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1 Introduction

Light propagation in scattering and absorbing media is im-
portant in medicine for tissue ablation or photon radiation
therapy as well as for noninvasive measurement of prop-
erties such as blood flow using laser Doppler flowmetry ,
cell metabolism using near-infrared spectroscopy,2 and ox-
ygen saturation of arterial blood using pulse oximetry by
transmission3 or reflection.4'5

Several models for light propagation have been applied
in tissue optics. In many cases, the diffusion approximation
of transport theory has been used,69 which is valid only
for isotropic scattering as long as the scattering coefficient

is much larger than the absorption coefficient >a and as
long as the distance between light source and detector is
larger than the mean free path (mfp),8 with mip =1/(a +

Abstract. The validity of the similarity parameter —g), the re-

duced scattering coefficient, where g is the average cosine of the scat-
tering phase function is investigated. Attenuation coefficients a and dif-

fusion patterns are obtained from solutions of the transport equation for
isotropic scattering and Rayleigh-Gans scattering, applied to infinite me-
dia. Similarity is studied for the attenuation coefficient a, as well as for
the Kubelka-Munk absorption and backscattering coefficients in the pos-
itive and negative directions, and for predictions of the internal reflection
at interfaces. Similarity between solutions of the Boltzmann equation for
highly forward scattering and isotropic scattering (g = 0) exist only when
a <<(l —g). However, because similarity between results, both with
g >0.9, is independent of the value of the absorption coefficient, it is
advantageous to simulate highly forward scattering media like biological
tissues with g>O.9, e.g., by Monte Carlo simulations, instead of using
isotropic scattering or diffusion theory. Monte Carlo simulations on slabs
confirm the deviations from the diffusion approximation and show the
behavior near boundaries. Application of similarity may save calculation
time in Monte Carlo simulations, because simulation with a lower value

for g will increase the mean free path.

It is possible to avoid the limitations of the diffusion ap-

proximation, e.g. , by application of Monte Carlo simula-
1 ,8 However, Monte Carlo simulations need very long

calculation times, especially if a<<s Other methods
have also been reported, such as corrections of the diffusion
theory, based on Monte Carlo and the adding-

doubling method, described by Van de and worked

out for Henyey-Greenstein scattering in
12

Our primary aim is the development of reflection pulse
oximetry, which can be used to monitor the arterial oxygen
saturation of the fetus during labor.5 In pulse oximetry,
changes in light intensity, caused by arterial pressure pulses,
are measured at two wavelengths, e.g. , at 660 and 940 nm.

These relative changes in light intensity are roughly pro-
portional to the absorption coefficient of the pulsatile blood
volume and the change in blood volume. Because the ratio
of absorption coefficients of blood at these wavelengths is
a unique function of oxygen saturation, it is possible to
determine the arterial oxygen saturation,3 provided that the
influence of light scattering onto the predicted oxygen sat-
uration is restricted.

Pulse oximetry might, in principle, be influenced by ar-
terial and venous blood volume fractions , the absorption
and scattering coefficients of tissue as well as arterial and
venous blood at the applied wavelengths, and the angular
phase functions of blood and tissue for both wavelengths.

Subject terms: biomedical optics; Monte Carlo simulations; transport theory; dif-
fusion approximations; diffusion patterns; attenuation coefficients; anistropic scat-

tering.
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ANISOTROPIC SCATtERING IN ABSORBING MEDIA

It is not practical to study the influence of light scattering
on pulse oximetry by varying all these properties. It is,
therefore, necessary to reduce the number of variables in-
volved, which is one of the main aims of the present study.

an' has been widely applied to model anisotropic
scatterers using isotropic scattering with a reduced scattering
coefficient, (l —g). Here, g is the average cosine of
the scattering angle. This model is based on the fact that
forwardly peaked scattering (described with a delta function)
can be added to isotropic scattering without changing the
scattering properties of the medium. However, the validity
of the supposed similarity between different anisotropic phase
functions and this so-called transport approximation is rather
uncertain. Remarkable differences near the boundary be-
tween calculation results for anisotropic scattering and the

isotropic scattering transport approximation have been re-
ported,13 even if a/s< 0.1 . Such deviations are in agree-
ment with earlier findings of Groenhuis et al.8 and Van de

1 1 Similar deviations are expected to occur in whole
blood.

