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ABSTRACT

Short-timespectralattenuationis a commonform of audiosignal
enhancementin whicha time-varyingfilter, or suppressionrule, is
appliedto the frequency-domaintransformof a corruptedsignal.
TheEphraimandMalahsuppressionrule for speechenhancement
is bothoptimalin theminimummean-squareerrorsenseandwell-
known for its associatedcolourlessresidualnoise;however, it re-
quiresthecomputationof exponentialandBesselfunctions.In this
paperwe show that,underthesamemodellingassumptions,alter-
native Bayesianapproacheslead to suppressionrules exhibiting
almostidenticalbehaviour. We derive threesuchrulesandshow
that they areefficient to implementandyield a moreintuitive in-
terpretation.

1. INTRODUCTION

1.1. Short-Time Spectral Attenuation

Short-timespectralattenuationis a popularmethodof broadband
noise reductionin which a time-varying filter is applied to the
frequency-domain transformof a corruptedaudio signal. Often
sucha signal is modelledas follows: let �������
	������������� in
generalrepresenta setof valuesfrom a finite-durationanalogue
signalsampledregularly at intervals of � , so that at time � one
hastheadditiveobservationmodel �����
��������� , where��� is the
observedsignal, � � is theoriginal signal,and � � is randomnoise.

In many implementationsthesetof observations ��� � � is anal-
ysedusingthediscreteFourier transform(DFT), via theoverlap-
add methodof short-timeFourier analysisand synthesis.Noise
reductionin this mannermay be viewed as the applicationof a
suppressionrule, or nonnegative real-valuedgain � � , to eachbin!

of theobservedsignalspectrumY � , in orderto form anestimate"
X � of theoriginal signalspectrum.

In the ensuingdiscussionof suchsuppressionruleswe con-
sider, for simplicity of notationandwithout lossof generality, the
caseof a single(windowed)short-timeblock.To facilitatea com-
parisonournotationfollowsthatof EphraimandMalah[1], except
thatcomplex quantitiesappearin bold throughout.#

Materialby thefirst authoris baseduponwork supportedunderaU.S.
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1.2. The Ephraim and Malah Suppression Rule

Ephraim and Malah [1] derive a minimum mean-squareerror
(MMSE) short-timespectralamplitudeestimatorfor speechen-
hancementundertheassumptionthat theFourierexpansioncoef-
ficientsof theoriginalsignal ��� andthenoise��� maybemodelled
asindependent,zero-mean,Gaussianrandomvariables.Thusthe
observed spectralcomponentin DFT bin

!
, Y � 	%$ �'&)(+* -,/. � � ,

is equalto thesumof thespectralcomponentsof thesignal,X �0	1 � &2(3* -,/45��� , andthenoise,D � . Thismodelleadsto thefollowing
marginal, joint, andconditionaldistributions:6 �7+�8�5� 9;:=<�>?8@BA �2C &2(3*�D/E <�F>?G@/A �HCJI if 7K�MLON P3Q)RS��QP otherwiseT (1)

6 �45�G�5� 9VU:XW if 4'�YLON E[Z Q Z �\QP otherwiseT (2)6 �7+��Q]45�G�5� 7 �Z_^\`  ! � &)(+*bacE 7 :�^\`  ! �/d (3)6  Y �Ke 7+��Q]45�G�5� fZ_^Kg  ! � &2(3*�h�EjiiY � E 7+�GkJlJm > ii :^Kg  ! � n (4)

whereit is understoodthat(3) and(4) aredefinedover therangeof7+� in (1) and 45� in (2); ^\`  ! �o	qp�N-eX �+e :)r and ^ g� ! �5	qp�N-eD �Ke :)r
denotetherespectivevariancesof the

!
th short-timespectralcom-

ponentof thesignalandnoise.TheMMSE spectralamplitudees-
timatorderivedby EphraimandMalah, whencombinedwith their
derivedoptimalphaseestimator(theobservedphase._� [1]), takes
theform of a suppressionrule:� � �ts Zvu �w�x �zy  f � u\� �={�| D u �w I � uK� { U D u �w I�} &2(3*~D E[u �w I Q

(5)

where {�|GX� � and { U X� � denotethemodifiedBesselfunctionsof or-
derzeroandone,respectively. Additionally,f^  ! � 	 f^\`  ! � � f^ g� ! �
and u �0	 � �f � � � x ��� � �0	 ^ `  ! �^Kg  ! � Q x �0	 $ :�^Kg  ! � Q
where � � and

x � are interpretedafter [2] as the a priori and a
posteriori SNR,respectively.



