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Abstract

We present a characteristic decomposition of the potential flow equation in the
self-similar plane. The decomposition allows for a proof that any wave adjacent
to a constant state is a simple wave for the adiabatic Euler system. This result is
a generalization of the well-known result on 2-d steady potential flow and a recent
similar result on the pressure gradient system
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1 Introduction

The one-dimensional wave equation
U — C2uxx =0 (1)
with constant speed c has an interesting decomposition

(O + ¢0:) (0 — cO)u =0, (2)
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or
(Op — c0y) (O + cOp)u =0 (3)
known from elementary text books. One can rewrite them as
0;0_u=0, ord_0yu=0, (4)
where 01 = 0; + ¢0,. Sometimes, the same fact is written in Riemann invariants
R+ cO,R=0, 0;S—¢0,5=0 (5)
for the Riemann invariants

R:=0,— cou, S := 0+ coyu. (6)

For a pair of system of hyperbolic conservation laws

u fu,v) 0 ]
_'_ = , 7
MR "
it is known that a pair of Riemann invariants exist so that the system can be rewritten
as

O R+ M\ (u,v)0,R =0, s)
S + Ao (u,v)0,5 =0,

where (R,S) are the Riemann invariants and the A’s are the two eigenvalues of the
system.

These decompositions and Riemann invariants are useful in the construction of solu-
tions, for example, the construction of D’Alembert formula, and proof of development
of singularities ([4]). An example of the system is the system of isentropic irrotational
steady two-dimensional Euler equations for compressible ideal gases

(9)

( = u?)uy — uv(uy + vg) + (2 = vy, = 0,
Uy —v;, = 0

supplemented by Bernoulli’s law

+ =k (10)

where v > 1 is the gas constant while k£ > 0 is an integration constant. This system has
two unknowns (u, v), and by the existence of Riemann invariants, any solution adjacent
to a constant state is a simple wave. A simple wave means a solution (u,v) that depends
on a single parameter rather than the pair parameters (x,y). Since there is the lack of
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the explicit expressions, the concept of Riemann invariants plays a limited role in a much
broader sense, e.g., to treat the full Euler equations.

In recent years, the pressure gradient system

Uy +p33 = 0
Ut —|— py — O (11)
E; + (up)z + (vp)y = 0,

where £ = p + (u* + v?)/2, has been known to have “simple waves” adjacent to a
constant state (u,v,p) in the self-similar variable plane (£, 7n) = (x/t,y/t). This system
has three equations and no Riemann invariants have been found. But the equation for
the unknown variable p in the (£, 7) plane

(Epe +npn)* 2

(p — €)pee — 26npey + (p — 1% + Epe + npy) =0 (12)

allows for a decomposition

7’4)\+
0+0-p =m40_p, my = 27p2pr, (13)
where (r,0) denotes the polar coordinates of the (£,7) plane and

p

0 =0+ 01050 = B+ N0 de = £ [

(14)

For convenience of verification we state that the p equation in polar coordinates takes
the form

p p 1
(p - T2)prr + ﬁp% + ;pr + E(Tpry - 27"}77« = 0. (15)

The characteristics are defined by

do
— = At. 16
dr * (16)
In addition, we know that
8:|:/\:|: = niﬁip (17)

for some nice factors ny. These facts allow for expressions

O (0:Az) = (0xAs) fx (18)

for some nice factors fi. This decomposition leads directly to the fact that

Proposition 1. A state adjacent to a constant state for the pressure gradient system
must be a simple wave in which p is constant along characteristics of a plus (or minus)
family.



These lead to the desire to consider the pseudo-steady isentropic irrotational Euler
system which has three equations with source terms,

(PU)e + (pV )y = —2p,
(pU)e + (pV)y = —=3pU, (19)
(PU)e + (pV)y = =3pV,

where (&,1) = (z/t,y/t), and (U,V) = (u— &, v —n) is the pseudo-velocity. It turns out
that we are unable to find explicit forms of the Riemann invariants, but decompositions
similar to 9, 0_A_ = md_A_ hold for some m, presented in Section 4.

We use the characteristic decomposition of Section 4 to establish in Section 5 that
adjacent to a constant state a wave must be a simple wave for the pseudo-steady irro-
tational isentropic Euler system. A simple wave for this case is such that one family
of wave characteristics are straight lines and the physical quantities velocity, speed of
sound, pressure, and density are constant along the wave characteristics. Further, us-
ing the fact that entropy and vorticity are constant along the pseudo-flow characteristics
(the pseudo-flow lines), our irrotational result extends to the adiabatic full Euler system,
see Section 5.

