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The construction of a model of the gravitational-wave (GW) signal from generic configurations of
spinning-black-hole binaries, through inspiral, merger, and ringdown, is one of the most pressing
theoretical problems in the buildup to the era of GW astronomy. We present the first such model in
the frequency domain, PhenomP, which captures the basic phenomenology of the seven-dimensional
parameter space of binary configurations with only three key physical parameters. Two of these (the
binary’s mass ratio and an effective total spin parallel to the orbital angular momentum, which determines
the inspiral rate) define an underlying nonprecessing-binary model. The nonprecessing-binary waveforms
are then twisted up with approximate expressions for the precessional motion, which require only one
additional physical parameter, an effective precession spin, χp. All other parameters (total mass, sky
location, orientation and polarization, and initial phase) can be specified trivially. The model is constructed
in the frequency domain, which will be essential for efficient GW searches and source measurements.
We have tested the model’s fidelity for GW applications by comparison against hybrid post-Newtonian-
numerical-relativity waveforms at a variety of configurations—although we did not use these numerical
simulations in the construction of the model. Our model can be used to develop GW searches, to study the
implications for astrophysical measurements, and as a simple conceptual framework to form the basis of
generic-binary waveform modeling in the advanced-detector era.
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Introduction.—The imminent commissioning of second-
generation laser-interferometric gravitational-wave detec-
tors will bring us closer to the era of gravitational-wave
(GW) astronomy, which carries the potential to revolution-
ize our understanding of astrophysics, fundamental phys-
ics, and cosmology [1]. Among the most promising GW
sources are the inspiral and merger of black-hole binaries.
Detection and interpretation of these signals requires
analytic models that capture the phenomenology of all
likely binary configurations; most of these will include
complex precession effects due to the black-hole spins.
However, most of the current models of the two black
holes’ inspiral, their merger, and the ringdown of the final
black hole, consider only configurations where the black-
hole spins are aligned with the binary’s orbital angular
momentum, which do not involve any precession.
The binary’s early inspiral can be modeled with analytic

post-Newtonian (PN) calculations, but the late inspiral and
merger require 3D numerical solutions of the full nonlinear
Einstein equations. These expensive numerical relativity
(NR) calculations must span a parameter space of binary
configurations that covers, for noneccentric inspiral,
seven dimensions: the mass ratio of the binary, and the

components of each black hole’s spin vector; the total
mass of the system is an overall scale factor. A naive
mapping with at least four simulations in each direction
of parameter space (as was sufficient for the current
phenomenological nonprecessing models [2–4]) would
imply that modeling these systems requires 47 ∼Oð104Þ
numerical simulations.
In recent work, we identified an approximate mapping

between inspiral waveforms from generic binaries, and
those from a two-dimensional parameter space of non-
precessing binaries [5]. This approximation holds because
precession has little effect on the inspiral rate, and so,
precession effects approximately decouple from the overall
inspiral, which can be described by a nonprecessing-binary
model, neglecting the effect of breaking equatorial sym-
metry, which is responsible for large recoils [6]. Further, we
proposed that, given a model for the precessional motion of
a binary, we could construct an approximate waveform by
twisting up the appropriate nonprecessing-binary wave-
form with the precessional motion. This technique was
recently adopted to produce simple frequency-domain PN
inspiral waveforms [7]. It was more recently suggested that
this mapping also holds through merger and ringdown [8].
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In this Letter, we take this idea further in two crucial
ways. First, we use PN expressions for the precession
angles to twist up a phenomenological model of
nonprecessing-binary waveforms [4], which includes
merger and ringdown. The inclusion of merger and ring-
down provides the first frequency-domain inspiral-merger-
ringdown model of generic binaries. (Frequency-domain
models are essential for both efficient GW searches and
parameter estimation.) Our model uses the highest-order
(closed-form) PN expressions available, and we also
incorporate precession effects into the estimate of the final
black-hole spin and the ringdown model.
Second, we make use of a single parameter that captures

the basic precession phenomenology for generic binary
configurations [9]. Our final model has only three intrinsic
dimensionless physical parameters: the two parameters of
our previous nonprecessing models (the mass ratio
q ¼ m2=m1 ≥ 1, and an effective inspiral spin, χeff , which
characterizes the rate of inspiral); plus one additional
parameter, an effective precession spin, χp. All other
additional configuration parameters (the total mass, the
binary’s sky location, orientation, polarization, and initial
orbital and precession phases), can be trivially included
analytically. We describe this parametrization in more
detail below; its effectiveness in capturing the phenom-
enology of the inspiral across the full parameter space is
demonstrated in Ref. [9]. Our evaluation of its fidelity for
GW applications when including merger and ringdown by
comparison against hybrid PN-NR waveforms constitutes
our core quantitative result.
The purpose of this model is to (a) facilitate the

