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ABSTRACT
By

Kyung Kang

Dr. Peter Stubberud, Examination Committee Chair
Professor of Electrical and Computer Engineering
University of Nevada, Las Vegas

The ever increasing demand for faster and more powerful digital applications requires high speed,
high resolution ADCs. Currently, sigma delta modulators (XAM) ADCs are extensively used in
broadband telecommunication systems because they are an effective solution for high data-rate wireless
communication systems that require low power consumption, high speed, high resolution, and large
signal bandwidths.

Because mixed-signal integrated circuits such as Continuous Time sigma delta modulators (CT
XAMs) contain both analog and digital circuits, mixed signal circuits are not as simple to model and
simulate as all discrete or all analog systems. In this dissertation, the delta transform is used to simulate
CT XAMs, and its speed and accuracy are compared to the other methods. The delta transform method
is shown to be a very simple and effective method to get accurate results at reasonable speeds when
compared with several existing simulation methods.

When a CT XAM is overloaded, the £AM’s output signal to quantization noise ratio (SQNR)
decreases when the XAM’s input is increased over a certain value. In this dissertation, the range of
quantizer gains that cause overload are determined and the values ware used to determine the input
signal power that prevents overload and the CT XAM’s maximum SQNR. The CT XAMs from 2nd to
Sth order are simulated to validate the predicted maximum input power that prevents overload and the
maximum SQNR.

Determining the stability criteria for CT ZAMs is more difficult than it is for Discrete time sigma delta
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modulators (DT XAMs) because CT XAMs include delays which are modeled mathematically by
exponential functions for CT systems. In this dissertation an analytical root locus method is used to
determine the stability criteria for CT £AMs. This root locus method determines the range of quantizer
gains for which a CT XAM is stable. These values can then be used to determine input signal and
internal signal powers that prevent XAMs from becoming unstable. Also, the maximum input power that
keeps the CT ZAMs stable for CT XAMs operating in overload can be determined. The CT £AMs from
2nd to Sth order are simulated to validate the predicted maximum input power that keeps the CT ZAMs

stable.
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CHAPTER 1

INTRODUCTION

Most modern digital systems including communication systems, flight controllers and data
acquisition systems are actually mixed signal systems that possess both analog and digital
electronics. In mixed signal systems, analog to digital converters (ADCs) convert analog signals
into digital signals, and digital to analog converters (DACs) convert digital signals into analog
signals. Because the performance of digital systems can typically be improved by simple
hardware and software changes, the performance of mixed signal systems is typically limited by
the performance of the system’s ADCs and DACs and not the system’s digital circuitry.

The ever increasing demand for faster and more powerful digital applications requires high
speed, high resolution ADCs. Many portable electronic devices not only require high resolution,
high speed ADCs, but also have low power requirements. Portable wireless communication
systems not only require low power, high speed, high resolution ADCs, but are also requiring
increasingly wide bandwidth data conversion. Currently, sigma delta modulator (XAM) ADCs are
extensively used in broadband telecommunication systems because they are an effective solution
for high data-rate wireless communication systems that require low power consumption, high
speed, high resolution, and moderate signal bandwidths.

ADCs can be classified into two categories, Nyquist-rate converters and oversampling
converters [1]. Nyquist-rate converters operate near the Nyquist rate, or the signal’s minimum
sampling frequency, which is twice the signal’s bandwidth. Sampling at or above the Nyquist rate
prevents signal loss due to aliasing. Oversampling converters operate at rates much greater than
the signal’s Nyquist rate.

Nyquist-rate converters can be implemented by employing a variety of architectures including

flash ADCs, pipeline ADCs, and successive approximation register (SAR) ADCs. Flash ADCs



typically consist of a resistive voltage divider network and 2” parallel high speed comparators
where B is the number of bits of the ADC’s resolution. Flash ADCs are appropriate for
applications requiring high speed data conversion of signals with large bandwidths; however,
flash ADCs dissipate more power and have relatively lower resolution than other ADC
architectures. Pipeline ADCs feature multiple low resolution flash conversion stages cascaded in
series to form a pipeline. Repeating the quantization through a series of the stages in the pipeline
allows high resolution data conversion; however, pipeline ADCs have greater data latency than
other ADC architectures because in a pipeline ADC, each sample must propagate through the
entire pipeline. SAR ADCs convert signals using a single comparator to implement a binary
search algorithm. SAR ADC architectures convert signals using less power and smaller foot
prints than other architectures; however, SAR ADCs have lower sampling rates compared to
other architectures.

Oversampling converters are so named because their sampling rate is much greater than the
Nyquist rate of the signal. Whereas Nyquist-rate converters are suitable for applications requiring
moderate resolution conversion of wide bandwidth signals, oversampling converters typically
provide high resolution conversion of signals with moderate bandwidths. The most popular
oversampling ADC is the Sigma Delta Modulator (XAM). The XAM’s loop filter attenuates the
noise of a low resolution quantizer in the frequency band of interest while passing the input signal
to the ZAM’s output. Because XAMs use relatively few, simple, low power analog circuit
components, XAM ADCs can provide high resolution and lower power signal conversion of
moderate bandwidth signals and are commonly used in mobile wireless communications
applications.

2~AM ADCs can be classified as either discrete time (DT) XAM ADCs or continuous time (CT)

YAM ADCs. ZAM ADCs with loop filters consisting of the discrete-time circuits such as

switched-capacitor or switched-current circuits are classified as DT ZAMs. Similarly, XAM ADCs



with the loop filters consisting of continuous-time circuits such as transconductors and integrators
are classified as CT ZAMs. Some of the advantages that CT XAMs have over DT £AMs are that
CT XAMs have inherent antialiasing filtering in the ZAM’s signal transfer function (STF) and
they can operate at higher frequencies because they don’t have settling time requirements in their
loop filters [2]. Because DT XAMs are simply made up of delays and gains, they can be
accurately modeled using simple difference equations whereas CT XAMs can be more difficult to
simulate due to the mixed signal nature of the feedback loop.

Because mixed-signal integrated circuits such as CT XAMs contain both analog and digital
circuits, mixed signal circuits are not as simple to model and simulate as all discrete or all analog
systems. Several common approaches for simulating CT XAMs include SPICE modeling, solving
differential equations analytically and numerically, implementing difference equations based on
the impulse invariance transformation and using Simulink. Each simulation method has a tradeoff
between speed, simplicity and accuracy. In this dissertation, the delta transform is used to
simulate CT £AMs, and its speed and accuracy are compared to the other methods.

This delta transform method simulates CT £AMs by determining difference equations that
model CT XAMs. The difference equations use the XAM’s input signal and the quantizer’s
feedback signal to determine the input at the quantizer’s next sample time. However, unlike the
other difference equation methods, the delta transform can be used to determine all loop filter
signal values at times other than the sampling time. The delta transform has the particular
property that as the delta transform sample time approaches zero, the delta transform variable
converges toward its continuous time counterpart, the Laplace transform variable [3].

Because a XAM’s output is typically the ZAM’s quantizer output which has a minimum and
maximum output, it is possible for the XAM’s input to overload the XAM’s quantizer. The XAM’s
quantizer is said to be overloaded when the quantization error exceeds the quantizer’s minimum
and maximum values by more than half of one quantized level. When overloaded, a XAM’s

output signal to quantization noise ratio (SQNR) decreases when the XAM’s input is increased
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over a certain value; however, in these cases, the XAM’s output SQNR can be restored to its
previous values when the XAM’s input is decreased to its previous amplitudes. In this dissertation,
the range of quantizer gains that cause overload are determined, and these values are used to
determine the input signal power that prevents overload.

Because a XAM’s output is typically the ZAM’s quantizer output which has a minimum and
maximum output, ZAMs cannot be unstable in the bounded input bounded output (BIBO) sense.
Instead, a XAM is considered to have become unstable when the amplitude of a XAM’s input is
increased so as to cause the XAM’s output SQNR to decrease dramatically and to create the
condition that the ZAM’s output SQNR cannot be restored to its previous values even when the
YAM’s input is decreased to its previous amplitudes. DT root locus methods have been
successfully used to determine the stability of DT £AMs; however, determining the stability
criteria for CT £AMs is more difficult than it is for DT XAMs because CT £AMs include delays
which are modeled mathematically by exponential functions for CT systems. Because both the
STF and noise transfer function (NTF) of CT £AMs contain exponential functions, traditional
root locus methods cannot be used for determining the root locus of CT £AMs. Instead, in this
dissertation, an analytical root locus method is used to determine the stability criteria for CT
YAMs. This root locus method determines the range of quantizer gains for which a CT ZAM is
stable. These values can then be used to determine input signal and internal signal powers that
prevent XAMs from becoming unstable.

Using the analytical root locus stability analysis and the overload analysis, the SQNR of a CT
YAM can be predicted. The quantization noise power is determined from the range of quantizer
gains that prevent XAMs from becoming unstable or overloaded. The maximum input amplitude
to prevent XAMs from becoming unstable or overloaded can be predicted using the range of
quantizer gains.

Chapter 2 in this dissertation reviews basic ADC and ZAM metrics and operation principles.

Also, the ZAM topologies that are used throughout this dissertation are developed using block
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diagrams. In Chapter 3, a delta transform method for simulating CT XAMs is developed. This
simulation method is compared with several existing CT XAMs simulation methods with respect
to accuracy, speed and modeling simplicity. Chapter 4 states the necessary conditions that prevent
quantizers in CT XAMs from overloading. Using these conditions, the maximum input signal
power that prevents a CT XAM from overloading is determined. Also, a method is developed that
predicts a XAM’s SQNR using the range of quantizer gains that prevent the XAM from
overloading. In Chapter 5, an analytical root locus method is used to determine the stability
criteria for CT ZAMs that include exponential functions in their characteristic equations. This root
locus method determines the range of quantizer gains for which a CT £AM is stable. These values
can then be used to determine input signal and internal signal powers that prevent XAM from

becoming unstable. Finally, Chapter 6 summarizes the work presented.



CHAPTER 2

FUNDAMENTALS OF CT XAM

Analog to digital conversion is a process that transforms analog signals which are continuous
in time and amplitude into digital signals which are discrete in time and amplitude. Although
this process can be implemented using a large variety of methods, the overall ADC process can
be modeled mathematically by three simple systems. From this model, a mathematical definition
of resolution can be defined so that the resolution of different ADC architectures can be
compared.

Although different architectures exist for CT £AMs, most single quantizer CT £AMs can be
described by a canonical feedback loop. This model allows CT XAMs to be modeled
mathematically so that their resolutions can be determined without the need for developing
specific architectures. After developing a mathematical CT XAM model that meets resolution
specifications, the model can then be mapped to a specific CT ZAM architecture and

implemented in hardware.