2. DERIVATION OF EFFICIENT APPROXIMATIONS

2.1. Joint Maximum A Posteriori Spectral Amplitude and
Phase Estimator

Jointestimationof therealandimaginarycomponentsof X � under
eitherthemaximuma posteriori (MAP) or MMSE criterionleads
to the Wienerestimator(dueto symmetryof the resultantposte-
rior distribution,which is Gaussian).However, onemayreformu-
late theproblemin termsof spectralamplitude

1 � andphase4 � ,
andthenobtaina joint MAP estimateby maximisingtheposterior
distribution 6 �7+�BQX45�+eY �/� :6 �7+��Q]45�KeY �G��O6  Y �+e 7+��QX45�/� 6 �7+��Q]45���� 7 �Z : ^\`  ! � ^ g� ! � &2(3* h E iiY � E 7+�Gk l�m > ii :^ g� ! � E 7 :�^\`  ! � n T
Since���_X� � is amonotonicallyincreasingfunction,onemayequiv-
alentlymaximisethenaturallogarithmof 6 �7+��Q]4'�+eY �/� . Define� U � E iiY � E 7+��k l�m > ii :^ g� ! � E 7 :�^\`  ! � �O���[7K�~� constantT
Differentiating

� U w.r.t. 45� yields�� 45� � U � E f^ g� ! � y  Y #� E 7+�Gk�� l�m > �2 E ,/7K�8k lJm > ��� Y ��E 7 � k l�m > �2-,/7 � k � lJm > � } T
Settingto zeroandsubstitutingY �0�q$0� &2(3* -,/.���� , we getPM��,��7+�G$��Gk l A�� > �[�m > C E ,��7+�G$��Gk�� l A�� > �[�m > C� w ,��]�-�M�.�� E �45�/��Q
andtherefore �4 � �
. � Q (6)

i.e., the joint MAP phaseestimateis simply thenoisephase.Dif-
ferentiating

� U
w.r.t. 7+� yields�� 7K� � U � E f^ g� ! � y  Y #� E 7K�8k�� lJm > �2 E k lJm > ��� Y � E 7+��k l�m > �2 E kB� lJm > � } E w 7+�^\`  ! � � f7+� T

Settingtheabove to zeroimpliesw �7 :� � ^ `  ! � E ^\`  ! �^ g� ! � �7+�BN w �7+� E $0�8k�� l A�� > �[�m > C E $0�Gk l A�� > �[�m > C r� ^\`  ! � E � �K�7+�3N w �7+� E w $��'�2�/���.�� E �45�G� r T
From(6), we have �H�/���.�� E �45���5� f ; thereforePM� w  f � � �/���7 :� E w $�� � �K�7+� Ej^\`  ! �)T
Solvingtheabove quadraticequation,andsubstituting^ `  ! �5� � �x � $ � : Q (7)

we have "1 �0� � � ��� � � : � w  f � � � �B� >� >w  f � � �/� $���T (8)

Together(8) and(6) definethefollowing suppressionrule:

���0� � � ��� � � : � w  f � � � ��� >� >w  f � � �/� T
2.2. Maximum A Posteriori Spectral Amplitude Estimator

Firstwenotethattheposteriordensity6 �7+��eY �/� arisingfrom inte-
grationover thephaseterm 4 � is Ricianwith parameters�� :� QJ� :� � :6 �7 � eY � ��� 7+�� :� &2(3* a E 7 :� ��� :�w � :� d {�| a 7+�/���� :� d (9)

� :� 	 ^  ! �w�Q�� :� 	 u\�G^  ! �)T (10)

for largeargumentsof {�|�=� � we maysubstitutetheapproximation{ | �e ��e �5� f  w Z e �'e &2(3* �e �'e �
into (9), yielding6 �7+��eY �/�5� f  w Z � :� a 7+����_d�¡F &)(+* h E fw�¢ 7+� E �8��c� £ : n Q (11)

which is almostGaussian.Considering(11), andmaximisingits
naturallogarithmw.r.t. 7+� , we obtain� : � E fw ¢ 7+� E ����c� £ : � fw¤���~7+�~� constant

��B7+� � : � ��� E 7K�� :� � fw 7+�P¤�¥�7 :� E �8�+�7+� E � :�w T (12)

Substituting(10) and (7) into (12) and solving, we arrive at an
estimatordiffering from that of the joint MAP solution only by
a factor of two underthe squareroot (owing to the factor s 7+�in (11); replacementwith 7+� would yield the joint MAP spectral
amplitudesolution):"1 �0� � � ��� � � : �q f � � � ��� >� >w  f � � �/� $��3T (13)

Combining(13) with theEphraimandMalahoptimalphaseesti-
mator(i.e.,theobservedphase.�� ; cf. (6) also)yieldsthefollowing
suppressionrule:

���0� � �~� � � � : �� f � � �G��� >� >w  f � � �/� T
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Fig. 1. EphraimandMalahMMSE suppressionrule
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Fig. 2. JointMAP suppressionrule gaindifference

2.3. Minimum Mean-Square Error Spectral Power Estimator

Recall that EphraimandMalah formulatethe first momentof a
Ricianposteriordistribution, p�N 1 � eY � r , asasuppressionrule.The
secondmomentp¦N 1 :� eY � r of thatdistribution is givenby a much
simplerformula(see,e.g.,[3]):p¦N 1 :� eY � r � w � :� �S� :� Q (14)

where � :� and � :� areasdefinedpreviously in (10). Letting §��¦�1 :� andsubstitutingfor � :� and � :� in (14)yields"§��0� � �f � � � a[f � u �x �¨d $ :� Q
where

