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We present in this work a simple and e	cient technique to analyze cylindrical plasmonic nanoantennas. In this method, we take
into account only longitudinal current inside cylindrical structures and use 1D integral equation for the electric 
eld with a given
surface impedance of metal. �e solution of this integral equation is obtained by the Method of Moments with sinusoidal basis
functions. Some examples of calculations of nanoantennas with di�erent geometries and sources are presented and compared with
the commercial so�ware Comsol 3D simulations. �e results show that the proposed technique provides a good precision in the
near-infrared and lower optical frequencies 100–400 THz.

1. Introduction

Optical antennas are metal nanostructures used to transmit
or receive optical 
elds [1]. �is de
nition is similar to
that of conventional radio frequency (RF) and microwave
antennas.�e principal di�erence between these two regimes
(RF microwave and optical one) is stipulated by the physical
properties of the metals at optical frequencies. At these fre-
quencies the metals cannot be considered as perfect conduc-
tors because of plasmonic e�ects [2]. Comprehensive reviews
on optical antennas have been published in [3–6]. In these
works, the authors presented recent developments, antenna
parameters, applications, challenges, and future trends.

Conventional 3D techniques, for example, Green’s tensor
method [7, 8], the 
nite di�erence time domain method
(FDTD) [9], the discrete dipole approximation (DDA) [10],
and professional so�ware, such as Comsol [11] and CST [12],
have been used to analyze optical antennas. In general, all
these techniques require high computational cost to make a
precise analysis. Recently, simpli
ed and e	cient methods
have been developed for analysis of cylindrical plasmonic
nanoantennas [13–20].�esemethods reduce the original 3D
problem to 1D integral equation and provide much smaller
computational cost in comparison with 3D techniques.

�e 
rst application of the surface impedance integral
equation (SI-IE) for analysis of cylindrical optical antennas
was presented in [13]. In this paper the authors solved
the Hallén SI-IE for the 
nite-length dipole by Method of
Moments (MoM), where they used a magnetic frill source,
rectangular pulse function expansion, and point testing in the
numerical solution. In [14, 15] the authors analyzed optical
dipoles in the excitation mode by an incident plane wave
and in the transmitting mode by a delta-gap source, where
the MoM was used to solve numerically the Pocklington SI-
IE to 
nd the approximated linear current distribution. �is
same method was also used to analyze cylindrical optical
antennas in uniaxial anisotropicmedia for tuning and control
the optical response of the antenna [16]. V-shaped optical
antennas have been analyzed in the wire approximation and
SI-IE in [17]; in this case the authors used the Pocklington
equation and the MoMwith the Dirac basis functions. Other
variations of the SI-IE method with Pocklington and Hallén
equation can be found in [18, 19].

In [20] the SI-IE was obtained by the electric 
eld
integral equation (EFIE) with potential functions. In this
paper the authors used the linear current approximation
but they considered both the longitudinal and transversal
current. �ese currents were approximated by a sinusoidal
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Figure 1: Cylindrical plasmonic nanocircuit composed of voltage source, optical transmission line, and nanodipole. (a) Geometry of the
problem. (b) Discretization used in MoMmodel.

basis function expansion. Green’s functions for these currents
were obtained by numerical integration and closed form
equations. �e obtained results are in excellent agreement
with 3D formulation up to 500 THz.

In this work, we present an e	cient and simple alternative
technique to analyze metallic cylindrical nanoantennas. �e
method is a simpli
ed version of that presented in [20],
because here we consider only longitudinal linear current
inside the antenna; that is, we do not take into account
transversal currents and use 1D integral equation for electric

eld with a given surface impedance of metal. �e solution
of this integral equation is obtained by linear Method of
Moments (MoM) with sinusoidal basis functions, which
provides solutions in closed form for the radiated electric

elds from each current element. Some numerical examples
of calculations of nanoantennas with di�erent geometries
and excitation sources are presented and compared with
3D methods. �ese results show that the proposed method
provides a good e	ciency in terms of precision and process-
ing time when compared with more general 3D techniques
approximately up to 400 THz.

