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SIMPLE CRITERIA FOR UNIVALENCE AND COEFFICIENT

BOUNDS FOR A CERTAIN SUBCLASSES OF ANALYTIC

FUNCTIONS

MOSTAFA JAFARI, TEODOR BULBOACĂ, AHMAD ZIREH,
AND EBRAHIM ANALOUEI ADEGANI

Abstract. In the first part of this work we present several new geometric
properties of analytic functions by applying the differential subordination. In
addition, several results in the geometric functions theory pointed out. In
the second part we find upper bounds for coefficients of functions in class

B
q,µ

Σ
(β, λ, h) which is defined by fractional q-calculus operators.

1. Introduction and Preliminaries

Let A be the class of functions of the form

f(z) = z +
∞∑

n=2

anz
n (1.1)

which are analytic in the open unit disk U := {z ∈ C : |z| < 1}, and denote by S
the class of all functions of A which are univalent in U.
For two functions f and F which are analytic in U, we say that the function f

is subordinate to F in U, and write f(z) ≺ F (z), if there exists a Schwarz function
ω, which is analytic in U with ω(0) = 0 and |ω(z)| < 1, such that f(z) = F (ω(z))
for all z ∈ U.
By Schwarz’s lemma we have |ω(z)| ≤ |z|, z ∈ U, which concludes that ω(U) ⊂ U.

Since ω(0) = 0 and ω(U) ⊂ U it follows that if f(z) ≺ F (z), then f(0) = F (0) and
f(U) ⊂ F (U). In particular, if the function F is univalent in U, then we have the
following equivalence

f(z) ≺ F (z)⇔ f(0) = F (0) and f(U) ⊂ F (U).
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First, Miller and Mocanu [18] in 1978 introduced the method of differential sub-
ordinations and then in recent years several authors obtained several applications in
the geometric functions theory by using differential subordination, see for example
[5, 7, 8, 9, 12, 13, 15, 20].
We denote by S∗(α) the subclass of A consisting of functions which are starlike

of order α in U, as follows:

S∗(α) :=

{
f ∈ A : Re

zf ′(z)

f(z)
> α, z ∈ U, 0 ≤ α < 1

}
,

and, in particular, S∗ := S∗(0) is the class of starlike functions in the unit disk U.
Also, we denote by C(α) the subclass of A consisting of functions which are

close-to-convex of order α if there exists a function g ∈ S∗ such that

Re
zf ′(z)

g(z)
> α, z ∈ U, 0 ≤ α < 1.

In particular, C := C(0) is the class of close-to-convex functions in the unit disk U.
It is well-known that S(α) ⊂ S and C(α) ⊂ S, for all 0 ≤ α < 1.

It is well known that every function f ∈ S contains a disk of radius
1

4
. Therefore,

every function f ∈ S has an inverse f−1, which is defined by f−1 (f(z)) = z (z ∈ U),

and f
(
f−1 (w)

)
= w

(
|w| < r0(f); r0(f) ≥

1

4

)
, where

g(w) = f−1(w) = w−a2w
2+(2a22−a3)w

3−(5a32−5a2a3+a4)w
4+· · · =: w+

∞∑

n=2

bnw
n.

(1.2)
A function f ∈ A is said to be bi-univalent in U if both f and f−1 are univalent

in U, and let Σ denote the class of bi-univalent functions in U. In recent years many
authors made an effort to introduce various subclasses of the bi-univalent function
class Σ, see for example [10, 22, 23, 27].
Purohit and Raina [25] (see also [22]) defined a fractional q-differential operator

Ωµq (by using the definitions of the fractional q-calculus operators) for a function f
of the form (1.1) by

Ωµq f(z) = z +
∞∑

n=2

Ψnq (µ)anz
n =

Γq(2− µ)

Γq(2)
zµ−1Dµ

q,zf(z), z ∈ U, (1.3)

where

Θn := Ψ
q
n(µ) =

Γq(2− µ)Γq(n+ 1)

Γq(2)Γq(n+ 1− µ)
, −∞ < µ < 2, 0 < q < 1,

where Dµ
q,zf in (1.3) represents, respectively, a fractional q-integral of f of order µ

when −∞ < µ < 0, and a fractional q-derivative of f of order µ when 0 ≤ µ < 2.
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We note that Ω0qf(z) = f(z) and lim
q→1−

Ωµq f(z) = Ω
µf(z) (see Owa and Srivastava

[24], Aouf and Dziok [6] and Srivastava and Aouf [26]).

Definition 1.1. [22] Let h : U→ C be a convex (univalent) function such that

h(0) = 1 and Reh(z) > 0, z ∈ U.