"§ � is the optimal spectralpower estimatorin the MMSE
sense,as it is also the first momentof a new posteriordistribu-
tion 6 �©H�+eY �G� having a noncentralchi-squareprobability density
functionwith two degreesof freedomandparameters�� :� Q�� :� � .
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Fig. 3. MAP approximationsuppressionrule gaindifference
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Fig. 4. MMSE power suppressionrule gaindifference

When combinedwith the observed phase.�� , this estimator
alsotakestheform of a suppressionrule:

� � �«ª � �f � � � a f � u �x �¨d T (15)

3. COMPARISON OF APPROXIMATIONS

Figure1 showstheEphraimandMalahsuppressionruleasafunc-
tion of instantaneousSNR(definedin [1] as

x �0E f ) anda priori
SNR � � . Figures2, 3, and4 show thegaindifference(in dB) be-
tweenit andeachof the threederivedsuppressionrules(notethe
differencein scale).Table1 on the following pageshows a com-
parisonof themagnitudeof gaindifferencesfor thethreeapproxi-
mations.TheMMSE spectralpower suppressionrule providesthe
bestandmostconsistentapproximationto theEphraimandMalah



 x � E f Q � �G�¬LN Eb® P�Q ® P r dB  x � E f Q � �G�¬LN E f P/P�Q f P/P r dB

SuppressionRule Mean Maximum Range Mean Maximum Range

MMSE SpectralPower 0.68473 E 1.0491 1.0469 0.63092 E 1.0491 1.0491
JointMAP SpectralAmplitudeandPhase 0.52192 � 1.7713 2.3352 0.74507 � 1.9611 2.5250
MAP SpectralAmplitudeApproximation 1.2612 � 4.7012 4.7012 1.7423 � 4.9714 4.9714

Table 1. Magnitudeof deviation from EphraimandMalahMMSE suppressionrule gain

rule, with only slightly lesssuppression.The MAP spectralam-
plitude approximation,althoughstill within 5 dB of the optimal
valueover a wide rangeof SNR,is thepoorest.While thesignof
thedeviationof eachof thesetwo approximationsis constant,that
of the joint MAP suppressionrule dependson the instantaneous
anda priori SNR.

4. DISCUSSION

EphraimandMalah[1] show thatat high SNR,their derivedsup-
pressionrule approachestheWienersuppressionrule:���0� � �f � � � T (16)

Althoughnot immediatelyobviousuponinspectionof (5), this re-
lationshipis easilyseenin theMMSE spectralpower suppression
rule givenby (15),expandedslightly to thefollowing:

���0�¥ª � �f � � � a fx � � � �f � � �cd T (17)

As theinstantaneousSNR
x � becomeslarge,(17) maybeseento

approachtheWienersuppressionrulegivenby (16).As it becomes
small,the f�¯ x � termin (17) lessenstheseverity of theattenuation.
Capṕe [4] makesthesamequalitative observation concerningthe
behaviour of the EphraimandMalah suppressionrule, although
thesimplerform of theMMSE spectralpowerestimatorshowsthe
influenceof thea priori anda posteriori SNRmoreexplicitly.

Lastly, we note that the successof the Ephraimand Malah
suppressionrule is largely dueto theso-called‘decision-directed
approach’for estimatingthea priori SNR � � [4]. For agivenshort-
time block ° , the decision-directeda priori SNR estimate

"� � is
given by a geometricweightingof the SNR in the previous and
currentblocks:"� �¤�
4 e "X �3±° E f �He :^Kg ±° E f Q ! � �� f E 45�3²¦³ ( N P3Q x �B±°�� E f r Q�4jLN P3Q f �)T(18)

It is instructive to considerthe casein which � � � x �YE f ; i.e.,4´�µP in (18) so that the estimateof the a priori SNR is based
only on thecurrentblock. In this casetheMMSE spectralpower
suppressionrule given by (17) reducesto the methodof power
spectralsubtraction(see,e.g.,[2]). Figure5 shows a comparison
of thederivedsuppressionrulesunderthis constraint.

5. CONCLUSION

Herein we have presenteda derivation and comparisonof three
simplealternativesto theEphraimandMalahMMSE spectralam-
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Fig. 5. Optimalandderivedsuppressionrules

plitudeestimator. Thesemaybeimplementedwhereincreasedef-
ficiency is desired,andeachmaybecoupledwith hypothesescon-
cerninguncertaintyof speechpresence,asin [1,2]. Moreover, the
form of theMMSE spectralpower suppressionrule givenby (17)
provides a clear insight into the behaviour of the Ephraimand
Malah solution, and in particular its connectionto simpler sup-
pressionrules.
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