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SIMPLE CRITERIA FOR UNIVALENCE AND COEFFICIENT
BOUNDS FOR A CERTAIN SUBCLASSES OF ANALYTIC
FUNCTIONS

MOSTAFA JAFARI, TEODOR BULBOACA, AHMAD ZIREH,
AND EBRAHIM ANALOUEI ADEGANI

ABSTRACT. In the first part of this work we present several new geometric
properties of analytic functions by applying the differential subordination. In
addition, several results in the geometric functions theory pointed out. In
the second part we find upper bounds for coefficients of functions in class
B%’”(,B, A, h) which is defined by fractional g-calculus operators.

1. INTRODUCTION AND PRELIMINARIES

Let A be the class of functions of the form
o0
f(2) =z+2anz” (1.1)
n=2

which are analytic in the open unit disk U := {z € C: |z] < 1}, and denote by S
the class of all functions of A which are univalent in U.

For two functions f and F' which are analytic in U, we say that the function f
is subordinate to F' in U, and write f(z) < F\(z), if there exists a Schwarz function
w, which is analytic in U with w(0) = 0 and |w(2)| < 1, such that f(z) = F (w(z))
for all z € U.

By Schwarz’s lemma we have |w(z)| < |z|, z € U, which concludes that w(U) C U.
Since w(0) = 0 and w(U) C U it follows that if f(z) < F(z), then f(0) = F(0) and
f(U) Cc F(U). In particular, if the function F' is univalent in U, then we have the
following equivalence

f(z) < F(z) & f(0)=F(0) and f(U)c F(U).
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First, Miller and Mocanu [I8] in 1978 introduced the method of differential sub-
ordinations and then in recent years several authors obtained several applications in
the geometric functions theory by using differential subordination, see for example
[Bl 7, 8, [, 12] 13, 151 20].

We denote by S*(«) the subclass of A consisting of functions which are starlike
of order a in U, as follows:

S*(a):z{feA:RezJ{ES) >o¢,z€U,O§a<1},

and, in particular, §* := §*(0) is the class of starlike functions in the unit disk U.
Also, we denote by C(a) the subclass of A consisting of functions which are
close-to-convex of order « if there exists a function g € S* such that

2f'(2)
9(2)

In particular, C := C(0) is the class of close-to-convez functions in the unit disk U.
It is well-known that S(a) C S and C(a) C S, for all 0 < o < 1.

Re

>a,2€U,0<a<1.

1
It is well known that every function f € S contains a disk of radius —. Therefore,

every function f € S has an inverse f~!, which is defined by f~! (f(2)) = 2 (¢ € U),
1
and £ (5= @) = (fol < (s ror) 2 ) whre

o0
g(w) = fFH(w) = w—agw?+(2a3—a3)w—(5a5 —bagaz+as)w+- - - =: w+z bpw™.
n=2
(1.2)
A function f € A is said to be bi-univalent in U if both f and f~! are univalent
in U, and let X denote the class of bi-univalent functions in U. In recent years many
authors made an effort to introduce various subclasses of the bi-univalent function
class X, see for example [10, 22], 23] 27].
Purohit and Raina [25] (see also [22]) defined a fractional q-differential operator
974 (by using the definitions of the fractional g-calculus operators) for a function f

of the form (L.1)) by

r,(2-—
Mz“_lD(’;’z (2), z €T, (1.3)

Y ==+ 3 Vi =
n=2

where
Ly(2—p)ly(n+1)
Lg(2)Tg(n+1—p)’

where DY f in (1.3)) represents, respectively, a fractional g-integral of f of order p
when —oo < p < 0, and a fractional g-derivative of f of order p when 0 < p < 2.

O =V (u) =

—co< <2 0<qg<l,
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We note that ) f(z) = f(z) and qlir?— Qi f(2) = Q" f(2) (see Owa and Srivastava
[24], Aouf and Dziok [6] and Srivastava and Aouf [20]).
Definition 1.1. [22] Let h: U — C be a convex (univalent) function such that
h(0)=1 and Reh(z) >0, z€U.
A function f € ¥ given by is said to be in the class BE" (8, A, h) if the following

conditions are satisfied:

> < h(z)cos B +isin

[QG f(2)]'
and
WA QR g(w))
o8 (W) =< h(w) cos 8 + isin g,
q
where 5 € < 27T W) A>0, z,w e U, and where g = f~ 11sg1venby.