Recently, we published the results of a study on spherical
Rayleigh-Gans scatterers with different aspect ratios, 0<
x <50, with x =2'rra/X, where a is the sphere radius and X
is the wavelength outside the sphere. Results of the more
rigorous solution of the Boltzmann transport equation were
compared in that study with results of the diffusion ap—

14 That study provided quantitative data on cor—

rection multipliers for the attenuation coefficient a when
using diffusion theory. Correction factors for the Kubelka-
Munk absorption and backscattering coefficients K and S,
respectively, were also given in that study. All correction
factors confirmed the validity of the diffusion approximation
when a/s<<1.

One main aim of the present study is to investigate the
range of validity of the similarity rule for Rayleigh-Gans
scattering. The numerical results of our previous study14
are therefore used in the present study (Sec. 3). Another
aim of this study is to investigate the validity of the diffusion
approximation and whether the correction factors for the
attenuation coefficient and Kubelka-Munk coefficients can
be used to obtain improved results when applied to light
propagation, e.g., in slabs.

2 Theory

2.1 Boltzmann Transport Equation

The basic equation in transport theory is the Boltzmann
transport equation, a balance equation for the radiance 'I!
in the direction ft The homogeneous transport equation,

a±)dZ Jf(f. 'I(z,1') df' , (1)

can be solved for the plane symmetry in an unbounded
medium illuminated'15'16 at z= — 00 The cosine of the
angle with the z axis is represented by p and the albedo by
C s/(a + ). The angular phase function of the scat-
terer, f(1l . fi'), obeys

dfT=1

"1'(z,p) = Ii) exp[ — (a + 5)z/v] = '1(p) exp( — az)

2.2 Phase Functions

f()/f(1)
i+21

2

=
2 t3[sin(ua) — ua

cos(ua)]}
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Because of translational invariance of the diffusion pat-
tern, the solution of the homogeneous transport equation is
described with

(3)

Equation (3) shows that the attenuation of the intensity in
the z direction is exponential, where c =(a + )Iv is the
attenuation coefficient. The angular dependent term ti)
gives the diffusion pattern. Substitution of Eq. (3) into Eq. (1)

yields

N

1—cvE(2i+1)f,4jQ,(v)=O . (4)
i=O

The largest value of v for which Eq. (4) is valid is regarded
as the solution because it is the mode that is least
The expansion coefficients of the phase function, f with
i= 1 , . . . , N, are discussed in more detail in Sec. 2.2.
The terms Q(v) are Legendre polynomals17 of the second
kind and of the order i . The terms 4 are given by a recursion
relation:

(5)

with o = 1 and i = v(1 —C). The solution for the diffusion
pattern, the angular distribution of light at any location
within the unbounded medium, is given by

()= CV
(2i + , (6)

2(v—ii) i=o

where the terms P are Legendre polynomals17 of the first
kind and of the order i. In our calculations, we applied
N= 50.

Analytical solutions of these equations can be found for
only a few special cases. Recently, Haltrin18 found an an-
alytical expression for which the diffusion pattern is de-
scribed with a Henyey-Greenstein function. However, this
determines the shape of the phase function. In most cases,
a numerical solution of the equations is required.

In this study, the phase function is derived from Rayleigh-

Gans scattering theory:

(7)

with ua = 2x sin(O/2). The angle 0 is the angle between the
direction of the photon before and after scattering and
IJ_ = cos(O) in Eqs. (7) to (9). The aspect ratio is represented
by x. The value f(1) for a given aspect ratio is found after
substitution of Eq. (7) into Eq. (2).