2.1 Performance of Analog to Digital Converters

The general ADC process can be modeled by three subsystems, an anti-aliasing filter (AAF), a
sampler, and a quantizer. Each of these subsystems has a simple mathematical model that can be
used to define general ADC metrics. An ADC’s resolution is one such metric, and it is often

defined in terms of effective number of bits (ENOB), SQNR, and dynamic range (DR).

2.1.1 Mathematical models of sampling and quantization

Fig 2.1 (a) shows a typical ADC process modeled by the three subsystems, an anti-aliasing
filter (AAF), a sampler, and a quantizer. In this model, the AAF filters the analog input signal,
x(#). The sampler converts the filtered signal, x,(¢), into the discrete signal, x(n), such that x(n)
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=x,(n'T;) where T; is the sampling period. The third process, the quantizer, quantizes the

amplitude of x(n).

80

12 £i2
) "

St(n)( f)

]_Hw ]T_“H ! S ()
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142

1l

(a) (b) (©)

Figure 2.1 Operation principles of an ADC: (a) Block diagram of a classical analog to digital
converter, (b) Time domain example, (¢) Frequency domain example!”

Fig 2.1 (b) shows an example of this process in the time domain for a sinusoidal input signal,
and Fig 2.1 (c¢) shows an example of this process in frequency domain for a wideband signal. As
illustrated in Fig 2.1 (b) and (c¢), the AAF removes out of band frequency components which can
fold into the signal band during the subsequent sampling process. Ideally, the AAF is an ideal
(brick wall) lowpass filter (LPF) that has a cut-off frequency of f,. which equals the maximum
bandwidth, f,, of the signal of interest. As shown in Fig 2.1 (c¢), the filtered signal, x,(¢), only

contains frequency components between —f;, and f,. The filtered signal, x,(f) must be sampled at a

7



minimum sampling rate, f;, of 2-f, to prevent aliasing and consequently information loss. When
the sampler samples x,(f) with a period of T, where T, = 1/f;, the sampler generates the discrete
signal, x(n) where x(n) = x,(n'T;). As illustrated in Fig 2.1 (c¢), sampling x,(¢) with a period of T,;=
1/2f,,, generates a periodic extension of S, (f) in the frequency domain as shown in the plot of
S«w(f). The quantizer quantizes the amplitude of x(n) into the digital signal, y(n). In the time
domain, the quantizer generates an amplitude error between y(n) and x(n). This quantization error
between y(n) and x(n) depends on the quantization method (truncation or rounding) and the
number of equally spaced quantization levels. A B-bit quantizer has 2° equally spaced
quantization levels. In the frequency domain, quantization adds noise to S,,(f). This noise limits

the ADC’s resolution.

e(n)

—— (1) x(n) ~I>——@—> ¥n)

x(n) ——»

(@) (b)
Ple) S
A 4
Ad
1/Aq 12f,
» ¢ > "‘
—Ad/2 +A/2 ~Fil2 +f/2
() (d)

Figure 2.2 (a) B-bit quantizer block, () Equivalent linear model of quantizer
(c) Probability density function of e(n), (d) Power spectral density of e(n)?!

An ideal quantizer shown in Fig 2.2 (a) is often modeled linearly as a linear gain, K, and an
additive quantization noise, or error, e(n), as shown in Fig 2.2 (b); thus, a quantizer can be
modeled as y(n) = K-x(n)+e(n) where y(n) is the quantizer’s output, x(n) is the quantizer’s input,
and e(n) is the quantizer error. The quantization error is generally modeled as a white random
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process that has uniform distribution over the range of errors. Because the statistical mean for
rounding is zero unlike the statistical mean for truncation and because the statistical variance for
rounding is lower than it is for truncation, quantization is almost always performed by rounding
instead of truncation.

Rounding errors have a range of [-A,/2, +A,/2] where A, is the quantization step size which is
defined as the difference between adjacent digital output levels. Rounding errors can be modeled
by a white random process that is uniformly distributed over the range of [-A,/2, +A,/2]. Because
the quantization error, e(n), is modeled as a uniformly distributed random process over the
interval, [-A,/2, +A,/2], the amplitude of the quantization noise’s probability density function,
P(e), is 1/ A, as shown in Fig 2.2 (c). Because the quantization noise has zero mean, the total

quantization noise power, P,, can be calculated as

P = E(e*) = O'f —E*(e) = Gf

A 2
o LA .1)
=| e*-Pledde=| 2 e —de=—_.
J‘—oo (€) J._ﬂ A 12

2 q

Because the total quantization noise is modeled as a white random process that is uniformly
distributed over the frequency range of [-fi/2, f,/2], the quantization error’s power spectral density,

S.(f), can be determined from

2

=[S (=S, = 22)
Ge - —f2 e — Me s 12 .
which implies that
A 2
=—2 2.3
.0)=15" @3

2.1.2 Oversampling

The resolution of a B-bit ADC can be increased by a process called oversampling. If an ADC’s



sampling frequency, f;, exceeds twice the input signal’s bandwidth, f;, that is, f; > 2-f,, a signal is
said to be oversampled and the ADC is said to be an oversampling ADC. An ADC’s

oversampling ratio (OSR) is defined as

J,
OSR == :
5 (2.4)

To illustrate, an ADC operating with an OSR = 1 is a Nyquist rate ADC whereas an ADC

operating with an OSR = 2 is an oversampling ADC.

5.0 5.0 5.0

/ ST
I I T T } : f T T I T I I f T E_ ™ T T f
f, £/2 0 -2 I £72 fi 0 fi 12 £ /2 - 0 fy f.2
) f
OSR=I OSR=2 OSR=2
1.=2, =41, [=41,
(@) (b) (c)

Figure 2.3 Power spectral density of the total quantization noise for (a) a Nyquist rate ADC,
(b) an oversampling ADC with OSR=2, (c) power spectral density of the quantization noise
power within signal bandwidth for an oversampling ADC with OSR=2

For both Nyquist rate converters and oversampling converters, the ADC’s quantization noise
power, Gj, is A 42 /12 . However, the output of an oversampling ADC can be filtered below —f,

and above f, which implies that after filtering, the quantization noise power can be reduced to

2 +f
o-e, oversampling ADC = J._ f, Se (f)df

, ‘ 2.
+1, 1(208R) +1, 1(208R) qu (2.5)

A2
df =2 !

s.(fdf =] ERTTR

1 120SR) 12 f

f, 1(2-OSR)

Fig 2.3 graphically illustrates this effect. Fig 2.3 (a) shows that the power spectral density (PSD)
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of the quantization noise of a Nyquist rate ADC and Fig 2.3 (b) shows the PSD of the
quantization noise of an equivalent ADC that is operated with OSR = 2. As illustrated in Fig 2.3

(c), the power of the quantization noise can be reduced by 1/OSR by filtering out signals outside
the bandwidth of f;, or f_J(Z-OSR). Because the quantization noise power, 0'62, of an oversampled

ADC is inversely proportional to the ADC’s OSR, an oversampling ADC’s SQNR increases as its

OSR increases.
2.1.3 Overload

Fig 2.4 shows the transfer characteristic for a typical B-bit quantizer with an input, x, and an
output, y. Assuming that the ADC’s maximum and minimum outputs are V and —V, respectively,

the difference, A,, between two adjacent output levels can be written as

2.V
A= (2.6)

[ L B S
<

e e e R N R B Lt Rt R g 4
Ta T,
Figure 2.4 Transfer characteristic for a typical B-bit quantizer

When the quantizer’s output is at +V and the magnitude of the quantizer’s error, e, exceeds half
of A,, that is, when y =+V and

A

> 2.7
[l ==~ 2.7)
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the ADC is said to be overloaded [6]. Therefore, for the an ADC with the transfer characteristic

in Fig 2.4, the ADC is not overload when

A
V——l < x <4V +—2, (2.8)

Using (2.6) and (2.8), the maximum input amplitude, X, of a B-bit quantizer in the non-

overload region is

x =V+ﬁ:£ij-v 2.9)

X, =— _ﬁ:_( 2 ]-v. (2.10)

2.1.4 Dynamic Range (DR)

The DR of an ADC is defined as the ratio between the power of the largest input signal that can
be applied without significantly degrading the performance of the ADC and the power of the
smallest detectable input signal at any frequency. The smallest detectable input signal is
determined by the PSD of the ADC’s noise floor. If the PSD of the noise floor is not uniform, the

smallest detectable signal is determined where the noise floor’s PSD is largest.
2.1.5 Signal to Quantization Noise Ratio (SONR)

The SQNR of an ADC can be defined as the ratio of output signal power to quantization noise

power; that is,

P
SONR sz @2.11)

e

where P, is the ADC’s output signal power and P, is the ADC’s output quantization noise power.
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Assuming that the ADC’s output and quantization noise have zero means,

P, =E[y’]=0, (2.12)

and

P =E[e’]=0] (2.13)

and an ADC’s SQNR in dB can written as

2
e

SONR(dB) =10-log(i} dB. (2.14)
O

For a full scale sinewave input, the output signal power, O'f, , can be calculated as

5 x2 223—1 5
o)==V (2.15)

where X,x is the maximum amplitude of the sinusoidal input signal. Substituting (2.2) into (2.6)

and the resulting equation into (2.14), the SQNR of a Nyquist rate ADC can be written as

SONR(AB) y, it ape =1.76+6.02B (2.16)

Eq. (2.16) shows that an ADC’s SQNR is proportional to the number of bits, B, of the ADC’s

resolution. In practice, (2.16) is used to calculate the ADC’s ENOB of resolution; that is,

SONR(dB)—1.76

2.17
6.02 (&17)

ENOB =

Therefore, an ADC with a 6dB better SQNR has one additional bit of ENOB. This resolution
metric defined as ENOB gives an indication of how many bits would be required in an ideal ADC
to get the same performance.

The SQNR of an oversampled ADC can be calculated by substituting (2.5) and (2.15) into

(2.14), which results in
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SONR(dB) ~1.76+6.02B +10-1og(OSR). (2.18)

oversampling ADC

Eq. (2.18) shows that doubling an ADC’s OSR increases its SQNR by 3dB. For example, an
ADC with an OSR of 4 will have a 6dB better SQNR than the same ADC operated at the Nyquist
rate. As a result, an ADC’s ENOB can be increased by 1 bit by sampling the signal 4 times faster

than its Nyquist rate.

2.2 The Operation Principles of Sigma Delta Modulators

2AM ADCs achieve a high resolution signal conversion by using a feedback loop filter and a
low resolution quantizer that samples at rates much higher than the Nyquist rate. The loop filter
is designed not only to shape the quantization noise so that it is attenuated over the frequency
band of interest, but also to act as an AAF for the input signal. This is known as the “noise
shaping technique”.