development of computationally efficient generic-binary
searches, (b) provide a starting point to investigate the
parameter-estimation possibilities (and limitations) of
generic-binary observations in second-generation detec-
tors, and their astrophysical implications, and (c) as a
simple framework for the construction of more refined
models calibrated to NR simulations. If the dominant
parameter space of binary simulations can be reduced to
three dimensions (mass ratio, effective inspiral spin, effec-
tive precession spin), it may be feasible to produce a
sufficient number of NR waveforms (∼100) to calibrate the
model well before advanced detectors reach design sensi-
tivity in 2018–2020 [10]. The model can be further refined,
based on the results of these studies. As such, this model
provides a practical road map to model generic binaries to
meet the needs of GW astronomy over the next decade.
This model has been included in the LAL data analysis
software, to facilitate the development and testing of search
and parameter estimation pipelines [11].
Model.—We start from the frequency-domain model

(PhenomC) [4] of nonprecessing waveforms, because it
includes the standard state-of-the-art inspiral phase. This
model describes the (l ¼ 2, m ¼ j2j) modes of the wave-
form, with hðfÞ ¼ AðfÞeiψðfÞ, where AðfÞ and ψðfÞ are

given in Ref. [4]. Based on the approximate mapping
identified in Ref. [5], for a given generic binary, we start
with the nonprecessing waveform given by the parameters
(M, η, χeff ), where η¼q=ð1þqÞ2 and χeff¼ðm1χ1þ
m2χ2Þ=M; χ1 and χ2 are the components of the dimension-
less spins (χi ¼ Si · L̂=m2

i ) projected along the Newtonian
orbital angular momentum L̂. The direction of Ĵ is
approximately constant throughout the evolution, as angu-
lar-momentum loss via GWs is predominantly along Ĵ,
with emission orthogonal to Ĵ averaging out due to the
precession of L̂ around Ĵ [12]. Therefore, we assume that
the final spin is in the same direction as Ĵ through the
inspiral, and update the PhenomC final spin magnitude
estimate [13] to account for precession, using Ref. [14],
with only one black hole spinning.
Then, we twist up the nonprecessing model; i.e., we

approximate the l ¼ 2 modes of a precessing binary wave-
form in the time domain by rotating the dominant modes of
the corresponding nonprecessing waveform [5,15] as

hP2mðtÞ ¼ e−imα
X

jm0j¼2

eim
0ϵd2m0;mð−ιÞh2;m0 ðtÞ; ð1Þ

wheredlnm denotes theWigner dmatrices. The angles α and ι
that enter our model are defined as the spherical angles
parametrizing the unit Newtonian orbital angular momen-
tum L̂ (see, for example, Fig. 1 in Ref. [9]) in an inertial
frame with ẑ ¼ Ĵ. The third angle, defined from _ϵ ¼ _α cos ι,
parametrizes a rotation around L̂ [16]. During the inspiral
phase, all of these angles vary slowly (on the precession time
scale) with respect to the orbital time scale, which allows
for a stationary-phase-approximation (SPA) transformation
to the frequency domain (this fact has been exploited inwork
dating from Ref. [17], and was most recently used in
Ref. [7]). Here, we use closed-form frequency-domain
PN expressions for these angles (valid for systems with
only one spin in the orbital plane) to twist the entire
nonprecessing modes, formally continuing the SPA treat-
ment through merger and ringdown. Although we do not
expect these expressions, or the approximation of slowly
varying precession angles, to be valid through merger
and ringdown, in practice, we find that they mimic to
reasonable accuracy the phenomenology of our PN-NR
hybrids and lead to high fitting factors even for high
masses. Our model consists entirely of closed-form
analytic expressions, and the output is the two polarizations
hPþ;×ðMf; η; χeff ; χp; θ;ϕÞ.
The inclination ι is simply the angle between the binary’s

total angular momentum, Ĵ, and orbital angular momen-
tum, L̂, so that cos ι ¼ L̂ · Ĵ ¼ L̂ · J=jJj. In practice, we
find that the accuracy in ι, which enters only in amplitude
factors for the contributions in (1), is not critical and that
it is sufficient to include only nonspinning corrections in
J beyond the total spin contribution at leading order.
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The precession angle α is computed using the expression
for _α obtained in [18] [see Eqs. (4.10a) and (4.8)] by
inserting the highest order (next-to-next-to-leading in
spin-orbit) expressions available for the quantities entering
the formula [19], PN reexpanding and averaging over the
orientation of the spin in the orbital plane.
The spin parameters in our model are χeff and χp. The