2 Two-by-two system

Consider a 2 x 2 hyperbolic system in the Riemann invariants

8tR+>\18xR — O,
{ 05+ 0d,S = 0. (20
So we find that
(92)\2 = (@ + )\281))\2 = )\27382R, (21)
where Ao p := OrA2. We go on to find
01y — O A
0R = 227 o)R, (22)
Ao — A\
and so
1 81>\2 — 82)\1 82)\2
——0OhNg) = 2
D )
which implies
O1\a — O\ O\
0109y = ( LA “‘) Do Aa. (24)
A2 — A1 A2.R



The elegant form is undermined by the dependence on the Riemann invariant R via
the term Ay . It is not useful when the explicit form of the Riemann invariants are not
known. But we think it is worth mentioning. For example, (24) can be used directly to
show that all characteristics in a wave adjacent to a constant state are straight and thus

such a wave is a simple wave.

3 Steady Euler system

Let us build explicitly the characteristic decomposition for the steady Euler system for
isentropic irrotational flow (9)(10) in the absence of the explicit form of the Riemann
invariants. The same technique can be extended to the case of pseudo-steady case in

Section 4. We write the system in the form

U —2uv c2—v? U
c2—u?  c?—u? —
T =]

The matrix has eigenvalues

\ uv £ \/02(u2 + 02 —¢?) dy
= u? —c? (= @>
which are solutions to the characteristic equation

2uw 2 —v?
2 _
/\+02—u2/\+62—u2_0'

We have the left eigenvectors

g:t == [17 )\qj],
where we have used the relation
2 —v?
M= E

The characteristic form of the system is therefore

u u
ei[ULHiei[U]y_o,

which is equivalent to
O+u + )\yaiv =0.

We then have

O_A_ = OA_ + A\_OyA_ = O A_0_u+ OA_0_v = (OuA_ — DuA_/\s) D_u.
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We shall ignore the similar calculation for 9, A, for simplicity of notation.

Now that the term 0_\_ differs from 0_u by a lower-order factor, we shall focus our
attention on d_u. First we see that we can derive a second-order equation for u, i.e.,

2uv ? — u?
uyy—< 5 Uy — 2—1)2%) =0, (33)

2 — p? c

or equivalently

2uv . ? — v? ® — v? 2uv 2 —u? (34)
Ugy — ——— Uy ——— Uy = Uy — Uy | .
2—u2 22—y 22 2—2), Y c? — 2 .

We now compute the ordered derivative 9, 0_u to find

040_U = Ugy + (A g + AUy + A AUy + O A uy,. (35)
We find that
0L A = 04 u(Oy A= — OpA_/A). (36)

Thus we obtain

0.0 = =5 ((5), w- (58), w)
+(uy + Apty )ty (O A= — OpA_/AZ).

(37)

We notice that the above right-hand side is a quadratic form in (u,,u,), once we sub-
stitute v, by u,. So we compute further. We use the Bernoulli’s law to find

(e = — (7 — 1)(uay + vuy). (38)
So we find
(Cgﬂﬂz)x = oy Ve (c® = u? = v? + ) + uuy (2 +?)]
(g:;‘i)x = ﬁ[uum@cz — 02 —u? + yu? — y?) (39)

—ou, (2¢2 — 02 + y? — u? — yu?)].
We now compute the factor 9, \_ — A='9, A_. We use Bernoulli’s law to find
(u=-(y=1Du, ()o=—(v—1Du. (40)
We use the characteristic equation

( —uP)N? + 2uvd + ¢ —v? =0 (41)



to obtain

9\ - A2 (y+Du—2vA_+(y—1)u
ust—= 22— (c2—u?)+2uv ’

I A (y—Du—2ud _+(y+1)v
vo= 22— (2 —u?)+2uv

We then simply compute to find

y+1 (uA_ — )3

Ouh_ — APON_ =
N 22 (2 —u?) +2uv A

Coming back to our equation for 9, 0_u, we have
(? —u?)(c®* —vH)0,0_u
= wdu(2¢® — u? — v+ yu? — ?)
gty (—vu® — v* 4 3yvu® — 0° + Q)
Fup[2u(c? + ?) + A Q)
where we have introduced the notation

0. (2 —u?)(c? —v?) 7—1—1( A o) = (v + 1)(® — v?)(uH — ve)?