In a general, a CT XAM can be modeled by the canonical feedback loop shown in Fig 2.5 (@)
where X(s) and Y(s) are the Laplace transforms of the input signal and the output signal,
respectively, and F(s), G(s) and H(s) are the system functions of the pre-filter stage, the
feedforward path and the feedback path, respectively. The continuous to discrete (C/D) block
converts a continuous time signal into a discrete time signal. The C/D converter can be modeled
by an impulse train modulator, followed by a block that converts the impulse train into a discrete
time sequence [7]. Because the discrete time Fourier transform of the output of the C/D converter
is identical to the Fourier transform of the input of the C/D converter if the input of C/D converter
is bandlimited and oversampled, the system function of the C/D converter doesn’t need to be
included in the model. The quantizer block represents a clocked quantizer, and the DAC block
represents a digital to analog converter (DAC). The quantizer delay and the DAC delay are often
represented by a single delay block as they are in Fig 2.5 (a), and the combination of these two

delays is often referred to as the XAM’s excess loop delay.
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X(s)— F(s) G(s) s| C/D > _Jr_ » ¥(5)

Delay

H(s) |e DAC |e |
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X(s)—| F(s) > G(s) ’I\[b > ¥(s)

Hi(s) |€ DAC(s) |

A

(b)

Y(s)

& G(s) |I> @
H(s) DAC(s) <—,

(c)

Figure 2.5 (a) Block diagram of a CT XAM, (b) A linear model for the CT ZAM’s STF,
(¢) A linear model for the CT XAM’s NTF

Fig 2.5 (b) shows a linear model for the CT £AM’s STF where the quantizer has been
modeled by the variable gain, K. Fig 2.5 (c¢) shows a linear model for the CT XAM’s NTF where
the quantization error is modeled by the gain, K, and an additive quantization noise, E(s). Because
the block diagram models in Fig 2.5 (b) and (c) are linear, the XAM’s output, Y(s) can be written

as

Y(s)=STF(s)- X(s)+ NTF(s)-E(s) (2.19)

where
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STF(s)=Y(s)/ X(s), and NTF(s)=Y(s)/ E(s) . (2.20)

Using Fig 2.5 (b), the 2AM’s STF can be written as

K-F(s)-
STF(s) = - (5)-G(s) , 2.21)
1+K-e -G(s)-H(s)- DAC(s)
and using Fig 2.5(c), the XAM’s NTF can be written as
1
NTF(s) = (2.22)

1+K-e”-G(s)-H(s)- DAC(s)

where the exponential function, ¢*” is the Laplace transform of the excess loop delay, D.
In general, stable feedback loops minimize feedback error. Therefore, when calculating the

output signal power, P,, of the 2AM, the value of K is selected as the ZAM’s effective gain, Ky,

which is the value of K that minimizes the power, P, of the quantization noise [8]. Because

e(n)=y—K -y, the XAM’s quantization noise power, P, can be written as
P, = E[¢’(m)] = E[y*(m)] - 2K - E[y(m)y(m)]+ K* - E[y* (n)]. (2.23)
The necessary condition for K to minimize P, is

P
Zlé =2-E[y(m)y(n)]+2K,, - E[y*(n)] =0 (2.24)

which implies that the K, that minimizes P, is

_ Elymy )]

) 2.25
T Elyt(n)] (2:25)

Assuming y/(n) is a zero mean random process and assuming a single bit quantizer which

implies y(n) =sgn[w(n)], (2.25) can be written as
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_Elly()]
e ALY

o,

K

off (2.26)

To illustrate the operation of a XAM, consider a NTF that is designed as a highpass Chebyshev
Type 2 filter and a STF that has the lowpass characteristic shown in Fig 2.6. For low frequiencies,
the magnitude response of the NTF is almost zero, that is, |NT F( ja))| ~0 for @<2x10’, so the
quantization noise will be attenuated in that part of output spectrum. Also, for low frequencies,
the magnitude response of the STF is approximately one which implies that the input signal is
passed to the output without attenuation. However, for high frequencies, the NTF passes the

quantization errors with a gain of one and the STF attenuates the input signal to reduce aliasing.

Magnitude(dB)
s B

STF
-80 NTF
-100 I i Lol I I
10 10 10° 107 10° 10’

Frequency(MHz)

Figure 2.6 STF/NTF magnitude response designed with the Chebyshev? filter

Fig 2.7 (a) shows an example of an input signal and the uniformly distributed quantization
noise generated by the quantizer. Fig 2.7 (b) shows the output spectra of those signals after they
have been filtering by the STF and the NTF, respectively. Because the spectrum of the
quantization noise is shaped by the NTF, significant reduction of in-band quantization noise and

improvement in SQNR occur.
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STF-Low pass filter

Input signal Input signal |
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A fs
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Figure 2.7 The spectra of the input signal and the quantization noise
(a) before the noise shaping, (b) after the noise shaping
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2.3 Classification of Sigma Delta Modulators

Many XAM architectures have been suggested to improve the resolution of XAMs. Many of

these architecures are classified as described in Table 2.1.

Table 2.1 Classification of XAMs

Criteria Classification

= Single-bit ZAM

= Multi-bit XAM

= Single-loop ZAM
» Cascaded ZAM

« 2" order ZAM
* High order XAM

= Lowpass ZAM
= Bandpass ZAM

* The number of bits in a quantizer

* The number of quantizers employed

* The order of the loop filter

= Signal transfer function (STF) characteristic

= Discrete time XAM

" Loop filter circuitry * Continuous time XAM

2.3.1 Single-bit XAMs versus Multi-bit XAMs

YAMs can be classified as single-bit XAMs or multi-bit £AMs depending on the number of bits
in their quantizers. Single-bit XAMs have the advantage that they are intrinsically linear
quantizers because only two levels are used for quantization and mismatches of quantization step
sizes do not exist. As a result, they can realize highly linear data conversion. On the other hand,
YAMs with multi-bit quantizers generate approximately 6dB less quantization noise for every
additional bit. Therefore, the SQNR of XAMs with multi-bit quantizers increases 6dB for every
bit added to the quantizer. However, multi-bit XAMs require more analog circuitry and are more
difficult to design than single-bit XAMs. Moreover, they exhibit some nonlinearities in their
transfer characteristic due to mismatch of quantization step sizes. This can significantly influence

a ZAM’s performance.

19



2.3.2 Single-loop YAMs versus Cascaded 2AMs

Y>AMs employing only one quantizer are called single-loop XAMs, whereas those employing
several quantizers are often named Cascaded XAMs or MASH XAMs. Cascaded topologies use
two or more low order XAMs which are relatively stable and can achieve performances equivalent
to higher order single loop architectures which can suffer from potential instability. However, the
Cascaded topologies require tighter constraints on circuit specifications and mismatch than

single- loop ~XAMs [8].

2.3.3 2nd order XAMs versus High order 2AMs

YAMs can be categorized as 2nd order XAMs or high order ZAMs. If the order of a ZAM’s loop
filter is greater than 2, the XAM is called a high order ZAM. As the order of the loop filter
increases, the quantization noise can be suppressed more at low frequencies and a significant
improvement in performance can be achieved. However, high order XAMs are conditionally

stable whereas 2nd order XAMs can be designed to always be stable.

2.3.4 Lowpass 2AMs versus Bandpass 2AMs

Depending on a YXAM’s NTF and STF characteristics, a XAM can be classified as either a
lowpass (LP) XAM or a bandpass (BP) ZAM. XAMs that have NTFs with highpass shapes and
that have STFs with lowpass shapes are considered LP £AMs. XAMs that have NTFs with

bandstop shapes and that have STFs with bandpass shapes are called BP XAMs.

2.3.5 Discrete Time 2AMs versus Continuous Time 2AMs

Finally, XAMs can be classified as either discrete time (DT) £AMs or continuous time (CT)

Y~AMs. ZAMs with a loop filter consisting of discrete time circuits such as switched capacitor or
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switched current circuits are called DT XAMs. Similarly, XAMs with a loop filter consisting of

continuous time circuits such as transconductors and integrators are called CT ZAMs.

2.3.6 XAMs in this dissertation

Whereas DT XAMs can be accurately simulated and analyzed using simple difference equations,
CT XAMs are more difficult to simulate and analyze due to the mixed signal nature of the
feedback loop. Single loop, single-bit XAMs have the advantage of being able to perform highly
linear data conversion; however, they can become unstable for loop filter orders higher than two.
In this dissertation, a stability criterion is developed for single loop CT XAMs. This method is
illustrated using single loop, single-bit XAMs with loop filter orders ranging from 2 to 5. An
overload criterion is also developed for single loop CT XAMs. This method is also illustrated
using single loop, single-bit ZAMs with loop filter orders ranging from 2 to 5. Also, CT XAMs

from 2nd order to 5th order are considered for comparison of simulation methods for CT ZAMs.

2.4 Topology Selection of the CT XAM for simulations

After determining a desired NTF and STF, the NTF and STF coefficients need to be
implemented in a hardware structure, such as a cascade of resonators feedback (CRFB), cascade
of resonators feedforward (CRFF), cascade of integrator feedback (CIFB), and cascade of
integrator feedforward (CIFF) implementations. Each of these feedback architectures feeds back
the modulator output to each integrator. Because the amplifier nonlinearities generate harmonic
distortion that depends on the input signal of the amplifier, single loop feedback architectures
have signal distortion [9, 10, 11]. On the other hand, feedforward architectures sum all integrator
outputs and the input signal at the input of the quantizer. These architectures have the benefit of
lower signal distortion than feedback architectures. However, feedforward architectures require

extra components for the summation before the quantizer, and thus these architectures have a
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higher power consumption than feedback architectures [12]. In this dissertation, CT XAMs are
implemented using the CIFB architecture. These £AMs are also typically designed using

Chebyshev Type 2 NTFs.

