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Two simple methods for estimating the numbers of synonymous and nonsynon-
ymous nucleotide substitutions are presented. Although they give no weights to
different types of codon substitutions, these methods give essentially the same results
as those obtained by Miyata and Yasunaga’s and by Li et al.’s methods. Computer
simulation indicates that estimates of synonymous substitutions obtained by the
two methods are quite accurate unless the number of nucleotide substitutions per
site is very large. It is shown that all available methods tend to give an underestimate
of the number of nonsynonymous substitutions when the number is large.

Introduction

In the study of the evolutionary divergence of DNA sequences, it is often required
to estimate the numbers of synonymous (silent) and nonsynonymous (amino acid-
altering) nucleotide substitutions separately. Since the rate of synonymous substitution
is much higher than that of nonsynonymous substitution and is similar for many
different genes, synonymous substitutions may be used as a molecular clock for dating
the evolutionary time of closely related species (Kafatos et al. 1977; Kimura 1977;
Perler et al. 1980; Miyata et al. 1980).

When the number of nucleotide substitutions between two DNA sequences is sO
small that there is no more than one nucleotide difference between each pair of ho-
mologous codons, the number of synonymous and nonsynonymous substitutions can
be obtained simply by counting silent and amino acid-altering nucleotide differences.
However, when more than one nucleotide difference exists between a pair of codons,
the distinction between synonymous and nonsynonymous substitutions is no longer
simple. For this reason, Perler et al. (1980) developed a statistical method for estimating
synonymous substitutions. More elaborate methods were also developed by Miyata
and Yasunaga (1980) and Li et al. (1985). The main difference between Perler et al.’s
method and the latter two methods is that in the former an equal weight is given to
two or more evolutionary pathways that are possible between a pair of condons whereas
in the latter a larger weight is given to an evolutionary pathway involving silent sub-
stitutions than is given to a pathway involving amino acid-altering substitutions.

All of these methods, however, suffer from one technical deficiency—they are so
complicated that one is often discouraged from using them. We therefore looked for
a simpler method and discovered that an unweighted version of Miyata and Yasunaga’s
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(1980) method gives essentially the same estimates as those obtained by Miyata and
Yasunaga’s and by Li et al.’s methods. Furthermore, an even more crude method
seems to give sufficiently accurate estimates when the number of nucleotide substi-
tutions per site is relatively small. The purpose of this paper is to report the results of
this study.

New Methods

Let us first discuss a modified (unweighted) version of Miyata and Yasunaga’s
(1980) method. The genetic code table indicates that all substitutions at the second
nucleotide positions of codons result in amino acid replacement whereas a fraction
of the nucleotide changes at the first and third positions are synonymous. Under the
assumption of equal nucleotide frequencies and random substitution, this fraction is
~5% for the first position and ~72% for the third position.

We now compute the number of synonymous sites (s) and the number of non-
synonymous sites (#) for each codon, considering the above property of codon changes.
We denote by f; the fraction of synonymous changes at the ith position of a given
codon (i = 1, 2, 3). The s and 7 for this codon are then given by s = 21, f;and n = (3
— 5), respectively (also see Kafatos et al. 1977). For example, in the case of codon
TTA (Leu), f; = % (T—=>C), 5, =0,and f; = 5(A = G). Thus, s =% and n = .
For a DNA sequence of r codons, the total number of synonymous and nonsynony-
mous sites is therefore given by S = 27_, S; and n = (3r — S), respectively, where s; is
the value of s for the ith codon. When two sequences are compared, the averages of
S and N for the two sequences are used.