The following lemmas will be used in prove the main result.

oo
Lemma 1.1. [I9] Let p(z) = 1+ > ¢p2", em # 0, be an analytic function in
n>m

|z| < 1 with p(0) = 1. If there exists a point zo, with |zo| < 1, such that
Rep(z) >0 for |z| < |zo]

and
Rep(z) =0,

then we have (20) (20)
, | ikp(z0), when p(zp)#0
20p'(20) = { —1/2, when  p(zg) =0

for some k> m, [ > m.

Lemma 1.2. [II, p. 190] Let u be analytic function in the unit disk U, with
u(0) =0, and |u(z)| < 1 for all z € D, with the power series expansion

n=1
Then, |cp| < 1 for alln = 1,2,3,.... Furthermore, |c,| = 1 for some n (n =
1,2,3,...) if and only if u(z )—e 2", 0 €R.
Lemma 1.3. [I4] Let the function w be a Schwarz function with the power series
expansion given by w(z) = >, w,2™, z € U. Then, for every complex number s,

the next inequality holds:
|wy — swi| <1+ (|s| — 1) |wi.
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In Section [2] the paper aims in presenting several new geometric properties
of analytic functions by applying the differential subordinations, and in addition,
several special results are pointed out. In Section 3| we use the Faber polynomial
expansion techniques to derive bounds for the coefficients |a,| for the functions of
the class BE (8, A, h), that our results generalize and improve some of the previously
ones. In the literature, several authors used the Faber polynomial expansions under
certain conditions to determine the general coefficient bounds of |a,, | for the analytic
bi-univalent functions (see, for example, [16, 17, 30]).

2. SUFFICIENT CONDITIONS FOR UNIVALENCE AND STARLIKENESS

In the following section we study differential subordinations and several sufficient
conditions for the univalence, starlikeness and close-to-convexity of functions f € A.

Theorem 2.1. Let p be an analytic function in U, with p(0) = 1 and p'(0) # 0,
that satisfies

2

4 2 ()
. p(z) + o)
a+p?(z) + 2p/(2)

>0, z€U, forsome acR\{-1}. (2.1)

Then,
Rep(z) >0, z € U.

Proof. If a = 0, using the fact that p(0) = 1 it is easy to prove that the assumption

(2.1) implies Rep(z) > 0, z € U, and therefore we will assume that a # 0. Also,

since the inequality holds for z, = 0, it is necessary to assume that a # —1.
Supposing that there exists a point zy € U such that

Rep(z) >0, for |z|] < |zo]
and
Rep(z0) =0,
it follows that
p(z0) =i\, A €R.
Hence, according to Lemma for m = 1, we have

/(z) = ikp(z0), when p(z0) #0 [ —kA, when A#0
0P %0) = —1/2, when p(z9) =0 ~ | —l/2, when A=0,

for some k> 1,1 > 1.
(i) For the case p(zp) # 0 suppose that

a+p*(20) + 20 (20) =a— N —kA=0. (2.2)
() If
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Zopl(zo)
p(20)
then zg € U will be a double pole for the function

p(z0) + =i(A+k)#0,

2p'(2)
(=) + p(2)
a+p?(z) + 2p/(2)

and therefore, in any neighborhood U (zp; p) := {z € C : |z] < p} C U of the pole 2
there exists at least a z, € U(2o; p) such that

2,0 (2
p(Zp) + P. ( P)
Re P(z) <0
2 / ’
a+p3(z,) + 2,0'(25)
which contradicts the assumption (2.1)).
(B) 1t

zop'(20) _ .

p(z0) + =1(A+k)=0,
(z0) p(20) ( )

from this relation and (2.2)) it follows that @ = 0, which contradicts our assumption.
Therefore, from (a) and (8) we deduce that the assumption (2.1) implies that
the function

p(2) + zp'(2)

p(2)
a+p3(z) +2p/(2)

