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In this paper, the simplest exp-function method which combines the exp-function
method with a direct algorithm is used to exactly solve the Mikhauilov-Novikov-
-Wang equations. As a result, two explicit and exact solutions are obtained. It is
shown that the simplest exp-function method provides a simpler but more effec-
tive mathematical tool for constructing exact solutions of non-linear evolution
equations in fluids.
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Introduction

Non-linear phenomena of the real world involved in many fields like physics, biolo-
gy, economics, chemistry, mechanics, fluid dynamics, and engineering are often described by
non-linear evolution equations (NLEE). To gain more insight into these physical phenomena,
researchers usually resort to solutions of such NLEE. Since the exp-function method was pro-
posed by He and Wu [1], more and more exact solutions of NLEE have been obtained, such
as those in [2-8]. In 2016, Zhang et al. [9] present a simple and effective algorithm of the exp-
function method for dealing with the so-called middle expression expansion problem (MEEP)
appeared in the process of computation. Comparatively speaking, the MEEP of the exp-
function method results from the rational ansétz [9]:
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In eq. (1), a, and b,, are undetermined constants, f, p, g, and g are determined by
proceeding the homogeneous balance between the highest order linear term and the highest
order non-linear term in eq. (2). As pointed out in [1, 2, 9] that the final solution obtained by
the exp-function method does not strongly depend on the choices of values of f, p, g, and ¢
and f= p = g = g = 1 is the simplest choice. In the direct algorithm [9] of the exp-function
method, Zhang et al. [9] introduced a general eq.:
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where the non-negative integer n is determined by balancing the highest order linear term with
the highest order non-linear term in eq. (2), u j=u; X, %y, %), j=01,2,---,n, are coeffi-
cient functions to be determined by the system of PDE resulted from substituting eq. (3) into eq.
(2). It is shown [9] that the eq. (3) has an advantage over the one in eq. (1) to deal with the so-
called the MEEP when using the exp-function method to transform a given NLEE into the
overdetermined system of algebraic or differential equations. Besides, if & is a non-linear func-
tion of the indicated independent variables then the eq. (3) can be used to construct non-
traveling wave solutions of given NLEE like the Jimbo-Miwa [9].

In this paper, we would like to extend the approach [9] (the simplest exp-function
method for short) to the new Mikhauilov-Novikov-Wang equations [10-12]:

u, =18v_ . —36(vu), —up, +49u u . +14uus, +84u u  —70u —
—252uu ., —56u’u, . + %bﬁux “)

v, =36, +Vv. v, +3vus, —12v uu,, —72vu,u,, —36vuu, —
—6v u’ + %u?’vx +96vu’u, 5)
As far as we know, egs. (4) and (5) have not be solved exactly. In fact, it is difficult

to solve egs. (4) and (5) by the exiting analytical methods. In the next sections, we shall con-
sider two special cases of egs. (4) and (5).

First special case

In order to solve eqs. (4) and (5) conveniently, we first consider case when v =0 [13]:

224
w, =y, +49u u +14uus, +84u u . —70u> —252uu u, —56u’u . + Tu3ux (6)

Balancing the highest order linear term u,, with the highest order non-linear term
u3ux ,wehave n+7=4n+1, i. e., n=2, and then suppose that:

u=uy(x, N9 > +u, (00" +uy(x,1), @=1+e°, E=kx+ct (7

Substituting eq. (7) into eq. (6) and then equating each coefficient of the same order
power of ¢'(i=0,-1,-2,---,—9) to zero yields a set of PDE:

@0 —40320k’e" u, + 33936k e ul — 4928k e uy + % ke*ug =0 ®)

@ 105840k "e% 1y — 44016k°e* ul +2016k>e* 1) — 5040k’ e u, + 27048k > ugu, —
—9408k>e* ugu, + @keé upy +35280k%e%u,  — 40824k e uqu, , +

+5376k*e* uluy, — %uéuox =0 ©)
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@ —100800k’ e u, +16548k> e us —112k>e*ug + 15120k’ e u, —
—39816k’e* uyu, +4368k>e* uiu, +3864k5e5‘ful2 — 5460k ugu? + 672k ugui +
+10080k°e™ uqu, — 5712k>e* udu, + 448ke* uju, —75600k°e™ u, . + 36288k e uqu,, —
—840k e utuy, —19320k*e* uuy, + 7896k gy, — 224uduyuy, +10752k>e U3 —

