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SIMPLE LIE GROUPS WITHOUT THE APPROXIMATION
PROPERTY

UFFE HAAGERUP AND TIM DE LAAT

Published in Duke Mathematical Journal 162 (2013), 925-964

ABSTRACT. For a locally compact group G, let A(G) denote its Fourier algebra,
and let MoA(G) denote the space of completely bounded Fourier multipliers
on G. The group G is said to have the Approximation Property (AP) if
the constant function 1 can be approximated by a net in A(G) in the weak-*
topology on the space Mo A(G). Recently, Lafforgue and de la Salle proved that
SL(3,R) does not have the AP, implying the first example of an exact discrete
group without it, namely SL(3,Z). In this paper we prove that Sp(2,R) does
not have the AP. It follows that all connected simple Lie groups with finite
center and real rank greater than or equal to two do not have the AP. This
naturally gives rise to many examples of exact discrete groups without the AP.

1. INTRODUCTION

Let G be a (second countable) locally compact group, and let A : G — B(L?*(G))
denote the left-regular representation, which is given by (A(2)¢)(y) = &(z1y),
where z,y € G and ¢ € L?(G). Let the Fourier algebra A(G) be the space consisting
of the coefficients of A, as introduced by Eymard [12],[13]. More precisely, ¢ € A(G)
if and only if there exist £, € L?(G) such that for all € G we have

() = (Mz)E,m)-
The norm on A(G) is defined by

lellae = min{[[Ellnll | Ve € G () = A@)&m}

With this norm, A(G) is a Banach space. We have [[¢[|a(q) > [|¢lloo for all ¢ €
A(G), and A(G) is ||.||eo-dense in Cy(G).

In Eymard’s work, the following characterization of A(G) is given. For two
functions f,g € L?(G), the function ¢ = f % §, where §(z) = g(z) = g(z~1)
for x € G, belongs to A(G). Conversely, if ¢ € A(G), then we can find such a
decomposition ¢ = f * g so that ||f]|2]lgll2 = [|¢]la)-

Another characterization of the Fourier algebra is given by the fact that A(G)
can be identified isometrically with the predual of the group von Neumann algebra
L(G) of G. The identification is given by the pairing (T, ¢) = (T'f, 9)r>(), where
T € L(G) and ¢ = G * f for certain f,g € L*(G).
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A complex-valued function ¢ is said to be a (Fourier) multiplier if and only if
v € A(G) for all p € A(G). Note that a multiplier is a bounded and continu-
ous function. Let M A(G) denote the Banach space of multipliers of A(G) equipped
with the norm given by ||¢l[ara(a) = [[my |, where my, : A(G) — A(G) denotes the
multiplication operator on A(G) associated with ¢. A multiplier ¢ is called com-
pletely bounded if the operator M, : L(G) — L(G) induced by m,, is completely
bounded. The space of completely bounded multipliers is denoted by MyA(G), and
with the norm [|¢||ar,a(q) = | Myleb, it forms a Banach space. It is known that
A(G) C MpA(G) € MA(G).

Completely bounded Fourier multipliers were first studied by Herz, although
he defined them in a different way [22]. Hence, they are also called Herz-Schur
multipliers. The equivalence of both notions was proved by Bozejko and Fendler in
[2]. They also gave an important characterization of completely bounded Fourier
multipliers, namely, ¢ € MyA(G) if and only if there exist bounded continuous
maps P, Q : G — H, where H is a Hilbert space, such that

(1) oy~ 'z) = (P(z),Qy))

for all z,y € G. Here (.,.) denotes the inner product on #H. In this characteriza-
tion, ||¢[la,a(q) = min{||Pl|so||@llsc }, where the minimum is taken over all possible
pairs (P, Q) for which equation () holds.

Completely bounded Fourier multipliers naturally give rise to the formulation
of a certain approximation property, namely weak amenability, which was studied
extensively for Lie groups (in chronological order) in [5], [17], [8], [20], [I0], [7].
Other approximation properties can be formulated in terms of multipliers as well
(see [3, Chapter 12]).

Recall that a locally compact group G is amenable if there exists a left-invariant
mean on L*°(G). It was proven by Leptin [29] that G is amenable if and only
if A(G) has a bounded approximate unit, i.e., there is a net (p,) in A(G) with
sup,, [[¢allae) < 1 such that for all o € A(G) we have lim,, [t — [l a(c) = 0.

A locally compact group G is called weakly amenable if and only if there is a
net (po) in A(G) with sup,, [[¢allaa(q) < C for some C > 0, such that ¢, — 1
uniformly on compact subsets of G. The infimum of these constants C' is denoted
by A(G), and we will put A(G) = oo if G is not weakly amenable.

Amenability of a group G implies weak amenability with A(G) = 1. Weak
amenability was first studied in [5], in which de Canniére and the first author
proved that the free group F,, on n generators with n > 2 is weakly amenable
with A(F,,) = 1. This also implied that weak amenability is strictly weaker than
amenability, since F,, is not amenable.

The constant A(G) is known for every connected simple Lie group G and depends
on the real rank of G. First, note that if G has real rank zero, then G is amenable.
A connected simple Lie group G with real rank one is locally isomorphic to one of
the groups SO(n,1), SU(n, 1), Sp(n, 1), with n > 2, or to Fy(_z¢). It is known that

1 if G is locally isomorphic to SO(n,1) or SU(n, 1),
A(G) = {2n—1 if G is locally isomorphic to Sp(n, 1),
21 if G is locally isomorphic to Fy(_20)-
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This was proved by Cowling and the first author for groups with finite center [g].
The finite center condition was removed by Hansen [20].

The first author proved that all connected simple Lie groups with finite center
and real rank greater than or equal to two are not weakly amenable by using the fact
that any such group contains a subgroup locally isomorphic to SL(3,R) or Sp(2, R),
neither of which is weakly amenable [17]. Later, Dorofaeff proved that this result
also holds for such Lie groups with infinite center [I0]. Recently, an analogue of
this result was proved by Lafforgue for algebraic Lie groups over non-archimedean
fields [27]. In 2005, Cowling, Dorofaeff, Seeger and Wright gave a characterization
of weak amenability for almost all connected Lie groups [7].

A weaker approximation property defined in terms of completely bounded Fourier
multipliers was introduced by the first author and Kraus [18].

Definition 1.1. A locally compact group G is said to have the Approximation
Property for groups (AP) if there is a net (p,) in A(G) such that ¢, — 1 in the
0(MoA(G), My A(G).)-topology, where MyA(G), denotes the natural predual of
MyA(G), as introduced in [5].

It was proved by the first author and Kraus that if G is a locally compact group
and T is a lattice in G, then G has the AP if and only if " has the AP. The AP has
some nice stability properties that weak amenability does not have, e.g., if H is a
closed normal subgroup of a locally compact group G such that both H and G/H
have the AP, then G has the AP. This implies that the group SL(2,Z) x Z? has the
AP, but it was proven in [I7] that this group is not weakly amenable, so the AP is
strictly weaker than weak amenability.

A natural question to ask is which groups do have the AP. When this property
was introduced, it was not clear that there even exist groups without it, but it was
conjectured by the first author and Kraus that SL(3,Z) would be such a group.
This conjecture was recently proved by Lafforgue and de la Salle [28].

Recall that a countable discrete group I' is exact if and only if its reduced group
C*-algebra is exact. For discrete groups it is known that the AP implies exactness
[B, Section 12.4]. Note that the result of Lafforgue and de la Salle also gives the
first example of an exact group without the AP. In their paper the property of
completely bounded approximation by Schur multipliers on SP(L?(G)), denoted by
AP?fChg”, was introduced. For discrete groups, this property is weaker than the AP
for all p € (1,00). Lafforgue and de la Salle proved that SL(3,R) does not satisfy
the AP?CE‘,;“ for certain values of p in this interval, implying that the exact group

SL(3,Z) indeed fails to have the AP, since both the AP and the AP??C}E” pass from
the group to its lattices and from its lattices to the group.

The main part of this paper concerns the proof of the following result.
Theorem. The group Sp(2,R) does not have the AP.

Together with the fact that SL(3, R) does not have the AP, the above result gives
rise to the following theorem.

Theorem. Let G be a connected simple Lie group with finite center and real rank
greater than or equal to two. Then G does not have the AP.

In [11], Effros and Ruan introduced the operator approximation property (OAP)
for C*-algebras and the weak-* operator approximation property (w*OAP) for von
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Neumann algebras. By the results of [I8, Section 2], it follows that for every lattice
I" in a connected simple Lie group with finite center and real rank greater than or
equal to two, the reduced group C*-algebra C}(I") does not have the OAP and the
group von Neumann algebra L(T') does not have the w*OAP.

A natural question is whether all connected simple Lie groups with real rank
greater than or equal to two fail to have the AP, i.e., if the last mentioned theorem
also holds for groups with infinite center. As of now, we do not know the answer
to this question (see the comments in Section H).

This paper is organized as follows. In Section [2 we recall and prove some results
about Lie groups, Gelfand pairs, and the AP. Some of these may be of independent
interest.