M(s)=DAC(s)*Delay(s)

(a)

(b)

Figure 2.8 2nd order lowpass CT ZAM block diagram
(a) RC implementation, (b) G,,C implementation

Fig 2.8 shows the block diagrams of CIFB implementations of a 2nd order CT ZAM. Fig 2.8 (a)
shows a CIFB block diagram where the integrators are implemented using RC integrators and Fig
2.8 (b) shows a CIFB block diagram where the integrators are implemented using G,,C integrators.
In general, RC integrators have better linearity and larger signal swing than their G,,C
counterparts [13]. However, linearization circuitry can be added to G,,C integrators to improve
their linearity. The additional linearization circuitry adds phase to the feedback loop which
negatively affects stability. RC integrators have drawbacks such as large die area, increased
manufacturing price, low speed and high power consumption. G,,C integrators can be smaller and
use less power; however, many G,C integrator architectures use resistors to get a particular
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transconductance, G,,, and the layout of these resistors can increase the G,,C integrator’s die size
significantly.
From inspection of the block diagram shown in Fig 2.8 (a), the XAM’s states, Q,(s) and Q»(s),

the quantizer’s input, ¥(s), and the XAM’s output, Y(s) can be calculated as

0, ={b,X(s)—a,-M(s)-Y(s)+ g,0, (s)}% (2.27)
0.(9) = (BX(5)=a - M(5)- ¥ (5) +c,Qu(s)) (2.28)
W(s) = b, X (5)—ay - M(5)-Y (5)+¢,05(s) (2.29)
and
Y(s) = K-W(s)+ E(s) (2.30)

where M(s) = DAC(s)- Delay(s). Substituting (2.27) into (2.28) and solving for Q(s), the resulting
equation can be substituted into (2.29). Substituting that result into (2.30), the STF and the NTF
for the RC implementation in Fig 2.8 (a) can be determined to be

K- (b2s2 +b,cis +bycyc, — g,byc,)

STF(s) =
(5) {1+ K 'M(s)-az}sz +K-M(s)-acs +{K M (s)-(a,coc; — 800,C,) — goco}

(2.31)

and

NTF(s)= 5~ 8% . 232
{l +K- M(s)-az}s2 +K-M(s)-a.cs+ {K M (5)-(a,coc, — 8,Cy) — goco}

The gains, ay, a1, as, by, b1, by, co, ¢1 and gy can be determined by equating the STF coefficients in
(2.31) and the NTF coefficients in (2.32) with the desired STF and NTF coefficients, respectively.
Similarly, for the topology with the G,,C implementation shown in Fig. 2.8 (b), the ZAM’s

states, Q;(s) and Q,(s), the quantizer’s input, W¥(s), and the XAM’s output, Y(s) can be calculated
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as

O,()={b,X(s)—a,-M(s)-Y(s)+ goleZ(s)}é (2.33)
0,(s)={bX(s)—q, -M(s)-Y(s)+COQ1(s)}§ (2.34)
Y(s)=bX(s)—a, -M(s)-Y(s)+c,0,(s) (2.35)
and
Y(s)=K-W(s)+ E(s) (2.36)

where M(s) = DAC(s)- Delay(s). Substituting (2.33) into (2.34) and solving for Q,(s), the resulting
equation can be substituted into (2.35). Substituting that result into (2.36), the STF and the NTF

for the G,,C implementation shown in Fig 2.8 (b) can be determined to be

K- (b2s2 +b,c;s+byc,c, — 8obrc,C))

STF (s) = > (2.37)
{1 +K-M(s)-a, }s +K-M(s)-acs+ {K “M(s)-(a,coc; — 80@,CoC) — gococl}
and
57— 8,C,C
NTF(s) = 801 (2.38)

{1 +K-M(s) -az}s2 +K-M(s)-a.cs+ {K M () - (aycyC) — 80@2CoC1) — 80CoCi } '

Fig 2.9, Fig 2.10, and Fig 2.11 show the block diagrams of CIFB implementations of 3rd order,
4th order, and 5th order CT XAMs, respectively. Using techniques similar to the ones used to
determine the STF and NTF of the 2nd order CIFB implementations, the STFs and NTFs for the
CIFB implementations of the 3rd order through 5th order CT ZAMs can be determined as shown
in Table 2.2 and Table 2.3. Table 2.2 shows the STF and NTF coefficients for the RC

implementations and Table 2.3 shows the STF and NTF coefficients for the G,,C implementations.
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2.5 Conclusion

In this Chapter, the general ADC process was modeled mathematically, and from this model,
SQNR, DR, and ENOB were defined. It was also shown that XAM ADCs achieve a high
resolution signal conversion by using an oversampling quantizer and a feedback loop filter.
Various XAM architectures can be used to implement CT XAMs. For this dissertation, single
loop, single-bit CT £AMs with loop filter orders ranging from 2 to 5 are implemented using the

CIFB architecture.

X(s)

2,(5)

(@)

X(s)

Q,(s)

(b)

Figure 2.9 3rd order CT £AM block diagram
(a) RC implementation, (b) G,,C implementation
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X(s)

(@)

X(s)

(b)

Figure 2.10 4th order CT XAM block diagram
(a) RC implementation, (b) G,,C implementation
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X0)

X(s)

(b)

Figure 2.11 5th order CT XAM block diagram
(a) RC implementation, (b) G,,C implementation
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Table 2.2 CT 2XAM STF and NTF coefficients for RC implementations

Order RC implementation
STF K-(bs +bes+be,e, —g,be,)
{1+K-M(5)-a, }s* +K-M(s)- aye;s5+ {K - M(5) - (@ycy¢; — go,€y) — ZoCo
2nd
NTF S — &6
{1+K-M(s)-a, }5* +K-M(5) - ac;5+ {K - M(5) - (ay¢o€; — 8o:6C1) — 8oCoCy
STF K. @m% +Fnu,mu +(bcc, —g bic)s+bece,}
{1+ K-M(5)-a;}5 + K-M(5)-a,¢,5" +{K-M(s5)-(a,¢,¢, — g,a:¢,) — g,6, 35 + K- M (s) - ayco6,,
3rd
NTF .m.m.m.r |Wonuv
{1+ K-M(5)-a}5* + K- M(5)-a,e,5° + {K - M(5)-(ayc;c, — gyase,) — goeicys + K -M(s)- aycycic
STF K-{bs'+bes +(heye, —gibe, —gb,0)s” +(heeyc, — ghiee)s +(Be,ecc, — gibicese + £,gPe,0)}
{1+K-M(s)-a,}5* + K-M(s) ac,s +{K-M(s)-(a,6,¢, — £,a,6, — ga,c,) — (g, + 86, 45" + K- M(5)-(@,6,6,6, — 8,8,6,6,)5 +{K - M(5)- (a,0,6,6,¢, — §8,6,6,C, + 8 8,0.0,C,) + 886,02}
4th
m.m“ - Wunuumwu - gi62)
NTF I+ K -M(s) a,}s*+ K-M(s) ayes’ +{K - M(5)- (ay0,0; — 802560 — £18562) — (806, = g102) 157 + K M (5) - (@y516565 — 816,635+ {K - M(5)-(@,6,6,016; — E@0,6285 + E0818460C1) + Eo€16,62 )
STE K- {bs® +bost + (B, — Bbet, —210,0,)5° + (3,6:6:6, — 254604 )5+ nﬂnumun.h*.\ EoBGEC, + BB b6 )s + B 66.0i,)
.T +K-M(s)-a T‘ K- M(5) 26,5 + 4K - M(5) (@6:6, — 26, — £18:6) — (2o, + £16)1° + K- M(9) - (0.0:6,6, — 88,6605 + K - M(5) (80,0266, — Bo@O,6:6, + EBiBE,6; )+ 22,06, 1 + K - M(5)- gecencie,
5th
s(s* - mas® - ge)
Z_H_m, {1+ E-M(s)-a}s” + K-M(s)- acys® + {K - M(5)- (@3056, - 20261 — £12565) — (871 + £16:)}5° + K - M(5) - (@s0:636, — goae16,)s” + {K - M(5) - (21661656, — 8033616365 + £0818:6,6:) + Eogiei6s}s + K - M (5) - @pegc,0:6564
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Table 2.3 CT XAM STF and NTF coefficients for G,,C implementations

Order

G,,C implementation

STF
2nd

K-(b,s" +bc;s+bye,c, — g,byc,c,)
{1+ K-M(5)-a,}s* + K -M(s)-ac;5+ {K - M(5) - (@,6,¢; — €y0,6,¢,) — 846y}

NTF

5* — 8466y
{1+ K-M(s)-a,}s* + K -M(5)- a5+ {K - M(5)-(a,€,€;, — 848,6,¢,) — &4C o€, }

STF

K-{bs +b,c,s" +(bec,c, —g,bicc,)s+be,ec,}
{14 K-M(5)-a;}5° + K-M(5)- aye,s* + {K - M(s)- (a,¢,¢, — g,0;,¢,) — go€,6, 35 + K- M(5)-ape €.,

3rd
NTF

s(s* - g,6,0,)
{14K-M(5)-a;}5° + K- M(5)- aye,s” +{K - M(s)- (a,¢,¢, — ,0:¢,¢,) — go€,6, 15 + K- M(5)-aye ¢,

STF
4th

K- .M.H.ﬁ + ..u.“n.“u.“ + (Byeacs — gobucon — mﬂ..u,:nun.“vuu + (haor: - gobon)s + (b 0r8s — Sobaecients + fugibuinaiaes)}
.T +K- hﬁ.ﬁwv.ahhhl K -M(5)- 0538 +{K- M(5)-(3,6:63 ~ 85246061~ £18,6:63) ~ (96361 + HEGE}S + K- M(5) (@166, ~ 206061655 + (K - M(5)-(@e4616163 — BeiCobitata + SyBi0sGeitsta) + BoiGeiCatat

NTF

mu” - munun_v_“uu - 81663)

T +M(s)-a4 ?» + K -M(5)-a;655° +{K - M(5)- (@663 ~ Gy8o6) ~ Bi8:6162) — (&16o6y + GEsea)}s” + K - M(5)-(a6,6:63 — 8yicpq6a)s + (K - M(s)- (ayeeeics6 ~ 8601663 + BuB1BCE616) + BafiGeieaCa}

STF
5th

E-(b5" + byest +(Biose, — goboies - gibeicn)s + (Biryees — gihie6:6,)5” +(Baieieit — 8050666 + igbaec)s + haae o}

4 E-M(s)-ats’+ E-M(s)-a0" +{K-M(5) - (aeses - 2a00: - £ia60) — (G600 + £66) 15 + K- M(5) - (@:eise, - ganec)s +{K-M(s)-(a

L4 = EOG0G T HSEOG0G6)+ SEO050) + K -M(5) greene,

NTF

37— gne)(s - gim)

4 K-M(5)-a}s + K- M(5)-aess” +{K - M(5) (a6, - 28616 — £106504) ~ (80616 + §i6:64) )5 + K -M(5)- (@060 — 2005645 +{K - M(5)-(@06,6:6 — a0660 + BEMAEEE) + &0 60 )s + K- M(9)-aceecs,
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CHAPTER 3

A COMPARISON OF CT XAM SIMULATION METHODS

Because DT XAMs are simply made up of delays and gains, they can be accurately modeled
using simple difference equations. On the other hand, CT XAMs can be more difficult to simulate
due to the mixed signal nature of the feedback loop. Several common approaches for simulating
CT XAMs have been developed and the representative methods include SPICE modeling, solving
differential equations analytically and numerically, implementing difference equations based on
impulse invariance transform and using Simulink. Each simulation method has a tradeoff between
simplicity, speed and accuracy. In this chapter, the delta transform is used to determine difference
equations that model CT ZAMs. These difference equations use the XAM’s input signal and the
quantizer’s feedback signal to determine the input at the quantizer’s next sample time. However,
unlike the other difference equation methods, the delta transform can be used to determine the
loop filter signal values at times other than the sampling time. This method’s modeling simplicity,

accuracy and speed are compared to existing simulation methods by simulating several CT £AMs.