The expansion coefficients are found by numerical in-
tegration:

(2)
fi=2irJ1f()Pi(p) d . (8)
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In many other studies, the Henyey-Greenstein phase func-
tion,

1— g2
f(.L)=

41T(l +g2
—

2gp)312

is applied. This phase function has been used often, probably
because of the simple form of the expansion coefficients:
f =g'.

2.3 Kubelka-Munk Absorption and Backscattering
Coefficients for the Positive and Negative
Directions

Results obtained with the method described in Sec. 2. 1 can
be applied to the differential equations for the photon fluxes
I and J in the positive and negative directions in the un-
bounded 19

dJ(z)= —K1(z) dz—SI(z) dz+SJ(z) dz

—dJ(z)= —KJ(z) dz—SJ(z) dz+SI(z) dz , (11)

where K+ and K are the fraction of the flux that are
absorbed per unit length in the positive and negative direc-
tions , respectively, and S and S are the fractions of flux
that changes direction per unit length in the positive and
negative directions , respectively.

The values of K+ and K are larger than a because

the average photon path length through a slice of the infinite
medium with thickness dz is larger than dz and depends on
the diffusion pattern. However in diffusion theory and
Kubelka-Munk theory, no difference is made between the
chances for absorption or (back)scattering in both directions,
because it is assumed that the diffusion patterns in both
directions does not depend on p; K and S are used in that
case.

In a previous 14 we calculated values for K from
the diffusion pattern, because K/>..a can be interpreted as

the average photon path length per unit length dl/dz:

J)Id
K/adl/dZ 1 (12)

JIL)ILI di

Note that values for K+/a and K/'a can also be derived
from Eq. (12) by integrating over the ranges 0 1 and
— 1 pO, respectively.

The general solution for I in the unbounded medium is

given by Eq. (2), or

I(z)=Ae°

The ratio between J and I is independent of z in the
unbounded medium, because of translational invariance of
the diffusion pattern. Substitution in Eqs. (10) and (11) and
addition of these equations gives

a(I—J)=
d(I_J) (KI+KJ)K(I+J)

dz

GRAAFF et al.

an expression that is proportional to the sum of the energy
fluence rates, photons per unit volume, in the positive and
negative directions. The ratio between the fluxes J and I

(9)
can thus be calculated from a and K, without knowledge
of the direction dependence of the properties K and 5:

(15)I a+K

Substitution of Eq. (15) into Eq. (10) yields

S—S(J/I)=a—K . (16)

This equation shows that S and S remain dependent and
cannot be derived separately from the equations given above
for the unbounded medium.

Therefore , solutions for backscattering coefficients can
be found only with additional assumptions. When assuming

110'
K =K= and S =5 5 substitution of Eq. (13) into

I
Eqs. (10) and (11) yields

a2K2+2K5 . (17)

Based on that assumption, values for S can be derived from
the values of a and K, using Eqs. (3) and (12), respectively.
Such results can be applied to compare results with Kubelka-
Munk theory and diffusion theory.

A better assumption might be that 5 + and S are pro-

portional with the average photon path length per unit length
in the positive and negative directions, and thus,

S/K S/K . (18)

The relationship between S + and 5 is not determined in
the present study. It is possible that this relationship is less
important in many cases, because it does not influence a
and the ratio f/I.

3 Similarity Relations

3.1 Attenuation Coefficients

In many studies, the attenuation coefficient a is predicted
in the diffusion approximation:

ad1ff ={3a[a+ (1 —g)]}= [3a(a + 1/2
(19)

The similarity rule holds for this attenuation coefficient,
because adiff depends on a and only, independent of
the chosen phase function. However, with the solution of
the transport equation, as given in Sec. 2. 1 , a more accurate
value can be obtained, as shown in a previous 14

Because it was shown in that study that the attenuation
coefficient in the diffusion approximation adff is valid for

>a << L , it follows that the similarity rule has to be valid
in that range.