In Section [3 we give a proof of the fact that Sp(2,R) does not have the AP. Tt
turns out to be sufficient to consider completely bounded Fourier multipliers on
Sp(2,R), rather than multipliers on Schatten classes, so we do not use the APE?Chf,”.

In Section @ we prove the earlier mentioned theorem that all connected simple
Lie groups with finite center and real rank greater than or equal to two do not have
the AP.

In Section [l we give a new proof of the result of Lafforgue and de la Salle that
SL(3,R) does not have the AP based on the method of Section [3

2. LIE GROUPS AND THE APPROXIMATION PROPERTY

In this section we recall some results about Lie groups, Gelfand pairs, and the
AP, and we prove some technical results.

2.1. Polar decomposition. For the details and proofs of the unproved results in
this section, we refer the reader to [21], [23].

Recall that every connected semisimple Lie group G with finite center can be
decomposed as G = KAK, where K is a maximal compact subgroup (unique
up to conjugation) and A is an abelian Lie group such that its Lie algebra a is
a Cartan subspace of the Lie algebra g of G. The dimension of a is called the
real rank of G and is denoted by Rankg(G). The real rank of a Lie group is an
important concept for us, since the main result is formulated for Lie groups with
certain real ranks. The K AK decomposition, also called the polar decomposition,
is in general not unique. After choosing a set of positive roots and restricting
to the closure A+ of the positive Weyl chamber A%, we still have G = KATK.
Moreover, if g = kjaky, where ki, ks € K and a € AT, then a is unique. Note that
we can choose any Weyl chamber to be the positive one by choosing the correct
polarization. For the purposes of this paper, the existence and the explicit form of
the polar decomposition for two certain groups is important.

Example 2.1 (The symplectic groups). Let the symplectic group be defined as
the Lie group

Sp(n,R) := {g € GL(2n,R) | ¢"Jg = J},

0o I,
=50

Here I,, denotes the n X n identity matrix. We will only consider the case n = 2

where

from now on.
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The maximal compact subgroup K of Sp(2,R) is given by

K:{( g _AB ) 6M4(R)‘A+iBeU(2)}.

This group is isomorphic to U(2). The embedding of an arbitrary element of U(2)
into Sp(2,R) under this isomorphism is given by

a e —=b —f

(a+ib e+if)’_> c g —d —h
c+id g+ih b f a e ’

d h ¢ g

where a,b,c,d, e, f,g,h € R.
A polar decomposition of Sp(2,R) is given by Sp(2,R) = K AT K, where

e“t 0 0 0

- a2

A+ = D(oy, a0) = 8 60 e_oal 8 a1 > ay >0
0 0 0 e

Example 2.2 (The special linear group). Consider the special linear group SL(3, R).
Its maximal compact subgroup is K = SO(3), sitting naturally inside SL(3,R). A
polar decomposition is given by SL(3,R) = KAT K, where

et 0 0
At = 0 e 0 a1 > ag > ag, a1 +as+az3=0
0 0 e@s

2.2. Gelfand pairs and spherical functions. Let G be a locally compact group
and K a compact subgroup. We denote the (left) Haar measure on G by dz and the
normalized Haar measure on K by dk. A function ¢ : G — C is said to be K-bi-
invariant if for all ¢ € G and kq, ko € K, then we have p(k1gks) = p(g). We identify
the space of continuous K-bi-invariant functions with the space C(K\G/K). If the
subalgebra C.(K\G/K) of the convolution algebra C.(G) is commutative, then the
pair (G, K) is said to be a Gelfand pair, and K is said to be a Gelfand subgroup of
G. Equivalently, the pair (G, K) is a Gelfand pair if and only if for every irreducible
representation 7 on a Hilbert space H the space

He={EcH|VEeK: n(k)é=¢)

is at most one-dimensional.
For ¢ € C(G), define & € C(K\G/K) by

e (g) = / o(kgk')dkdk'.
KxK

A continuous K-bi-invariant function h : G — C is called a spherical function
if the functional x on C.(K\G/K) given by

x(g) = /G p@)h(aVde, € CuK\G/K)

defines a nontrivial character, i.e., x(¢*¥) = x(©)x(¥) for all p,v € C.(K\G/K).
The following characterization of spherical functions will be used later: a continuous
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K-bi-invariant function h : G — C not identical to zero is a spherical function if
and only if for all z,y € G

/K h(wky)dk = h(z)h(y).

In particular, h(e) = 1.

Spherical functions arise as the matrix coefficients of K-invariant vectors in ir-
reducible representations of G. Hence, they give rise to interesting decompositions
of functions on G.

For an overview of the theory of Gelfand pairs and spherical functions, we refer
the reader to [14], [9].

2.3. Multipliers on compact Gelfand pairs. For the study of completely boun-
ded Fourier multipliers on a Gelfand pair it is natural to look at multipliers that
are bi-invariant with respect to the Gelfand subgroup. In the case of a compact
Gelfand pair (G, K), i.e., G is a compact group and K a closed subgroup such that
(G,K) is a Gelfand pair, we get a useful decomposition of completely bounded
Fourier multipliers in terms of spherical functions.

Suppose in this section that (G, K) is a compact Gelfand pair. Recall that for
compact groups every representation on a Hilbert space is equivalent to a unitary
representation, that every irreducible representation is finite-dimensional, and that
every unitary representation is the direct sum of irreducible ones. Denote by dx and
dk the normalized Haar measures on G and K respectively. Recall as well that for
a Gelfand pair every irreducible representation m on H the space H. as defined in
Section is at most one-dimensional. Let P, = [, w(k)dk denote the projection
onto H,, and set Gx = {7 € G | P, # 0}, where G denotes the unitary dual of G,
i.e., the set of equivalence classes of unitary irreducible representations of G.

Proposition 2.3. Let (G, K) be a compact Gelfand pair, and let ¢ be a K-bi-
invariant completely bounded Fourier multiplier. Then ¢ has a unique decomposi-

tion
o(z) = Z crhe(z), z€Gq.
e
where h,(x) = (n(x)&, &) is the positive definite spherical function associated

with the representation 7 with K-invariant cyclic vector &, and > 4 x| =
||%0||M0A(G)-
Proof. Note that for a compact group G, we have A(G) = MyA(G) = M A(G). By
definition of A(G), there exist &, € L*(G) such that for all z € G,
p(x) = (Mx)& n),

and ||l ace) = lI€]l|n]]. Note that since G is compact, we have

L(G) = EBTrEGB(HW)
as an [*° direct sum, and

A G) = EB,”GGSH('HW)

as an [! direct sum, where S;(#H,) denotes the space of trace class operators on
‘H,. Hence, we can write

p(z) = Tr(Sym(z), z€G,

re@@
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where S is a trace class operator acting on H,, and it follows that
lellae =D I1SxI,
re@

where ||.||1 denotes the trace class norm.
Since ¢ is K-bi-invariant, S, can be replaced by P,.S;P,, which vanishes when-
ever m ¢ Gk, and which equals ¢, P, for some constant ¢, whenever 7 € G. We

have |c,| = ||¢x Px]|1, since the dimension of P, is one. Hence,
o) = Z cx Tr(Prr(z)),
‘n'EGK

and therefore,

lella) = Z [ PrSrPrell1 = Z |cxl.

WEGK WEG‘K

For each 7 € G K, choose a unit vector &, € PrH,. Then

p(x) = Z Crhn (),

‘n'EGK

where h,(x) = (7w(x)&x,&x) is the positive definite spherical function associated
with (7, Hnr, &x)- O

2.4. The Approximation Property. Recall from Section [I] that a locally com-
pact group G has the Approximation Property (AP) if there is a net (p,) in A(G)
such that ¢, — 1 in the o(MoA(G), Mo A(G).)-topology, where MyA(G), denotes
the natural predual of MyA(G).

The natural predual can be described as follows [5]. Let X denote the completion
of L'(G) with respect to the norm given by

||f||x=sup{] | 1@e(@is| o € MoAG) lelan o) <1}.

Then X* = MyA(G). On bounded sets, the o(MyA(G), MyA(G).)-topology coin-
cides with the o(L>(G), L*(Q))-topology.

The AP passes to closed subgroups, as is proved in [I8], Proposition 1.14]. Also,
as was mentioned in Section[I] if H is a closed normal subgroup of a locally compact
group G such that both H and G/H have the AP, then G has the AP [I8 Theorem
1.15]. A related result is the following proposition. First we recall some facts about

groups.

For a group G we denote its center by Z(G) and (if G is finite) we denote its
order by |G|. Recall that the adjoint representation ad : g — gl(g) of a Lie algebra
g is given by ad(X)(Y) = [X,Y]. The image ad(g) is a Lie subalgebra of gl(g). Let
Ad(g) denote the analytic subgroup of GL(g) with Lie algebra ad(g). The Lie group
Ad(g) is called the adjoint group. For a connected Lie group G with Lie algebra
g we also write the adjoint group as Ad(G). Note that Lie groups with the same
Lie algebra have isomorphic adjoint groups. The adjoint group of a connected Lie
group G is isomorphic to G/Z(G). For more details, we refer the reader to [21].