effective inspiral spin χeff was defined earlier. The angle
expressions (α, ι), require some choice for the distribution
of spins across the two black holes, and, for our imple-
mentation, we let χ1 ¼ 0 and χ2 ¼ ðM=m2Þχeff ; i.e., all of
the spin is on the larger black hole. This choice performswell
in the study in Ref. [9]. To ensure physical spins of χ ≤ 1 for
each black hole, we could also choose χ1 ¼ χ2 ¼ χeff . The
implications of these choices for detection and parameter
estimation will be explored in future work; in the cases we
study here,we see that ourmodel is likely to performwell for
GW detection. The in-plane spin magnitude χp is associated
with the larger black hole.
We expect ourmodel to capture the basic phenomenology

of generic two-spin systems, motivated by the following
argument. For the effective precession spin, if S1⊥ and S2⊥
are the magnitudes of the projections of the two spins in the
orbital plane, then, according to the PNprecession equations
[12,20], the precession rate at leading order will be propor-
tional to (A1S1⊥ þ A2S2⊥) when the vectors S1⊥ and S2⊥
are parallel, and by (A1S1⊥ − A2S2⊥) when they point in
opposite directions, where Ai ¼ 2þ ð3m3−iÞ=ð2miÞ.
During the inspiral, to first approximation, the average
precession rate for non-equal-mass systems is simply the
maximumof these two spin contributions, andwe can define
Sp ¼ maxðA1S1⊥; A2S2⊥Þ=A2, and expect that applying an
in-plane spin of χp ¼ Sp=m2

2 to the larger black hole will
mimic the main precession effects of the full two-spin
system. In equal-mass systems a double-spin configuration
is indistinguishable from a single-spin system if we neglect
spin-spin contributions; this changes the interpretation of
χp, but the use of two spin parameters is now automatically
valid. (The third spin-vector component corresponds to the
initial precession angle of the system, which is included
as an overall complex factor in the model.) Full generic
two-spin waveforms will typically exhibit additional small
oscillations in the precession angles (see, e.g., Fig. 4 of
Ref. [21], and Ref. [9]), but we do not expect these effects to
be detectable in most GW observations. These two param-
eters, χeff and χp, can be mapped to a range of physically
allowable individual black-hole spins.
Results.—The most reliable way to test our model is to

compare against hybrid PN (inspiral) and NR (merger-
ringdown) waveforms. But to do that across the full generic-
binary parameter space would require the same number of
waveforms as needed to construct a seven-dimensional
generic model, which is the computationally prohibitive
task that wewished to avoid in the first place. In practice, all
we can do is identifywhatwe expect to be challenging points

in the parameter space. In this work, we restrict ourselves
to binaries with mass ratios q ≤ 3, because that is the mass
ratio to which the underlying PhenomC model was cali-
brated to spinning-binary waveforms. We construct four
hybrids at mass ratios 2 and 3, for a variety of spin choices.
The numerical simulations were produced with the BAM

code [22], and hybrids were constructed by the method
described in Ref. [5], and also in the inertial frame of the NR
waveforms, for comparison. The comparison configurations
are chosen to include strong precession (a q ¼ 3 case where
the larger black hole has a spin of χ2 ¼ 0.75 in the orbital
plane), a double-spin q ¼ 2 case, where the small black hole
has spin 0.5, and the larger black hole spin 0.75, both in the
orbital plane, which tests our assumption that we can
consider only a weighted average of the spins when
constructing χp. We also consider a double-spin q ¼ 3 case
where χeff ¼ −0.5 and χp ¼ 0.6, and another where
χeff ¼ −0.125 and χp ¼ 0.75; the purpose here was to test
the model with nonzero χeff . The NR waveforms include
between 10 and 14 GW cycles before merger, and the PN
part consists of ∼200 cycles. For all waveforms we con-
sidered, there are approximately three premerger precession
cycles, since the precession rate depends only weakly on the
mass ratio.
As is standard in GW analysis, we calculate the noise-