A function f ∈ Σ given by (1.1) is said to be in the class Bq,µ
Σ
(β, λ, h) if the following

conditions are satisfied:

eiβ

(
z1−λ(Ωµq f(z))

′

[Ωµq f(z)]1−λ

)

≺ h(z) cosβ + i sinβ

and

eiβ

(
w1−λ(Ωµq g(w))

′

[Ωµq g(w)]1−λ

)

≺ h(w) cosβ + i sinβ,

where β ∈

(
−π

2
,
π

2

)
, λ ≥ 0, z, w ∈ U, and where g = f−1 is given by (1.2).

The following lemmas will be used in prove the main result.

Lemma 1.1. [19] Let p(z) = 1 +
∞∑

n≥m

cnz
n, cm 6= 0, be an analytic function in

|z| < 1 with p(0) = 1. If there exists a point z0, with |z0| < 1, such that

Re p(z) > 0 for |z| < |z0|

and
Re p(z0) = 0,

then we have

z0p
′(z0) =

{
ikp(z0), when p(z0) 6= 0
−l/2, when p(z0) = 0

for some k ≥ m, l ≥ m.

Lemma 1.2. [11, p. 190] Let u be analytic function in the unit disk U, with
u(0) = 0, and |u(z)| < 1 for all z ∈ D, with the power series expansion

u(z) =
∞∑

n=1

cnz
n, z ∈ D.

Then, |cn| ≤ 1 for all n = 1, 2, 3, . . . . Furthermore, |cn| = 1 for some n (n =
1, 2, 3, . . . ) if and only if u(z) = eiθzn, θ ∈ R.

Lemma 1.3. [14] Let the function w be a Schwarz function with the power series

expansion given by w(z) =
∞∑

n=1

wnz
n, z ∈ U. Then, for every complex number s,

the next inequality holds:
∣∣w2 − sw21

∣∣ ≤ 1 + (|s| − 1)
∣∣w21
∣∣ .
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In Section 2, the paper aims in presenting several new geometric properties
of analytic functions by applying the differential subordinations, and in addition,
several special results are pointed out. In Section 3 we use the Faber polynomial
expansion techniques to derive bounds for the coefficients |an| for the functions of
the class Bq,µ

Σ
(β, λ, h), that our results generalize and improve some of the previously

ones. In the literature, several authors used the Faber polynomial expansions under
certain conditions to determine the general coefficient bounds of |an| for the analytic
bi-univalent functions (see, for example, [16, 17, 30]).

2. Sufficient Conditions for Univalence and Starlikeness

In the following section we study differential subordinations and several sufficient
conditions for the univalence, starlikeness and close-to-convexity of functions f ∈ A.

Theorem 2.1. Let p be an analytic function in U, with p(0) = 1 and p′(0) 6= 0,
that satisfies

Re






p(z) +
zp′(z)

p(z)

a+ p2(z) + zp′(z)






2

> 0, z ∈ U, for some a ∈ R \ {−1}. (2.1)

Then,

Re p(z) > 0, z ∈ U.

Proof. If a = 0, using the fact that p(0) = 1 it is easy to prove that the assumption
(2.1) implies Re p(z) > 0, z ∈ U, and therefore we will assume that a 6= 0. Also,
since the inequality (2.1) holds for z∗ = 0, it is necessary to assume that a 6= −1.
Supposing that there exists a point z0 ∈ U such that

Re p(z) > 0, for |z| < |z0|

and

Re p(z0) = 0,

it follows that

p(z0) = iλ, λ ∈ R.

Hence, according to Lemma 1.1 for m = 1, we have

z0p
′(z0) =

{
ikp(z0), when p(z0) 6= 0
−l/2, when p(z0) = 0

=

{
−kλ, when λ 6= 0
−l/2, when λ = 0,

for some k ≥ 1, l ≥ 1.
(i) For the case p(z0) 6= 0 suppose that

a+ p2(z0) + zp
′(z0) = a− λ

2 − kλ = 0. (2.2)

(α) If
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p(z0) +
z0p

′(z0)

p(z0)
= i(λ+ k) 6= 0,

then z0 ∈ U will be a double pole for the function






p(z) +
zp′(z)

p(z)

a+ p2(z) + zp′(z)






2

and therefore, in any neighborhood U(z0; ρ) := {z ∈ C : |z| < ρ} ⊂ U of the pole z0
there exists at least a zρ ∈ U(z0; ρ) such that

Re






p(zρ) +
zρp

′(zρ)

p(zρ)

a+ p2(zρ) + zρp′(zρ)