Proposition 2.4. If G; and G2 are two locally isomorphic connected simple Lie
groups with finite center such that G; has the AP, then G5 has the AP.
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Proof. Let G; and G4 be two locally isomorphic connected simple Lie groups with
finite center, and suppose that G satisfies the AP. The two groups have the same
Lie algebra and hence, their adjoint groups, which are isomorphic to G1/Z(G1) and
G2/Z(G2), respectively, are also isomorphic.

Let (¢}) be a net of functions in A(G7) converging to the constant function 1
in the weak-* topology on MyA(G1). Define

~1 . 1 1
Pa(2Z(Gh)) = m Zezz(gz )@a(mz)-

The summands are elements of the Fourier algebra of G, and ¢, is independent of
the representative of the coset. By [12, Proposition 3.25], the space A(G1/Z(G1))
can be identified isometrically with the subspace of A(G1) consisting of the elements
of A(G1) that are constant on the cosets of Z(G1), and hence @}, is in A(G1/Z(G1)).

From the characterization of A(G1/Z(G1)) we can also conclude that @¢L — 1
in the weak-* topology on MyA(G1/Z(G1)). The latter can also be identified with
the subspace of MyA(G1) consisting of the elements of MyA(G;) that are constant
on the cosets of Z(G1). Indeed, the approximating net consists of functions that
are finite convex combinations of left translates of functions approximating 1 in the
weak-* topology on MyA(G).

Hence G1/Z(G1) has the AP, so G2/Z(G2) has it, as well. From the fact men-
tioned above, namely that whenever H is a closed normal subgroup of a locally
compact group G such that both H and G/H have the AP, then G has the AP, it
follows that G5 has the AP. O

Lemma 2.5. Let G be a locally compact group with a compact subgroup K. If
G has the AP, then the net approximating the constant function 1 in the weak-*
topology on MyA(G) can be chosen to consist of K-bi-invariant functions.

Proof. For f € C(G) or f € L'(G) we put

K(g) = kgk')dkdk' G
5(9) /K/Kf(g) . geg,

where dk is the normalized Haar measure on K. Since the norm ||.[[asa(q) is
invariant under left and right translation by elements of K, we have || ||y, 4(q) <
llella acq) for all ¢ € MoA(G). Moreover, for ¢ € MyA(G) and f € L'(G), we
have

(™, f) = (o, f5),
where L!(G) is considered as a dense subspace of MyA(G) and the bracket {.,.) de-
notes the duality bracket between MoA(G) and MoA(G).. Hence, || 5|, 4(c). <
[ fllatoa(c). for all f € L'(G). Therefore, the map on L'(G) defined by f — f&
extends uniquely to a linear contraction R on MyA(G)., and R*p = X for all
v € MpA(G), where R* € B(MyA(G)) is the dual operator of R.

Assume now that G has the AP. Then there exists a net ¢, in A(G) such that
o — 1in the o(MoA(G), MoA(G).)-topology. Hence, & = R*p, — R*1 =1 in
the o(MyA(G), Mg A(G).)-topology. Moreover, pX € A(G)NC(K\G/K) for all a.
This proves the lemma. O

The following lemma will be used to conclude that a certain subspace of My A(G)
is o(MyA(G), Mo A(G).)-closed.
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Lemma 2.6. Let (X, u) be a o-finite measure space, and let v : X — R be a
strictly positive measurable function on X. Then the set
Si=A{f e LX) [ [f(2)] < v(z) ae. }
is o(L>°(X), L'(X))-closed.
Proof. Let (f,) be a net in S converging to f € L°°(X) in the o(L>*°(X), L' (X))-

topology. Define F,, = {z €X||f@ > (1+1) v(x)} We will prove that

w(Ey) = 0 for all n € N. Suppose that for some n € N we have u(E,) > 0.
Put B, = {z € E, | v(z) > %} Then E,  / E, for k — oco. In particular,
w(En i, ) > 0 for some k,, € N. By o-finiteness of u, we can choose F,, C E,, , such
that 0 < u(F,) < oo. Note that F,, C E, and v(z) > ki” for all z € F,,. Define the
measurable function g : X — C by

i i)
W E) @ @)
Then g € L*(X). It follows that Re ( [y fagdp) < 1, since |fo(z)g(x)| < 1 a.e. on
F,,. Hence, Re (fX fgd,u) < 1. Since this integral is real and fg > 0, it follows that
Jx |fgldp < 1. On the other hand,

1 @l 1
/leg\du— (F) /F (@) dp(z) 21+ —.

This gives a contradiction, so u(F,) = 0 for all n € N. This implies that the set
E=U2,E,={x<c X ||f(x)] >v(z)} has measure 0, so |f(z)] <v(z)ae. O

n=1

z e X.

g(x) =

Let G be a locally compact group with compact subgroup K. Because left
and right translations of a function ¢ € MyA(G) are continuous with respect to
the o (MoA(G), Mo A(G).)-topology, the space MyA(G)NC(K\G/K) consisting of
K-bi-invariant completely bounded Fourier multipliers is o(MoA(G), Mo A(G).)-
closed. Together with Lemma 2.6l and the fact that L'(G) C MyA(G), this implies
the following.

Lemma 2.7. Let G be a locally compact group with a compact subgroup K, and
let v: G — R be a strictly positive measurable function. Define

Su(G) = {f € L=(G) [ |f(2)] < v(z) ae. }.
Then the space MoA(G) N S,(G) NC(K\G/K) is 0(MoA(G), Mo A(G).)-closed.

3. THE GROUP Sp(2,R) DOES NOT HAVE THE APPROXIMATION PROPERTY

In this section, let G = Sp(2,R), and let K, A and AT be as described in Ex-
ample 2Tl The fact that G does not have the AP follows from the behaviour of
completely bounded Fourier multipliers that are bi-invariant with respect to the
maximal compact subgroup of Sp(2, R). Note that the elements of the Fourier alge-
bra, i.e., the possible approximating functions, are themselves completely bounded
Fourier multipliers. Moreover, they vanish at infinity. We identify two compact
Gelfand pairs sitting inside Sp(2,R), and relate the values of bi-invariant com-
pletely bounded Fourier multipliers to the values of certain different multipliers on
these compact Gelfand pairs. The spherical functions of these Gelfand pairs satisfy
certain Holder continuity conditions, which give rise to the key idea of the proof:
an explicit description of the asymptotic behaviour of completely bounded Fourier
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multipliers that are bi-invariant with respect to the maximal compact subgroup.
In the proof of Lafforgue and de la Salle for the case SL(3,R), such an estimate is
also one of the important ideas.

Theorem 3.1. The group G = Sp(2,R) does not have the AP.

The elements of MyA(G) N C(K\G/K) are constant on the double cosets of K
in G, so in order to describe their asymptotic behaviour we only need to consider
their restriction to AT. Note that by Example [ZI] a general element of A+ can be
written as D(aq,ag) = diag(e®!, e*2, e~ e~ *2), where a; > ag > 0.

Proposition 3.2. There exist constants C7, Cy > 0 such that for all K-bi-invariant
completely bounded Fourier multipliers ¢ : G — C, the limit lim, o ¢(9) = ¢oo
exists and for all oy > an > 0 we have

(2) lp(D(a1,a2)) — poo| < Cre” 12|01 1r 4y

where ||af|2 = /a3 + a3.
Let us first state an interesting corollary of Proposition

Corollary 3.3. Every K-bi-invariant completely bounded Fourier multiplier can
be written as the sum of a K-bi-invariant completely bounded Fourier multiplier
vanishing at infinity and an element of C. More precisely, if ¢ is a K-bi-invariant
completely bounded Fourier multiplier on G, then ¢ = ¢ + @Yoo, Where @y €
MyA(G) N Co(K\G/K) and ¢ = limy_,os (g) € C.

Proof of Theorem [31] using Proposition[Z3. Recall that the elements of A(G) van-
ish at infinity. By Lemma 277 it follows that the unit ball of the space MyA(G) N
Co(K\G/K), which by Proposition satisfies the asymptotic behaviour of (2]
(with poe = 0 and ¢l ar, a(e) < 1), is closed in the o (Mo A(G), Mo A(G).)-topology.
Recall the Krein-Smulian Theorem, asserting that whenever X is a Banach space
and A is a convex subset of the dual space X* such that AN{z* € X* | ||[«*|| < r}is
weak-* closed for every r > 0, then A is weak-* closed [6] Theorem V.12.1]. In the
case where A is a vector space, which is the case here, it suffices to check the case
r =1, i.e., the weak-* closedness of the unit ball. It follows that the space My A(G)N
Co(K\G/K) is weak-* closed. Since A(G)NC(K\G/K) C MyA(G)NCy(K\G/K),
it follows that the constant function 1 is not contained in the o(MyA(G), Mo A(G).)-
closure of A(G) N C(K\G/K). Hence, by Lemma 2.5, Sp(2,R) does not have the
AP. O

The proof of Proposition 3.2l will be given after proving some preliminary results.
First we identify two Gelfand pairs sitting inside G. We describe them, the way
they are embedded into GG, and their spherical functions, and we characterize the
completely bounded Fourier multipliers on them that are bi-invariant with respect
to the corresponding Gelfand subgroup.

Consider the group U(2), which contains the circle group U(1) as a subgroup via
the embedding

U(1) = ( : U(()l) > cU@).