2. Description of the Method

�e method is based on the linear Method of Moments
(MoM) with sinusoidal basis functions [21] and the equiv-
alent surface impedance model [13]. �e main ideas of
the proposed method will be presented using a particular
example of an optical nanocircuit composed of plasmonic
cylindrical elements made of gold (Au) as shown in Figure 1.
�is circuit can be useful in nanophotonics to convert guided
plasmonic optical waves in radiated 
eld and vice versa
and to make the input impedance matching between optical
antennas and plasmonic waveguides [22, 23].

2.1. Integral Equation for Electric Field. Figure 1(a) shows
an equivalent model of the antenna composed of a voltage

source ��, a two-wire optical transmission line (OTL), and
a cylindrical nanodipole, and Figure 1(b) presents the MoM
equivalent model. �e dimensions of this nanocircuit are as
follows: � and �� are the length and radius of the OTL wires,
respectively;� = ℎ+�� and �ℎ are the arm length and radius
of the nanodipole, respectively; � is the distance between the
axes of theOTL;� = �−2�� is the dipole gap and the distance
between the surfaces of the OTL.

In the radiation problem of Figure 1(a), the gold material
of the structure is represented by the Lorentz-Drude model
for the complex permittivity 	1 = 	0	�1 [24]:

	�1 = 	∞ − 
2�1
2 − �Γ
 + 
2�2
20 − 
2 + �

 , (1)

where 	∞ = 8, 
�1 = 13.8 × 1015 s−1, Γ = 1.075 × 1014 s−1,
0 = 2��/�0, �0 = 450 nm, 
�2 = 45 × 1014 s−1, and
 = 9 × 1014 s−1. �is model is a good approximation with
experimental data for wavelengths � > 500 nm. �e losses
in metal are described by the surface impedance �� which is
derived considering only the principal mode TM01 of in
nite
long cylindrical imperfect conductor [13]. In this case, the
impedance is given by

�� = ��0 (��)2���
	1�1 (��) , (2)

where� = �0√	�1, �0 = 
√�0	0, and �0 and �1 are the zeroth-
and 
rst-order Bessel functions of the 
rst kind, respectively.

�e boundary condition for the electric 
eld at the

surface’s conductor of the circuit in Figure 1(a) is (�� + ��) ⋅�	 = ���, where �	 is the unitary vector tangential to the

surface of the metal, �� is the scattered electric 
eld due to

the induced linear current � (A) on the conductor, �� is the
incident electric 
eld from the voltage source, and � is the
longitudinal current in a given point of the nanocircuit. �e
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Figure 2: Sinusoidal current element in one segment.

integral equation of the scattered 
eld along the length � of
the nanocircuit is

�� (�) = 1�
	0 [�20 ∫	 �� (�) ��
 + ∫	
����
∇� (�) ��
] , (3)

where �(�) = "−��0
/4�� is the free space Green’s function

and� = |�−�
| is the distance between source andobservation
points.

2.2. Numerical Solution by Method of Moments. Numerical
solution of the problem formulated by (1)–(3) is performed
by linear MoM as follows. Firstly, we discretize the linear
circuit as shown in Figure 1(b), where #� and #ℎ are the
number of straight segments in � and ℎ, respectively. In the
case shown in Figure 1(b), we have #� = 7 and #ℎ = 3. �e
discretization is uniform in � and ℎ, but the discretization
length can be di�erent; that is,Δ�� = �/#� andΔ�ℎ = ℎ/#ℎ.
�e voltage source gap is �/2, and there are two segments
in vertical section of this source. With this discretization,
the total number of straight segments of the nanocircuit is# = 2#ℎ + 2#� + 2. Now, the current in each segment is
approximated by sinusoidal basis functions as follows:

%� = 1
sinh 
Δ�� [��1 sinh 
 (��2 − �) + ��2 sinh 
 (� − ��1)] ,


 = ��0,
� = �∑
�=1
�� = �∑
�=1
%���,

(4)

where �� is the unitary vector tangential to the axis of each
cylindrical metallic element (Figure 2).