( 1 3) To investigate the validity of similarity with respect to
a when absorption coefficients are not very small, the data
for ratio adiff/a from Ref. 14 are presented in Fig . 1 as a
function of the reduced albedo c' , with c' /(a +
instead of the albedo. The results show not only that
adiff/a 1 if a/ 0 but also that the curves almost coin-
cide if x>5, that is, g >0.9. This implies that the similarity

(14) rule for adf f/a is valid for large Rayleigh-Gans scatterers,
even for small values of c'.
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Reduced Albedo c'

ANISOTROPIC SCA1TERING IN ABSORBING MEDIA

1.0

Fig. I Ratio between Udlif, calculated with the diffusion approxima-
tion, and a, calculated with the Boltzmann equation, as a function of

the reduced albedo. Isotropic scattering ( +) and Rayleigh-Gans scat-
tering forx=1(), 2(o), 5(+), lO(A) and 20(.).

3.2 Diffusion Patterns

Several diffusion patterns were calculated from Eq. (6),
after solving the Boltzmann transport equation, as described
above. For an albedo c= 1 , the diffusion pattern for isotropic
scattering has a spherical shape. However, for lower values
of c, e.g. , c 0.7 or c= 0.462, the diffusion pattern resem-
bles elliptically, as shown in Figs. 2(a) and 2(b).

A diffusion pattern for Rayleigh-Gans scattering (x =20,
g =0.9913) was calculated for the same reduced albedo
C' = 0.462 (c= 0.99). However, the shape deviates, as can
be seen from the different curvature at both ends of the
pattern in Fig. 2(c). The difference in shape for the same
value for c' is caused by the fact that for Rayleigh-Gans
scattering, 50 terms in Eq. (5), N= 50, may contribute to
the diffusion pattern, whereas for isotropic scattering only
the first term contributes, as f1 = 0 for i >0.

3.3 Kubelka-Munk Absorption and Backscattering
Coefficients

In a previous study,14 we derived numerical expressions
with tabulated coefficients for K and S as described in Sec. 2.3

for isotropic scattering and Rayleigh-Gans scattering with
values of g between 0 and 0.9995 and for the whole range
of the albedo between 0 and 1.

To investigate the validity of the similarity rule, some
results of K/>..a for Rayleigh-Gans scattering are repeated
in Fig. 3, however, as a function of c' instead of c. Note
that the results deviate from the diffusion approximation
result Kd1ff 2a when c' < 1 . The curves for K/>.a almost
coincide when x >5 or g >0.90, as in Fig. 1 . WithEq. (17),
when valid, it would follow that the values for S also co-
incide in that range.

3.4 Differentiation between K and S in the Positive
and Negative Direction

From the diffusion patterns in Fig. 2, it can be seen that
the average photon path length in the positive direction is
different from that in the negative direction, especially for
C'<< 1 . Therefore, K and K were evaluated numerically
for isotropic and Rayleigh-Gans scatterers, using Eq. (12)
for the positive and negative directions separately. Results

OPTICAL ENGINEERING I February 1 993 1 Vol. 32 No. 2 / 247

1.0
0.0 0.2 0.4 0.6 0.8

(

(a)

(b)

(c)

Fig. 2 Diffusion pattern in an infinite medium: (a) isotropic scattering,
C = 0.7; (b) isotropic scattering, c = 0.462; and (c) Rayleigh-Gans
scattering, x=20, c=0.99, and c'0.462.
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Reduced albedo c'

Fig. 4 Results for K/a and K/'a as a function of the reduced
albedo, calculated from the diffusion pattern with K/>.a < 2 and

K/>8 > 2: isotropic scattering (+ ) and Rayleigh-Gans scattering for
x= 1(a), 2(o), 5(+), 1 O(A) and 20(.).

are given in Fig. 4, where K+/>a and K/'a are presented
as a function of c' . The results clearly show the difference
with diffusion theory, which assumes K/>a K/'a 2.
It is remarkable that deviation with diffusion theory is even
present for values of c' close to 1.