SIMPLE LIE GROUPS WITHOUT THE APPROXIMATION PROPERTY 11

Under the identification K = U(2), the embedded copy of U(1) has the following
form:

1 0 0 0
0 cosf 0 —siné

UQl) =K, = o 0 1 o 0 €0,2n) p,
0 sinf 0 cosf

which can be interpreted as the group of rotations in the plane parametrized by
the second and the fourth coordinate. The group K; commutes with the group
generated by the elements D, = diag(e®,1,e~%, 1), where a € R. This group is a
subgroup of A C G, where A is as in Example 211

It goes back to Weyl [33] that (U(2),U(1)) is a Gelfand pair (see, e.g., [23,
Theorem IX.9.14]). The homogeneous space U(2)/U(1) is homeomorphic to the
complex 1-sphere S{ C C? and the space U(1)\U(2)/U(1) of double cosets is
homeomorphic to the closed unit disc D C C by the map

uUilr U2
Kl ( ) Kl = U11.
U21 U222

The spherical functions for (U(2),U(1)) can be found in [24]. By the homeomor-
phism U(1)\ U(2)/U(1) & D, they are functions of one complex variable in the
closed unit disc. They are indexed by the integers p, ¢ > 0 and explicitly given by

Uy U
I ( 11 U2 > = hqu(uu),

U21  U22
where in the point z € D the function hJ , is explicitly given by
—q p(0,p—
W0 (= FTRTICEE D) pza
P zq*PP;O*q*”)@\zP -1) p<q.
Here P,(La’ﬁ) denotes the n'" Jacobi polynomial. The following is a special case of a

result obtained by the first author and Schlichtkrull [19].

Theorem 3.4. There exists a constant C' > 0 such that for all non-negative integers
n, B we have

(sin )2 (cos )7 17| PO (cos20)| < —=(2n+ B+1)"%, O€0,7).

Sl

s

In particular, for § = 7 we get

B+

25| PO (0)] < —=(2n+ B+ 1) 7.

Sl 0

For the special point z = %, it follows that

Al

1 _
hp o <\/§>’ <C(p+q+1)1,

where C' is a constant independent of p and q.

Recall that a function f : X — Y from a metric space X to a metric space Y is
Hoélder continuous with exponent o > 0 if there exists a constant C' > 0 such that
dy (f(x1), f(x2)) < Cdx(x1,22)%, for all x1,29 € X. The following result gives
Holder continuity with exponent % of the spherical functions on the circle in D with
radius %, centered at the origin, with a constant independent of p and gq.
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Corollary 3.5. For all p,q > 0, we have

B e’i01 B ei@g - 1
hp.q NG —hp g V2 < Cloh — 023

for all 01,05 € [0,27), where C is a constant independent of p and g¢.

Proof. From the explicit form of hg,q it follows that for all 8 € [0, 27),

0 et i(p—q)6 7,0 1
— Ut p—
This implies that

e’igl ein 1
() () |- 2 (35)

<|p—qlloy — 02|C(p+q+ 1) 7
<Cp+q+1)5)0; — 6

=) _ i(p—a)02

Bl

for all 91,02 S [O, 27 ) We also have the estimate

. (55) (5 =

for all 01,05 € [0,27). Combining the two, we get

. (e . (e s 1 .
h.q 2 — g Ve S(C(p+q+1)4\91—6‘2|) (20(p+Q+1) 4)

W

=Cl0; — 0|7
for all 6;,0 € [0,27), where C' = 23C. O

By Proposition 2.3, a U(1)-bi-invariant completely bounded Fourier multiplier
¢ : U(2) — C can be decomposed as

oo
P = § Cp,ahp,q;
p,q=0

where ¢, € C and 37 _ |cpq| = l¢llarau(2))- It follows that

o) =p (W) ), wevR)

U21  U22
for some continuous function ° : D — C.

Corollary 3.6. Let ¢ : U(2) — C be a U(1)-bi-invariant completely bounded
Fourier multiplier. Then o(u) = ¢°(uy1), and for all 81,6 € [0, 27) we have

0 (2N Z oo (€2 < oy - o)
o < _ 0,7 .
0 (%5) - (55 )| = 001 - ot lolupaciny

Proof. Let § € [0,2m), and let uiq1 9 =

i0 1
UG( \e/?ie >
V2

. Then the matrix

[y}
3
Sl

®

S-S
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is an element of U(2). In this way we get
i01 7;02
of¢€ of¢€
— = |o(ug,) — @(u
‘so (\ﬁ) ¢ (ﬁ>‘ |p(ug,) = p(ue, )|
e 1601 102
§ |Cp7q|h2q<e>_hgq<e )‘

p,g=0
~ 1
= Cllellmoauylbs — 02|7.

IN

O

For a € R consider the map K — G defined by k — D,kD,, where D, =
diag(e®,1,e=“,1). Given a K-bi-invariant completely bounded Fourier multiplier
on G, this map gives rise to a K;-bi-invariant completely bounded Fourier multiplier
on K.

Lemma 3.7. Let ¢ : G — C be a K-bi-invariant completely bounded Fourier
multiplier, and for o € R let ¢, : K — C be defined by 1, (k) = @(DokDy).
Then v, is K;-bi-invariant and satisfies

o llaacx) < llellanace)-

Proof. Using the fact that the group elements D, commute with K7, it follows that
for all k € K and kq1,ks € K1 C Ko,

ba(krkky) = @(DakikkaDa) = @(ky DakDaks) = o(DakDa) = b (k)

SO 14 is Ki-bi-invariant.

By the characterization of completely bounded Fourier multipliers due to Bozejko
and Fendler (see Section [l), we know that there exist bounded continuous maps
P,Q : G — H, where H is a Hilbert space, such that ¢(y~'z) = (P(z),Q(y)) for
all &,y € G, and, moreover, o]l a1,4(6) = | Pllo Q-

For all k1, ks € K we have

ta(ky k1) = @(Daky ' k1Da) = ¢((k2 D)™ k1 Do)

= <P(k1Doc)aQ(k2D;1)> = <Pa(k1)7Qa(k2)>a
where P,, Q. are the bounded continuous maps from K to H defined by P, (k) =
P(kD,) and Q (k) = Q(kD;'). Because KD, and K D! are subsets of G, we get
[Palloc < [[Plloc and [|Qalloc < [|Qlloo, and hence [[¢allanacr) < [lellapa)- O

From the fact that 1, is K;-bi-invariant, it follows that ¥, (u) = 99 (u11), where
% : D — C is a continuous function.

Suppose now that a; > ay > 0, and let D(aq,as) be as defined in Example
21 i.e., D(ai,as) = diag(e®, e, e~ e~ *2). If we find an element of the form
DykD, in KD(a1,a2)K, we can relate the value of a K-bi-invariant completely
bounded Fourier multiplier ¢ to the value of the multiplier 1, that was defined
in Lemma 37l This only works for certain aj,as > 0. We will specify which
possibilities of vy and as we consider, and it will become clear from our proofs that
in these cases such a and k exist. It turns out to be sufficient to consider certain
candidates for k, namely the matrices that in the U(2)-representation of K have
the form

a+ b —V1 —a? — b2
3) U_<\/1a2b2 a — b >
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with a? + b? < 1. In particular, u € SU(2).

In the following lemmas we let |2 g = Tr(h'h)2 and det(h) denote the Hilbert-
Schmidt norm and the determinant of a matrix in My(R) respectively. Note that
det(k) = 1 for all ¥ € K, because K is a connected subgroup of the orthogonal

group O(4).

Lemma 3.8. Let g € G = Sp(2,R). Then g € KD(f3,v)K, where 8,7 € R are
uniquely determined by the condition 8 > v > 0 together with the two equations

@ sinh? 8 +sinh® vy = gllg — (¢") ' l%rs,
sinh® Bsinh? v = L det(g — (¢") 7).
Proof. Let g € G. By the K A+ K-decomposition, we have g = ky D(3, )k, for some
k1,ks € K and some 3,7 € R satisfying 3 > v > 0. Since k; = (k})~1, i = 1,2,
and D(8,7) = D(B,7)", we have (¢)"" = k1D(B,7) k2. Hence, g — (¢)"" =
k1(D(B,7) — D(B,7v)~')k2, which implies that
lg = (9") " s = IID(B,7) — D(B.7) " |I}s = 8(sinh? 5 + sinh” )
and
det(g — (¢")7") = det(D(8,7) = D(8,7)~") = 16sinh® B sinh® ~,

i.e., (B,7) satisfies ({@).

Put c1(9) = llg — (¢")!|1%s and c2(g) = & det(g — (¢*)~*). Then sinh* 3 and
sinh? 4 are the two solutions of the second order equation 2 — ¢1(g)z + ¢2(g) = 0,

and since g > - > 0, the numbers sinh? 8 and sinh? 4 are uniquely determined by
@)). This also determines (3,v) € R? uniquely under the condition 3 >~ > 0. O

Lemma 3.9. Let « > 0 and 8 > > 0. If u € K is of the form (B]) with respect
to the identification of K with U(2), then DyuD, € KD(3,v)K if and only if

(5) { sinh Bsinhy = sinh? a(1 — a? — b?),

sinh 8 — sinhy = sinh(2a)|al.

