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Abstract

We present a first step towards generalizing the work of Seiberg and Witten on N = 2 supersymmetric Yang-Mills theory to
arbitrary gauge groups. Specifically, we propose a particular sequence of hyperelliptic genus n— 1 Riemann surfaces to underly
the quantum moduli space of SU(n) N = 2 supersymmetric gauge theory. These curves have an obvious generalization to
arbitrary simply laced gauge groups, which involves the A-D-E type simple singularities. To support our proposal, we argue
that the monodromy in the semiclassical regime is correctly reproduced. We also give some remarks on a possible relation

to string theory.

1. Introduction

In two beautiful papers [1,2], Seiberg and Witten
have investigated N = 2 supersymmetric SU(2) gauge
theories and solved for their exact nonperturbative low
energy effective action. For an arbitrary gauge group
G, such supersymmetric theories are characterized by
having flat directions for the Higgs vacuum expecta-
tion values, along which the gauge group is generically
broken to the Cartan subalgebra. Thus, the effective
theories contain r = rank(G) abelian N = 2 vector su-
permultiplets, which can be decomposed intor N =1
chiral multiplets A’ plus » N = 1 vector multiplets We.
The N = 2 supersymmetry implies that the effective
theory depends only on a single holomorphic prepo-
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tential 7 (A). More precisely, the effective lagrangian
in N =1 superspace is
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The holomorphic function F determines the quantum
moduli space and, in particular, its metric. This space
has singularities at points or surfaces where additional
fields become massless, that is, where the effective
action description breaks down. A crucial insight is
that the electric and magnetic quantum numbers of the
fields that become massless at a given singularity are
determined by the eigenvalue-(+1) eigenvectors of
the monodromy matrix associated with the singularity.

For G = SU(2) considered in [1,2], besides the
point at ¥ = oo there are singularities at u = £A?2,
where A is the dynamically generated scale of the the-
ory, and u = 1(a?), where a = Alg=0. (On the other
hand, u = 0 is not singular in the exact quantum the-
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ory, which means that, in contrast to the classical the-
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ory, no massless non-abelian gauge bosons arise here).
One of these points corresponds to a massless, purely
magnetically charged monopole, and the other to a
massless dyon. The parameter region near u = oo de-
scribes the semiclassical, perturbative regime, which
is governed by the one-loop beta function [3,4]. It
gives rise to a non-trivial monodromy as well (arising
from the logarithm in the one-loop beta function), but

th 1 + tad with 3
therc are no massless states associated with it.

The singularity structure and knowledge of the mon-
odromies allow to completely determine the holomor-
phic prepotential 7. The monodromy groupis ['(2) C
SL(2,Z) consisting of all matrices congruent to 1
modulo 2. The matrices act on the vector (ap;a)’,
where ap is the magnetic dual of a, thatis, ap = ‘7—)%%”1
The quantum moduli space, namely the u-plane punc-
tured at £A? and oo, can thus be thought of H/T'(2),
where H is the upper half-plane.

The basic idea [ 1] in solving for the effective theory
is to consider the fn]]nwmcr familv of holomorphic
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curves parametrized by H/ F( 2):

P (x—AHG+HAD(x-u). (2)

These curves represent a double cover of the x-plane
with branch points at 0,+A? and oo, and describe
a genus one Riemann surface. That is, the quantum
moduli space of the SU(2) super Yang-Mills theory

1 1 1 s modnli enace of 2 nartienlar tarme:
coincides with the moduli space of a particular torus;

this torus becomes singular when two branch points
in (2) coincide. The derivatives of the electric and
magnetic coordinates {ap;a)’ with respect of u are
just given by the periods. Computing the period inte-
grals (related to the two homology cycles) thus yields,
upon integration, the dependence of a, ap in terms of
u, and integrating ap finally determines the prepoten-
tial F(a).

generalizing the work of Seiberg and Witten to (pure)
super Yang-Mills theory with SU(#n) gauge group (we
also will hint at how it might work for arbitrary sim-
ply laced groups). More precisely, we will propose
what we think the appropriate curves are, and give
circumstantial evidence to the fact that our choice is
correct. We will present a more detailed analysis of
the monodromies and period integrals in a follow-up
paper [5].