)

is analytic in U, and

plzo) + 2P0 (20) 1

. . 2 2
R e~ B L
a+p?(z0) + 2p’'(20) a— X\ — kX a— A\ — kX

which is a contradiction with the assumption (2.1)).
(ii) For the case p(zp) = 0 it follows that zop'(2g) is a negative real number, and

D (2
p(2)

the function has a simple pole at zp. Since p(0) = 1, then zo € U\ {0} will
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be at least a double pole for the function

zp'(2)
p(z) + ()
a+p?(z) + 2p/(2)

and therefore, in any neighborhood U(zg; p) := {z € C: |z| < p} C U of the pole z,
there exists at least a z, € U(2o; p) such that have

2,0’ (2) :
pe | TG
a+ p? (Zp) + pr/(zp)

<0,

which contradicts the assumption ([2.1)).
Concluding, from the above cases it follows that Rep(z) > 0 for all z € U, and
the proof of the theorem is complete. O

For f € A and p := f’ the above theorem leads to the following result which
gives sufficient condition for the close-to-convexity (univalence) of the function f:

Corollary 2.1. If f € A, with f”(0) # 0, and satisfies
" 2
C

e
MR EEe

>0, z€eU, forsome acR\{-1},

then
Re f'(2) >0, z € U.

For f € A and p(z) := 2 (Z), then p’(0) # 0 is equivalent to f”(0) # 0,

and Theorem leads to the following result which gives a sufficient starlikeness
(univalence) condition:

Corollary 2.2. If f € A, with f(0) # 0, and satisfies

2f"(2) ’
1+ —;
Re ; / (2)2 i >0, z€U, forsome ae€R\{-1},
LI
f(z) f(z)
then )
Rezf(z) >0, zeU.

f(2)
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Theorem 2.2. Let p be an analytic function in U, with p(0) = 1, p’(0) # 0, that
satisfies

2

p(2) + zp'(2)

p(2)
Re o P >0, z€U, forsome a€R\{0}. (2.3)

p*(2)

Then,

Rep(z) >0, z € U.
Proof. Since the inequality (2.3]) holds for z, = 0 it is necessary to assume that
a # 0. For a = 1, using the fact that p(0) = 1 it is easy to prove that the

assumption ([2.3)) implies our conclusion, and thus we will assume that a # 1.
Supposing that there exists a point zy € U such that

Rep(z) >0, for |z|] < |z
and
Rep(z0) =0,
it follows that
p(z0) =i, A €R.
Now, using Lemma for m = 1, we have

/(z) = ikp(zo0), when p(z9) #0 —kX, when X0
op %0) = —1/2, when p(z9) =0 = | —l/2, when A=0,

for some k> 1,1 > 1.
(i) For the case p(z9) # 0, that is A # 0, suppose that

zop'(20) _ s B
a+ 200) +>\ 0. (2.4)
() If
) + 252D —ia k) 20,

then zy € U will be a double pole for the function

2p'(2)
p(2) + o)
2p'(2)
p*(2)

a -+
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and therefore, in any neighborhood U (zp; p) := {2z € C: |z| < p} C U of the pole 2
there exists at least a z, € U(zo; p) such that

2

plzp) + 220 )
Re - f’((jp)) <0,

a+ oD (Zp

pQ(Zp)

which contradicts the assumption ([2.3)).
(8) It
/
plan) + Z(;]E;j;) =i(A+k) =0,

from this relation and (2.4]) it follows that @ = 1, which contradicts our assumption.
Therefore, from («) and (8) we deduce that the assumption (2.3]) implies that
the function

zp'(2)
MO0

zp'(z) |7
p*(2)
is analytic in U, and
2
20p’(20) 2 2
p(z0) + . )
A+ ik A+ k
Re —?(ZO) —Re|® te S <0,
Zop (ZO) a+ ﬁ a+ ﬁ
p?(20) A A

which is a contradiction with the assumption ({2.3)).
(ii) For the case p(z9) = 0, since