Proof. Let @« > 0 and 8 > v > 0. By Lemma B8 D,uD, € KD(3,v)K if and
only if

1
©) sinh? 8 + sinh? v = §||DauDa — D;luD;1 H%{S

= sinh?(20)a? 4 2sinh? a1 — a® — b?),

) sinh? Bsinh?y = 1i6 det(DouD, — D *uD; ")

= sinh® a(1 — a® — b?)2.
Note that (7)) implies the first equation of the statement. Moreover, by (B) and
the first equation of the statement, we have (sinh 8 —sinh v)? = sinh?(2a)a?, which
implies the second equation of the statement. Hence, (Bl and (@) imply ([@). Clearly,
@) also implies equations (6) and (7). This proves the lemma. O

Consider now the second Gelfand pair sitting inside Sp(2, R), namely the pair of
groups (SU(2),S0O(2)). Both groups are naturally subgroups of U(2), so under the
embedding into G, they give rise to compact Lie subgroups of G. The subgroup
corresponding to SU(2) will be called K5, and the one corresponding to SO(2) will
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be called K3. The group K5 commutes with the group generated by the elements
D!, = diag(e®,e*, e, e~ %), where o € R.
The subgroup SU(2) C U(2) consisting of matrices of the form
a+ib —c+id
® u_(c+id a—1ib )
with a,b, ¢, d € R such that a®>+b?+c?>+d? = 1 is after embedding into G identified

with
A —-B
w-{(5 W)

a —c —b —d
c a —d b
b d a —c |’
d —b ¢ a
as follows directly from the considerations in Example 211
Recall from Section 2lthat a continuous function A not identical to 0 on G that is

u:A+iBeSU(2)}

bi-invariant with respect to a Gelfand subgroup K is a spherical function if and only
if for all # and y we have [, h(zky)dk = h(z)h(y). From this, it follows that if K
and K’ are two unitarily equivalent Gelfand subgroups such that K = uK’'u* and
such that h is a spherical function of the pair (G, K), we have that h(z) = h(uzu*)
defines a spherical function for the pair (G, K’). Indeed,

h(x)h(y) = h(uzu*)h(uyu*) = /K h(uzu*kuyu®)dk

= / h(uzu*uk' v uyu®)d(uk'u*) = / h(xk'y)dE' .
K’ K’
By a symmetry argument, we find a one-to-one correspondence between the spher-
ical functions for both pairs.

By [4, Theorem 47.6], the pair (SU(2),SO(2)) is a Gelfand pair. This also
follows from [15, Chapter 9]. Indeed, it is explained there that the pair (SU(2), K'),
where K’ is the subgroup isomorphic to SO(2) consisting of elements of the form
diag(e®s, e7'®) for real numbers s, is a Gelfand pair, and the spherical functions are
indexed by the integers n > 0, and for an element u € SU(2), as given in equation
@), they are given by

Po(2lu11)® = 1) = Py(2(a® + %) — 1),

where P, : [-1,1] — R is the n*® Legendre polynomial. However, the two em-
beddings of SO(2), i.e., the natural one and the one given by K’  are unitarily
equivalent by the following relation:

" cosf —sinf o — e 0
sinf cosf B 0 e )

where u is the unitary matrix given by

-5

More generally, for an element in SU(2) we get

u a+1ib —c+id o a+ic b+id
c+id a—ib "\ —b+id a—ic )’
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from which it follows that (SU(2),SO(2)) is a Gelfand pair, and the spherical func-
tions for this pair are indexed by n > 0, and are given by

P.(2(a®* 4+ %) — 1) = P,(a® — b* + * — d?),

where the last equality follows from the relation a? 4+ b% + c? + d? = 1.

Note also that the double cosets of K’ in SU(2) are labeled by a? + b? — ¢? — d?,
and therefore the double cosets of SO(2) in SU(2) are labeled by a? — b + ¢ — d2.
Hence, every SO(2)-bi-invariant function x : SU(2) — C is of the form x(u) =
x%(a? — b2 + ¢ — d?) for a certain function x° : [-1,1] — C.

Remark 3.10. The Legendre polynomials P, (cos ), without the doubled angle,
are the spherical functions for the Gelfand pair (SO(3),S0(2)). Cf. [14],[9].

In what follows, we need the following estimates for the Legendre polynomials
and their derivatives. Analogous results were obtained by Lafforgue in [25] and used
by Lafforgue and de la Salle in [28]. Our estimates are slightly different. Therefore,
we include a proof.

Lemma 3.11. For all non-negative integers n,

|Po(2) — Pu(y)| < 4|z —y|?

[—%, %], i.e., the Legendre polynomials are uniformly Hélder continuous

for z,y €
11
on [=33

] with exponent 1.
Proof. Since Py(xz) = 1 and Py(z) = x for # € [—1,1], the statement is clearly

satisfied for n = 0 and n = 1. For n > 2 we will use the same integral representation
for Legendre polynomials as in [25], Lemma 2.2], namely for all € [—1,1] we have

P,(z) = l/0 (x4 iv1— 22 cosf)"db.

™

Suppose that n > 1. Differentiation under the integral sign gives:
n [T x

P! (z :f/ z+ivV1—x2cosf)" 11 —i—x

(@) =~ ; ( )" T

We have |1 — A= cosf|? < 2. For @ € [~1,1] set

1 s
I,(z) = 7/0 |z +iv1— 22 cosf|"db.

™

cos 0)do.

It follows that for n > 1 we have |P,(z)| < In(x) and |P)(7)] < 1% ln—1(2).
Moreover, |z +iv1 — 22 cosf|? = 1— (1 —22)sin? 0 < e=(1=2")s0* 0 Tt follows that

™

1 [T _» 24 o2
In(di) < 7/ 6*5(171’ ) sin 0d9
0

™

2/2 o3 (1-2?)(2)? 4

™ Jo

IN

2 ™ © —u?
< —— e " du.
T /2n(1 — 22) Jo

The last integral is equal to 4 Hence, for z € [—3, 3], we get I,,(z) < (/2=

%. Thus, for n > 2 and = € [-3,1], we get |P,(x)] < and | P/ (z)]

IA A

272

2
vn?
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Tzl (z) < 3\/85?1 < 4y/n. Let now n > 2 and z,y € [—3, 1]. From the above

inequalities it follows that

|Po(z) — Po(y)| < |Pu(z)| + [Pr(y)] <

)

Sl=

Pal) = Pt < [ " Pl (t)dt] < av/mlz — o).

Combining the two, we get

1
4 \? 1
Pao) = Pt < () e =)t =l =i,
which proves the statement for n > 2. [l

Remark 3.12. The same result can be obtained from Szegé’s book [31] (see The-
orem 7.3.3, equation (7.33.9), and Theorem 7.33.3 therein).

For a € R consider the map K — G defined by k — D/ kvD) , where D/ =

(o2}

diag(e™,e*, e *, e ) and v € Z(K) is chosen to be the matrix in K that in the
U(2)-representation of K is given by

L (144) 0
v = V2 .
®) ( 0 I5(1+1) )

Given a K-bi-invariant completely bounded Fourier multiplier on G, this map gives
rise to a Ks-bi-invariant completely bounded Fourier multiplier on K. We state
the following result, but omit its proof, as it is similar to the one of Lemma B.71

Lemma 3.13. Let ¢ : G — C be a K-bi-invariant completely bounded Fourier
multiplier, and let for o« € R the function x, : K — C be defined by x.(k) =
@(D, kvD.). Then X, is Ks-bi-invariant and satisfies

[Xallamoacr) < lellarace)-

Consider the restriction xo = X«|k,, Which is a K3-bi-invariant completely boun-
ded Fourier multiplier on K. It follows that y.(u) = x%(a? — b + ¢? — d?) for
u € Ko, where a,b,c,d are as before, and ||Xal|ao4(x2) < €]l aa(6)-

Corollary 3.14. Let ¢ € MyA(G) N C(K\G/K), and let x, : Ko — C be as in
Lemma[BI3l Then y,(u) = x2(a?—b?+c?—d?) for u € Ky, and X9 : [-1,1] — C
satisfies

X6 (r1) = xa (1)l < 4lri = r[* [l a0)

for rq,79 € [—%, %}

Proof. By applying Proposition 23] to the Gelfand pair (SU(2),SO(2)), we get

Xa(u) = 32,70 enPr(a? =02 +c?—d?), where 3772  en| = [[Xallar a(ra) < @l a(o)-
Hence, the corollary follows from Lemma B.111 O

Suppose now that a; > as > 0 and let D(ag,as) be as defined in Example
211 Again, if we find an element of the form D/ wvD! in KD(oq,a2)K, where
u now has to be an element of SU(2), we can relate the value of a K-bi-invariant
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completely bounded Fourier multiplier ¢ to the value of the multiplier y,. This
again only works for certain a;,as > 0. Consider a general element of SU(2):

(10) uz(a—&-ib —c+id>

c+id a—1b
with a2 + 02+ 2 +d% =1.