To be specific, we will consider mainly the gauge
group G = SU(3), but from our setup it will be clear
that all of our arguments immediately generalize to
arbitrary SU(n). We will denote the gauge invariant
order parameters (Casimirs) by

u=1Tr(¢"), v=1Te(e?), 3)

where we can always take the scalar superfield com-
ponent to be ¢ = diag(a, 8~ @, — ), such that, clas-
sically, u = & + 82 — aB, v = aB(a — B). The
residual global Zg symmetry act as u — ¢2™/3y, v —
—v. For generic eigenvalues of ¢, the SU(3) gauge
symmetry is broken to U (1) x U(1), whereas if any
two ClgCﬁva}ues arc G‘q‘ual, the unbroken symmetry is
SU(2) x U(1). These classical symmetry properties
are encoded in the following, gauge and globally Z¢

d glob
invariant discriminant:

27T = (a+ B)22a - B)a—2B)° .
(4)

Ag = 4°

The lines Ap = O in (u,v) space correspond to un-
broken SU(2) x U(1}, and have a cusp singularity
at the origin, where the SU(3) symmetry is restored.
As we will see, in the full quantum theory the cusp
is smoothed out, Ay — A, = 4u® — 270 + O(AY),
which, in particular, prohibits a phase with massless
non-abelian gluons.

It is straightforward to compute the prepotential F

in the perturbative regime, with the resuit

3
> (ei—e;)?logl(ei—e))*/A%). (5)
i<j

[
Felass = 4__7;

Here, ¢; denote the roots of the equation

WAZ(x,u,u)ExB—ux—v=0, (6)

A} ¥4 Mgy
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two roots coincide, the discriminant vanishes. In terms
of the variables a, 8 we have

er—e =(a+fB)

e1 —e3 = (2a—p)
er —ex =(av — 213 (7)
~ L haiel AN ~r 7’ N 7
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and thus, accordingly

Wy (x,a,B) =(x—a)(x—(-B)(x—(B—-a)).
(8)

The Casimirs u, v are gauge invariant and, in partirn-
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lar, invariant under the Weyl group W of SU(3). This
group is generated by any two of the reflections

r: (a,f) — (B-a,B)
rn: (a,8) — (a,a—p)
r3: (a,8) — (=8,—a). 9

Due to the multi-valuedness of the inverse map
(u,v) — (a, B), paths in (u,v) space will in general
not close in (a, B) space, but will in general close
only up to Weyl transformations. Such a monodromy
will be non-trivial if a given path encircles a singu-
larity in (u,v) space — in our case, the singularities
will be at “infinity” and along the lines where the
discriminant vanishes.

It is indeed well-known [6] that the monodromy
group of the simple singularity of type Ay (6) is
given by the Weyl group of SU(3), and acts as Galois
group on the e; (and analogously for Wy, _, related to
SU(n)). This will be the starting point for our gener-
alization.

What we are interested in, of course, is not just
the monodromy acting on (a, 3), but the monodromy
acting on (ap.;, ap:2; a, B)', where

J
aD,iEfi=a—mf(a,ﬂ)- (10)
Performing the Weyl reflection r| on (a, B8)', we eas-
ily find
Fi -1 0N/ F
(.7:2) - ( 1 1) (fz)

#v (5 5 (5) n

The winding number N that arises from the logarithms
is not determined by the finite, “classical” Weyl trans-
formation acting on the g;, but depends on the cho-
sen path in (u,v) space. We note that for large Z =
43 — 27v%, which corresponds to the semiclassical
limit, the prepotential behaves like

Z
]:class"’ulog[ﬁ], (12)

from which we can read off the winding number for
any given path in the semiclassical regime. We find
that by choosing appropriate paths, one can have N
jump by even integers, and that the minimal winding
number is N = 1. (An example for such a closed
loop is given by (u(a;(¢)),v(a;(t)) fort=0,...,1,
where a) (1) = e™a; + (1 ~ e™)ay, ar(t) = ap.)
Therefore, the matrix representation of ry acting on
(apy,apaia, B)' is

-1 0 2 -1
1 I -1 -1 — class n—1

n=l4o 0o -1 1 [|=N T, (13)
0 0 O 1

where 7§ is the “classical” Weyl reflection (given
by the block diagonal part of r; ), and T the “quantum
monodromy”

T=<g i), where C=(21 _21) (14)

is the Cartan matrix of SU(3). The other Weyl reflec-
tions are given analogously by r; = ré T=!. The 7,
are related to each other by conjugation, and, in par-
ticular, rotate into each other via the Coxeter element,
class class rglass X

Feox =1y

3. The curves for SU(n)

Our aim is now to find a sequence of curves C that
reproduces the quantum moduli space of supersym-
metric SU(n) Yang-Mills theories. Since we do not
know how to derive these curves from first principles,
we will make a proposal for the curves that is consis-
tent with various requirements, and subsequently ver-
ify that at least the monodromies at “infinity” repro-
duce the above matrices r;. This will be our only non-
trivial consistency check for the time being. To really
show that the choice of curves is correct physicswise,
requires in addition to check the various other mon-
odromies, which correspond to the condensation of
monopoles and dyons. A detailed discussion of these
matters will be presented elsewhere [5].