2p'(2)
P e | [pS(z) ()] :
zp'(2) ap?(2) +2p'(2) |’
p*(2)

it follows that

Re [p3(20) + ZOP(ZO)p’(Zo)} C_ 0
ap*(z0) + z0p’ (20) ’
which contradicts the assumption .
Thus, from the above cases it follows that Rep(z) > 0 for all z € U. O

!
For f € A and p := f/, and for p(z) := ZJJ:((';), Theorem reduces to the
z
following two results which represent sufficient condition for the close-to-convexity

and starlikeness, respectively:
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Corollary 2.3. If f € A, with f”(0) # 0, and satisfies

oy 2T
f( )+ f’(z)

a+ ijf’(;)

Re >0, z€U, forsome acR\{0},

then,
Ref'(2) >0, z € U.

Corollary 2.4. If f € A, with f"(0) # 0, and satisfies

O i
Re 7 i;,(,',z()z) 70 >0, z€U, forsome acR\{0},
a+ <1 + - )
2f'(z) f'(z)  f(2)
then, /
Re Z;(S) >0, z €U

Theorem 2.3. Let p be an analytic function in U, with p(0) = 1, p’(0) # 0, that
satisfies

p(2) [a + zp'(2)]
a+p*(z) +zp/'(2)
Then

2

1
>0, zeU, forsome ac <—oo, 2) \ {-1,0}. (2.5)

Rep(z) >0, z € U.
Proof. First, since the assumption (2.5)) holds for z, = 0, it is necessary to assume
that a # 0 and a # —1. If we suppose that there exists a point zg € U such that

Rep(z) >0, for |z]| < |z0]
and
Rep(z0) =0,

it follows that

p(z0) =X\, A €R.

Hence, according to Lemma [I.1] for m = 1, we have

/(z) = ikp(z0), when p(z0) #0 [ —kA, when A#0
0P %0) = —1/2, when p(z0) =0 ~ | —l/2, when A=0,

for some k> 1,1 > 1.
(i) For the case p(zo) # 0, that is A # 0, suppose that

a+p*(20) + 20 (20) =a— N —kXA=0. (2.6)

() If
p(20) [a + 20p'(20)] = iX(a — kX) # 0,
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then zg € U will be a double pole for the function
[ p(z) [a+2p'(2)] ]
a+ () + ()

and therefore, in any neighborhood U(zg; p) := {z € C: |z| < p} C U of the pole z
there exists at least a z, € U(zp; p) such that have

2
o [ p(2o) [a + 2,0’ (2))] } <0
a+p*(zp) + 2,0 (2p) 7
which contradicts the assumption ([2.5)).
(8) If

p(20) [a + z0p(20)] = iX(a — kX) = 0,
hence a = kA, and from (2.6) it follows that —\? = 0, that contradicts the fact
A #0.
Therefore, from (a) and (8) we deduce that the assumption ([2.1]) implies that

the function ,
[ p(2) [a + 2p'(2)] ]
a+p*(z) + 2p/(2)

is analytic in U, and
p(20) [a + 209’ (20)] 17 iXa—kN) 17 Aa—kN) 17
Re 3 - =Re|—5—=| =—|———~| <0,
a+ p*(20) + 20p'(20) a—A*— kX a— X\ — kA
which is a contradiction with the assumption ([2.5)).

(ii) For the case p(zp) = 0, using the fact that a < 5 we have

l
a+p*(20) + 2P (20) = a — 5 #0,

hence

p(z0) [a + 200/ (20)] } 0
a+p*(20) + 2zop'(20) 7
which contradicts the assumption .
From the two which discussed above it follows that Rep(z) > 0for all z € U. O

2f'(2)
f(2)

next two special cases that represent sufficient condition for the close-to-convexity
and starlikeness, respectively:

Corollary 2.5. If f € A, with f”(0) # 0, and satisfies

f'@)a+zf"(2)]]?
a+[f?+zf"(z)

Taking f € A and p := f’, and p(z) := in Theorem we obtain the

>0, z€U, forsome ac (—oo, ;) \ {-1,0},
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then
Re f'(2) >0, z € U.