2

< 0,

which contradicts the assumption (2.1).
(β) If

p(z0) +
z0p

′(z0)

p(z0)
= i(λ+ k) = 0,

from this relation and (2.2) it follows that a = 0, which contradicts our assumption.
Therefore, from (α) and (β) we deduce that the assumption (2.1) implies that

the function





p(z) +
zp′(z)

p(z)

a+ p2(z) + zp′(z)






2

,

is analytic in U, and

Re






p(z0) +
z0p

′(z0)

p(z0)

a+ p2(z0) + zp′(z0)






2

= Re

(
iλ+ ik

a− λ2 − kλ

)2
= −

(
λ+ k

a− λ2 − kλ

)2
≤ 0,

which is a contradiction with the assumption (2.1).
(ii) For the case p(z0) = 0 it follows that z0p

′(z0) is a negative real number, and

the function
zp′(z)

p(z)
has a simple pole at z0. Since p(0) = 1, then z0 ∈ U \ {0} will
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be at least a double pole for the function





p(z) +
zp′(z)

p(z)

a+ p2(z) + zp′(z)






2

and therefore, in any neighborhood U(z0; ρ) := {z ∈ C : |z| < ρ} ⊂ U of the pole z0
there exists at least a zρ ∈ U(z0; ρ) such that have

Re






p(zρ) +
zρp

′(zρ)

p(zρ)

a+ p2(zρ) + zρp′(zρ)






2

< 0,

which contradicts the assumption (2.1).
Concluding, from the above cases it follows that Re p(z) > 0 for all z ∈ U, and

the proof of the theorem is complete. �

For f ∈ A and p := f ′ the above theorem leads to the following result which
gives sufficient condition for the close-to-convexity (univalence) of the function f :

Corollary 2.1. If f ∈ A, with f ′′(0) 6= 0, and satisfies

Re






f ′(z) +
zf ′′(z)

f ′(z)

a+ [f ′2 + zf ′′(z)






2

> 0, z ∈ U, for some a ∈ R \ {−1},

then

Re f ′(z) > 0, z ∈ U.

For f ∈ A and p(z) :=
zf ′(z)

f(z)
, then p′(0) 6= 0 is equivalent to f ′′(0) 6= 0,

and Theorem 2.1 leads to the following result which gives a sufficient starlikeness
(univalence) condition:

Corollary 2.2. If f ∈ A, with f ′′(0) 6= 0, and satisfies

Re






1 +
zf ′′(z)

f ′(z)

a+
zf ′(z)

f(z)
+
z2f ′′(z)

f(z)






2

> 0, z ∈ U, for some a ∈ R \ {−1},

then

Re
zf ′(z)

f(z)
> 0, z ∈ U.
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Theorem 2.2. Let p be an analytic function in U, with p(0) = 1, p′(0) 6= 0, that
satisfies

Re






p(z) +
zp′(z)

p(z)

a+
zp′(z)

p2(z)






2

> 0, z ∈ U, for some a ∈ R \ {0}. (2.3)

Then,

Re p(z) > 0, z ∈ U.

Proof. Since the inequality (2.3) holds for z∗ = 0 it is necessary to assume that
a 6= 0. For a = 1, using the fact that p(0) = 1 it is easy to prove that the
assumption (2.3) implies our conclusion, and thus we will assume that a 6= 1.
Supposing that there exists a point z0 ∈ U such that

Re p(z) > 0, for |z| < |z0|

and

Re p(z0) = 0,

it follows that

p(z0) = iλ, λ ∈ R.

Now, using Lemma 1.1 for m = 1, we have

z0p
′(z0) =

{
ikp(z0), when p(z0) 6= 0
−l/2, when p(z0) = 0

=

{
−kλ, when λ 6= 0
−l/2, when λ = 0,

for some k ≥ 1, l ≥ 1.
(i) For the case p(z0) 6= 0, that is λ 6= 0, suppose that

a+
z0p

′(z0)

p2(z0)
= a+

k

λ
= 0. (2.4)

(α) If

p(z0) +
z0p

′(z0)

p(z0)
= i(λ+ k) 6= 0,

then z0 ∈ U will be a double pole for the function






p(z) +
zp′(z)

p(z)

a+
zp′(z)

p2(z)






2
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and therefore, in any neighborhood U(z0; ρ) := {z ∈ C : |z| < ρ} ⊂ U of the pole z0
there exists at least a zρ ∈ U(z0; ρ) such that

Re






p(zρ) +
zρp

′(zρ)

p(zρ)

a+
zρp

′(zρ)

p2(zρ)