Substituting (4) in (3), we obtain the discrete form of the
integral equation:

�� = �∑
�=1

[���] ,

��� = 1�
	0 (−
2 ∫
	�2

	�1
�� (�
) � (�) ��
 + ∫	�2

	�1

�����
 ∇� (�) ��
) .
(5)

A generic sinusoidal element is presented in Figure 2. Each
sinusoidal current element can be written in the form

�� = ��1A�1 + ��2A�2,
A�1 = sinh 
 (��2 − �)

sinh 
Δ�� ��, A�2 = sinh 
 (� − ��1)
sinh 
Δ�� ��. (6)

Substituting (6) and (5) in the boundary condition for the
electric 
eld and using the conditions �12 = �21 = �1, . . . , ��2 =�(�+1)1 = ��, . . . , �(�−1)2 = ��1 = �(�−1), and �11 = ��2 = 0 at
the extremities of the conductor, we have

[�� ⋅ �	 + �−1∑
�=1

(�A�2 + �A(�+1)1) �� ⋅ �	] = ���. (7)

�e expansion constants �� are shown in Figure 1(b), where
each constant �� de
nes one triangular sinusoidal current. To
determine these constants, we use#−1 rectangular pulse test
functions with the unit amplitude

D� (�) = {1, ��� < � < �(�+1)�,0, outside,
G = 1, 2, 3, . . . , # − 1,

(8)

where ��� is the middle point between ��1 and ��2 of each
segment G (Figure 2). Integrating both sides of (7) with a
generic test function D� of (8), we come to the following
equation:

[∫	(�+1)�
	��

�� ⋅ �	�� + ∫	(�+1)�
	��

�−1∑
�=1

(�A�2 + �A(�+1)1) �� ⋅ �	��]

= ∫	(�+1)�
	��

��� ��.
(9)

ForG = 1, 2, 3, . . . , #−1, we have the following linear system:

�� = ����Δ� − �−1∑
�=1
�����, G = 1, 2, 3, . . . , # − 1,

��� = ∫	(�+1)�
	��

[�A�2 + �A(�+1)1] ⋅ �	��,
�� = ∫	(�+1)�

	��
�� ⋅ �	��, ∫	(�+1)�

	��
��� �� = ����Δ�,

(10)

where Δ� = 1/2[Δ�� + Δ��+1], �� is the equivalent voltage
in each segment G; �� is nonzero only in the position of
the voltage source in G = #/2 with value ��/2 = ��. In
this case we have a radiation problem. When �� is due to an
incident radiation, which can be, for example, a plane wave,
we have a scattering problem. ��� is the mutual impedance
between sinusoidal current elementsG and H. Inmatrix form,
the following system of the order (#−1)×(#−1) is obtained:
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[[[[
[

−�11 + ��Δ 1 −�12 ⋅ ⋅ ⋅ −�1(�−1)−�21 −�22 + ��Δ 2 ⋅ ⋅ ⋅ −�2(�−1)
...

... d
...−�(�−1)1 −�(�−1)2 ⋅ ⋅ ⋅ −�(�−1)(�−1) + ��Δ (�−1)

]]]]
]
[[[[
[

�1�2
...��−1
]]]]
]
= [[[[
[

�1�2
...��−1
]]]]
]
. (11)

To calculate the elements��� of this linear system one needs
to solve the integral of (5). Approximated closed form solu-
tions of (5) for the electric 
elds produced by one sinusoidal
current segment of (6) can be found in the literature [21]. To
calculate the electric 
elds in the local coordinate system of
Figure 3, we used the following analytical expressions:

�	 = O4� sinh 
Δ�� [(��1 − ��2 cosh 
Δ��)
"−�
2�2

+ (��2 − ��1 cosh 
Δ��) "−�
1�1 ] ,
�� = O4�R sinh 
Δ�� {(��1"−�
1 − ��2"−�
2) sinh 
Δ��

+ (��1 cosh 
Δ�� − ��2) cos T1"−�
1
+ (��2 cosh 
Δ�� − ��1) cos T2"−�
2} .

(12)

�e solution of (11) produces the induced current �� along
the circuit. With this solution, it is possible to calculate the
near and far 
eld distributions of the electric 
eld and other
parameters.

3. Numerical Results

Based on the theory presented in the previous section, we
developed a MoM code in Matlab to analyze the nanocircuit
shown in Figure 1. �e simulations were performed in a
core i7 computer with 4G of RAM in Windows. Some
simulations were also realized with the so�ware Comsol in a
core i7 computer with 16G of RAM. It is important to note
here that all of our simulations with the MoM code were

nalized approximately within 2min, but the simulation by
the Comsol a�er 4 hours.