Corollary 2.6. If f € A, with f(0) # 0, and satisfies

G () PO
“ ) (” i) f(Z)>
o dE TR

2f'(z)  f'(2)
for some a € <—oo, ;) \ {—1,0}, then

2f'(2)
f(2)
Theorem 2.4. Let p be an analytic function in U, with p(0) = 1, p’(0) # 0, that
satisfies

>0, z €T,

Re

>0, zeU.

p(2) [a + 2p'(2)]
zp'(2)
p?(2)

Re >0, z€U, forsome acR. (2.7

a+

Then

Rep(z) >0, z € U.
Proof. Suppose that there exists a point zy € U such that

Rep(z) >0, for |z] < |z
and
Rep(zo) =0.

By using Lemma [I.1] for m = 1, it follows that

p(z0) =i\, A ER,

and

o () = { 00 e b 20

for some k> 1,1 > 1.
(i) For the case p(z9) # 0, that is A # 0, suppose that

—kA, when A#0
—1/2, when \=0,

a+Z]‘;§;Z§)=a+§=o. (2.8)
(o) If

p(20) [a + 20p'(20)] = iX(a — kX) # 0,



SIMPLE CRITERIA FOR UNIVALENCE AND COEFFICIENT 405

then zg € U will be a double pole for the function
2

p(2) la + 2p'(2)]

zp/(2)

P*(2)

and therefore, in any neighborhood U (zg; p) := {2z € C: |z| < p} C U of the pole z
there exists at least a z, € U(2o; p) such that have

a -+

2

P(zp) [a + 2,0 ()]
o 2 C)
p*(2p)
which contradicts the assumption ([2.7)).
(B) It

<0,

p(20) [a+ 209 (20)] = iA(a — kA) =0,
then a = kX and from it follows that k = 0 or A> = —1, which contradicts the
facts k > 1 and X € R.
Therefore, from («) and () we deduce that the assumption implies that

the function ,

p(2) la+ 2p'(2)]

zp' () ’
a+
p*(2)
is analytic in U, and
2 2 2
Re [P [0+ 2o ()] | p jiMazkN | M=k

0P’ (20) atk otk
p*(20) A A

which is a contradiction with the assumption ([2.7).
(ii) For the case p(zp) = 0, since
2

p()la+2p'(2)] | _ [p3(z) [a + 2/ (2)] } 2
zp'(2) ap?(2) +zp/(2) |
p*(2)

it follows that

R [P?’(Z’O) [a + Zop'(ZO)]]2 _

e 5 . =0,
ap?(z0) + zop’ (20)

which contradicts the assumption ([2.7)).
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Concluding, from the two cases we discussed above it follows that Rep(z) > 0
for all z € U. O

2f'(2)
f(2)

next two special cases that represent sufficient condition for the close-to-convexity
and starlikeness, respectively:

Replacing p := f', and p(z) := where f € A in Theorem [2.4{we obtain the

Corollary 2.7. If f € A, with f”(0) # 0, and satisfies
2
f'(Z)la+2f"(2)]
fe 2f"(2)
[f/2

>0, ze€U, forsome a€cR,
a+

then,
Re f'(2) >0, 2 € U.

Corollary 2.8. If f € A, with f"(0) # 0, and satisfies

SO, SO (1, L))
Re 1) f(z)f(z) zf”(J:)(Z) zf’(zf)(Z) >0, z€U, forsome a€cR,
o+ (g - )
then,
Re ZJ{;S) >0, zeU.
Remark 2.1. (}) For g € §* and f € A, such that 2f”(0) # ¢”(0), setting
p(z) == z;"(S) in the above theorems we will obtain sufficient condition for

close-to-convexity.

(2) For f € A, with f”(0) # 0, setting p(z) := @ in the above theorems we

will obtain sufficient condition for the functions f to satisfy the inequality

e

e——=>0,2z€Ul.
z

3. COEFFICIENT BOUNDS

We begin by deriving upper bounds for the general Taylor-Maclaurin coefficients
lan| for n > 3 of the functions belonging in the class BL" (5, A, k), and next we will
find estimates for the initial coefficient |as].