The results for values of x > 5 , where g > 0 .9, also co-
incide for K and K . When assuming S/K S/K
as suggested in Eq . (18), results for S and S would also
coincide for the phase functions with g > 0.9.

3.5 Internal Reflection at Boundaries

Reflection occurs at boundaries when the refractive index
of a scattering medium differs from that of the surrounding
medium. The reflected fraction for a given angle of inci-
dence with a smooth interface can be calculated with the
Fresnel equations:

1sin(i_r)1+1tan(i_r)
2

Lsini+ri Ltani+r)

with sin(i)/sin(r) =flr/fli, where i and r are the angles with
the normal of the incident and refracted rays and n1 and ii,.

are the refractive indices of both media. Internal reflection
at an interface is much larger than specular reflection for
normal incidence, and can be as large as 60% between a
medium with a refractive index of 1 .50 and air. The internal
reflection at a given interface is therefore not only deter-
mined by the refractive indices at both sides of the interface
but also by the angular diffusion pattern of the light ap-
proaching the interface.

The internal reflection at a smooth interface was calcu-
lated for the different diffusion patterns in the positive and

negative direction in isotropic and anisotropic scattering.
The results are given in Fig. 5 as a function of K+/>..a or
K /a . The first example describes internal reflection at an
interface with air for a medium with n, =1 .5. The second
example is given for reflection at a liquid-glass-air interface
(n = 1 .33, 1 .52, and 1 .0, respectively), as occurs in a cu-
vette containing whole blood. It appears that the results for
g >0.9 can be described with the equation

=Rdiff+O.65 ln[/(2a)] , (21)

excepted for values of K/a below 1 .5. The internal re-
flection coefficient for the spherical diffusion pattern, Rdjff,
can be calculated without knowledge of the actual diffusion
pattern. Application of Eq. (21) for smooth interfaces is
allowed only if the angular intensity distribution at the in-
terface is comparable with the diffusion pattern. Whether
or not this can be assumed, might be concluded from the
Monte Carlo simulations given in Sec. 4.

4 Monte Carlo Simulations

Some Monte Carlo simulations on slabs were performed for

Rayleigh-Gans scattering and isotropic scattering. The re-
sults can be used to observe variations in K+ and K at
different positions within the slab to investigate the influence
of boundaries; to verify the existence of similarity for g>

'20 and to determine the accuracy of the obtained results' I for K, S, K , and K . For these purposes, an option was
implemented into a Monte Carlo program that we initially
developed for simulating laser Doppler measurements of
tissue perfusion.'
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Fig. 3 Results for K/'a as a function of the reduced albedo, cal-

culatedfromthe diffusion pattern: isotropic scattering (+) and Rayleigh-
Gans scattering for x= 1(s), 2(o), 5(+), lO(A) and 20(.).

0.0 0.2 0.4 0.6 0.8 1.0

4

1 2 3 4

K/Za K7Za

Fig. 5 Diffuse reflection atan interface with air as afunction of K/28
or K/'a: 1—n=1.5 to n=1.0, 2—n=1.33 to n=1.5 to n=1.0.
Lines: isotropic scattering, and symbols: Rayleigh-Gans scattering
forx=5 and x=20.
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ANISOTROPIC SCATrERING IN ABSORBING MEDIA

Figure 7 shows the values for K/>a and K/'a that
were obtained from Fig. 6 by calculating the ratio of the
energy fluence rate and the flux in each cell for both direc-
tions. The value K/a 1 in the first cell is caused by the
normal incidence of the photons in the medium at z=0.
Note that K+ increases until it practically remains constant
for all further cells. The value of K , however, is high for
the highest cell numbers, because the contribution of flux
in the negative direction near the boundary is mainly caused
by photons from the photon flux in the positive direction,

initially having larger angles with the z axis.
0 20 40 60 80 100 The decrease of K in the vicinity of z= 0 is remarkable.