2

< 0,

which contradicts the assumption (2.3).
(β) If

p(z0) +
z0p

′(z0)

p(z0)
= i(λ+ k) = 0,

from this relation and (2.4) it follows that a = 1, which contradicts our assumption.
Therefore, from (α) and (β) we deduce that the assumption (2.3) implies that

the function 




p(z) +
zp′(z)

p(z)

a+
zp′(z)

p2(z)






2

,

is analytic in U, and

Re






p(z0) +
z0p

′(z0)

p(z0)

a+
z0p

′(z0)

p2(z0)






2

= Re





iλ+ ik

a+
k

λ






2

= −





λ+ k

a+
k

λ






2

≤ 0,

which is a contradiction with the assumption (2.3).
(ii) For the case p(z0) = 0, since






p(z) +
zp′(z)

p(z)

a+
zp′(z)

p2(z)






2

=

[
p3(z) + zp(z)p′(z)

ap2(z) + zp′(z)

]2
,

it follows that

Re

[
p3(z0) + z0p(z0)p

′(z0)

ap2(z0) + z0p′(z0)

]2
= 0,

which contradicts the assumption (2.3).
Thus, from the above cases it follows that Re p(z) > 0 for all z ∈ U. �

For f ∈ A and p := f ′, and for p(z) :=
zf ′(z)

f(z)
, Theorem 2.2 reduces to the

following two results which represent sufficient condition for the close-to-convexity
and starlikeness, respectively:
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Corollary 2.3. If f ∈ A, with f ′′(0) 6= 0, and satisfies

Re






f ′(z) +
zf ′′(z)

f ′(z)

a+
zf ′′(z)

[f ′2






2

> 0, z ∈ U, for some a ∈ R \ {0},

then,
Re f ′(z) > 0, z ∈ U.

Corollary 2.4. If f ∈ A, with f ′′(0) 6= 0, and satisfies

Re






1 +
zf ′′(z)

f ′(z)

a+
f(z)

zf ′(z)

(
1 +

zf ′′(z)

f ′(z)
−
zf ′(z)

f(z)

)






2

> 0, z ∈ U, for some a ∈ R \ {0},

then,

Re
zf ′(z)

f(z)
> 0, z ∈ U.

Theorem 2.3. Let p be an analytic function in U, with p(0) = 1, p′(0) 6= 0, that
satisfies

Re

[
p(z) [a+ zp′(z)]

a+ p2(z) + zp′(z)

]2
> 0, z ∈ U, for some a ∈

(
−∞,

1

2

)
\ {−1, 0}. (2.5)

Then
Re p(z) > 0, z ∈ U.

Proof. First, since the assumption (2.5) holds for z∗ = 0, it is necessary to assume
that a 6= 0 and a 6= −1. If we suppose that there exists a point z0 ∈ U such that

Re p(z) > 0, for |z| < |z0|

and
Re p(z0) = 0,

it follows that
p(z0) = iλ, λ ∈ R.

Hence, according to Lemma 1.1 for m = 1, we have

z0p
′(z0) =

{
ikp(z0), when p(z0) 6= 0
−l/2, when p(z0) = 0

=

{
−kλ, when λ 6= 0
−l/2, when λ = 0,

for some k ≥ 1, l ≥ 1.
(i) For the case p(z0) 6= 0, that is λ 6= 0, suppose that

a+ p2(z0) + zp
′(z0) = a− λ

2 − kλ = 0. (2.6)

(α) If
p(z0) [a+ z0p

′(z0)] = iλ(a− kλ) 6= 0,
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then z0 ∈ U will be a double pole for the function
[
p(z) [a+ zp′(z)]

a+ p2(z) + zp′(z)

]2

and therefore, in any neighborhood U(z0; ρ) := {z ∈ C : |z| < ρ} ⊂ U of the pole z0
there exists at least a zρ ∈ U(z0; ρ) such that have

Re

[
p(zρ) [a+ zρp

′(zρ)]

a+ p2(zρ) + zρp′(zρ)

]2
< 0,

which contradicts the assumption (2.5).
(β) If

p(z0) [a+ z0p
′(z0)] = iλ(a− kλ) = 0,

hence a = kλ, and from (2.6) it follows that −λ2 = 0, that contradicts the fact
λ 6= 0.
Therefore, from (α) and (β) we deduce that the assumption (2.1) implies that

the function [
p(z) [a+ zp′(z)]

a+ p2(z) + zp′(z)

]2

is analytic in U, and

Re

[
p(z0) [a+ z0p

′(z0)]

a+ p2(z0) + z0p′(z0)

]2
= Re

[
iλ(a− kλ)

a− λ2 − kλ

]2
= −

[
λ(a− kλ)

a− λ2 − kλ

]2
≤ 0,

which is a contradiction with the assumption (2.5).