Using the Faber polynomial expansion of functions f € S of the form , the
coefficients of its inverse map g = f~! may be expressed as follows (see for details
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I and [2)
o(w) = 1 (w) w+§_°;jbz<<>w 1)
where
Bt =an +(_17>1')<'n %t G +(_17;))!!(n i o
(—2n +(3;L')('n T T +(2;L))!!(n —gyie las + (- +2)a]
such that V; (7 < j < n) is a homogeneous polynomial in the \_/ariables 2,03, ..., 0y,

and the expressions such as (for example) (—n)! are to be interpreted symbolically
by

(—m)! = T(1-n):=(-n)(-n—-1)(-n—-2)...,
with n € No:=NU{0}, N:={1,2,3,...}.
In particular, the first three terms of K", are given by
K{?=-2a, K;*=3(2a3—-a3) and K;*=—4(5a5— 5asas+ as).

In general, for any p real value the expansion of K? is given below (see for details,
[T, 29]; see also [2], p. 349])

pp—1) p! 3 p!
K? = pa, D D+ 4+ ——-—D", 3.2
n = Pnt1 + 2 ”+(p—3)!3! nt +(pfn)!n! " (3:2)
where D2 = DP(ag, a3, ...,an+1) (see for details [29]). We also have
(o)
m!(a #1._”.(17 Hn
DZL(CLQ,CL3,...,CL7L+1) - Z ( 2) | ( ;+1) 5 (33)
—~ il
where the sum is taken over all nonnegative integers (i, ..., 1, satisfying the con-
ditions
g, = m
Hy + 2 + -+ np, =N
It is clear that D} (a2, as,...,an+1) = ab.

Theorem 3.1. Let the function f € BE" (8, A, h) be given by (L.1)) with the power

expansion of the function h given by

h(z) =14 ) Bnz", z€U, (3.4)

n=1
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and suppose that By 0. Ifap =0 for 2 <k <n—1, where n > 3, then

| B1| cos 3
S e,

Proof. For f € BE"(B, A, h) given by (L.1)), using the relations (1.6) and (1.7) from
[2, page 344] we have

O AN 1

i8 < ( q _ i < n ) A n—1

e — 1 - 2 | =e 1+ 14+ K _1(©2a2,03as,...,0,a,)z ,
( QG 2 X :

and for its inverse map g = f~!, according to the expansion formula ((1.2)) we have

1-X QK / 0o

g [ W Q4 g(w)) g < n—l) A\ .

e ———— | =€ 1+ 1+ K7 _1(O2bs,03bs,...,0,b,)w ,
( (g ()1 2 A e

1
where b, = —K, " (az,as3,...,a,), n =2,3,... are defined by (3.1).
n

Furthermore, since f € BL¥(8, A, h), from the definition of the subordination

(3.5)

o0
there exist two Schwartz functions u,v : U — U of the form u(z) = > ppz",
n=1

o0
v(z) = Y gnz", such that
n=1

2O ()Y
and
WM QR g(w))
o (“pmpr ) =t s >

Moreover, from (3.3 we have

h(u(z)) = 1+ Bip1z+ (Bips + Bopi) 22+ = 1+Z ZBkDfL(Pl,P% e Pn)2",
n=1k=1

and
h(v(w)) =1+ Z ZBkDZ(ql,q% ceey qn)wn
n=1k=1
Equating the corresponding coefficients of (3.6]) and (3.7]) we get, respectively,

; n—1 n—1
eﬁ <1+ \ )Kﬁ_l((‘)gag,@gaz;,...,@nan) = ZBkDS—l(phan"'apn—l)cosﬁ
k=1

(3.8)
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and
n—1
B <1+)\> K271(62b2,@3b3,..., ZBkD ql,qg,...,qnfl)COSﬁ.
(3.9)
We observe that if ay = 0 for all 2 < k < n — 1, by the definition of K? we have
b, = —a,, and since By # 0 we havep; =---=p, o =0and g =+ =¢g,_2 =0.