CellN be We did not expect this decrease. The differences can be
urn r

explained from the extremely forward scattering phase func-
tion for which the simulation has been performed: the con-
tribution of backscattenng from flux I to flux J for cell
numbers below 20 can be neglected for the case of extremely
forward scattering. Therefore, the emerging flux J at z=0
mainly consists of photons from cell numbers above 20.
Because the chance for absorption is large for the simulated
case, this implies that photons propagating with a small
angle with the z axis have a larger chance to reach z 0
than the other photons, because their light paths are smaller.

Monte Carlo simulations with the same values for a and
and the same configuration were also performed for iso-

tropic scattering and for Rayleigh-Gans scattering with x =5
and thus g = 0.9084. Corresponding values for the scattering
coefficient are >2 =0.365 mm and =3 .980 mm ,
respectively.

0 20 40 60 80 100
Averagevalues fora, K/>a, K/a, andK/a between

Cell Nurnber 2 and 3.5 mm for all simulations were derived from the
Monte Carlo results as well as from the solution of the
Boltzmann equation for the unbounded medium. Reflection
and transmission, R and T, respectively, were also deter-
mined from the Monte Carlo simulations, as shown in Table I.

Table 1 shows that the results from the solution of the
Boltzmann equation are in better agreement with the Monte
Carlo results than the predictions with the diffusion ap-
proximation. This is not surprising because the absorption
coefficient is even larger than the reduced scattering coef-
ficient for the given cases.

Table 1 also shows that all Monte Carlo simulation results
for x =5 and x = 20, including reflection and transmission,
are similar. The Monte Carlo results for isotropic scattering
differ from these values. This confirms the validity of sim-
ilarity between results with high values of g.

The changes in K/'a for small cell numbers that are
shown in Fig. 7 for Rayleigh-Gans scattering with x =20
were also observed for x =5 , butnot for isotropic scattering.
This also explains the increased reflection for isotropic scat-
tering compared to Rayleigh-Gans scattering with x =5 and
x= 20.

It is remarkable that adjff/a, as found from the ratio of
Monte Carlo light fluxes at x =2 mm and x = 3 .5 mm, is
smaller than expected from the solution of the Boltzmann
equation for all simulations with a collimated input beam.
This difference is much smaller when diffuse incident ra-
diation is applied, as shown in Table 1 . Therefore, we ex-
pect that a remaining fraction of collimated light in the
positive direction might be responsible for this difference,

OPTICAL ENGINEERING / February 1993 / Vol. 32 No. 2/249

8

ci:

If

Fig. 6 Energy fluence rates (————) and photon fluxes (—) in the
positive and negative directions, both as a function of the position.
Monte Carlo simulationfor a slab. Rayleigh-Gans scattering, c = 0.99
and x=20.

4

++++++++

TTTT.0

2

4.2 Similarity and Accuracy

Fig. 7 Values for KIa (0) and K/'a (+) as a function of the
position in the slab. Monte Carlo simulation for a slab. Rayleigh-Gans
scattering, c=0.99 and x=20.

For this study, a slab with a thickness of 5 mm was
simulated with the modified program. Simulations were per-
formed with incident radiation parallel to the zaxis and with
diffuse incident radiation. The slab was subdivided into 100
cells. For every cell, the conthbution of the photon path
length and its contribution in the zdirection were added for
photons traveling in the positive and negative directions
separately. These sums were subsequently divided by the
cell length and number of photons. In this way, energy
fluence rates and photon fluxes I and J were determined.
The ratio between the energy fluence rate and flux, both in
the positive direction, equals K/a; the ratio in the neg-
ative direction equals K/ta.