Let us now list the requirements that we impose
on the curves C. First, we seek surfaces with 2n peri-
ods (corresponding to (ap.; a;)), whose period ma-
trices are positive definite. It will be pointed out below
that this condition can be satisfied by choosing genus
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n — 1 Riemann surfaces, in direct generalization of
[1]. Secondly, we require that for A — 0 the clas-
sical situation is recovered. That is, the discriminant
of C should have, for A = 0, a factor of Ay given
in (4). This means that for A = 0 the curves should
have the form y™ = C(x) = W,,_,x(...) for some
m. This then also implies that the monodromy groups
will have something to do with the Weyl groups of
SU(n), and this is what we want as well. Thirdly, the
curves must behave properly under the cyclic global
transformations acting on the Casimirs {c;,c3,...} =
{u,v,.. } in other words, there should be a natural
dependence on Casimirs, for all groups. Finally, from
[2] we know that A should appear in C(x) with a
power that corresponds to the charge violation of the
one-instanton process.

Taking these requirements together suggests the sur-
faces for SU(n) Yang-Mills theory to be the follow-
ing, genus g = n — 1 hyperelliptic curves:

2
¥ =Cu(x) = (Wa,_, (x,¢)) — A™, (15)
where
W,y (X0) =x" =) cix" (16)

=2

are the A-type simple singularities related to SU(n).
Morally speaking, the square of W reflects having both
electric and magnetic degrees of freedom. Since there
is a general relationship [6] between Arnold’s simple
A-D-E singularities, perturbations by Casimirs, mon-
odromy and Weyl groups, we conjecture that (15)
describes surfaces for the other simply laced gauge
groups G as well, by simply replacing Wy, _, (x, ¢;) by
the corresponding D- or E-type singularity, and A"
by A?", where h is the corresponding Coxeter number.

Note in passing that even though C(x) does not
have the form as one of the curves given in [1,2],
it is equivalent to the I'g(4) modular curve given in
[2], since the modular invariants® coincide: j(u) =
571/353—/}:,}4#. Note also that the points #> = A* and
u = oo are exchanged for the two curves in [1,2], i.e.,
the parameters of the I'(2) and I'y (4) modular curves
are related as follows:

3 Obtained by transforming to the Weierstrass normal form.

Fig. 1. Branched x-plane with cuts linking pairs of roots of C3 = 0.
We depicted our choice of basis for the homology cycles. Con-
densation of monopoles or dyons occurs when two branch points
approach each other. The monodromy of the corresponding van-
ishing cycle then determines the electric and magnetic quantum
numbers.

12 z2, (17)

Wy = —F———=
\/u(z)z — A4

Returning to SU(n), it is useful to write

Ca(x) = (Wa,_, (x,¢) + A" (Wa,_, (x,¢;) — A")

=H(x—e;")(x—ei_). (18)

=1

Critical surfaces occur whenever two roots of C(x)
coincide, that is, whenever the discriminant A, =
IL < j( e,?t - eji)2 vanishes. Physicswise we expect
when this happens, monopoles or dyons condense
whose quantum numbers are determined by the cor-
responding monodromy matrices. For example, for

G = SU(3) the quantum discriminant is
Ay =ABATAL, AT =44’ - 27(v AP (19)

By construction, the hyperelliptic curves (15) are
represented by branched covers over the x-plane. More
precisely, we have n Z; cuts, each linking a pair of
roots ef and ¢;, i = 1,...,n. As an example, we
present the picture for G = SU(3) in Fig. 1. In the
classical theory, where A — 0, the branch lines shrink
to n doubly degenerate points: e; — ¢/ = e;. These
points, given for SU(3) in Eq. (7), correspond to the
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tation (the picture represents a deformed pI’Q]CCthl‘l
of the weights onto the unique Coxeter eigenspace
with Z, action). This means that the branched x-plane
transforms naturally under the finite “classical” Weyl
group that permutes the points. This finite Wey! group
is all there is in the classical theory, and is just the
usual monodromy group of the A,_, singularity al-
luded to earlier. In the quantum theory, where the de-

ata Ant Ivad inta h 1
encrate dots are resolved into branch lines, there are

in addition possibilities for “quantum monodromy”,
which involves braiding of the cuts.