3.1 The Conventional Approaches to Simulating CT XAMs

CT ZAMs are most commonly simulated by using SPICE, solving differential equations,
implementing difference equation based on the impulse invariance transform, and using

Simulink/MATLAB.

3.1.1 Macromodel in SPICE

Simulating CT XAMs using SPICE usually begins with macro level simulations using ideal
components such as ideal voltage controlled voltage, or current, sources and ideal quantizers.
These simulations are typically used to determine the XAM’s ideal performance. After the macro

model has been designed to meet performance specifications, specific transistor level systems,
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such as operational amplifiers, transconductance amplifiers, and DACs can be substituted for the
macro level components to observe nonideal effects such as finite amplifier gains and bandwidths,
parasitic capacitances and quantizer metastability. Full circuit level simulation using SPICE can
usually be expected to give realistic results because transistor level models include nonideal

effects such as finite transistor gains, finite amplifier bandwidths, and parasitic capacitances.

Quantizer

Loop filter I___________(P’_I"l"\_l"_%] ___________
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(b) ()

Figure 3.1 Macromodel of a 2nd order CT AZM'"”
(a) Functional blocks of a 2nd order CT £AM, (b) RC integrators implementation
for a loop filter, (¢) G,,C integrators implementation for a loop filter

As shown in Fig 3.1 (a), a CT AXM can be divided into functional blocks which can be further

divided into individual circuits and sub-circuits. A loop filter can be implemented using RC
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integrators or G,,C integrators. Fig 3.1 (b) shows an RC integrator macro model circuit for the
integrators in Fig 3.1 (a). Fig 3.1 (¢) shows a G,C integrator macro model circuit for the
integrators in Fig 3.1 (a). SPICE simulation can generate the most accurate simulation results
because the nonideal effects can be reflected in the circuit. However, simulating CT XAMs using
SPICE can be time consuming even for macro models, and they are especially time consuming

for higher order ZAMs [15].

3.1.2 Solving differential equations

C, C',

«
% Gt

* ¥i 4y
op —amp2

o a 1 2 i
f;m% Cu 7 %R” S;?-Am f;(rn% Caz

op —ampl

‘12

||HI——

I=-to-T
DAC

Figure 3.2 Circuit model of a 2nd order CT SAM'

Alternatively, the simulation of the 2nd order CT AXM shown in Fig 3.1 can be approached by
using the equivalent circuit depicted in Fig 3.2. A set of differential equations can be determined
by writing the circuit’s node equations. To illustrate, consider the single-ended circuit model of a
2nd order CT AXEM shown in Fig 3.2 [17]. By applying Kirchhoff’s current law (KCL) to the

nodes, v; and v,

1
gml’x(t)+a1y(n)+[sczl +— R }Vl(t) =sC, (Cll(t) Vl(t)) 3.1

1
8 () +a,y(n)+ (Sciz + R_jvz(t) =s5C, (qZ(Z) _Vz(t)) (3.2)
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where

v, (1) = 4 , V(1) = ~%®
Al
In the time domain, (3.1) and (3.2) can be written as
q,(1)
1+ o
da (1) 8mX(t)+a,y(n) R.A
i 1 3.3)
—(C,+C)+C,
Al
and
q,(1)
1)+ —2rs
dq (t) g;nZQl( ) aZy(n') R A2
2 — i2 3 4
E(C,.2 +C,)+C,

respectively. This set of node equations can be written as linear state space equations and solved
numerically to determine the system behavior as a function of time [16, 17, 18]. The node
voltages, ¢1(f) and g,(f), which are the solution of the differential equations are composed of a
zero input response (ZIR) which is a function of the initial condition, and a zero state response
(ZSR) which is a function of the input, x(7). A ZIR and a ZSR can be obtained using the resolvent
matrix of the system [16, 17, 18].

This approach to modeling and simulating CT AXMs allows nonideal effects such as finite
amplifier gain (such as A or A;) and finite amplifier bandwidth to simply be added to the model
and simulation. While this method can simulate a £AM much faster than using SPICE, it is not as

fast or as simple as other methods.

3.1.3 Implementing difference equation (CT/DT equivalence)

Two other ZAM simulation approaches use difference equations to model the ZAM’s loop filter.
These difference equations use the ZAM’s input signal and the quantizer’s feedback signal to

determine the input at the quantizer’s next sample time. This method then iterates these
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calculations for each clock sample.

/T

x(0) i) |V

- ;|~_ > y(n)
w(t) y(n)

DAC

x(n) G(z) + s> y(n)
wp(n) | —

DAC

Figure 3.3 Equivalence between a CT XAM and a DT XAM

One of these methods determines the difference equations using the impulse invariance
transformation. Fig 3.3 indicates that the equivalence between a CT £ZAM and a DT XAM for both
>AMs to have identical outputs. The quantizer inputs of both of the CT XAM and the DT £AM
must be identical at sampling instants, n-Ts where n is the sample number and 7y is sampling
period. This requires that the impulse responses of the CT XAM and the DT £AM are identical at

the sampling instants, leading to the condition

271G (2)} =L {DAC(5)-G ()} (3.5)

or, in the time domain,

w(n) =[dac(t)* g(1)]

= J:dac(t)g(f—T)dT (3.6)

t=n-
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where dac(f) is the impulse response of the DAC and g(¢) is the impulse response of the G(s)
block. The transformation between the CT and DT impulse responses is called the impulse-
invariance transformation [19]. This approach is much faster than SPICE simulation or solving
the differential equations; however, it can be less accurate than SPICE simulations.

The other difference equation method uses a short SPICE transient simulation and numerically
determines a difference equation that minimizes a 2 norm error between the SPICE data and the
difference equation output. Although this method is faster than SPICE simulations and the
differential equations method mentioned earlier, this method can be less accurate due to some

guesswork to find the best difference equations.

3.1.4 MATLAB/Simulink

Sine Wizved

G

AV

8 -8 B g

i q' ]

Figure 3.4 Simulink model for a 2nd order CT £XAM

MATLAB/Simulink is also commonly used to simulate CT XAMs. Fig 3.4 show a Simulink
schematic of a 2nd order XAM. Simulink schematics are quick and simple to create and
Simulink’s simulation times are relatively fast; however, Simulink’s simulation accuracy is often

dependent on the proper selection of Simulink models [20].
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3.2 Simulating CT XAMs Using the Delta Operator

In this section, the delta transform is used to determine difference equations that model CT
>AMs. These difference equations use the XAM’s input signal and the quantizer’s feedback signal
to determine the input at the quantizer’s next sample time. However, unlike the other difference
equation methods, the delta transform calculates the loop filter signal values at times between the
sampling times.

Because discrete systems are suitable for computer realization and continuous systems are not
and because continuous systems are often described in the Laplace transform’s s domain and
discrete systems are often described in the Z - transform’s z domain, many transformations have
been developed between the Laplace transform’s s domain and the Z - transform’s z domain [21].
One such transformation is the delta transform or delta operator [22]. The discrete delta operator
approximates the Euler derivative, and as the delta operator’s sampling period is reduced, not
only does the approximation improve, but the delta transform approaches the Laplace transform.
As a result, the delta transform’s poles and zeros, or the discrete system’s poles and zeros,
approach the Laplace transform’s poles and zeros, or the continuous system’s poles and zeros as
the delta transform sample period approaches. Thus, unlike many other discrete models, a delta

transform’s discrete model of a continuous system can better represent an underlying continuous

physical model by simply increasing the delta transform'’s sampling rate.

3.2.1 Definition of Delta Transform
The delta transform, A, of a function f{(¥) is defined as
A fO}=T,> f(n-TH1+5-T,)™" (3.7)
n=0

where ¢ is a complex variable and T, is the transform’s sampling period. To show that

A{f(H)}=L{f(t)}, where L is the Laplace transform, as T, approaches zero, consider
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L{f)}= j f(t)e’”dt—hmz f(n-Ate "™ At | (3.8)

t=0

Letting Ty= At, and replacing ¢’ by its power series expansion, (3.8) can be written as

LU0} = JimT S fn- T){1+( T)+(S T) } . (3.9)

n=0

Without the limit, 7, — 0, (3.9) can be approximated as

L{f)}=T, Zf(n T)A+6-T)" =T,-Z{f(n-T, )}| (3.10)

z=14+0-T,

where Z{ f(n- TA)} is Z - transform of f(n-T,)and § is a complex variable where & — s as
T, —>0.

To develop a transformation between the Laplace transform’s s domain, the delta transform’s 6
domain and the Z - transform’s z domain, consider Euler’s forward difference equation that
approximates the differential operator; that is, consider

g  _flm+D-T,]-f(n-T))
dr |, = T, '

A

3.11)

t=n-T,

Because the delta transform approaches the Laplace transform and & — s as T, — 0, (3.11)

implies that

Ao |_p A JFO] | ) oD T f (- Ty) 3.12)
dt t=n-T, 1,20 dt t=n-T, - TA '
and therefore as T, — 0,
s-F(s)=0-F(0) = T_ F(z) . (3.13)

A

Thus, the delta transform implies that
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The transformation in (3.14) can be illustrated by the block diagrams in Fig 3.5.

|
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A 4
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' X(z
-z (2)

Y
{

Figure 3.5 Delta operator block diagram

As illustrated in (3.14), the relationship between the delta transform and the Z -transform is z =
14+6-Ts. Because stability for the Z -transform requires that all the system’s poles lie within the
region, [z| < 1, stability for the delta transform requires all the system’s poles lie within the region,
|[1+8-Ta | < 1 which defines a circle of radius, 1/T,, centered at -1/T». Therefore, as the sampling
time, T approaches zero, the stability region of the delta transform becomes equivalent to that of
the Laplace transform whereas the stable region of the Z -transform is fixed to the interior of the
unit circle. Fig 3.6 shows a comparison of stability regions for the Z -transform, delta-transform,
and Laplace domain. These plots illustrate the mapping between the continuous and discrete
planes. It can be seen that as T, approaches zero, the stability region for the delta transform will
grow to approach that of the Laplace domain which is the whole left hand plane.

In summary, the delta-transform has the particular property that as the sample time, T,

approaches zero, the delta-transform converges toward its continuous counterpart, the Laplace
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transform. As a result, the delta-transform has superior performance at high sample rates
compared to the Z -transform because the continuous and discrete time models approach

equivalence when the delta transform has a small sampling time.

