with the diffusion-layer when n is increased.

The results of the numerical solutions for concentration and velocity pro-
files for the distributed concentration along the plate at Sc from 0.01 to 1000,
n= 0 and p= 1 are given in Fig. 3 and Fig. 4 respectively. These profiles
are drawn against the dimensionless similarity variable 77 . The boundary
layer region decreases in thickness as the Schmidt number increases; thus
for high Schmidt number fluids, mass diffusion takes place within a thin
layer. This agrees with the results discussed by many previous researchers
including Ostrach [8] and Sparrow and Gregg [10] in connection with heat
transfer problems.
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Sc = 0.01
x = 0.5

Figure 1: Numerical solutions of concentrations for uniform concentration
at the plate
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Figure 2: Numerical solutions of velocity profiles for uniform concentration
at the plate
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Figure 3: Numerical solutions of concentrations for the distributed
concentration at the plate
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Figure 4: Numerical solutions of velocity profiles for the distributed
concentration at the plate
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