To compute the number of synonymous and nonsynonymous nucleotide differ-
ences between a pair of homologous sequences, we compare the two sequences codon
by codon and count the number of synonymous and nonsynonymous nucleotide
differences for each pair of codons compared. When there is only one nucleotide
difference, we can immediately decide whether the substitution is synonymous or
nonsynonymous. For example, if the codon pairs compared are GTT (Val) and GTA
(Val), there is one synonymous difference. We denote by s; and n, the number of
synonymous and nonsynonymous differences per codon, respectively. In the present
case, s; = 1 and n; = 0. When two nucleotide differences exist between the two codons
compared, there are two possible ways to obtain the differences. For example, in
the comparison of TTT and GTA, the two pathways are as follows: pathway I, TTT
(Phe) « GTT (Val) « GTA (Val); pathway II, TTT (Phe) <> TTA (Leu) « GTA
(Val). Pathway I involves one synonymous and one nonsynonymous substitution,
whereas pathway Il involves two nonsynonymous substitutions. We assume that path-
ways I and II occur with equal probability. The s; and 7, then become 0.5 and 1.5,
respectively.

When there are three nucleotide differences between the codons compared, there
are six different possible pathways between the codons, and in each pathway there are
three mutational steps. Considering all these pathways and mutational steps, one can
again evaluate s, and n, in the same way as in the case of two nucleotide differences.
It is now clear that the total number of synonymous and nonsynonymous differences
can be obtained by summing up these values over all codons; that is, S; = 2-;s4 and
Ny = 2Z_1ng4, where sz and ng; are s; and n, for the jth codon, respectively, and r is
the number of codons compared. Note that S; + N, is equal to the total number of
nucleotide differences between the two DNA sequences compared.
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We can, therefore, estimate the proportion of synonymous (p,) and nonsynon-
ymous (p,) differences by the following equations:

ps=154/S, (M

and
Dn=Ny4/N, 2)

where S and N are the average number of synonymous and nonsynonymous sites for
the two sequences compared. To estimate the number of synonymous substitutions
(ds) and nonsynonymous substitutions (dy) per site, we use the following formula
developed by Jukes and Cantor (1969):

3 4
d——Zloge(l—gp), 3

where p is either pg or py. Of course, this method gives only approximate estimates
of ds and dy because, strictly speaking, the Jukes-Cantor formula does not apply at
some silent sites (twofold and threefold degenerate sites; see Perler et al. 1980).

Although the above method of estimating dg and ng is much simpler than the
previous methods mentioned above, the computation is still time consuming when
there are many codon pairs in which two or three nucleotide differences exist. David
Lipman (personal communication) suggested a simpler way of computing S;, Ny, S,
and N. The idea behind his method of computing S, and N, is to apply information
obtained from the single-base-change codons to the multiple-base-change codons.

We first consider only those codon pairs in which a single nucleotide differ-
ence exists and compute the proportion of synonymous (n,) and the proportion of
nonsynonymous (7,,) differences (%, + &, = 1) for each of the three nucleotide positions.
Obviously, &, is always 1 for the second position. For those codon pairs in which two
or three nucleotide differences exist, we count the number of nucleotide differences
for each position and multiply it by &, or &,,.

Suppose that two sequences of r codons are compared and that there are myg;
codon pairs in which (1) the nucleotides differ only at the ith position (single base
change) and (2) s; of them are synonymous. The 7, and =, for the ith position are
then given by nt; = s;/ms; and ®,; = 1 — T, respectively. Let m,,; be the number of
nucleotide differences at the ith position for those codon pairs in which two or three
nucleotide differences exist. S, and Ny are then computed by

Sa= (ms; + mp)nsy + (Ms3 + Mag)mgs, (3a)
and

Ny= (ms; + mpn)Rny + (Msy + map) + (Ms3 + Mps) s . (3b)

Lipman suggested that S and N be computed by using the property that 5% of
the first position changes and 72% of the third position changes are synonymous and
all other changes are nonsynonymous under the assumption of equal nucleotide fre-
quencies and random substitution. Thus, S = (0.05 + 0.72)r, and N = 3r — S.

Our computer simulations (discussed below) have shown that S;and N, obtained
by Lipman’s method are generally very close to the values obtained by the method
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mentioned earlier but that his method of estimating .S and N is quite unreliable. The
reason for this unreliability of the estimates of S and N is that the codon frequencies
in real genes are often quite different from those expected given the assumption of
equal nucleotide frequencies. Fortunately, however, S and N can be computed relatively
easily by using the method described earlier. Therefore, it is possible to compute pg
and py by using the previous S and N and the S; and N, obtained by equations (3a)
and (3b). In the following, we call this method the unweighted method II and the
previous one the unweighted method L.