(ii) For the case p(z0) = 0, using the fact that a <
1

2
we have

a+ p2(z0) + z0p
′(z0) = a−

l

2
6= 0,

hence

Re

[
p(z0) [a+ z0p

′(z0)]

a+ p2(z0) + z0p′(z0)

]2
= 0,

which contradicts the assumption (2.5).
From the two which discussed above it follows that Re p(z) > 0 for all z ∈ U. �

Taking f ∈ A and p := f ′, and p(z) :=
zf ′(z)

f(z)
in Theorem 2.3 we obtain the

next two special cases that represent sufficient condition for the close-to-convexity
and starlikeness, respectively:

Corollary 2.5. If f ∈ A, with f ′′(0) 6= 0, and satisfies

Re

[
f ′(z)[a+ zf ′′(z)]

a+ [f ′2 + zf ′′(z)

]2
> 0, z ∈ U, for some a ∈

(
−∞,

1

2

)
\ {−1, 0},
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then

Re f ′(z) > 0, z ∈ U.

Corollary 2.6. If f ∈ A, with f ′′(0) 6= 0, and satisfies

Re






a+
zf ′(z)

f(z)

(
1 +

zf ′′(z)

f ′(z)
−
zf ′(z)

f(z)

)

1 + a
f(z)

zf ′(z)
+
zf ′′(z)

f ′(z)






2

> 0, z ∈ U,

for some a ∈

(
−∞,

1

2

)
\ {−1, 0}, then

Re
zf ′(z)

f(z)
> 0, z ∈ U.

Theorem 2.4. Let p be an analytic function in U, with p(0) = 1, p′(0) 6= 0, that
satisfies

Re





p(z) [a+ zp′(z)]

a+
zp′(z)

p2(z)






2

> 0, z ∈ U, for some a ∈ R. (2.7)

Then

Re p(z) > 0, z ∈ U.

Proof. Suppose that there exists a point z0 ∈ U such that

Re p(z) > 0, for |z| < |z0|

and

Re p(z0) = 0.

By using Lemma 1.1 for m = 1, it follows that

p(z0) = iλ, λ ∈ R,

and

z0p
′(z0) =

{
ikp(z0), when p(z0) 6= 0
−l/2, when p(z0) = 0

=

{
−kλ, when λ 6= 0
−l/2, when λ = 0,

for some k ≥ 1, l ≥ 1.
(i) For the case p(z0) 6= 0, that is λ 6= 0, suppose that

a+
z0p

′(z0)

p2(z0)
= a+

k

λ
= 0. (2.8)

(α) If

p(z0) [a+ z0p
′(z0)] = iλ(a− kλ) 6= 0,
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then z0 ∈ U will be a double pole for the function




p(z) [a+ zp′(z)]

a+
zp′(z)

p2(z)






2

and therefore, in any neighborhood U(z0; ρ) := {z ∈ C : |z| < ρ} ⊂ U of the pole z0
there exists at least a zρ ∈ U(z0; ρ) such that have





p(zρ) [a+ zρp

′(zρ)]

a+
zρp

′(zρ)

p2(zρ)






2

< 0,

which contradicts the assumption (2.7).
(β) If

p(z0) [a+ z0p
′(z0)] = iλ(a− kλ) = 0,

then a = kλ and from (2.8) it follows that k = 0 or λ2 = −1, which contradicts the
facts k ≥ 1 and λ ∈ R.
Therefore, from (α) and (β) we deduce that the assumption (2.7) implies that

the function 



p(z) [a+ zp′(z)]

a+
zp′(z)

p2(z)






2

,

is analytic in U, and

Re





p(z0) [a+ z0p

′(z0)]

a+
z0p

′(z0)

p2(z0)






2

= Re





iλ(a− kλ)

a+
k

λ






2

= −





λ(a− kλ)

a+
k

λ






2

≤ 0,

which is a contradiction with the assumption (2.7).
(ii) For the case p(z0) = 0, since





p(z) [a+ zp′(z)]

a+
zp′(z)

p2(z)






2

=

[
p3(z) [a+ zp′(z)]

ap2(z) + zp′(z)

]2
,

it follows that

Re

[
p3(z0) [a+ z0p

′(z0)]

ap2(z0) + z0p′(z0)

]2
= 0,

which contradicts the assumption (2.7).
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Concluding, from the two cases we discussed above it follows that Re p(z) > 0
for all z ∈ U. �

Replacing p := f ′, and p(z) :=
zf ′(z)

f(z)
where f ∈ A in Theorem 2.4 we obtain the

next two special cases that represent sufficient condition for the close-to-convexity
and starlikeness, respectively:

Corollary 2.7. If f ∈ A, with f ′′(0) 6= 0, and satisfies

Re





f ′(z)[a+ zf ′′(z)]

a+
zf ′′(z)

[f ′2






2

> 0, z ∈ U, for some a ∈ R,

then,

Re f ′(z) > 0, z ∈ U.