weighted inner product between our source waveform
(in this case, the hybrid), and a model (either the original
nonprecessing PhenomC model, or our new precessing
PhenomP model). We use the current expectation for the
design sensitivity of advanced LIGO [23], with a low-
frequency cutoff of 20 Hz. This inner product is maximized
with respect to the parameters of the model, including the
physical parameters and the binary orientation and polari-
zation. This optimized inner product is called the “fitting
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FIG. 1 (color online). Fitting factors (FF) between PhenomP
(solid lines) and PhenomC (dashed lines), averaged over binary
orientations, as described in the text. Each color is one case:
q ¼ 3, χp ¼ 0.75 (black); q ¼ 2 double spin (red); q ¼ 3,
χeff ¼ −0.5 (green); q ¼ 3, χeff ¼ −0.125 (blue). We see that
in all cases PhenomP meets the 0.965 threshold for detection
accuracy. Above 100M⊙, all of the curves are above 0.965.
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factor”; its value indicates how well the signal can be found
in detector data, and the bias between the best-fit model
parameters, and the true source parameters, give us an
indication of the errors in a GW measurement. We have
computed fitting factors using PhenomC and PhenomP for
total sourcemasses between 20 and 200M⊙ and as functions
of binary orientations.
Figure 1 shows the fitting factor averaged across binary

orientations, appropriately weighted with the signal-to-
noise ratio to give an indication of the proportion of signals
that would be detected. The standard requirement for
GW searches is that the fitting factor be above 0.965,
corresponding to a loss of no more than 10% of sources
in a search (disregarding additional loss due to a discrete
template bank). We see that, in all cases, the PhenomP
model achieves average fitting factors above this threshold.
The PhenomC model is acceptable only at high masses.
The fitting factors are highest for near-optimal orienta-

tions, where the total angular momentum is aligned with

the detector, and from which the precession has only a
small effect on the signal. As an example, Fig. 2 shows
results for the q ¼ 3 high precession configuration at
50M⊙, which proved to be the most challenging configu-
ration with no parallel spin component. Results are similar
for lower masses, while for higher masses fitting factors
improve at the expense of parameter accuracy. For the case
with large negative χeff we found that for some orientations
at masses below 60M⊙, the fitting factor was below the
0.965 threshold. This is because of differences in the PN
inspiral approximants used for the hybrid and for the
model; these effects for large antialigned spins have been
observed in the past [24], and are independent of our
modeling procedure. We leave a full study of parameter
biases to future work, but our results suggest that a
measurement of χp reliably identifies precession.
Discussion.—We have presented the first frequency-

domain inspiral-merger-ringdown model for the GW signal
from precessing-black-hole binaries. Incorporating a series
of insights from our previouswork, ourmodel is constructed
by a straightforward transformation of a nonprecessing-
binary model, in this case PhenomC; in practice, any
workable nonprecessing model could be used instead.
The current model did not require any precessing-binary
numerical simulations in its construction, although, in the
future, we plan to use extensive simulations to refine the
model, based on tests of the model’s accuracy for GW
searches and parameter estimation. Finally, we are able
to model the essential phenomenology of the seven-
dimensional parameter space of binary configurations
with a model that requires only three key physical param-
eters. This will simplify the model’s incorporation into
search and parameter estimation pipelines, aswell asmaking
tractable the problem of producing enough numerical
simulations to produce a model of sufficient accuracy for
GW astronomy with advanced detectors. It is not clear
whether a precessing inspiral-merger-ringdown model will
be necessary for GW searches, or the level of accuracy that
is required for parameter estimation studies, but these
questions can only be answered once a (reasonably fast
to evaluate) model exists, and we have provided one.
Our ability to model generic waveforms with only two

spin parameters implies strong degeneracies that will make
it difficult to identify the individual black-hole spins, in
particular, the spin of the smaller black hole. This may well
be the reality of GW observations with second-generation
detectors, for which 80% of signals will be at signal-to-
noise ratios between 10 and 20, in which the subtle double-
spin effects on the waveform may be difficult to identify.
These are important issues that deserve further attention in
future work.
The current model is valid only in the region of

parameter space for which PhenomC was calibrated
ðq ≤ 4; jχeff j ≤ 0.85Þ. More challenging precession cases
are expected at higher mass ratios and spins (e.g.,
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FIG. 2 (color online). Fitting factors (FF) between a q ¼ 3
highly precessing binary, and the nonprecessing PhenomC and
precessing PhenomP models, as a function of binary orientation
angles (θ, ϕ); at θ ¼ 0, an observer is oriented with the binary’s
total angular momentum. FF < 0.965 for many orientations with
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transitional precession), and the ability of our prescription
to model those configurations will need to be tested when
refined frequency-domain nonprecessing-binary models
become available.
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