Previous Methods

The two methods presented here are quite different from Perler et al.’s (1980),
since in the latter method twofold, threefold, and fourfold degenerate sites are treated
separately. They are also different from Miyata and Yasunaga’s (1980) method in two
respects. (1) Miyata and Yasunaga give different weights for different pathways, as-
suming that the interchange of similar amino acids occurs with a higher probability
than the interchange of dissimilar amino acids. (2) In our method, S and N are com-
puted by using the two sequences to be compared. In Miyata and Yasunaga’s method,
these numbers are obtained by considering all intermediate codons involved in evo-
lutionary pathways as well as those of the two sequences to be compared. Li et al.’s
(1985) method is an extension of Miyata and Yasunaga’s (1980) method, and non-
degenerate, twofold degenerate, and fourfold degenerate nucleotide sites are considered
separately. Transitional and transversional nucleotide substitutions are also considered
separately. Actual computation is quite complicated, so that a computer is necessary.

Computer Simulation

To compare the accuracy of the methods proposed here with that of the previous
ones, we did a computer simulation. In this simulation, we assumed that the mutational
changes of the four nucleotides occur according to the relative frequencies obtained
by Gojobori et al. (1982) for pseudogenes. The mutational changes were then translated
into amino acid changes, and purifying selection was assumed to occur according to
the amino acid changes. This selection eliminated a certain fraction of mutations, and
the remainder were assumed to be “fixed” in the genome. We considered two different
schemes of purifying selection, i.e., Gojobori’s (1983) and Miyata and Yasunaga’s
(1980). In the former, all synonymous changes had a probability of fixation of 1, and
all nonsynonymous changes had a probability of fixation of 0.2. We used these prob-
abilities because actual data suggest that the ratio of ds and dy is approximately five
(Li et al. 1985).

In the second scheme of purifying selection, the probability of fixation depended
on the degree () of polarity and volume differences of the amino acids interchanged.
Miyata et al. (1979) computed this 8 value (chemical distance) for all pairs of amino
acids. We assumed that the relative probability of fixation (v) is given by

1 for 8 =0(synonymouschange)
v=| 1-98/3.5 for 0<6<3.465
0.01 for &> 3.465.

This probability is exactly the same as the weight for each amino acid-altering sub-
stitution Miyata and Yasunaga (1980) used in their computation of ds and dy. There-
fore, this simulation is favorable for their method.
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The mathematical method used in our simulation is similar to that of Gojobori
(1983). For mathematical simplicity, we used a discrete time model of nucleotide
substitution, and for each unit of evolutionary time the mutational change of nucleo-
tides was assumed to occur following Gojobori’s 4 X 4 transition (mutation) matrix
for the pseudogene scheme. The total mutation rate (not the substitution rate) used
was 0.01 per nucleotide site per unit evolutionary time. Purifying selection was intro-
duced immediately after mutation by using the 61 X 61 codon-substitution matrix.
Using these two matrices, one can compute the probabilities of different amino acids
occurring at a particular site for any number of evolutionary time units. To minimize
the effect of stochastic errors, a sequence of 732 codons was used. This sequence length
was close to the maximum length permitted by our computer capacity.

An ancestral sequence of 732 codons was generated by taking into account the
equilibrium frequencies of 20 amino acids obtained from the mutation and selection
matrices and by using pseudorandom numbers. Two descendant DNA sequences
were then generated independently from the ancestral sequence by using the nucleotide-
substitution scheme described above. After every 10 units of evolutionary time, the
two DNA sequences were translated into amino acid sequences, and ds and dy were
. estimated by the new methods as well as by the three previous ones.