Corollary 2.8. If f ∈ A, with f ′′(0) 6= 0, and satisfies

Re






zf ′(z)

f(z)

[
a+

zf ′(z)

f(z)

(
1 +

zf ′′(z)

f ′(z)
−
zf ′(z)

f(z)

)]

a+
f(z)

zf ′(z)

(
1 +

zf ′′(z)

f ′(z)
−
zf ′(z)

f(z)

)






2

> 0, z ∈ U, for some a ∈ R,

then,

Re
zf ′(z)

f(z)
> 0, z ∈ U.

Remark 2.1. (1) For g ∈ S∗ and f ∈ A, such that 2f ′′(0) 6= g′′(0), setting

p(z) :=
zf ′(z)

g(z)
in the above theorems we will obtain sufficient condition for

close-to-convexity.

(2) For f ∈ A, with f ′′(0) 6= 0, setting p(z) :=
f(z)

z
in the above theorems we

will obtain sufficient condition for the functions f to satisfy the inequality

Re
f(z)

z
> 0, z ∈ U.

3. Coefficient Bounds

We begin by deriving upper bounds for the general Taylor-Maclaurin coefficients
|an| for n ≥ 3 of the functions belonging in the class B

q,µ
Σ
(β, λ, h), and next we will

find estimates for the initial coefficient |a2|.
Using the Faber polynomial expansion of functions f ∈ S of the form (1.1), the

coefficients of its inverse map g = f−1 may be expressed as follows (see for details
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[1] and [2])

g(w) = f−1(w) = w +

∞∑

n=2

1

n
K−n
n−1(a2, a3, . . . , an)w

n, (3.1)

where

K−n
n−1 =

(−n)!

(−2n+ 1)!(n− 1)!
an−12 +

(−n)!

(2(−n+ 1))!(n− 3)!
an−32 a3

+
(−n)!

(−2n+ 3)!(n− 4)!
an−42 a4 +

(−n)!

(2(−n+ 2))!(n− 5)!
an−52

[
a5 + (−n+ 2)a

2
3

]

+
(−n)!

(−2n+ 5)!(n− 6)!
an−62 [a6 + (−2n+ 5)a3a4] +

∑

j≥7

an−j2 Vj

such that Vj (7 ≤ j ≤ n) is a homogeneous polynomial in the variables a2, a3, . . . , an,
and the expressions such as (for example) (−n)! are to be interpreted symbolically
by

(−n)! ≡ Γ(1− n) := (−n)(−n− 1)(−n− 2) . . . ,

with n ∈ N0 := N ∪ {0}, N := {1, 2, 3, . . . }.

In particular, the first three terms of K−n
n−1 are given by

K−2
1 = −2a2, K−3

2 = 3
(
2a22 − a3

)
and K−4

3 = −4
(
5a32 − 5a2a3 + a4

)
.

In general, for any p real value the expansion ofKp
n is given below (see for details,

[1, 29]; see also [2, p. 349])

Kp
n = pan+1 +

p(p− 1)

2
D2
n +

p!

(p− 3)!3!
D3
n + · · ·+

p!

(p− n)!n!
Dn
n, (3.2)

where Dp
n = D

p
n(a2, a3, . . . , an+1) (see for details [29]). We also have

Dm
n (a2, a3, . . . , an+1) =

∞∑

n=1

m!(a2)
µ
1 · . . . · (an+1)

µ
n

µ1! · . . . · µn!
, (3.3)

where the sum is taken over all nonnegative integers µ1, . . . , µn satisfying the con-
ditions {

µ1 + µ2 + · · ·+ µn = m
µ1 + 2µ2 + · · ·+ nµn = n.

It is clear that Dn
n(a2, a3, . . . , an+1) = a

n
2 .