3.1. Resonances of Nanorods Excited by Plane Wave. �e
developed MoM code can be used to analyze the near 
eld
resonances of nanorods excited by a plane wave. To this end,
we modify only the geometry and the source of the original
problem (Figure 1). Examples of plane wave excitation of
nanorods are presented in Figure 4. �is 
gure shows the
spectral response of the normalized electric near 
eld |�|/|�0|
(where |�| is the magnitude of the total electric near 
eld and|�0| is the electric 
eldmagnitude of the incident plane wave)
in the point D near the endpoint of a single nanorod and in
the middle between the two nanorods. �e parameters used
in these simulations are as follows: � = ℎ + �� = 220 nm,

�ℎ = 10 nm, � = 20 nm, #ℎ = 11, and Δ�ℎ = 20 nm.
With this discretization we have a good agreement with the
Comsol results and the convergence criteria min(Δ�ℎ)/�ℎ ≥1 that we used are satis
ed. In the discussed case, we have
min(Δ�ℎ)/�ℎ = 2.

For the case of the single nanorod in Figure 4, the main
resonances calculated by MoM and by Comsol are Wres =235.7THz (�res = 1273 nm) and Wres = 235THz (�res =1277 nm), respectively.�erefore, a good agreement between
the results obtained by the twomethods is observed.We have
also calculated the variation of the main resonant wavelength
(�res) of one nanorod with di�erent lengths � = ℎ + �ℎ
and radius �ℎ. �e consistent results obtained by MoM,
Comsol and data obtained in [25] are presented in Figure 5.
�ese results are in accordance with the scaling rule of the
e�ective wavelength for cylindrical optical antennas [26]. For
RF microwave dipoles, the linear dependence of �res with
length � is �res = 2�, but for the nanorods in Figure 4, we
have the approximated linear dependence ofΔ�res/Δ� ≈ 6.8,Δ�res/Δ� ≈ 4, and Δ�res/Δ� ≈ 2.6 for the radius �ℎ = 5, 10,
and 20 nm, respectively. �is means that the smaller radius
corresponds to higher inclination of the curves or higher
resonant wavelengths. �ese results show also that nanorods
are electrically smaller than conventional metallic rods in RF
microwave with �/2 resonance.

3.2. Input Impedance. Figures 6 and 7 show the input
impedances of two circuits of Figure 1 with � = 0 and 100 nm,
respectively. �e dimensions � = ℎ + �� = 220 nm, �� =�ℎ = 10 nm, and � = 20 nm are 
xed for both circuits. �e
simulation parameters used in MoM and Comsol methods
are presented in the 
gure captions. In theMoM simulations,
we use the convergence criteria min(Δ��/��) ≥ 2 and
min(Δ�ℎ/�ℎ) ≥ 2.

�e results presented in these 
gures show a good
agreement between the two methods. However, the MoM
method results in smaller computational costs in terms of
required memory and processing time. In the MoM model,
one uses 1D current elements approximation for cylindrical
conductors instead of 3D current elements inside the conduc-
tor in Comsol simulations. Also, the MoM discretizes only
the conductors, and the Comsol discretizes the conductors
and the domain around the conductors.�is is why theMoM
model requires a reduced number of unknown elements in
the entire problem and, consequently, reduced memory and
processing time in comparison with the Comsol simulation.
For example, in Figure 7 we used# = 32 elements for MoM
with the processing time of 15 seconds and for Comsol we
used 622327 elements with the processing time of 5 hours.
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In both methods (MoM and Comsol), we have carried
out all the simulations in 3D surroundings. In the MoM
model, we do not need radiation boundary condition because
this method already takes into account this condition in
the free space Green’s function. In the Comsol method, we
used a spherical domain with PLM in the external boundary
to simulate the free space and the lumped port source to
simulate a voltage source.