;23

4. Periods and monodromies for G = SU(3)
Whai we are interesied in is the monodromy at
finity, which happens to be an “unstable” s1tuat10n in

that more than two ?nlr\fQ collide cimn]tsmpnnc]\l This

that more than tv VRIS CULIIUL SIIUQaUUesE Y. RIS

would in principle require to find an appropriate com-
pactification of the moduli space to make the degen-
eration stable.* However, instead of trying to resolve
this subtle problem, we will rather employ a trick to
get at the monodromy at infinity in a more direct way.

Specifically, we will use the fact the the monodromy
factors into a classical and a quantum part, just as in
(13) for SU(3). From the above it is quite clear that

tha ~la 1 t ~f tha adra
the classical part o1 i monsaroniy is obtained l"y

simply permuting the branches in the x-plane. This is
easily implemented by choosing appropriate paths just
like the one above Eq. (13).

The quantum part is associated with the logarithm
in (12). The crucial observation is that we can mimic
the effect of looping around in the Z-plane (where
Z = 4u® — 27v%), by formally rotating
T: A®— ™A%, r=0,...,1, (20)
along a small cycle around the origin. Such a rota-
tion of a singularity W = Wy + €, € = €*™, is indeed
well-known in the mathematical literature [6], where

3t ig 1 inally, ll A 1 Al adra *» T,
it 1s, ironicaity, cauca ‘classical m monoaromy . £°'or the

4 For G = SU(2), one can do this by just fixing three points on
the x-plane. Doing this has the effect that ¥ = +A? and u = oo
get exchanged, precisely according to the reparametrization (17).
Thus, what one might call monodromy at infinity gets exchanged
with what one might call monodromy at x = A2. The monodromy
matnces however, are essentially the same (up to conjugation and

1, so the difference does not seem to matter,
J, 8C e quuerence ¢Coes not seem (¢ mater,

A-D-E simple singularities it corresponds to the Cox-
eter element of the Weyl group, whereas in the present
context, it gives the quantum monodromy in the semi-
classical regime.

Now what 7 does on the x-plane is to transform
the e/ and e; into each other - this is obvious from
(18). Therefore, the quantum monodromy is given by
the product of all the monodromy matrices associated
with the vanishing cycles around the branch cuts in

tha v;n]onn Qn what nasde tn ha Anna ic tn datarmina
UIC ASPIAIIV. DU WAL ULAUS 1V UL UUIIL 15 U ULt

the precise form of these matrices.

Clearly, the monodromy matrices must reflect the
action of braiding and permuting the cuts on the vector
(ap;; a;)'. This action is expressed in terms of the
action on the homology cycles via

s {
aD,,=¢/\, a,-=j>/\, (21)
Bi a;

where a;, B; is some symplectic homology basis with
{a: . BN = —(8B: a\_s la:. ;) = (B R\_ﬂ
Naaarts o ARl V) jr NSy Pis P/
i,j=1,...,g Fromthe theory of Riemann surfaces it
is clear that the monodromy group must be contained
in Sp(2g,Z) =Sp(2n—2,Z). For G = SU(3), we
have depicted our choice of homology basis in Fig. 1.
In (21), A denotes a svitably chosen meromorphic

differential. The holomorphic differentials on a genus

i-1d
g = n— 1 hyperelliptic curve are given by w; = x*~! y’,
i=1,...,8 They give rise to the period matrices as
Aj = [ w;and By = fﬁ}“,, which are related to
(ap,a;) as follows:
da‘(u) da, (u)
Ay = , Biyj=—-—. (22)
(7u', auv,-

This represents a non-trivial integrability condition,
and thic 1c what datermines in {21Y Snecificallvy

and this 1s wnhat gdetermines A in \&1 ). vpliiibaiiy,

we can have that @; = g—: if we (formally) choose,
for example, the differential as follows:

A= —dxlog{—Wa,_, —1/(Wa_ )2 —A2] . (23)

Note that due to the identification (22), the second
s A —1D\N <. N omciieno

Riemann bilinear relaiion, Im{A~'B) > O, ensures
the positivity of the metric:

(ds)? = °F —da ‘da’ = Im Z dapda, (24)

m
da‘d
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similar as for genus one [1].

The action of braiding the branch points on the ho-
mology can be obtained elementarily by tracing the
deformations of the cycles induced by the movement
of the branch points. Somewhat easier and more el-
egant is however to use the Picard-Lefshetz formula
[6]. Denoting by »;; the vanishing cycle that vanishes
as one moves the i’th branch point along a specified
path vy to the j’th point, the action on any cycle of
the counter-clockwise braiding of the two points along
that path is given by

S, =y + (vavijhvij, (25)

where (y,v;;) denotes the intersection of the two cy-
cles. (For the A-D-E simple singularities, this formula
coincides with the well-known formula for Weyl re-
flections.)