Laplace i Transform Delta
Transform (s) ! ¢ Transform(d)
D N — Me——
Im | Im Im
A | A A
Stable >Re! L yRe | >Re
Region ! -1/T,

Continuous Time Discrete Time

Figure 3.6 Stability regions for the continuous Laplace plane, and the discrete z-plane, delta-plane

3.2.2 Application of Delta Transform for CT 2AMs simulation

M(s)y=DAC(s)*Delay(s)

Figure 3.7 The 2nd order CT £AM block diagram

To apply the delta transform to the block diagram of a CT XAM, consider the block diagram of

the CIFB implementation of a 2nd order CT XAM described in Chapter 2 and shown in Fig 3.7.
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The block diagram in Fig 3.7 describes a 2nd order CT 2AM where the XAM’s STF and NTF are

given by
2 J—
STF(s) = i K- (b,s” +b,c;s +byc,c, — 8,b,C,) (3.15)
{1 +K-M(s) -az}s +K-M(s)-a,c,s+ {K M (5)-(aycoc, — 84a,Cy) — goco}
s =g
NTF(s) = &%

{1+ K-M(s)-a,}s> + K-M(s)-a,c;s +{K - M (5)- (a,c,¢, — 800:¢)) — 8oCy}  (3-16)

To determine the coefficients in (3.15) and (3.16), a desired NTF is designed and set equal to the
NTF in (3.16). Throughout this dissertation, K is set equal to one unless otherwise noted. After
determining the NTF, the numerator of a desired STF is determined and set equal to the STF in
(3.15). In this dissertation, NTFs are designed as a highpass Chebyshev Type 2 filter with a cutoff
frequency near the XAM’s bandwidth. STFs are designed as a lowpass filter using the poles of the
NTFs and the numerator of a lowpass Chebyshev Type 2 filter. The following MATLAB code

shows an example of such a XAM that has a bandwidth of 20MHz and a sampling rate of 1GHz.
[NTFnum,NTFden]=cheby2 (2,37,2*pi*22e6, 'high', 's");

NTF=tf (NTFnum, NTFden) ;

[STFnum, STFden]=cheby2 (2,40, 2*pi*750e6, 's");

STFnum=STFnum/STFnum (end) *NTFden (end) ;
STF=tf (STFnum, NTFden) ;

This code produces

2 17
STF(s) = — 0.01523s -09—6.764><10 _ 317
s +1.155x10° s +6.764 x10
and
2 -7 15
NTF(s)zs 2.384x10"s+9.554 %10 (3.18)

s +1.155x10° s +6.764 x 10"

The gains, ay, a1, a,, by, by, b, o, ¢; and gq in (3.15) and (3.16) can be determined by equating the
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STF in (3.15) with the desired STF coefficients in (3.17) and by equating the NTF in (3.16) with
the desired NTF coefficients in (3.18), respectively.

To simulate the resulting XAM, the integrators in Fig 3.7 are replaced by the expression in (3.14)
where the sampling rate, Ty, is chosen to be less than the sampling rate, 7, of the XAM. Fig. 3.8
shows a block diagram of the CT XAM represented in Fig 3.7 where the integrators have been

replaced by the delta transform equivalents.

(9o

y(n-Delay)

."daf(’ 1 )

Figure 3.8 2nd order DT model XAM using delta transform

By inspection of the block diagram in Fig. 3.8, the difference equations describing the states can

be determined as

Yaae(M) = DAC[ y(n — Delay)] (3.19)
gdot(n)=b,-x(n)—ay- v, (n)+ g, 4,(n) (3.20)
¢ (n) =T, -gdot(n—1)+g,(n—1) (3.21)
gdot(n)=b, - x(n)—a, -y, (n)+c, - q,(n) (3.22)
¢ (n) =T, - gydot(n—1)+q,(n—1) (3.23)
y(n)=b, - x(n)=a, -y, (n)+¢,- 4, (n) (3.24)

ifn=T/T,,
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y(n) =sgn{y(n)} (3.25)

where DAC is a function that maps y(n-Delay) to a DAC output. This can be implemented in

Matlab using the following code:

% Analysis of 2nd Order sigma delta modulator (RC implementation)
for n = start:finish,

% First state
gdot (n,1l) = bO0*x(n) - aO*ydac(n-1) + gO0*qg(n-1,2);
g(n,1l) = Delta*gdot(n,1l) + g(n-1,1);

% Second state
gdot (n,2) = bl*x(n) - al*ydac(n-1) + cO*g(n,1);
g(n,2) = Delta*gdot(n,2) + g(n-1,2);

% Input to quantizer
et (n) = b2*x(n) + cl*g(n,2) - a2*ydac(n-1);

% Quantizer

ya(n) = sign(et(n));

% DAC

y(n)=y(n-1);

if rem(n,DeltaOSR) == 0, % Update quantizers every Delta samples
y(n) = yq(n);

end

ydac (n) = y(n-D); % excess loop delay between quantizer and DAC

end

As T, decreases, this model converges towards its continuous counterpart and the simulation
results converge towards a simulation based on the differential equations describing the XAM.
Also, because this discrete model uses difference equations, it can simulate more quickly than a
continuous time domain model. The delta transform can be easily applied to higher order CT

XAMs.

3.3 Simulation Comparison

To compare the delta transform simulation methods with the four other simulation methods
mentioned earlier, six 2nd order, six 3rd order, six 4th order and six 5th order CT XAMs were

simulated.
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Each of the CT ZAMs was designed using an RC implementation and a Chebyshev Type 2
highpass NTF which met the specifications listed in Table 3.1. The delta transform’s sampling
rate, 7,4, was chosen as 7/10 where T is the XAM’s sampling period. For each XAM order, the
excess loop delays were chosen as 0, 0.57, T, 1.5T, 2T and 2.57.

Fig 3.9 (a) shows the five output power spectra generated by simulating the 2nd order CT ZAM
with an excess loop delay of zero using each of the five different simulation methods. While the
output signal power spectra are mostly coincident, some discrepancy between the simulation
results exists; however, little difference between each simulation’s SQNR exists for this example.
Fig 3.9 (b) shows the five output power spectra of the 2nd order CT ZAM with an excess loop
delay of 0.57. In this example, the output signal power spectra vary, and a discrepancy between
the SQNRs exist. In particular, the output power spectrum from Simulink is noticeably different
from the others. Fig 3.9 (¢) shows the five output power spectra of the 2nd order CT £AM with an
excess loop delay of 7. For this case, the output signal power spectra vary remarkably, and in
particular, the output power spectrum using the CT/DT transformation varies from the others. Fig
3.9 (d), (e) and (f) show the five output power spectra of the 2nd order CT £AM with an excess
loop delay of 1.57, 2T and 2.5T, respectively. The output power spectrum from Simulink varies
the most compared to the other spectra, and a discrepancy exists between the SQNR of five

output power spectra.

Table 3.1 Simulation Condition

Specification
Order of loop filter 2,3,4,5
Sampling frequency (1/7) 1 GHz
Input frequency 3 MHz
Bandwidth 20 MHz
Excess loop delay 0,0.5T, T, 1.5T, 2T, 2.5T

Fig 3.10 (a) summarizes the simulated SQNRs of the 2nd order CT £AMs with respect to the

change in excess loop delay. The Simulink simulation results vary the most compared to the other
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Figure 3.9 The output power spectra comparison for the simulation methodologies for 2nd order
CT XAMs with an excess loop delay of (a) zero, (b) 0.5T, (¢) T, (d) 1.5T, (e) 2T, (f) 2.5T

simulation methods especially when the excess loop delay time is not a multiple integer of the

sampling period (7) such as 0.57, 1.5T and 2.5T7. The simulation method based on solving

44



differential equations is the method that has results closest to those of the SPICE simulations
which are assumed to be the most accurate. The CT/DT transform simulation results are similar to
those of the SPICE simulations; however, for this example, the delta transform simulation results

are closer to SPICE’s SQNR results than the CT/DT transform simulation results.
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Figure 3.10 Simulation comparison of the maximum SQNR for (a) 2nd order CT ZAMs,
(b) 3rd order CT XAMs, (¢) 4th order CT XAMs, (d) 5th order CT ZAMs
Fig 3.10 (b) shows the simulated SQNRs of the 3rd order CT XAMs with respect to the change
in excess loop delay. The results of the 3rd order XAM simulations are similar to those of the 2nd
order XAM simulations. The SQNR of the Simulink simulation varies from the other SQNRs and
are the least accurate. The SQNRs determined by solving the differential equations are the closest

SQNRs to those of the SPICE simulations. The SQNRs simulated using the delta transform are
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consistent with the SQNRs generated by solving the differential equations and the SQNRs
generated using the CT/DT transformation.

Fig 3.10 (¢) and (d) show the simulated SQNRs of the 4th order CT £AMs and the 5th order CT
>AMs with respect to the changes in excess loop delay, respectively. Compared to the simulated
SQNRs of the 2nd order CT XAMs or the 3rd order CT XAMs, little difference is apparent
between the SQNRs generated by the four different simulation methods except for the Simulink

simulations.

Table 3.2 The SQNR comparison of simulation methods for the 4th order CT £AMs

(a) Simulated SQNR

[dB]
T Delay Time
Stmulation T 0 0.5T T 15T 2T 25T
Methods -.H'“'“-ha_x_
SPICE 60.05 47.78 39.14 33.21 28.76 25.76
Differential equation 60.12 4782 | 39.02 33.32 29.02 25.65
CT/DT transformation 60.88 48.04 39.44 33.42 29.16 26.14
Simulink 60.80 52.83 40.89 35.60 30.24 27.19
Delta transform 59.94 47.79 38.94 33.09 28.54 25.78

(b) The SQNR difference from the SQNR of SPICE

[dB]
i.HH“&--._M_ Delay Time
Simulation ""----HHE 0 0.5T T 15T 2T 25T
Methods T
SPICE - - - |- - -
Differential equation 0.07 0.04 0.12 0.11 0.26 -0.11
CT/DT transformation 0.83 0.26 0.3 0.21 0.4 0.38
Simulink 0.73 5.07 175 239 1.48 1.43
Delta transform -0.11 0.01 -0.2 -0.12 -0.22 0.02
(c) The percentage of SQNR difference
[%]
EHE“"--HEE Delay Time
Simulation - 0 0.5T T 1.5T 2T 2.5T
Methods i
SPICE - - - - - -
Differential equation 0.12 0.08 -0.31 0.33 0.90 -0.43
CT/DT transformation 1.38 0.54 0.77 0.63 1.39 1.48
Simulink 1.25 10.61 447 7.20 515 555
Delta transform 018 0.02 -0.51 -0.36 -0.76 0.08
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Table 3.3 The SQNR comparison of simulation methods for the 5th order CT XAMs