—1428ke ugul, +5040k%e % u;  —16968k*e* ugu, . +3696k*e* utu,, — = uiu,, —

15120k uq,, + 11928k e ugu,,, —840ke“ uguy, =0 (10)
@ % 42000k’ e* u, —1792k e ug —16800k’ e u; +17290k > ugu; —

1120

280k’ e udu, — 6636k uf +2940k> e* ugui —910k> e u; + —— ke®u,

—16800k>e* ugu, +3024k>e* utu, +1680k>e™ uyu, —5880k>e* uguut, +
+1120ke® uiuut, + 54600k ™y, — 7462k e* uguy, +19908k* e uu,, —
—1428k2e gy, + 2730k*e* utuy, —224uguluy, — 8400k e* uyuy  + 5544k uguuy, —
224uluyuy, — 5544k u3  —1218ke*uud, +T0ug, — 12600k, + 17472k > uqu, , —
—672k> e udu;, — 6048k e* uu, . + 5040k uguuy, — 224uluu, . +10920k > ug 1, —

—2352ke® ugitg 1y, — 5880k e* ugu,  +2352k*e* uiu,, 2§4 gty + 25200k ¢ u,, —

—6216k>e™ gy, + 6636k > uuy,, —1428ke® ugu iy, —5292k>e™ uy 1y . +252u4Uq U o —
~2520k°e™ uy , + 5544k ugu, . — 672ke“ugu, . +4200k*e*u, . —
2128k uguty,.. +56uay,., =0 (11)
@0 —T7224k7 ¥ uy + 28k et ul + 8400k e e u;, — 2212k e ugu, + 3458k e ul —
22413 ugul +588k>e*u + Tkef u + 8400k e ugu, — 224k uiu, —
—3360k e w1, + 3696k’ gy, — 1176k utu, +896ke® ugulu, —1344k>e* ugu3 +
+ 448ke“ugus — 15120k €™ u,, + 238k e ugu,, — 4858k e* uyu,, —
2 £ 2 224 4 3¢

—588k“e®u; uy, —Tu] ug, +10080k™ e uyu,, —1 176k*e* UgUyUg, +

+3528k>e* uyuyuy, —448ugu iy, + 392k e ug —1008ke® uyuy +10920k e e u,  —

—4270k* e ugu,, + 7476k > uyu,, —1092k> e  uguyu, , +1554k*e* uiuy, —224uguiu,  —
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—1680k*e* uou; , +3192k%e* uguyuy . —224uusuy, — 6720k e ug 1y . —1932ke yug 1y, +
2100wy, + 2184k Ul —924ke® ugu?, + 7056k  ugu,  — 504k e uiu,, —
—1176k*e* uu, , +2856k>e* uguyin, , — 224uluu,  + 4704k uy u,  —

—1848ke® uyig 1ty —12600k°e* 1y + 448k uguy,, — 4116k > uu,,, —

—588ke® uluy,., + 3360k e Uiy —1176ke® uguyuy,., +1092k%e Uy gy . +
+252u14 1y, — 3276k w1y, +252ugu; 1y, +504keus  +
+5040k% e uy . — 3444k > ugu, . + 2436k > uu, . —1092ke® uguyu, , — 3108k uguy . +
+252uguy, 1y, + 2016k ugu, . —504ke ugu,  — 5040k e uy + 448k ugu,,, —

—1400k* e uyuty . +112uguguy . +728ke g, 1y, +840k e u,  —1176k*e* ugu, . +

Wy xex
+ 56uguy . —840k e u,, . +238ke uguy ... =0 (12)
ot 378k7e*uy —1806k’ e u, + 42k e  ugu; — 553k e u — 56k e u; —
—1260k3e* Uy, + 2100k 1, — 336k uguyu, + 924k e utu, +224keuju, +
+1008k>e* ugu? —336k> > uus +672ke uguyu? +1320k%*u,, +189k e uu,, —
2940k e uyuy, — 924k e uyutyuy, — 224uuyuy, +1008k*e* uduy, —