4.1 K and K Near Boundaries

Monte Carlo simulations were performed with Rayleigh-
Gans scatterers for which c = 0.99 and x = 20, with
>a 0.423 mm ' , = 41 .9 1 mm ' , andg =0.991 3 . The
results for the fluxes and energy fluence rates for the case
of a collimated input beam along the z axis are shown in
Fig. 6. These results confirm an exponential behavior in a
similar way as found in the unbounded medium, except in
the vicinity of the boundaries.
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Table 1 Results for Monte Carlo simulations of light propagation in
a 5-mm slab for Rayleigh-Gans scatterers (RG), with x= 5 (g = 0.991 3)

and x= 20 (g = 0.9084), and for isotropically (is) scattering (g = 0):
a 04233 mm and (1 — g) = 0.365 mm . The slab is sur-
rounded by a medium with the same refractive index. Tabulated
values for adiffla, K/>a, K/a, and K/'a are average values be-
tween 2.0 and 3.5 mm. R =total reflection, T=totaltransmission, and
N = number of simulated photons.

Odif f/O K/Ea K/Ea K/Ea R T N

Monte Carlo Simulations with illumination parallel to z-axis:

Rayleigh—Gans,x=20 1.08 1.75 1.62 2.90 0.047 0.013 30000

Rayleigh—Gans,x=5 1.16 1.70 1.59 2.83 0.052 0.016 30000

Isotropic 1.42 1.33 1.23 2.17 0.104 0.031 30000

Monte Carlo Simulations with diffuse illumination:

0.009 30000Rayleigh—Gans,x=20 1.04 1.75 1.63 2.80 0.103

Rayleigh—Gans,x=5 1.14 1.70 1.60 2.70 0.097 0.011 30000

Isotropic 1.27 1.46 1.36 2.30 0.118 0.018 30000

Boltzmann equation, unbounded medium:

1.61 2.92 — — —Rayleigh—Gans,x=20 1.12 1.72

Rayleigh—Gans,x=5 1.13 1.70 1.59 2.83 — — —

Isotropic 1.31 1.43 1.34 2.25 — — —

Dif fusion approximation:

Isotropic 1.00 2.00 2.00 2.00 — - —

especially for the case of isotropic scattering. In that case,
the attenuation of the collimated beam, a s 0.79 fllflTl ,
is close to a=O.76 mm1.

The reliability of the numerical procedure for a for an-
isotropic scattering was verified by solving the Boltzmann
equation for Henyey-Greenstein scattering. No differences
between data for a from Table 23 of Van de have
been observed.

The remaining differences between Monte Carlo simu-
lations and the solution of the Boltzmann equation can there-
fore probably be attributed to inaccuracy in the Monte Carlo
results caused by interpolation procedures in the tabulated
phase function. The results with x =20 are most sensitive
to this source of inaccuracy, because the intensity decreases

very rapidly for increasing small scattering angles.

5 Discussion and Conclusions

It has been shown that the solution of the Boltzmann equa-
tion obtained in our study gives improved results compared
with the diffusion approximation. The absorption and back-
scattering coefficients K and S can be calculated from a
numerical solution of the Boltzmann equation, as shown for
Rayleigh-Gans scattering, when assuming K= K =K and
S= S = S . However, the results for K and S are different
for the positive and negative directions, even for values of
C' close to 1.0.

Our numerical procedures for solving the Boltzmann
equation were verified by comparison with published data.
Results for a and K, using isotropic scattering, are in agree-
ment with the data of a and K, as given by Klier,20 as shown

14
Agreement was also shown for anisotropic scat-
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tering by comparison with results for Henyey-Greenstein
scattering of Van de

The major conclusion of this study is that similarity be-
tween the results for Rayleigh-Gans scatterers with g > 0.9

exists for adiff/a, KIa , S/[(1 g)] , K/a , and K
in the unbounded medium, independent of c'. This implies
that separate knowledge of >.. and g is less important in
that range when is known. This principle of similarity
for Rayleigh-Gans scatterers can be applied for all values
of the reduced albedo only as long as both values of g are
above 0.9. For smaller values of g, similarity becomes less,
especially for lower values of c'. Similaritybetween forward

scattering Rayleigh-Gans phase functions and isotropic scat-
tering is even restricted to c' 1.