(a) Simulated SQNR

[dB]
HH"‘HHM Delay Time
Simulation 0 05T T 15T 2T 2.5T
Methods i
SPICE 65.59 50.82 41.11 34.58 29.76 26.12
Differential equation 65.63 50.88 41.29 34.76 29.65 26.27
CT/DT transformation 66.07 51.05 41.38 34.80 30.05 26.42
Simulink 65.85 55.51 42.65 37.32 30.83 27.62
Delta transform 65.40 50.94 41.01 34.41 29.55 26.19
(b) The SQNR difference from the SQNR of SPICE
_ [dB]
ihx“‘“p_,__%_ Delay Time ~ } _
Simulation T 0 0.5T T 1.57 2T 2.57
Methods R
SPICE - - - - - -
Differential equation 0.04 0.06 0.18 0.18 -0.11 0.15
CT/DT transformation 0.48 0.23 0.27 0.22 0.29 0.3
Simulink 0.26 4.69 1.54 2.74 1.07 1.50
Delta transform -0.19 0.12 -0.1 -0.17 -0.21 0.07
(c) The percentage of SQNR difference
[%e]
[ Delay Time )
Simulation T 0 0.5T T 1.5T 2T 25T
Methods i
SPICE - - ; ; ; ;
Differential equation 0.06 0.12 0.44 0.52 -0.37 0.57
CT/DT transformation 0.73 0.45 0.66 0.64 0.97 1.15
Simulink 0.40 9.23 3.75 7.92 3.60 5.74
Delta transform -0.29 0.24 -0.24 -0.19 -0.71 027

Table 3.2 and Table 3.3 show and compare the SQNR simulation results for the 4th order CT
YAMs and 5th order CT XAMs, respectively. Table 3.2 (a) and Table 3.3 (a) list the SQNRs for
each of simulation methods. Table 3.2 (b) and Table 3.3 (b) list the differences between the
SQNRs of the four different simulation methods from the SQNRs of the SPICE simulations
which are assumed to be the most accurate. Table 3.2 (¢) and Table 3.3 (c) list the percentage
differences of the SQNRs of the four different simulation methods from the SQNRs of SPICE
simulations. The SQNRs generated by solving the differential equations are the most similar to
those generated by SPICE simulation; however, for some excess loop delay times, the SQNRs

obtained by using the delta transform are closer to the SQNRs obtained from SPICE simulation
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rather than the SQNRs obtained solving the differential equations. The SQNRs generated using
the CT/DT transformation and Simulink show some notable difference when compared with the
SPICE simulations.

The earlier simulated CT ~XAMs can also be designed using G,,C implementations. To compare
the simulation results of the RC implementation to the G,C implementation, a G,C
implementation of the 2nd order CT XAM with the specifications listed in Table 3.1 was

simulated using the five methods.
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Figure 3.11 The output power spectra for the G,,C implementation
for the 2nd order CT XAMs with an excess loop delay of zero
Fig 3.11 shows the five output power spectra generated by simulating the 2nd order CT ZAM
with an excess loop delay of zero using the G,,C implementation and each of the five different
simulation methods. As shown in Fig 3.11 and Fig 3.9 (a), the five output power spectra of the
G,,C implementation are the same as the output power spectra of the RC implementation.

Table 3.4 shows the SQNRs of the 2nd order RC implementation simulations shown in Fig 3.9
(a) and 2nd order G,,C implementation simulations shown in Fig 3.11. As shown in Table 3.4, the
simulated SQNRs obtained using the G,,C implementation are the same as the simulated SQNRs
obtained using RC implementation. The simulated SQNRs are the same for both implementations

because the mathematical models for RC implementation and G,,C implementation are the same.
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Elapsed time(sec)

Elapsed time(sec)

Table 3.4 The SQNRs comparison between RC implementation and
G,,C implementation for each of simulation methods

[dB]
Siluulmit_;l'i"'“"H-~.H_H_ RC implementation | G, C implementation
Methods e
SPICE 4531 4531
Diflerential equation 45.39 45.39
C1/DT transformation 45.49 45.49
Simulink 45.58 45.58
Delta transform 4541 4541
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Figure 3.12 Simulation comparison of the elapsed time to complete the simulation for (a) 2nd
order CT XAMs, (b) 3rd order CT XAMs, (c) 4th order CT XAMs, (d) 5th order CT XAMs
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Fig 3.12 (a) compares the elapsed time for each of the 2nd order CT XAM simulations
generated with RC implementations. The CT/DT transform simulations were consistently the
fastest simulations taking only a few seconds to complete. Simulink was the next fastest method.
The simulation times for the delta transform method and the differential equation method were
both about ten times as long as the simulation times using CT/DT transform method. The
simulation times for the delta transform method were more consistent than for the differential
equation method since the simulation time for the differential equation method increased when
the excess loop delay time was 0.57, 1.57, or 2.57. SPICE simulation was by far the slowest
method of simulation.

Fig 3.12 (b), (¢) and (d) compare the elapsed time for each of the 3rd order CT XAM
simulations, the 4th order CT XAM simulations, and the 5th order CT XAM simulations,
respectively. Similar to the 2nd order CT XAM simulations, the fastest simulation method is
CT/DT transformation and the slowest simulation method is SPICE simulation. Whereas the
elapsed times for SPICE simulation and solving differential equations increase as the order of
loop filters increase, the elapsed times for the CT/DT transformation, Simulink and the delta

transform method are nearly constant regardless of the order of the loop filter.

Table 3.5 The elapsed time comparison between RC implementation and
G,,C implementation for each of simulation methods

[sec]

Simulati;ﬁ\‘"*'x.“\_ RC implementation | G, C implementation
Methods T
SPICE 1958 1975
Differential equation 27.9 28.9
CT/DT transformation 3.2 32
Simulink 6.8 7.4
Delta transform 28.5 28.7

Table 3.5 compares the elapsed times between the RC implementation simulations and the G,,C
implementation simulations. For the 2nd order CT XAM with an excess loop delay of zero, little

or no difference exists between the simulation times as shown in Table 3.5.
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Table 3.6 Performance comparison of simulation methods

Simulation ) )
Methods SPICE lefere.nhal CT/DT . Simulink Delta
equation  |transformation transform
Performance
Simplicity deoksk * ek s ke gtk
Accuracy seceseskesk e ek Ak *
Speed % ek destesfesfeske sesfeseste

Table 3.6 compares the performance of the different simulation methods. It is assumed that
SPICE simulations produce the most accurate results, and SPICE simulations are also a
moderately simple method because macro models of circuit can be added easily. It also has the
advantage that circuit schematics can be substituted for the macro models as the CT ZAM circuits
are developed. The method’s major disadvantage is that the simulations are very time consuming
especially for higher order CT ZAMs. Also, the method lacks a mathematical model which can be
used for various analyses. Solving the CT £AM’s differential equations results in a mathematical
model for analysis, and the method is much faster than using SPICE. The method also produces
accurate results. However, the method is not as fast or simple as the other methods. While the
CT/DT transformation method is the fastest method and is moderately simple because the CT
YAM can be implemented using the difference equations, the CT/DT transform method is less
accurate than both SPICE simulations and solving the differential equations. Also the method
only calculates nodes at the sample times. Simulink is simplest of the methods for simulating CT
YAMs, and it is relatively fast. However, Simulink’s accuracy is dependent on the proper
selection of Simulink models; therefore, it can be less accurate as illustrated by the results
presented in this chapter. The delta transform method takes more time to complete than the two
faster methods because it calculates loop filter signal values at times other than the AM’s
sampling times. However, the method resulted in simulations almost as accurate as SPICE. Also,

it is a simple method because CT £AMs can be simulated using difference equations. In other
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words, the delta transform method is very simple and effective to get accurate results at

reasonable speeds.
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CHAPTER 4

OVERLOAD ANALYSIS OF CT XAMS

A quantizer is said to be overloaded when the input of the quantizer generates a quantizer error
of more than half a quantization step size above or below the quantizer’s maximum or minimum
output, respectively. When the quantizer in a £AM is overloaded, the XAM’s output signal no
longer increases linearly with the input signal, and the XAM is said to be overloaded. Overload is
often described as a XAM instability because it affects the XAM’s resolution.

In this chapter, the necessary conditions that prevent quantizers in £XAMs from overloading are
presented. Using these conditions, the maximum input signal power that prevents a CT XAM

from overloading can be determined, and the CT £AM’s maximum SQNR can be determined.
4.1 Definition of Overload for a Single-bit Quantizer

The transfer characteristic of a single-bit quantizer is

A for >0
q

Yy)=—-sgn () = 4.1

-— for <0
where y is quantizer’s input, y is quantizer’s output and A_ is the quantizer’s step size. Fig 4.1 (a)
shows (4.1) graphically where A =2. Such a quantizer is considered to be overloaded when
|1//| > A, which implies that the quantizer’s error, e, exceeds A /2 which is half of the
quantizer’s quantization step size, A ; that is, a XAM’s quantizer is considered to be overloaded

when

A,
-4 4.2
] > = @2)
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and is not considered to be overloaded when

o] < = @3

e| < —. .
2

The input signal range for which a quantizer is not overloaded is called the no-overload input

range, or simply, input range [25].

In this dissertation, A, is normalized to 2 which implies that

W) 1 for >0 4.4)
=sgn = . .
Yo -1 for y <0
Therefore, when the quantizer is not overloaded, the quantizer error has the range
-1 <e <+, 4.5)
and the quantizer’s no-overload input range is
2 <y <2, (4.6)
y
4 e
; +
+l —_— ! No overload

region

No overload region

(@)

No overload
region

0.5

—_

(c)

Figure 4.1 (a) The transfer characteristic for a single-bit quantizer (b) quantization error, e of
a single-bit quantizer, (¢) quantizer gain, K of a single-bit quantizer
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Fig 4.1(a) shows the overload input range of a single-bit quantizer where A, =2. Because y =y

+ e, e = y — . Also, because the output, y, of a single-bit quantizer is +1, the quantization error, e,

of a single-bit quantizer can be written as

“4.7)

e =

-y for w>0or y=1
—-1-y for w<0or y=-1
Fig 4.1 (b) depicts the quantization error, e, for a single-bit quantizer as a function of the
quantizer’s input, i.