3.3. Impedance Matching Characteristics of Nanocircuit. �is
section presents an example of impedance matching analysis
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Figure 5: Resonant wavelength of �/2 mode versus length � for
di�erent values of radius �ℎ.
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Figure 6: Input impedance of isolated nanodipole with � = 0 nm,� = ℎ+�� = 220 nm, �� = �ℎ = 10 nm, and� = 20 nm. Parameters
of MoM simulation are number of elements: # = 24, processing
time: 10 sec. Parameters of the Comsol simulation are number of
elements: 376629, minimum element mesh size of the conductors:
0.408 nm, minimum element mesh size of the spherical domain:
8.16 nm, and processing time: 2 h 34min.

of the nanocircuit shown in Figure 1(a). In this example, we
used the following parameters: ℎ = 210 nm, � = 1200 nm,�� = �ℎ = 10 nm, � = 40 nm, #ℎ = 10, #� = 40,Δ�� = 30 nm,Δ�ℎ = 21 nm, and# = 102.�e discretization
in the vertical section of the source is Δ� = 20 nm. With
these values, the convergence criteria are satis
ed, that is,
min(Δ�/�) ≥ 2. Figure 8 shows the dimensions and sizes of
the discretization. �e corners of the circuit are numbered
from 1 to 4.

Tomake a quantitative measure of the impedance match-
ing, we calculate approximately the voltage stationary wave
ratio (VSWR) near the dipole as VSWR = �max/�min,
where �max and �min are, respectively, the maximum and
minimum current magnitudes nearest to the dipole. With
this parameter, we calculate approximately the voltage re�ec-
tion coe	cient as |Γ�| = (VSWR − 1)/(VSWR + 1).
Figure 9 shows the variation of |Γ�| versus frequency. In this

gure, the minimum value of the re�ection coe	cient is
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|Γ�| = 0.32 at W = 348THz, and the maximum value of
the re�ection coe	cient is |Γ�| = 0.77 at W = 215THz. �e
current distribution and the normalized electric 
eld in these
two di�erent situations are presented in Figures 10 and 11,
respectively.�ese results show that our approximatemethod
to calculate |Γ�| gives a good estimate of degree of impedance
matching.

�e input impedance of the isolated nanodipole versus
frequency presented in Figure 6 at the points |Γ�| = 0.77
and 0.32 is �in = 2148 + �1116 (Ω) and �in = 155.4 +�219.1 (Ω), respectively. �e 
rst impedance is near the 
rst
open-circuit resonance, and the second impedance is near the
second short-circuit resonance of the nanodipole.�ese types
of resonances can be observed in Figure 10.

4. Conclusions

Wepresented a simple and e	cient computationalmethod to
analyze cylindrical plasmonic nanoantennas. We described
details of the method which is based on the linear Method
of Moments with sinusoidal basis functions. �e losses in
the conductors were taken into account by equivalent surface
impedance. Some examples of nanoantenna were simulated
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and compared with the results obtained by the Comsol
so�ware. �ese examples include nanorods illuminated by
an incident plane wave, nanodipoles fed by a voltage source,
and a nanocircuit composed of a voltage source, a two-wire
optical transmission line, and a nanodipole.

Our results show that the proposed method is computa-
tionally simple and produces results with a good agreement
with the Comsol simulations up to lower optical frequen-
cies (W ≈ 400THz). For higher frequencies, in general,
the method is not valid, because transversal current in
the cylindrical conductors will appear and in our method
only longitudinal currents are taken into account. �us, the
method is suitable for near-infrared and lower optical fre-
quencies (100–400) THz.With respect to the time processing,
the proposed method is very fast when compared with the
Comsol simulations. For example, the results presented in
Figure 4 were obtained by the Method of Moments within
1min, but the corresponding calculations by the so�ware
Comsol were accomplished within 4 hours.

In future works we intend to modify our method to
take into account transversal currents in the cylindrical
conductors. It will allow one to apply the method at higher
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Figure 11: Normalized electric near 
eld distributions at plane ^ = 40 nm of nanocircuit at frequencies W = 215 and 348 THz for cases with
voltage re�ection coe	cient |Γ�| = 0.77 and 0.32, respectively. Parameters ofMoM simulation are ℎ = 210 nm,� = 1200 nm, �� = �ℎ = 10 nm,� = 40 nm, #ℎ = 10, #� = 40, Δ�� = 30 nm, Δ�ℎ = 21 nm, # = 102, and processing time 3min. Parameters of Comsol simulation are
total number of elements: 713095, minimum mesh size of the conductors: 2.55 nm, minimum mesh size of spherical domain: 30.6 nm, and
processing time: 5 hours.

optical frequencies. Also, themethod can be used for analysis
and design of nanoantenna systems, composed of cylindrical
elements, for example, arrays of nanodipoles. Also, the
method can be used to make the input impedance matching
of nanodipoles with optical transmission line in order to
optimize the energy transfer from source to load.
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