—224uguluy, —3780k e u; . +168k e ugu,, — 2282k *e* uu,, — 420k%e ulu,, — %ufuu +

+2520k*e* uyu; . — 840k e uguyu,  +1680k>e™ g, — 448uguityu,  + 588k e iy 1y, —
—1512ke uyutg 1y, — 1680k e* uf. —T14ke uui, +210uy 1, — 2058k e* uqu,  +
+1764k e uu, , — 756k uguyuy, + 714k*e* ufu,  — 224uguiu,  +1512k*e* uguu, , —
—224uduyuy  — 3528k € uy uy  —1428keuyuy 1y +210ud 1y +1176k° > 1y 1y —
—1344ke® uguy 1y +1890k°e* 1y +364k e uyuy . — 2520k e uyuy, —924ke® uusuy,, +
+ 252051y, Uy + 840K 1y . + 252u14, 1ty — 1764k, 1ty +
+252u4uy o, — 3150k 1, . +308k>eSugu, . — 1890k e uu, . —420ke*ulu; . +
+ 840k uyu; . —840ke ugutouy . + 798k ug 1y +252uu0 1, . — 1596k uy ;. +
+ 252091y 11y .+ T56ke Uy oty . —1512k3 € ugu, . + 504k > uu, . —T56ke ugumt, . —
—1512k%e* U 1y ., +252ugutg 15 + 1470k e uy  + 364k uugy,., + 56Uy, —
—840k2e™ uyuty, +112uguyutg ., +560ke u, . —84uqy 1y, —1260k*e*

+
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+ 308k e ugu, ., — 644k wuy . +112uguuy . +532ke“uy u; . — 504k ugu, . +
56Uy . + 630k e Uy . +189ke ity . —49ug Uy e — 210K uy . +168keSugu; . +

+126k*e*ug 5, — 14uguy s, =0 (13)

@ =20 Uy — 2k et uy +126k e u, + 14k e ui +28k>e  uqu, — 420k uu, —
112k uiuy —112k> e ugu3 +336k>e* uu; + 224keuiu3 + %keé‘uoug -

—14k®e uy, +140k e uyuy, —336k>e usuy, —224uusu,y, +434k°e* u, +
+ 119k e uu,, — 980k e uyu,, —588k*e uyuuy, — 224uiuyu, , +
+336k* e uduy, — 224uguiu,  +196k>e*ul, — 504ke u,ul. +70u;, +98k e ugu,  —

—686k*e* uu,, — 252k ulu,, 2§4u13u2x—504k265u0u2u2x+504k262§u1u2uzx—

—448u ittty + 392k 1y 1ty . —1008ke 11y 1ty —1176k>e* uy 1y —924ke uyu, ut, , +
4200 1ty 1ty — 420ke  ugus . — 42k €1y + 280k’ uyuy, —336keS uzuy,, + 25251y Uy, +
+588k2e 1y 1ty + 252Uy 1ty + 630k uy  + 224k e uuy . — 840k e* upu, . —
—588ke ity . + 25215 1y + 546k uy 1y +252uu 0y, — 588k uy 1y +

+252ug1y Uy + 252ke* ulm +168k>e* Ugly —504k>¢? uluzxx —252ke® ”1 Uy —
—504ke® Uyt . + 504k Uy 1ty . + 2521t 1ty . — 504k* e uy wy .+ 252uquy 1y, F
+504ke® uy, 1ty . — TOk iy + 280k uyuy, o, +112u 1051, +392ke 1ty ity —
—8duy ity +490k e u,  + 224k e uu, . + 56utuy . — 280k uou, . +

11 2uguyu, +364keSuy uy . —84ug .. + 168k ugu, . —168k*e* uu, . +

W
+112ugu 1y . + 336ke‘§u0xu2m - 70k3e§u0m,_x + 140ke‘§u2u0m — 49 Uy +
210K uy 1 + 119K Ut 1y — A0 1y e + 98KE gl 1y — 42K 1y 5, —
—lduguy s, +42k°* uy 5, — 1dugu, 5, —14ke“uy g, =0 (14)