Theorem 3.1. Let the function f ∈ Bq,µ
Σ
(β, λ, h) be given by (1.1) with the power

expansion of the function h given by

h(z) = 1 +

∞∑

n=1

Bnz
n, z ∈ U, (3.4)
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and suppose that B1 6= 0. If ak = 0 for 2 ≤ k ≤ n− 1, where n ≥ 3, then

|an| ≤
|B1| cosβ

[λ+ (n− 1)]Θn
. (3.5)

Proof. For f ∈ Bq,µ
Σ
(β, λ, h) given by (1.1), using the relations (1.6) and (1.7) from

[2, page 344] we have

eiβ

(
z1−λ(Ωµq f(z))

′

[Ωµq f(z)]1−λ

)

= eiβ

(

1 +
∞∑

n=2

(
1 +

n− 1

λ

)
Kλ
n−1(Θ2a2,Θ3a3, . . . ,Θnan)z

n−1

)

,

and for its inverse map g = f−1, according to the expansion formula (1.2) we have

eiβ

(
w1−λ(Ωµq g(w))

′

[Ωµq g(w)]1−λ

)

= eiβ

(

1 +

∞∑

n=2

(
1 +

n− 1

λ

)
Kλ
n−1(Θ2b2,Θ3b3, . . . ,Θnbn)w

n−1

)

,

where bn =
1

n
K−n
n−1(a2, a3, . . . , an), n = 2, 3, . . . are defined by (3.1).

Furthermore, since f ∈ Bq,µ
Σ
(β, λ, h), from the definition of the subordination

there exist two Schwartz functions u, v : U → U of the form u(z) =
∞∑

n=1

pnz
n,

v(z) =
∞∑

n=1

qnz
n, such that

eiβ

(
z1−λ(Ωµq f(z))

′

[Ωµq f(z)]1−λ

)

= h(u(z)) cosβ + i sinβ, (3.6)

and

eiβ

(
w1−λ(Ωµq g(w))

′

[Ωµq g(w)]1−λ

)

= h(v(w)) cosβ + i sinβ. (3.7)

Moreover, from (3.3) we have

h(u(z)) = 1+B1p1z+
(
B1p2 +B2p

2
1

)
z2+ · · · = 1+

∞∑

n=1

n∑

k=1

BkD
k
n(p1, p2, . . . , pn)z

n,

and

h(v(w)) = 1 +

∞∑

n=1

n∑

k=1

BkD
k
n(q1, q2, . . . , qn)w

n.

Equating the corresponding coefficients of (3.6) and (3.7) we get, respectively,

eiβ
(
1 +

n− 1

λ

)
Kλ
n−1(Θ2a2,Θ3a3, . . . ,Θnan) =

n−1∑

k=1

BkD
k
n−1(p1, p2, . . . , pn−1) cosβ

(3.8)
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and

eiβ
(
1 +

n− 1

λ

)
Kλ
n−1(Θ2b2,Θ3b3, . . . ,Θnbn) =

n−1∑

k=1

BkD
k
n−1(q1, q2, . . . , qn−1) cosβ.

(3.9)
We observe that if ak = 0 for all 2 ≤ k ≤ n− 1, by the definition of K

p
n we have

bn = −an, and since B1 6= 0 we have p1 = · · · = pn−2 = 0 and q1 = · · · = qn−2 = 0.
Hence from (3.8) and (3.9) we obtain, respectively,

[λ+ (n− 1)]eiβΘnan = B1pn−1 cosβ

and

−[λ+ (n− 1)]eiβΘnan = B1qn−1 cosβ.

Taking the modules of either of the above two equalities and using Lemma 1.2 we
obtain our result. �

Theorem 3.2. Let the function f ∈ Bq,µ
Σ
(β, λ, h) be given by (1.1). Then

|a2| ≤
|B1|

√
2|B1| cosβ√

|B1|2 |(λ− 1)(λ+ 2)Θ22 + 2(λ+ 2)Θ3| cosβ + 2(|B1| − |B2|)(1 + λ)
2Θ22

,

for those values of all the parameters such that the denominator is not zero.

Proof. If we set n = 2 and n = 3 in (3.8) and (3.9), respectively, we obtain

eiβ(1 + λ)Θ2a2 = B1p1 cosβ (3.10)

eiβ
[
(λ− 1)(λ+ 2)

2
Θ22a

2
2 + (λ+ 2)Θ3a3

]
= (B1p2 +B2p

2
1) cosβ (3.11)

−eiβ(1 + λ)Θ2a2 = B1q1 cosβ (3.12)

eiβ
[(
(λ− 1)(λ+ 2)

2
Θ22 + 2(λ+ 2)Θ3

)
a22 − (λ+ 2)Θ3a3

]

= (B1q2 +B2q
2
1) cosβ. (3.13)

From (3.10) and (3.12) we get

p1 = −q1, (3.14)

then, adding (3.11) and (3.13) and according to (3.14) we obtain

eiβ [(λ− 1)(λ+ 2)Θ22 + 2(λ+ 2)Θ3]a
2
2 = B1

(
p2 +

B2
B1
p21 + q2 +

B2
B1
q21

)
cosβ.