Hence from (3.8)) and ([3.9) we obtain, respectively,
A+ (n— 1)]eiﬁ@nan = Bip,_1cos 3
and
A+ (n— 1)]ew@nan = Byg,_1cosf.
Taking the modules of either of the above two equalities and using Lemma we
obtain our result. O

Theorem 3.2. Let the function f € BEY (8, h) be given by (1.1). Then
0] < | B1|+/2|B1] cos
" VIBIPI( = 1)(A +2)03 + 2(A + 2)Os[ cos B+ 2([Bi| — [Ba[)(1 + 1)263
for those values of all the parameters such that the denominator is not zero.

Proof. If we set n =2 and n = 3 in (3.8)) and (3.9)), respectively, we obtain

e (1 + \)Osaq = Byp cos 8 (3.10)
e [WGQ as + (A + 2)@3(13] = (Byp2 + Bap?)cos B (3.11)
—e" (1 + \)Ozay = Byqy cos 8 (3.12)
e’ [(MQ(A”)@? +20\ + 2)@3> a2z — (A + 2)@34

(BUD + qul) cos 3. (3.13)

From and (| we get
P1 = —q1, (3.14)
then, adding (3.11)) and (3.13]) and according to (3.14) we obtain

A B B
B[N —=1)(A+2)0% +2(A + 2)O3]a3 = B, (pg + 2P g+ qu) cos .

B B,
From (3.10), using Lemma[[.3] we have
) cos 3

[(A=1)(A+2)03 4+ 2(A + 2)O3] |az|? < |By| <
_ _ 202(,2
|Ba| — By (IB2] = [Bi])(L + A) @2|a2|} cos 3.

|
<) (1+ 2B cos 21 1+ B e

B
+ Q2+*2¢I%

By 4
P2 + P71 By

B,
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After some simple computations, from the above inequality we have
[IB1[2[(A = 1)(A+ 2)63 + 2(A + 2)s] cos § + 2(| Br| — | Bal)(1 + 1)*03 oo
< 2|B1J* cos® B,
which implies our result. O

Remark 3.1. (1) The bound for |az| from Theorem [3.2]is smaller than the es-
timate obtained by Murugusundaramoorthy et al. in [22] Theorem 2.1].

1+ A
(2) Letting h(z) = 1173;, —1 < B < A <1, in Theorem we obtain an
z

improvement of the estimate for |az| obtained by Murugusundaramoorthy
et al. in [22] Theorem 3.1], and it is presented in the next example.

(3) Setting h(z) = w

improvement of the estimate for |as| obtained by Murugusundaramoorthy
et al. in [22] Theorem 4.1], like we will show in Example

(4) By setting A =1, 8 = up =0, and ¢ — 1~ in Theorem we get ©, =
1, hence we obtain an improvement of the estimate for |as| obtained by
Algahtani in [4, Theorem 2.3].

(5) Taking A= =p=0and g — 1~ in Theorem we get O, = 1, hence
we obtain an improvement of the estimate for |as| obtained by Algahtani
in [, Theorem 2.6].

, 0 < a <1, in Theorem we obtain an

1+ A
Example 3.1. Let the function f € BE" <B,)\, . 132) be given by (1.1), where
z

—1<B<A<L1. Ifap=0 for2<k<n-—1, wheren > 3, then

lan]| < (A—B)cosp .
A+ (n—-1)]0,
1 1-2
Example 3.2. Let the function f € BL" (6,)\, _|—(1—za)z) be given by (1),
where 0 < a< 1. Ifap =0 for2<k<n-—1, wheren > 3, then
lan]| < 2(1 —a)cos .
A+ (n—1)]0,

4. CONCLUSION

In the final section, using the Faber polynomial expansion we found upper bounds
for |a,| (n > 3) coefficients of functions in the class defined by Definition and
then we obtained an estimate for the initial coefficients |az| for the functions of this
class. Thus, regarding the proofs of the Theorems [3.1] and [3:2] this technique can
be applied for all classes that are defined similarly to the Definition [I.1] in diverse
papers enhancing their outcomes (see for example [3, [10 2T} 23], 28] and references
therein).
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