224 224
- ceéu1 - k7eéu1 + 14lcse‘fulu2 - 56k3e§ulu§ + Tkegulug +ug, — Tugum — 7k u,, +
70k e uyu,, —168k>e ulu,, — 224uuiu,, + 49k e uu, , — 252k uyyu, . — 224uui,  —
—Augiu,  +196k>eu; i, . — 504ke upuy 1y + 210Ut 1, —210ke ugu?, +210uy, 13, +

+252u1t, 1y, — 21k u; . +140k3 e upu; . —168ke udu, . +252u5u; 1y + 294k 1y 1y +
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+252uuy 1y + 84k e ugy | —252ke uugiy . + 252uuy 1ty . + 252k ey 1y +

2520ty 1ty +252keS Uy ity + 56Uy, — 252uut; 1ty — 84y Lty —

—35k*ecuy . +140k%e upu, . +112uuu; . +196ke%u ut; . — 84w, uy . +84k>euu, . +
+ 56Uy o + 11 2ugts  +168keS 1y 1ty . — 84y ity o — AUy Uy, —35K7€ U +
+ TOKE® Uyt — A9ty Uy e + 4Kty i — AU 1l e — 14t 5, —
—21kze§ul’5x — 1wy 5, —14ugu, 5, — 7ke§ul’6x +uyq7, =0 (15)
1 224 4 2 2
Doy, — Tuzuu = 224uusu,  + 2100 uy, +252uyu, 1y, +252u,u U, . +
+252u1ty 1y + 56U, — 84y o+ 11 20y — 8%y s — AU, 1ty —
AUy 1 e = 1Aty e = 1A i+ Uy e =0 (16)
qoo DUy — %uguh + 70ugx +252u,uy Uy, + 56u§u2m —84u, Uy .. —
—AUy U e — 1AM e + U e =0 a7)
Solving eqs. (8)-(17), we have:
3k% e 3% . i K’
Uy=——e€"°, yy=———e°, u,=—, Cc=— 18
0 o2 8 48 (15
and hence obtain an exact solution of the MNW eqs. (4) and (5) when v=0:
2.2 2. 7
P L Ty S (19)
20+e%)? 2(1+e°) 8 48
Second special case
In this section, we solve egs. (4) and (5) in the case when v=1:
w, =—36u, —uy +49u u  +14uus, +84u u  —70u] —
—252uu u, —56u’u, + 2?241431@ (20)
0=3us, —72uu, ., —36uu, . +96u’u, 1)

Proceeding the homogeneous balance between u,, and u3ux,we easily obtain
n=2. Then we suppose that:

u=uy(x, 0P > +u, (00" +uy(x,1), @=1+e°, E=kx+ct (22)



Zhang, S., et al.: Simplest Exp-Function Method for Exact Solutions of ...
THERMAL SCIENCE: Year 2019, Vol. 23, No. 4, pp. 2381-2388 2387

Similarly, we substitute eq. (22) into egs. (20) and (21) and then equate each coeffi-

cient of the same order power of ¢'(i=0,—-1,-2,---,-9) to zero, then a set of PDE are ob-
tained. Solving the set of PDE, we have:
2 2 2 6
U =&ez‘§, u, =—£e"t, U, =k—, c=—k<k 1728) (23)
2 2 8 48

and hence obtain another exact solution of the MNW egs. (4) and (5) when v=1:

2 .28 2 .& 6 _
= 3k“e 3k“e +lk2, fzkx+k(k 1728)t

T2(+ef)? 2(+ef) 8 48

(24)

Conclusion

In summary, we have extended the simplest exp-function method to the Mikhauilov-
-Novikov-Wang eqs. (4) and (5) for v=0 and v =1, respectively. As a result, two explicit
and exact solutions are obtained. It is shown that the general eq. (3) can easily deal with the
so-called MEEP of the exp-function method to some extent. Therefore, we can conclude that
the simplest exp-function method provides a simpler but more effective mathematical tool for
constructing exact solutions of NLEE in fluids. Fractional-order differential calculus and frac-
tal derivative models and their applications have attached much attention [13-25], extending
the simplest exp-function method to fractal calculus and fractional calculus is worthy of
study. Mikhauilov-Novikov-Wang equations with fractional derivatives or fractal derivatives
have not been studied in any open literature.
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