The results obtained are presented in figure 1. Since the extent of stochastic errors
was small in the present case, the results from only one replication are given for each
selection scheme. The solid lines in the figure represent the expected values of ds and

d d

20

N
|

——
—

—r—

—

0 20 40 60 80 t
B

FiG. 1.—Relationships between the estimates of the numbers of synonymous (SYN = dy) and nonsy-
nonymous (NSY = dy) substitutions per site with evolutionary time (t). These relationships were obtained
by computer simulation (see text). Panel A, Gojobori’s (1983) scheme of purifying selection; panel B, Miyata
and Yasunaga’s (1980) scheme of purifying selection. Circles = Perler et al.’s (1980) method; black dots
= unweighted method I; triangles = Miyata and Yasunaga’s (1980) method; X’s = Li et al.’s (1985) method;
squares = the value obtained by eq. (5). The estimates of dy obtained by Perler et al.’s, Miyata and Yasunaga’s,
and Li et al.’s methods were virtually the same as those obtained by unweighted method 1. The solid lines
represent the expected numbers of substitutions.
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dy between two descendant nucleotide sequences. These expected values were obtained
from the nucleotide-substitution matrices (see Gojobori 1983) and are, respectively,
ds = 0.023¢ and dy = 0.004¢ for Gojobori’s selection scheme and ds = 0.023¢ and dy
= 0.010¢ for Miyata and Yasunaga’s selection scheme, where ¢ is the number of evo-
lutionary time units. It is clear that the number of synonymous substitutions obtained
from our unweighted method I increases almost linearly with evolutionary time and
is close to the expected number for both selection schemes. (The results for unweighted
method II are discussed below.) However, the estimate obtained by Perler et al.’s
(1980) method is considerably lower than the expected number when ¢ = 40. This
confirms Takahata and Kimura’s (1981) and Gojobori’s (1983) earlier finding that
Perler et al.’s method gives an underestimate of the number of synonymous substi-
tutions.

Miyata and Yasunaga’s method gives essentially the same estimate of ds as ours
when dj is small but tends to give an overestimate when dj is large. Li et al.’s method
also gives essentially the same estimate as ours when dy is small, but it has a tendency
to give an overestimate of ds when Miyata and Yasunaga’s selection scheme is used.
In figure 1B, the value for ¢ = 80 is not given for Li et al.’s method because that
method was inapplicable to this case.

When Gojobori’s selection scheme is used, all methods give essentially the same
estimate of dy, and the estimate obtained is close to the expected number, though
there is some tendency toward underestimation. When Miyata and Yasunaga’s selection
scheme is used, all methods again give virtually the same results. In this case, however,
the estimates are substantially lower than the expectations when dy is large. This
underestimation is apparently caused by variation in the rate of amino acid substitution
(A) among different amino acid sites.

Previously, Uzzell and Corbin (1971) showed that A follows the gamma
distribution among different sites. The gamma distribution is given by
Q) = [BYT(w)]ePA2~!, where a = A%/V;, and B = A/V3, X and V; being the mean
and variance of A, respectively. If we use Jukes and Cantor’s formulation, the probability
of identity of nucleotides between two homologous sites for a given value of A is given
byi=1— (3)[1 — e /%], where ¢ is the time since divergence between two DNA
sequences. Therefore, the mean probability of identity of nucleotides between the two

sequences is
o [ roodn < L3 ()
_J:) i Mydh 4+4(a+4d/3)’ “)

where d = 2At is the expected number of nucleotide substitutions. Thus, if a = 1, we
obtain

p

d—_——
1=Chp’ ©)

where p = 1 — i. Interestingly, the d values estimated by this equation from observed
values of py agree very well with the expected value of dy (fig. 1B). This suggests that
the coeflicient of variation (1/\/&) of A is close to 1 in the present case.

Above, we presented unweighted method II as a simplified version of method I.
To see the accuracy of this method, we compared the estimates of ds and dy obtained
by this method with those obtained by method I for the two computer simulations
mentioned above. The results obtained for Gojobori’s scheme of nucleotide substitution
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Table 1
Estimates of the Number of Synonymous (ds) and Nonsynonymous (dy) Substitutions per
Site Obtained by Methods I and II for Gojobori’s Scheme of Nucleotide Substitution

TIME

TYPE OF SUBSTITUTION 10 20 40 60 80
ds:

Method I.......... 0.268 0.506 0.903 1.316 2,012

Method IT . ... ... .. 0.279 0.528 0.983 1.393 2.991
dN-’