From (3.10), using Lemma 1.3 we have

∣∣(λ− 1)(λ+ 2)Θ22 + 2(λ+ 2)Θ3
∣∣ |a2|2 ≤ |B1|

(∣∣∣∣p2 +
B2
B1
p21

∣∣∣∣+
∣∣∣∣q2 +

B2
B1
q21

∣∣∣∣

)
cosβ

≤ 2|B1|

(
1 +

|B2| − |B1|

|B1|
|p21|

)
cosβ = 2|B1|

[
1 +

(|B2| − |B1|)(1 + λ)
2Θ22|a

2
2|

|B1|3 cos2 β

]
cosβ.
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After some simple computations, from the above inequality we have
[
|B1|

2
∣∣(λ− 1)(λ+ 2)Θ22 + 2(λ+ 2)Θ3

∣∣ cosβ + 2(|B1| − |B2|)(1 + λ)2Θ22
]
|a2|

2

≤ 2|B1|
3 cos2 β,

which implies our result. �

Remark 3.1. (1) The bound for |a2| from Theorem 3.2 is smaller than the es-
timate obtained by Murugusundaramoorthy et al. in [22, Theorem 2.1].

(2) Letting h(z) =
1 +Az

1 +Bz
, −1 ≤ B < A ≤ 1, in Theorem 3.2, we obtain an

improvement of the estimate for |a2| obtained by Murugusundaramoorthy
et al. in [22, Theorem 3.1], and it is presented in the next example.

(3) Setting h(z) =
1 + (1− 2α)z

1− z
, 0 ≤ α < 1, in Theorem 3.2, we obtain an

improvement of the estimate for |a2| obtained by Murugusundaramoorthy
et al. in [22, Theorem 4.1], like we will show in Example 3.2.

(4) By setting λ = 1, β = µ = 0, and q → 1− in Theorem 3.2, we get Θn =
1, hence we obtain an improvement of the estimate for |a2| obtained by
Algahtani in [4, Theorem 2.3].

(5) Taking λ = β = µ = 0 and q → 1− in Theorem 3.2, we get Θn = 1, hence
we obtain an improvement of the estimate for |a2| obtained by Algahtani
in [4, Theorem 2.6].

Example 3.1. Let the function f ∈ Bq,µ
Σ

(
β, λ,

1 +Az

1 +Bz

)
be given by (1.1), where

−1 ≤ B < A ≤ 1. If ak = 0 for 2 ≤ k ≤ n− 1, where n ≥ 3, then

|an| ≤
(A−B) cosβ

[λ+ (n− 1)]Θn
.

Example 3.2. Let the function f ∈ Bq,µ
Σ

(
β, λ,

1 + (1− 2α)z

1− z

)
be given by (1.1),

where 0 ≤ α < 1. If ak = 0 for 2 ≤ k ≤ n− 1, where n ≥ 3, then

|an| ≤
2(1− α) cosβ

[λ+ (n− 1)]Θn
.

4. Conclusion

In the final section, using the Faber polynomial expansion we found upper bounds
for |an| (n ≥ 3) coefficients of functions in the class defined by Definition 1.1, and
then we obtained an estimate for the initial coefficients |a2| for the functions of this
class. Thus, regarding the proofs of the Theorems 3.1 and 3.2, this technique can
be applied for all classes that are defined similarly to the Definition 1.1 in diverse
papers enhancing their outcomes (see for example [3, 10, 21, 23, 28] and references
therein).



SIMPLE CRITERIA FOR UNIVALENCE AND COEFFICIENT 411

Acknowledgments. The authors thank from the Najafabad Branch, Islamic Azad
University for their financial support.

References

[1] Airault, H. and Bouali, A. Differential calculus on the Faber polynomials, Bull. Sci. Math.,

130 (2006), 179-222.
[2] Airault, H. and Ren, J. An algebra of differential operators and generating functions on the

set of univalent functions, Bull. Sci. Math., 126 (2002), 343-367.
[3] Alamoush, A. G. and Darus, M. On coefficient estimates for bi-univalent functions of Fox-

Wright functions, Far East J. Math. Sci. (FJMS), 89 (2014), 249-262.
[4] Algahtani, O. Estimates of initial coefficients for certain subclasses of bi-univalent functions

involving quasi-subordination, J. Nonlinear Sci. Appl., 10 (2017), 1004-1011.
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