Lemma 3.15. Let « > 0 and 8 > v > 0, and let u,v € K be of the form as in
@) and ([d0) with respect to the identification of K with U(2). Then D, uvD! €
KD(B,v)K if and only if

sinh? 3 + sinh? v = sinh?(20),
sinh Bsinhvy = 1 sinh?(2a)|r],

where r = a? — b + 2 — d>.

Proof. The lemma follows from Lemma B8 Since for ¢ = D/ uvD!, we have
(¢")~t = (D) tuv(DL)™L, it follows by direct computation that

llg = (9") 7" Ifzs = 8sinh®(2a),
det(g — (g*)™1) = 4sinh*(2a)r2.

Lemma 3.16. Let 5 >~ > 0. Then the equations

sinh?(2s) + sinh? s = sinh? 3 + sinh? ~,

(11)
sinh(2t) sinh ¢ = sinh /3 sinh v

have unique solutions s = s(3,7), t = t(8, ) in the interval [0, c0). Moreover,

(12) sz% t>

o2

Proof. The existence and uniqueness of s,¢ > 0 is obvious, since x — sinhz is a
continuous and strictly increasing function mapping [0, c0) onto [0, o0). From (Il),
it follows that for 8 > v > 0 and s = s(8,7),

2sinh?(2s) > sinh?(2s) + sinh?(s) > sinh?(5)

= 4sinh? (g) cosh? (g) > 2 sinh? (§> .

Hence, 2s > g To prove the second inequality in ([I2]), we use that for t = ¢(53,~),
we have

sinh?(2t) > sinh(2t) sinh(¢) = sinh(8) sinh(y) > sinh?(~y),

from which it follows that 2t > . O
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Qo Q] = Qg
o] = 20
(2s,s
(2t,¢
(8,7)
oy

The figure above shows the relative position of (3,7), (2s,s) and (2t,t) as in Lemma
BI7 and Lemma [BI8 below. Note that (8,7) and (2s,s) lie on a path in the
(o1, aig)-plane of the form sinh? a; 4 sinh? ap = constant, and (8, v) and (2t, ) lie
on a path of the form sinh o sinh ag = constant.

Lemma 3.17. There exists a constant C'3 > 0 such that whenever § > v > 0 and
s = s(3,7) is chosen as in Lemma [B16] then for all ¢ € MyA(G) N C(K\G/K),

o(D(B,7)) — ¢(D(25,5))| < Cse™ "5 | ollaro ac)-

Proof. Assume first that § — > 8. Let a € [0,00) be the unique solution to
sinh? 8 + sinh? 4 = sinh? (2ar), and observe that 2a > § > 2, so in particular « > 0.

Define
2sinh fsinh
po= 2SI ),
sinh” B + sinh” vy

1

1
and a; = (1"’2“)2 and by = (%) 2. Furthermore, put

w = < atib 0 ) € SU),

0 a] — Zb1

e Z5(1+19) 0
0 Z(1+19) )7

as previously defined. We now have 2sinh Ssinhy = sinh? (2a)ry, and a? — b3 = rq,
so by Lemma [BI5, we have D, ujvD!, € KD(B,7)K. Let s = s(3,7) be as in
Lemma Then s > 0 and sinh?(2s) + sinh® s = sinh? 3 + sinh® v = sinh?(2a).
Put

and let

2sinh(2s) sinh s
T2 = ——"75 ( ) D) 6[0’1]’
sinh®(2s) + sinh” s

and
Uy — as + ibs 0
27 0 as — Zbg

) € SU(2),
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1 1
where ay = (1'27"2)2 and by = (1_%) 2. Since a3 — b3 = ro, it follows again by
Lemma that D/ ugvDl, € KD(2s,s)K. Now, let xq(u) = @(D,uvD)) for
u € Ky =2 SU(2). Then by Lemma and Corollary [3.14] it follows that

1
IXa(u1) — 2)| = [xa(r1) = xo(r2)| < 4lre — ol 7 |l sy acc)s

Xa(u

1
provided that ri,rs < 3.
of ¢, we get

(13) [(D(B,7)) = @(D(25,9))] < 4lr1 = 72| [|l| a1 (G-

2sinh 8 sinh h .
Note that r; < blzmﬁsg 1 2:21173 Hence, using § > v+ 8 > ~, we get

1 < 2% < 2¢77F. In particular, r; < 2e78 < 1. Similarly, r2 2:1?}1“253 =

—I— < 2¢7*. By Lemmal[3I6, equation ([I2), we obtam that rp < 2T < 2¢™7°
2e 2 < 1 5. In particular, (I3)) holds, and since |r; — ro| < max{ry,r2} < 2¢ T , we

Hence, under this assumption, using the K-bi-invariance

have proved that

(14) lo(D(B,7)) — (D (25, 9))| < 4v2™ |||l sty ac)

under the assumption that § > v+ 8. If v < 8 < v+ 8, we get from ||p]c <

Iellareace) that [o(D(B,7)) — o(D(2s,5))| < 2ll¢llameac). Since 2e < 4v/2, it
follows that equation (4] holds for all (3,v) with 3>~ >0 and C3 =4v2. O

Lemma 3.18. There exists a constant Cy > 0 such that whenever § > v > 0 and
t =t(83,) is chosen as in Lemma [B.16 then for all ¢ € MyA(G) N C(K\G/K),

|p(D(B,7)) = p(D(2t,))] < Cae™ ¥ [ ollaryacy-

Proof. Let 8 > ~v > 0. Assume first that v > 2, and let a > 0 be the unique
solution in [0, 00) to the equation sinh §sinhy = % sinh? o, and observe that a > 0,
because 8 > v > 2. Put

sinh 8 — sinh ~y

= — > 0.
“ sinh(2«)  —
Since sinh(2a) = 2sinh a cosh o > 2sinh? ar, we have
sinh 8 < sinhg 1

~ sinh(2a) ~ 2sinh®a 4sinhy’

In particular, a; < % < %. Put now b, = ,/% — a%. Then 1 — a% — b% = % Hence,
sinh Bsinh~y = sinh? a(1 — a3 — b?3) and sinh 3 — sinh~y = sinh(2a)a;. Let

ay +1ib -1
w=| f?b € SU(2).
ﬁ a; — 101
By Lemma B9 we have D,uy D, € KD(3,v)K

By Lemma B16] we have sinh(2t)sinh¢ = sinh Ssinhy = %sinh2 a. Moreover,
by [I2), we have t > 3 > 1. By replacing (,7) in the above calculation with
(2t,t), we get that the number
_ smh(.2t) —sinht >0,

sinh(2a) -

satisfies
1 1 1

ay < —; < — < -
4sinh ¢t 4sinh 1 4
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Hence, we can put by = /1 — a3 and
as + iby —L
Uy = < 1 ﬁb > .
% as — 102

sinh(2t) sinh ¢t = sinh® a(1 — a2 — b2),
sinh(2t) — sinh ¢ = sinh(2a)as,
and up € SU(2). Hence, by Lemma B9 D,usD, € KD(2t,t)K. Put now 6; =
arg(a; + ib;) = T — sin~! (%) for j = 1,2. Since 0 < a; < & for j = 1,2, and

since 4 sin~! ¢ = \/1177 < V2 for t € [0, %], it follows that

Then

V2
. aiq .1 as
|61 — 65| < |sin™? ( — sin —
V2 V2
< |ay — as]

< max{aj,as}

1 1
< - =
- maX{4sinh77 4Sinht}
1
~ 4sinh 2’
because ¢t > 1. Since v > 2, we have sinh§ = %e%(l —e ) > ie%. Hence,
|61 —62] < e~ 3. Note that a; = %emﬁ for j = 1,2, so by Corollary 3.6l and Lemma
B the function ¥, (u) = ¢(DyuD,), u € U(2) = K satisfies
~ 1
W)a(ul) - wa(u2)| < Cv|01 - 02|4 Hwa”MoA(K)
< Ce % |l aty a(c)-

Since Dyu1 Dy, € KD(B,v)K and DyusD,, € KD(2t,t)K, it follows that

p(D(B,7)) = p(D(2t,1))] < Ce™ el acc)

for all ¥ > 2. For v satisfying 0 < v < 2, we can instead use that ||¢]lec <
lloll poa(c)- Hence, with Cy = max{C, 2¢1 }, we obtain

[o(D(B,7)) — ¢(D(2t, 1)) < Cae™ 5 [lollpyace)
for all 8 >~ > 0. U

(15)

Lemma 3.19. Let s >t > 0. Then the equations
sinh? 3 + sinh? y = sinh?(2s) + sinh? s,

(16) o . :
sinh fsinh v = sinh(2¢) sinh ¢,

. . 2 . . St
have a unique solution (3, y) € R? for which 8 > v > 0. Moreover, if1 <t < s < 3,
then
‘ﬁ - 2S| S ]-7

(17)
|y +2s —3t| < 1.

Proof. Put p(s) = sinh?(2s) + sinh®s for s > 0, and o(t) = 2sinh(2t)sinht for
t > 0. Then p and o are strictly increasing functions on [0, 00), and for all s > 0,
we have p(s) = o(s) + (sinh(2s) — sinh s)? > 0. Hence, for all s >t > 0, we have
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p(s) — a(t) > a(s) —o(t) > 0. If (B,7) € R? is a solution of ([I6) and 8 > v > 0,
then the pair (z,y) = (sinh 3, sinh ) satisfies z > y > 0, and

(£ 4)” = p(s) £ o(t).