Method I.......... 0.039 0.075 0.160 0.237 0.327

Method I1 ... ... ... 0.037 0.073 0.156 0.247 0.329

(purifying selection) are presented in table 1. Methods I and II give essentially the
same estimates except for the ds for t = 80. The ds value (2.99) for ¢ = 80 is considerably
larger than the expected value (1.84). Similar results were obtained for Miyata and
Yasunaga’s scheme of nucleotide substitution, though dg was sometimes substantially
overestimated or underestimated when ds > 1.5. The inaccuracy of method II for a
large dy is apparently caused by the fact that there are a small number of single-base-
change codons for this case, which thus makes the estimate of ; unreliable. This
problem is expected to be more serious when the total number of codons compared
is small. Nevertheless, method II is much easier to use than method I, and the results
obtained are very similar when ¢ is small.

Discussion

We have seen that our method I gives essentially the same estimates of dg and
dy as those obtained by Miyata and Yasunaga’s and Li et al.’s methods, though equal
weights are given to all evolutionary pathways for a given pair of codons. There are
two reasons for this. First, when the evolutionary time is relatively short, most of the
codons compared have no more than one nucleotide difference, so that there is no
effect of weighting. Second, whereas different weights are given to different pathways
when there are two or three nucleotide differences, the differences in weight between
different pathways are usually very small. For example, as mentioned above, there
are two evolutionary pathways for the comparison of TTT (Phe) and GTA (Val). In
pathway 1, the relative probability (V') of change between TTT (Phe) and GTT (Val)
is 0.59 according to Miyata and Yasunaga’s weighting scheme, whereas the J between
GTT (Val) and GTA (Val) is 1. Therefore, the ¥ of pathway lis ' = 0.59 X 1 = 0.59.
Similarly, the V of pathway II becomes V' = 0.82 X 0.74 = 0.61. Therefore, the two
probabilities are very close, although pathway I involves a silent substitution and
pathway II does not. We examined these Vs for many different pairs of codons that
were observed in our computer simulation. In most cases, different pathways showed
similar Vs or weights. Occasionally, different pathways showed quite different weights,
but in these cases the absolute values of the weights were so small that they did not
contribute very much to the total number of nucleotide substitutions [e.g., the change
between TGG (Trp) and TCT (Ser)].

In the present study, computer simulation was conducted by using specific schemes
of mutation and purifying selection. However, the two selection schemes we used
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Table 2
Estimates of the Number of Synonymous (ds) and Nonsynonymous (dy) Substitutions
per Site Obtained by Four Different Methods for Three Pairs of Globin Genes

METHOD
New Method

GLOBIN GENES COMPARED Miyata and
AND TYPE OF SUBSTITUTION Perler et al. Yasunaga Lietal 1 I
Human B vs. rabbit f:

ds ..o o 0.426 0.354 0.345 0.354 0.348

dy .o 0.056 0.056 0.056 0.056 0.056
Human B vs. chicken f:

ds ..o 0.671 0.752 0.747 0.709 0.712

Ay oo 0.233 0.211 0.223 0.218 0.233
Human B vs. human al:

ds .o 0.924 1.043 1.055 0.994 1.149

dy oo 0.456 0.447 0.443 0.455 0.443

SOURCE.—Human B, Lawn et al. (1980); rabbit f (allele 1), Hardison et al. (1979); chicken §, Dolan et al. (1983); human
al, Michelson and Orkin (1980).

represent quite different patterns. Therefore, our method I and Miyata and Yasunaga’s
and Li et al.’s methods seem to give similar results for different types of purifying
selection. Reexamination of the results of Gojobori’s (1983) computer simulation on
ds (results not shown) also indicates that the three methods give more or less the same
result for different mutation schemes. This seems to be true also with actual data.
Table 2 shows the estimates of dsand dy for three pairs of globin genes. The estimates
obtained by the three methods are more or less the same, though the estimates obtained
by Perler et al.’s (1980) method are somewhat different. It is interesting that our method
II gives essentially the same estimates as those obtained by method 1.
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