Similarity also holds for the internal diffuse reflection,
because it can be described as a function of the diffuse
reflection and K/a or K/a . The internal diffuse re-
flection in the positive direction can be calculated from the
diffusion pattern with Eq. (21), because K/a does not
change much near the boundary, as can be concluded from
the behavior of K/a in Fig. 7.

The internal reflection for light propagating in the neg-
ative direction cannot be calculated from the diffusion pat-
tern. For the case of Fig. 7, it will be less, because the flux
at z= 0 is directed more parallel with the z axis than it is
farther from the boundary. However, similarity for g > 0.9
has also been observed for K/'a near the boundary, whereas
results for isotropic scattering are different. Therefore, it
can be concluded that similarity can be extended to situations
where boundary conditions are important.

Earlier we suggested that results obtained with the so-
lution of the Boltzmann equation might be used to improve
existing models, such as two- and four-flux models and
diffusion ry14 However, it might not be easy to im-
plement the behavior, as observed in Fig. 7, into such sim-

ple analytical models. Many-flux models19 and adding-
doubling methods , 2 therefore ,probably remain superior for
the analytical approach of slabs, and Monte Carlo simula-
tions for configurations where no accurate analytical solu-
tion is available.

The similarity principle also has important advantages in
Monte Carlo studies. It can reduce the number of Monte
Carlo simulations needed to characterize light propagation
in turbid media where g > 0.9. Moreover, similarity can be
used to decrease the amount of calculation time needed for
a Monte Carlo simulation on highly forward scattering me-
dia such as biological tissues: the mean free path can be
increased considerably by choosing a value of g as low as
possible. Calculation of a photon path can be performed
much faster in that way.

This study was performed for Rayleigh-Gans scattering
and isotropic scattering only. The validity of similarity for
other scatterers with high values of g can also be found in
results of Van de and in Monte Carlo simulations
of Star et al. , both for Henyey-Greenstein scattering.

Note, however, that extension of our conclusions con-
ceming similarity to other phase functions with high values
for g should be performed only with care. A phase function
with g > 0.9 can also be derived by the addition of forward

peaked scattering to isotropic scattering. However, there is
no difference between forward scattering and no scattering,
and thus this type of anisotropic scattering can be reduced
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to isotropic scattering with the same value of c'. Conse-

quently, similarity for c' << 1 .0 does not hold, because iso-

tropic scattering does not behave similarly to Rayleigh-Gans
scattering with g > 0.9, as shown.

Similarity probably requires that fi and higher terms f,
of Eq. (8), should have values that do not deviate too much
between both phase functions, especially when c'<< 1 . When

g >0.9, the Henyey-Greenstein and Rayleigh-Gans phase
functions have relatively high values for f , as shown in
Sec. 2.2 and in Fig. 6 of Ref. 14. For isotropic scattering,
however, f =0 for i >0.

Many biomedical applications involve uncertainty con-
cerning the phase function. Tissues and blood are both ex-
tremely forward scattering media. Values for g between 0.98
and 0.995 for blood have been reported.7 Reported values
for tissues are in the range2' 0.7 to 0.9 or higher.22 There-
fore, it is to be expected that similarity can be applied to
biological tissues. However, some uncertainty still remains
in this case, because the phase functions of these scatterers
might differ from Rayleigh-Gans and Henyey-Greenstein
phase functions . A worst case estimate of the uncertainty
in the prediction of light propagation in the medium with
respect to the phase function might, therefore, be obtained
by comparing the results for Rayleigh-Gans scattering and
isotropic scattering with the same value of c'.

In summary, when comparing highly forward scattering
to Monte Carlo simulations for isotropic scattering, or by
using diffusion theory, it is not possible to use similarity
far from C' 1 . However, for spherical Rayleigh-Gans scat-
tenng with g > 0.9 similarity with validity for all values of
the reduced albedo has been discovered. This implies that
the number of variables that describe light propagation can
be reduced for all values of >a . When used in Monte Carlo
simulations, similarity has the advantage that simulations
for other values of g in that range can be omitted, also when
c,<< 1.
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