Hence,

Tr =

(Vo) +ot) + Vols) = (@)
5 (Vo) +0(0) = Vols) —o(@)) .

and thus (8,7) = (sinh ™" z,sinh ™" ) is the unique solution to (IB) satisfying 3 >
~ > 0. To prove ([T, first observe that since sinh 8 > sinh, we obtain from ()
that $p(s) < sinh? 8 < p(s) and sinh Bsinh~y = 30(t). Hence, 1/ @ < sinh g <
v/ p(s) and o) < sinhy < o) Using s >t > 1, we obtain

| — DN =

y:

(8) < 1(645 +e2s) < i(1+672) < 1648
P =1 =4 =3
p(s) > 1(1 e 1%)2ets > ﬁ(l —e 2> 1645
4 ! -5 7
1
o(t) < §€3t,
L 3 —4 -2 L 3
o(t) > -e*(1—e")(1—e )de .
Altogether, we have proved that
625 625
<sinhpg < —,
Vio =S A

I g9 : \/3 3t—2
——e S <sinhy <4/-e s,
23 =Y =g

From the first inequality we have e® > \/%—062. Hence, 1 —e 2% > 1 — %6_2 > %,
. . s B . 4 25 B i 2 2s

which implies that e” < 4sinh g < /3¢ and e” > 2sinh 8 > J0¢ Therefore,

|8 — 2s| < max{log %,log @} <1.

Under the extra assumption s < %, we have 3t — 2s > 0. Hence, cosh2'y

sinh® y + 1 < 2eft74s + 1 < 13¢6645 which implies that ¢ = sinh~y + coshy <

5 13 3t—2s 5 ,3t—2s ¥ : 1 _3t—2s
(\/;—i— \/ % ) e <34/3ge . Moreover, €” > 2sinhy > 7€ . Hence,

)
|y +2s —3t| < max{log(?)\/;), log V3} < 1.
([

Lemma 3.20. There exists a constant C5 > 0 such that whenever s,t¢ > 0 satisfy
2 <t <s< 8, then for all p € MoA(G) NC(K\G/K),

|o(D(2s,5)) — 9(D(2t,1))] < Cse™ 75 | @llay a()-

Proof. Choose 8 > v > 0 as in Lemma B.J9 Then by Lemma [317 and Lemma
B.I8 we have

lo(D(25,5)) — (DB, )| < Cae™ 5 (|l sy a ()
lo(D(2t,t)) — o(D(B,7))| < 0467%”50”M0A(G)~
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Moreover, by (1),
B—v>(2s—1)—(3t—2s+1)=4s—-3t—2>s5—2,
s—2

5
72375—25—1255—25—1:

Hence, since s > 2, we have min{e ™7, e_(ﬂ_"f)} < e 7. Thus, the lemma follows
from Lemma 317 and Lemma BI8 with C5 = e (Cs + Cy). O

Lemma 3.21. There exists a constant Cg > 0 such that for all ¢ € MyA(G) N

C(K\G/K) the limit coo (@) = lims— 00 (D (2t,1)) exists, and for all ¢ > 0,
[P(D(2t,1)) = coolp)] < Coe™ 8 [pllary (-

Proof. By Lemma we have for u > 5 and v € [0, 1], that

(18) |o(D(2u, w)) = (D (2u + 2v,u+7)| < Cse™ ||l ar, a()-

Let s >t > 5. Then s = t+n—+4, where n > 0 is an integer and 6 € [0,1). Applying
equation [I8) to (u,y) = (t+4,1), 5 =0,1,...,n—1 and (u,7y) = (¢t + n,0), we
obtain

n
_ttd _t
p(D(2t,1)) = p(D(2s,5)| < Cs5 | D e | lellanaw < Cre™ 5 |@llacc),
3=0

where € = (1 — e~ 16)~1C5. Hence (p(D(2t,t)))i>5 is a Cauchy net. Therefore,
Coo () = limy_ o ©(D(2t,1)) exists, and

(D21, 1)) — caali)] = Tim [@(D(21,1)) — p(D(25, )] < Che™ gty acc
for all £ > 5. Since [|¢[loc < ||©llaz,a(c), We have for all 0 < ¢ <5,

lp(D(2t, 1) = coo()] < 2lellracc)-
Hence, the lemma follows with Cs = max{C%, 2e1s }. O
Proof of Proposition[T24 Let ¢ € MgA(G)NC(K\G/K), and let (a1, a2) = (8,7),
where 8 > v > 0. Assume first § > 2. Then 8 — v > g, so by Lemma and
Lemma B.I7 there exists an s > g such that
_B
[p(D(B,7)) — ¢(D(2s, 5))| < Cse™ 10 [|@ aea(G)-
By Lemma 32T]
s _B8
(D(2s,5)) = oo ()| < Coe™ 0 ||l aspa() < Coe™ % [[@llanac)-
Hence,
_B
o(D(B,7)) = oo ()| < (C3 + Co)e™ ¥ |9l aoa(c)-

Assume now that 8 < 2. Then, by Lemma [3.16] and Lemma [BI8], we obtain that

there exists a t > 3 > g such that

_B
lp(D(B,7)) — e(D(2t,1))] < Cae” 0 [|@ll s a(c)s
and by Lemma [3.27]
_ .t _B
lp(D(2t,1)) — coo(0)| < Coe T ol agae) < Coe™ 5 [lollme acc)-

Hence,
_B
[p(D(B,7)) = e ()] < (Ca+ Co)e™ 57 ||l a1 a()-
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Therefore, for all § > v > 0, we have

_B
[P(D(B,7)) = coo(@)] < Cre™ 5 [[@ll o a(0),

where Cy = max{C5 + Cg,Cy + Cs}. This proves the proposition, because |||z =
VB2 < V28 O

Remark 3.22. In [26] Definition 4.1], Lafforgue introduces the property (Tschur)
for a locally compact group G relative to a specified compact subgroup K of G. It
is not hard to see that our Proposition implies the degenerate case (s = 0) of
the property (Tschur) for G = Sp(2,R) relative to its maximal compact subgroup
K 2~ U(2). In the same way, Proposition implies the degenerate case of the
property (Tsenur) for G = SL(3,R) relative to K = SO(3).

4. SIMPLE LIE GROUPS WITH FINITE CENTER AND REAL RANK GREATER THAN
OR EQUAL TO TWO DO NOT HAVE THE APPROXIMATION PROPERTY

In the previous section we proved that Sp(2,R) does not have the AP. Together
with the fact that SL(3,R) does not have the AP, this implies the following theorem.

Theorem 4.1. Let G be a connected simple Lie group with finite center and real
rank greater than or equal to two. Then G does not have the AP.

Proof. Let G be a connected simple Lie group with finite center and real rank
greater than or equal to two. By Wang’s method [32], we may assume that G
is the adjoint group, so that G has a connected splitting semisimple subgroup H
with real rank 2. Such a subgroup is closed, as was proved in [I0]. It is known
that H has finite center and is locally isomorphic to either SL(3,R) or Sp(2,R)
[1],[30). Since the AP is passed to closed subgroups and as it is preserved under
local isomorphisms (cf. Proposition 24]), we conclude that G does not have the AP,
since SL(3,R) and Sp(2,R) do not have the AP. O

Remark 4.2. Note that we could as well have stated the theorem for connected
semisimple Lie groups with finite center such that at least one simple factor has real
rank greater than or equal to two, since this factor would then contain a subgroup
that is locally isomorphic to either SL(3,R) or Sp(2,R).

Let n > 1 and let K be field. Then countable discrete subgroups of GL(n,K)
are exact. This was proven in [I6]. Recall that a lattice in a second countable
locally compact group is a closed discrete subgroup I' such that G/I" has bounded
G-invariant measure. As mentioned in Section [ if T' is a lattice in a second
countable locally compact group G, then G has the AP if and only if I" has the AP.
These observations imply the following result.

Theorem 4.3. Let I' be a lattice in a connected simple linear Lie group with finite
center and real rank greater than or equal to two. Then I' is an exact group and
does not satisfy the AP.

Corollary 4.4. For every lattice in a connected simple Lie group with finite center
and real rank greater than or equal to two, the reduced group C*-algebra C5(T")
does not have the OAP and the group von Neumann algebra L(T") does not have
the w*OAP.
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Remark 4.5. We do not know yet if the finite center condition in Theorem (.1l can
be omitted. If G is a connected simple Lie group with real rank greater than or equal
to two (and maybe infinite center), it contains a connected splitting semisimple
subgroup H locally isomorphic to either SL(3,R) or Sp(2,R). This implies that
H is a group isomorphic to a quotient of the universal cover of either SL(3,R) or
Sp(2,R) by a discrete subgroup of the center of the universal cover. If H is locally
isomorphic to SL(3,R), our arguments still hold, since the universal cover is finite.
However, the universal cover of Sp(2,R) is infinite, so our arguments do not work
any longer. If the universal cover of Sp(2,R) does not have the AP, then this would
imply that the finite center condition in the theorem can be omitted.