Specifically, the effect of braiding the cut between
ef and e;” on our homology basis, defined in Fig. 1,
comes out to be as follows:

1 0 -1 1

01 1 -1
€y 00 1 0

00 O 1
There is no additional sign since the forms w; are
invariant for this particular braid. Similarly,

1 0 -1 0
01 0 0
Byer =10 0 1 o
00 0 I
100 0
01 0 -1
Bier=lo 01 o
000 1

According to what we said above, the quantum mon-
odromy is then given by the product of these matrices,
and it indeed coincides with (14):

__p—1
Be'l*.el_ Be},e{ Be;,e; =T . (26)

The classical monodromy depends on the particular
path, and is trivially given by the corresponding clas-
sical Weyl group element. For example, for the path
given above Eq. (13), the branches 1 and 2 in Fig. 1
are exchanged, and the action of this braid on the ho-
mology is given by r§®*. Hence, the full monodromy

is ry = r{'®T~1 in accordance with Eq. (13). We be-
lieve that this is a non-trivial verification of our pro-
posal for the hyperelliptic curves.

Obtaining the monodromies around the other van-
ishing cycles is harder, and is deferred to the future
[5]. However, we can make an easy guess of what
the monodromies corresponding to the purely mag-
netically charged monopoles might be (possibly up to
conjugation), namely by considering

rlgmag) =0 r?laSsTQ——] = (ri—l)t ,

i=1,2,3, (27)
where

0 0 10

0 0 0 1
Q= -1 0 0 0

0O -1 0 0

is the symplectic metric. These matrices would look
like

-1 1 0 0
r = 2 —1 -1 0] etc.
-1 -1 1 1

According to [1,2], the magnetic charges of the
monopoles that become massless at the correspond-
ing singularities are given by the eigenvalue-(+1)
eigenvectors of the monodromy matrices. Specifically,
for the matrices (27) we find the following (mag-
netic;electric) charges for the massless monopoles,

r™8 1 (0,1;0,0)
rs™8 L (1,0;0,0)
™ (21,1;0,0), (28)

which is something one would expect in accordance
with semiclassical stability [7].

5. Remarks about a relation to string theory

The A-D-E singularities play also a well-known role
in string theory [8]. They give rise to exactly solv-
able d = 2 N = 2 supersymmetric Landau-Ginzburg
models, whose tensor products can be used to repre-
sent Calabi-Yau string compactifications. We can in-
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deed relate our curves as well to LG models, by sim-
ply going to homogenous coordinates. The LG super-
potentials are of the form Wig = y? +x>" + (Az)?" +
cox?1=27z2 1+ . where c; are now dimensionless mod-
uli, and A is an irrelevant, non-zero number. These
potentials describe tensor products of two N = 2 min-
imal models of type Az,_1.

As is well-known [9], such N = 2 theories, when
viewed as topological field theories, are characterized
by prepotentials Fig(a;), where g; are the flat coordi-
nates corresponding to the LG moduli ¢;. The point is
that the computation of F is, essentially, the same
as the computation that leads to F in (1), and there-
fore these two prepotentials are very closely related.
Therefore, if we consider type IIB string compactifi-
cation with N = 2 space-time supersymmetry in d =
4, on a superconformal background that contains one
of the above LG models as a tensor product piece of
it, the string effective action [10,11] contains a piece
that is very similar to the the N = 2 Yang-Mills ef-
fective action (1). It might be possible that, upon de-
coupling the gravitational sector (“rigid special geom-
etry’” [1,12]) and appropriately freezing the various
other fields, the effective actions do coincide. It is in-
deed well-known that the abelian gauge group in the
RR-sector of a type II string compactification never en-
larges to a non-abelian group, and this may be thought
as a reflection of what happens for quantum N = 2
Yang-Mills theory.

Does this potentially mean that a low-energy ob-
server cannot distinguish between this subsector of
the type IIB string compactification and the effective
Yang-Mills theory? The answer could be related to the
conjecture [ 13] about the equivalence of string the-
ory with its effective field theory, when all solitons of
the effective theory are taken into account. The above
would also imply that the complex functional depen-
dence of a given F on the moduli a could be attributed
either to world-sheet instanton effects, or, equally well,
to space-time non-perturbative effects, and this rela-
tion would seem to be quite non-trivial.

We believe that these matters urgently deserve fur-
ther study.
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