. 20 (2 —u?) +2uv A 2(c? —u?)H(cH — uv)
where

u? 4+ v?2 — 2.
We then factorize the quadratic form to find finally

u(2¢® — u? — v? + yu? — yv?)
CEICRT

0.0 u= (Opu + a0yu)0_u,

where

2u(c® +yv?) + A Q
Au(2¢? — u? — v2 + yu? — yv?)

o =

Proposition 2 There holds the identity
040_u = m(0,u + adyu)o_u,
for some functions a(u,v) given in (48) and some m given by

u(2¢? — u? — v+ yu? — yv?)
CECRT

m =

(44)

(48)

(49)

(50)



We use the relation
O_u=0_A_/(OuA_ — AN (51)
to go back to d;0_-A_. We find

[4c® + (7 = 3)(u? + vH)][vA_( + u?) + (¢ — v*)u]

— -1 — —
G- = OA-As (2 —v?)(c? — u?)[2A_(c® — u?) + 2uv] G (52)
So we have
1 .
ébr(é(l)\,) =mad,u o (53)
or
010-A_ = (mOyu + 04+ (In |G|))0_A_. (54)
Proposition 3 There holds the identity
0+0_A_ =mOo_M\_ (55)

for some m = m(u,v)(0,u + B(u,v)0yu). A similar identity holds for O_04 ..

We remark that in the application on simple waves, the equation for u is sufficient
and the equations for AL are not needed.

4 Pseudo-steady Euler

We consider the two-dimensional isentropic irrotational ideal flow in the self-similar
plane (£,n) = (x/t,y/t). There holds the Bernoulli’s law

c? U2+V2_

o + 5 —p (56)

where ¢ is the speed of sound, (U, V) = (u—§,v—mn) are the pseudo-velocity, while (u, v)
is the physical velocity, and ¢ is the pseudo-potential such that

pr = Ua 907] = V (57)
The equations of motion can be written as

{ (& =U)Ue =UV (U, + Ve) + (¢ = V)V, = =2¢2 + U? + V? (58)



We can rewrite the equations of motion in a new form

—2UV  2-V?
U C2_U2 c2_U2 u —
A M o

to draw as much parallelism to the steady case as possible. We emphasize the mixed
use of the variables (U, V') and (u,v), i.e., (U, V) is used in the coeflicients while (u,v) is
used in differentiation. This way we obtain zero on the right-hand side for the system.

The eigenvalues are similar as before:

o UV /(U2 +V2 - )

e =M T (60)
The left eigenvectors are
(L =1, A&]. (61)
And we have similarly
Oru+ Az0rv = 0. (62)

Our A4 now depend on more than (U, V). But, let us regard A as a simple function of
three variables AL = AL (U, V, ¢?) as given in (60). Thus we need to build differentiation
laws for ¢2. We can directly obtain

2

2
<7c_1> + Une + Ve =0, ( C_1> + Uu, + Vi, = 0. (63)
£ v Y]

We have
8i02 = —(7 - 1)(U8iu + V@iv). (64)
So we move on to compute

OxNy = OyAL0LU + Oy AL0LV + 02A10sc?
= 8UAi(8iu — 1) + avAi(aiU - A:t) + 802Aia:|:02 (65)
= 8UAi8iu + 8VAi8iv -+ 662Ai8:|:02 — 8UAi — a\/AiAi.

We need to handle the term dyAy + Oy AL Ay. We show it is zero. Recalling that
(> = UHN+2UVA+* - V? =0, (66)

and regarding that A depends on the three quantities (U, V,c?) independently, we can
easily find
A(UA-V) UA-V

Ay = Ay =— . 67
VT ANE-U) 10V YT ANE-U)+ UV (67)




Thus
Ay + AAy = 0. (68)
Therefore we end up with
0:Ms = [OyAs — AZ'OvAs — (v = 1)02As(U — AZ'V)] 0zu. (69)

Thus, if one of the quantities (u,v,c?, A_) is a constant along A_, so is all the rest. So
far the properties are very similar to the steady case.

We derive an equation for 0_u. We have a similar second-order equation for u

20V 2 —U?
Upy = <c2 U T 2y u§>£. (70)
We have similarly

010-u = ug+ (A + A )ugy + A_Ayu,, + 0L A,

(cggx‘;Z)E Uy — (%)5 Ug} + 01 A_w,,.

02—V2
027U2

We compute

04N = OyA_0,U+0yA 0,V +02A_0.c?
= [OvrA- — F0vA_ — (v = 1)02A_(U — £V)]01u (72)
—(OpA_ + AyOyAL).

We continue to find

040-u= 5= { iy VU (S = V2) + 2VUe(? = V2) = 2VU () — 2V Vo)

— i [(D)e — 2UT) (2 = V2) — (2 = UP)((P)e — 2V Ve)]} )

0wy [Quh- = 20y A- — (v = DA (U — £V)]
—uy (O A + ALOyAL).
We apply the rule Ue = ue — 1, Ve = v¢ = u,, to find

0,.0_u= ii:gz {(62_“{7/2)2 2u,U(c* — V?) + 2Vue(c® — V?)