5. THE GROUP SL(3,R)

In this section we consider the group G = SL(3,R) with maximal compact
subgroup K = SO(3). Recall that Lafforgue and de la Salle proved the following
theorem [28].

Theorem 5.1 (Lafforgue - de la Salle). The group SL(3,R) does not have the AP.

We will give a proof of this theorem along the same lines as our proof for the
group Sp(2,R). In particular, we will not make use of the APIS)fCh,;” for 1 < p < 0.
It is clear that Theorem [B.] is implied by Proposition below in exactly the
same way that Theorem [B]is implied by Proposition B2} namely by applying the
Krein-Smulian Theorem to show that the space MyA(G) N Co(K\G/K) is closed
in MyA(G) in the o(MyA(G), My A(G).)-topology.

Let G, K, A, AT be as defined in Example[Z2 Then G = K AT K. Following the
notation of [25] Section 2] and [28] Section 5], put D(s,t) = e~ 5t diag(es™t, et 1),
where s,t € R. Then A = {D(s,t) | s,t € R} and AT = {D(s,t) | s >0, t > 0}.

Proposition 5.2. Let G = SL(3,R) and K = SO(3), and let MoA(G) N C(K\G/
K) denote the set of K-bi-invariant completely bounded Fourier multipliers on G.
Then there exist constants C7,Cy > 0 such that for all ¢ € MyA(G) N C(K\G/K)
the limit o = limg_, o (g) exists, and for all s,t > 0,

|p(D(s,t)) = ool < Cullllaae” =+,

In [25] Proposition 2.3] Lafforgue proved a similar result for coefficients of certain
non-unitary representations of G = SL(3,R). Below we will outline a proof of
Proposition that relies on the methods of [25, Section 2] and of the previous
sections of this paper.

Consider the pair of compact groups (K, Ky), where K is as above and K| is the
subgroup of K isomorphic to SO(2) given by the embedding

SO(2) — ( (1) SOO(Q) )

It is easy to see that if ¢ is a Kjp-bi-invariant function on K, then ¢ depends
only on the first matrix element gi1, i.e., ©(g) = ¢"(g11) for a certain function
oY [-1,1] — C.

Lemma 5.3. Let ¢ : K — C be a Ky-bi-invariant completely bounded Fourier
multiplier. Then ¢(g) = ¢°(g11) and for all z € [-1, 1],

1
0% (z) = ¢°(0)] < 4llllaro aciylz]=
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Proof. By [14] and [9], the pair (SO(3),SO(2)) is a compact Gelfand pair, and the
spherical functions are indexed by n > 0, and given by ¢, (g) = P,.(g11), where P,

th Legendre polynomial. By Proposition B3] the function ¢°

again denotes the n
can be written as ©° = 33 ¢, P, where ¢, € C and Y- < lenl = l@llanacx)-

Moreover, by Lemma [3.11] we know that
(19) [P () — Pa(0)] < 4[>

for n € Ny and = € [, 3]. Since |P,(z)] < 1 for all n € Ny and x € [—1,1], the

inequality given by (IJ) holds for 3 < |z| <1 as well. The result now follows. [

Lemma 5.4. Let ¢ € MyA(G) N C(K\G/K), and r > 0. Then the function ¢, :
K — Cdefined by 9,.(k) = o(D(r,0)kD(r,0)) is Ko-bi-invariant and [|1 || p, 4 ()
ol aoa(c)-

A

Proof. The matrix D(r,0) = e~ 5 diag(e”, 1,1) commutes with K,. Therefore the
lemma, follows from the proof of Lemma [3.71 O

Lemma 5.5. Let ¢ € MyA(G)NC(K\G/K), and let ¢, € R such that r > ¢ > 0.
Then

(20) lp(D(2g, 7 — q)) — e(D(0,7))] < de”

Proof. If r = ¢ = 0, then equation (20 is trivial, so we can assume that r > 0. Let
¥(g) = ¥2(g11) be the map defined in Lemma [5.4l It follows that

r—

q
2 ||80||M0A(G)-

cosf sinf 0
Y(cosf) = ¢ | D(r,0) | sinf cosd 0 | D(r,0)

0 0 1
e?"cosf) —e"sinf 0
= e F e" sinf cos 6 0
0 0 1

By the polar decomposition of SL(2,R), there exist k1, ks € SO(2) and a ¢ > 0 such

that
e"cosf —sind el 0
( sinf e "cosf >k1< 0 e? >k2'
Comparing the Hilbert-Schmidt norms (similar to the method we applied for the

case Sp(2,R)) and subtracting 2 = 2(sin? @ + cos?#) on both sides, we obtain
(" —e7")2cos? 0 = (ed — e~9)2. It follows that

(21) sinh ¢ = |cos @] sinh r,

and all values of ¢ € [0,7] occur for some 6 € [0, 7]. By defining ki = ( hi 0 )
for i = 1,2, we get
cosf sinf 0
D(r,0) | sin® cosf® 0 | D(r,0)=kiD(2q,r— q)ks,
0 0 1

and hence, by the SO(3)-bi-invariance of ¢, we get ¥0(cosf) = ¢(D(2q,r — q)).
For § = Z, we have ¢ = 0. Therefore ¥°(0) = »(D(0,r)). Hence, for r > 0 and

2
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r > q > 0, we have 12(cos ) — 92(0) = ¢(D(2q,7 — q)) — ¢(D(0,r)) if equation
1) holds. Hence, by Lemma [5.3] we have

sinh ¢

1
2 .
<4 -7
sinhr) = HSOHJ\/IoA(G)e )

(D, = ) = o(DO.)] < lelnace
where we have used that for » > ¢ > 0 and r > 0 the following holds,

s%nhq _ e 1—e 2 < gt
sinh r 1—e2r ) —

This proves the lemma. O

Lemma 5.6. Let ¢ € MyA(G) N C(K\G/K). For s,t > 0,

s+2t s+ 2t _t
o 0s.0) - ¢ (D (52 2| < Sl

25+t 2541t _s
o) ¢ (D (225 < Sl

Proof. From Lemma 5.5 it follows that in the special case ¢ = § we have

2r 2r -3
“P (D (3’ 3)) - @(D(O,T))‘ < 4lellagacee .

Combined with the estimate of Lemma it follows that in the general case we
have (D (2¢,7 —q)) —o(D(F, F))| < Aillellaa(c), where Ay = 4(e™ =" +¢75).
Substituting (s,t) = (2¢,7 — q), we get for all s,¢ > 0 that

s+2t s+ 2t
B e ) | ey

s+2t

where Ay = 4(6_% +e s ) < 8¢~ 3, which proves the first inequality of the lemma.
By the SO(3)-bi-invariance of ¢, it follows that

o(diag(e™, e*?,e*?)) = p(diag(e*?, e?,e))

whenever a1 + as + ag = 0. Hence ¢(D(s,t)) = o(D(—t,—s)) = @(D(t,s)),
where ¢(g) = ¢(g~!) for all g € G. Since @] aya(c) = |l¢llaoa(c)s we obtain the
second inequality of the lemma by applying the first inequality to ¢ with s and ¢
interchanged. O

Lemma 5.7. Let ¢ € MyA(G)NC(K\G/K), and let u,v > 0 such that 2u < v <
3u. Th
5u. Then

(D (u, ) = o(D(v,0))| < 16lllaracre™

where w = min{u, v}.

Proof. Put s =2v —wu and t = 2u — v. Then s,t > 0, and u = %Qt and v = %
Hence, by Lemma [.6] we get |o(D(s,t)) — @(D(u,u))| < 8||@||M0A(G)e’%, and

s

(D (s, 1)) = p(D(v,0))] < 8[l@llasya(ye™*- Hence,
[p(D(u,u)) = p(D(v,0))] < Azll@llraca)s

2u—v

where A3 =8(e" 5 +e73)=8(e” "7 +e zvz:u). By the assumptions on u and v,
we obtain Q“T_“ > ¢ and 2“3_“ > & Hence, A3 < 8(e”% +e7%) < 16e” %, where
w = min{u, v}. This proves the lemma. O
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Proof of Proposition[5.2. Applying the method of the proof of the case Sp(2,R), it
is clear that Lemma [5.7] implies that ¢ := lim, o ¢(D(u, u)) exists. Moreover, for
u > 2,

o(D(u,u) — el < 3 [o(D(w+n+1,u+n +1)) — o(D(u + n,u+n))|
n=0

o0
<1676 | @llara) P e 8

n=0
< 112e7 % [l apa(0)s

since Y o” je” 8 < 7. Since |o(D(u,u)) — ¢| < 2[|¢llaa(q) for 0 < u < 2, we have
for all u > 0 that [o(D(u,u)) — ¢| < 112e75 ||¢| arya(c)- Let now s, ¢ > 0. If s < ¢,
then this implies that

s+2t
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_t a2 e _stt
lp(D(s,t)) —c| < (8e™3 +112e Mellana < (8e™ v +112e™ 12|l a, a) -

If s > t, then we get the same inequality. Hence the proposition holds with ¢, = c,
012120 and 02:%. O
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