L2VU((y = D)Uug + (v + 1)Vuy)]
@y [ ((r + DUue + (v = V) (e = V?)

(74)
+(e = U)((v = DUug + (v + DVuy)]}

+0yuty [ — OyA- — (v~ 1)02A_(U — 3-V)]

Ve 20ty (A + Ay Ay AL,

c2_U2
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We note that there appear terms which are linear in the derivatives of (u, v) in addition
to the pure quadratic form as in the steady case. The pure quadratic form is identical to
the steady case, so we do not need to handle it further. The linear form can be handled
as follows. First we use the derivatives (Ay, Ay) to compute

1 2-V2 20UN_-V)
aUA, + A+8VA, - aUA, + Kfma‘/[\, = 02——(]2 (75)
Then we have
-2 -2 2
Ve = 20ue oA+ Avond )= ——2Y 5 4 (76)

¢z —U? 2 U2
Thus the linear form is also in the direction of A_. Combining the steps we end up with

Theorem 4. There holds
U2 —U? = V2 +qU? — 4V?) 2U

U= A U — ——0_
0,0_u @ = U5 V) (Ogu + Adyu)0_u e U28 u, (77)
where
2U (? )+ ALQ
A U2 -U?-V2+4+~U? —~V?)
and
= (=U)(=V?) ~v+1 3
= A — .
@ 2A_(c? = U?) +2UV 2A_ w V) (79)
We then have
Theorem 5. There holds
0. (0_A_)=mo_A_. (80)

Similarly there holds 0_ (04 Ay) =ndyAy.

5 Application: Simple waves

For a system of hyperbolic conservation laws in one-space dimension, a centered rar-
efaction wave is a simple wave, in which one family of characteristics are straight lines
and the dependent variables are constant along a characteristic. See any text book on
systems of conservation laws, e. g., Courant and Friedrichs [1]and others’ [8][2].

Simple waves for the two-dimensional steady Euler system are similar, i.e., one family
of characteristics are straight and the velocity are constant along the characteristics.
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For the the two-dimensional self-similar pressure gradient system, see [3], simple waves
can be defined similarly, i.e., one nonlinear family of characteristics are straight and the
pressure is constant along them. We note that we do not require the velocity to be
constant. This way, by the characteristic decomposition, we find that ¢ wave adjacent
to a constant state is a simple wave.

In the construction of solutions to the two-dimensional Riemann problem for the
Euler system, see any of the sources [6][8][7], it is important to know how to construct
solutions adjacent to a constant state in addition to the constructions of the interaction of
rarefaction waves ([5]), subsonic solutions, and transonic shock waves. The characteristic
decomposition 9105 9 = mda o allows us to conclude that

Theorem 6. Adjacent to a constant state in the self-similar plane of the potential flow
system is a simple wave in which the physical variables (u,v,c) are constant along a
family of characteristics which are straight lines.

5.1 Simple waves for full Euler

Consider the adiabatic Euler system for an ideal fluid
pt+v'(pu> =0,

(pu)e +V - (pu@u+pl) =0, (81)
(pE)i +V - (pEBu + pu) = 0,

where ]
E = —|ul?
Hlul” +e,
where e is the internal energy. For a polytropic gas, there holds
L p
e=——=,
y—1p

where v > 1. In the self-similar plane and for smooth solutions, the system takes the

form:
% sP+U§+Un :0;

1 —
8su + ;pg = 0,

asv + %pn = Oa

S50+ ug + v, =0
where
05 = (u—&)0 + (v — )0,
which we call pseudo-flow directions, as opposed to the other two characteristic direc-
tions, called (pseudo-)wave characteristics. We easily derive

Os(pp™") =0, (83)
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and
Py

() () + (2)s = (55), = 0 (84)
for the vorticity w := v, — u,. So entropy pp~7 is constant along the pseudo-flow lines.
For a region 2 whose pseudo-flow lines come from a constant state, we see that the
entropy is constant in the region. For isentropic region, vorticity has zero source of
production since (%’)x — (&), = 0. Thus vorticity tw = ve — uy, (setting ¢ = 1 then)
satisfies

Os(w/p) = 0. (85)

Hence, for a region whose pseudo-flow lines come from a constant state, the vorticity
must be zero everywhere. So the region is irrotational and isentropic. Thus our formulas
for the potential flow apply. We have

Theorem 7. Adjacent to a constant state in the self-similar plane of the adiabatic Fuler
system is a simple wave in which the physical variables (u,v,c,p, p) are constant along
a family of wave characteristics which are straight lines, provided that the region is such
that its pseudo-flow characteristics extend into the state of constant.
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