A quantizer’s gain, K, can be defined as the ratio of the quantizer’s output amplitude to the

quantization’s input amplitude which implies that K = y/w. For a single-bit quantizer,

for >0 or y=1
. (4.8)
for w<0ory=-1

Fig 4.1 (c) shows the plot of (4.8). Because the quantizer’s maximum input, v, ., that prevents

overloading is

l//maxO = 2 (49)
as shown in (4.6), the minimum quantizer gain, K0, that prevents overloading is

K. ..,=05. (4.10)

min0 —
4.2 Overload Analysis

To determine the maximum input signal power, P that prevents a ZAM from overloading,

maxO *

consider the STF and NTF models shown in Fig 4.2 (a) and (b) and assume that the quantizer’s

input, ,is a zero mean random process. Because y is a zero mean random process, the
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quantizer’s input signal power, P,,can be written as P, = o, where o, is the standard deviation
of . To prevent overload, y, < 2 where y,__ is the maximum quantizer’s input amplitude
that prevents overload. This condition is assumed to be true when x-o, <y, ., Or equivalently

when

2 1 2
O-v2/ :(Wmaij :( j (4.11)
e H H-Koo

where 4 is the standard deviation coefficient of &, as shown in Fig 4.3. Based on the empirical
simulation results, u is chosen as 3.6. For a quantizer with the characteristic function,
y(n) =sgn [z//(n)], the minimum quantizer gain, K;,0, that prevents quantizer overload is 0.5

which implies that (4.11) can be written as

2
ey = Jyfmm = (—1 j =i2 ~0.309. (4.12)
‘ Koo H
F(s)
X(s)——| F(s) G(s) - {K\ — )
Hi(s) DAC(s)
(@)

¥ (s) ,L
S G(s) K\ C

H(s) DAC(s) <—,

(b)

Figure 4.2 (a) Block diagram of a CT XAM’s STF, (b) Block diagram of a CT XAM’s NTF
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Figure 4.3 Bell curve of the standard normal distribution **

From the block diagrams in Fig 4.2, the quantizer’s input power, a;, can be written as

2
> o, 1 ¢sn 2
o, = e _fs/2|STF( ) v, U+

o’ Ifs/2 | G-H -DAC - Delay

. (41
1 1+K-G-H-DAC-Delay(f) . G139

K=K,

—fs/2

where Keﬁ,=E[|l//(n)|]/O';. When Gf, =oﬁmxo, K, =K, where K, 1is the value of K used to
design the XAM. Therefore, the quantizer’s maximum input power, o-f, - that prevents a XAM

from overloading can be written as
2 _ T L P2 |
[ 2 _wn

fo K

() df

K=K jos

2
O ] . . .
STROF. . df + oo J'f/2| G- H - DAC - Delay
KK f, -#2|1+K-G-H -DAC- Delay

(4.14)

where o7 , 1s the maximum input power that prevents overload and o’ , 1s the quantization

noise power when o> =0. and o. =0, .Assuming that the XAM’s input, output and
x Xmax0 v Ymax0
quantization noise signals have means of zero, the XAM’s output signal power, P, can be

calculated as
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P =B =0t =2 [ sTF I o, df +2= FOO P, df - @15

f, I f. .[f/zl

Therefore, at the maximum values of o> and o that prevent overload,

fs2 Ss12

oo [\ STR(IE dp + T d 4.16
a,,—TLml DF = [ INTFOE  dr . (4.16)

Subtracting (4.14) from (4.16) and solving the resulting equation for &7, the quantization noise

power, o, can be determined as

0'2,—0'2
ol = 4 - 4.17)
5l G-H -DAC - Delay df
K=K,

NTF
f@m|(n“KfIMHKGHMCmmU)
Therefore, the maximum quantization noise power, afmxo , that prevents a XAM from overloading

can be determined as

G —O'
o, 2 o
f12 G-H -DAC - Delay
NTF d 4
; 2 INTF G Py, - fm|1+1< G-H-DAC-Delay |, f}

Using (4.16), the maximum input power, P, . that prevents a XAM from overloading can be

determined as

2
Ge ax0
o) = S [LINTFOF ar
P :Gz § = S dw (419)

1 prn
7Ll STFCH) lszKmdf

where o- is 1 for a single-bit quantizer and o~ , is given in (4.18).

€maxt
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4.3 Example

To illustrate this method for determining the maximum input signal power that prevents
overload, consider the 2nd order CT XAM that has a sampling frequency of 1GHz, a Chebyshev
Type 2 NTF with attenuation of 35dB and an excess loop delay of D = 0. Unlike higher order
YAMs, 2nd order £AMs are typically stable for arbitrary inputs. This can be illustrated by
examining the root locus of a 2nd order ZAM. Fig 4.4 shows the root locus of a 2nd order ZAM
with a sampling frequency of 1GHz and Chebyshev Type 2 NTF for D =0, D = 0.57, and D =T.
As shown in Fig 4.4, the minimum quantizer gain required for stability is zero which implies that
the 2AM never goes unstable, but instead the XAM will overload when the input signal power

becomes large enough. This is typical behavior for 2nd order ZAMs.

9 9
3X 10 2% 10

(a) (b) (c)

Figure 4.4 The root locus of a 2nd order CT XAM with a sampling frequency, f;, where f,=1/T,
of 1GHz and Chebyshev Type 2 NTF for (a) D=0, (b)) D=0.5T,(c)D=T

. N . . P
Using (4.12), quantizer’s maximum input power, o,, . is

o, =3 =0.309. (4.20)

Using (4.18) and (4.20), the maximum quantization noise power, o-jmo,that prevents a XAM

from overloading can be determined as

ol = 120309 595 (4.21)
mo 3220—0.703
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fs2
where the term fijf /2| NTF(f) [ g, df and the term

1 J-fs/2| G-H -DAC - Delay

£ 521+ K-G-H-DAC- Delay

7 Q)

df were calculated using the following Matlab code
K=K e

—fs12

and K., was set to one in this example.

The coefficients of transfer function F(s),G(s),and H(s)

o

F(s)=F2*s"2+F1*s+F0;
=1/ (s"2+G0)
H(s)=H2*s"2+H1*s+HO0

o0 oo

fs: Sampling frequency
T=1/fs: Sampling period
D: Excess loop delay

o0

o

o0

NTEsq=@ (£) abs ((((J.*2*pi.*£) . 24G0) . * (§.*2%pi . *£.*T) ./ (((J.*2%pi.*£) . 24G0) .* (3
L*2Fpi *ELURT) 4K, % (HL. % (§.%2%pi.*£) +HO0) . * (l—exp (§.*2%pi.*£.*T)) . *
exp(J.*2*pi.*£.*D))) ."2;

NTF=integral (NTFsq,-fs/2,fs/2)/fs;

GHDACsg=@ (f)abs (((H1.*(j.*2*pi.*f)+HO) .* (l-exp (- (J.*2*pi.*f) .*T)) .*exp (-
(3.%2%pi.*£) .*D)) ./ (((F.*2%pi.*£) . 24G0) . * (§.%2%pi.*£) . *T+K.* (HL.* (§.*2%pi.*f)+
HO) . * (L—exp (= (§.%2%pi.*f) .*T)) .*exp (- (.*2*pi.*f) .*D))) ."2;

GHDAC=integral (GHDACsq,-fs/2,fs/2)/fs;

Using (4.19) and (4.21), the maximum input power, P, ., that prevents the XAM from

overloading is

P =0’ =1-0275-3220=0.114. (4.22)

*max0

1 ¢cpr2
where the term ? j_f/2| STE(f)[ df was calculated using the following Matlab code.

“Rdes

F( ) F2*s"2+F1*s+F0;
G(s)=1/(s"2+G0)
H( ) =H2*s"2+H1*s+HO;

oo

oe

oo

STFsq=@ (£f) abs ( (K. * (F2.% (§.*2%pi.*f) . "24FL.* (§.*2%pi . *£)+F0) . * (§.*2%pi.*£) . *T) /(
((§.%2%pi.*f). ~2+G0) *(3 *2%pi . *f . *T)+K.* (HL.* (§.*2%pi.*f)+HO) .* (1-exp (-
§.*2%pi . ¥E.*T)) . *exp (-J.*2%pi.*£.*D))) ."2;

STF=integral (STFsq,-fs/2,fs/2) /fs;

Assuming a sinusoidal input signal,
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P =0, =Xno!2 (4.23)

where X,xo0 18 the ZAM’s maximum input amplitude that prevents the quantizer from overloading.
Using (4.22) and (4.23), Xmaxo i estimated to be 0.478 (-6.4dB).

Fig 4.5 shows the simulated SQNR and minimum quantizer gain for the 2nd order CT XAM.
When the input amplitude is greater than -6dB, the £XAM’s SQNR no longer increases linearly
with the input signal power because the minimum quantizer gain drops below 0.5 which implies

that the XAM is overloaded.
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Figure 4.5 Simulated SQNR and the minimum quantizer gain (Ky;,)
using a sinusoidal input for the 2nd order CT XAM in example

4.4 Other Simulation Results

To illustrate this methodology’s accuracy for predicting overload, six 2nd order, six 3rd order,
four 4th order, and one 5th order CT £AMs were simulated to determine their overload points and
these overload points are compared to their predicted overload points. Table 4.1 shows the
specification for each CT ZAM.

Fig 4.6 (a), (b), (c), and (d) show the simulated SQNRs and the quantizer gains as a function of
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the amplitude of a sinusoidal input signal for a 2nd order, a 3rd order, a 4th order, and a 5th
order CT £AM with D = 0, respectively. Fig 4.6 shows that SQNR increases linearly almost
before the XAM is overloaded, and the SQNR degrades or increases nonlinearly when the
quantizer is overloaded. Fig 4.7 (a), (b), and (c) show the simulated SQNRs and quantizer gains
as a function of sinusoidal input signal amplitude for a 2nd order, a 3rd order, and a 4th order CT

>AM with D =T, respectively.

Table 4.1 Specification for each CT XAM

(a) Common specification

Specification
Sampling frequency 1GHz
Sinusoidal Input frequency | 0.1MHz
Signal Bandwidth 20MHz

(b) NTF attenuation for each CT ZAM

NTF attenuation

Excess loop delay (D)| 0 |0.5T| T |1.57T| 2T |2.5T
2ndorder CTXAMs | 35 | 28 | 25 | 21 | 18 | 15
3rdorder CTXAMs | 47 | 37 | 30 | 25| 21 | 18
Ath order CT XAMs | 53 | 41 | 32 | 25 - -
5th order C'T XAMs | 59 . - - . -

Table 4.2 compares the theoretical minimum quantizer gain of 0.5 that prevents overload with
the simulated minimum quantizer gains obtained when the simulated input signal is a sinusoidal
signal that has an amplitude of x,,x0 Which is the maximum predicted amplitude that prevents
overload. Table 4.3 compares the predicted maximum input signal amplitude with the simulated
maximum input signal amplitude that prevents overloading for the XAMs.

Because XAM’s SQNR depends on the input frequency, the maximum input signal amplitudes
vary for different frequencies of the input signal [32, 33]. This is especially true for low input
frequencies close to DC where a XAM’s SQNR can degrade at smaller input amplitudes. It may
therefore be possible that the discrepancies between the predicted x.x0 and the simulated x.xo0
might be a result of the chosen input frequency.
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Figure 4.6 Simulated SQNR and the minimum quantizer gain (K,,;,) using a sinusoidal input
(a) for a 2nd order CT XAM, (b) for a 3rd order CT ZAM,
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Figure 4.7 Simulated SQNR and the minimum quantizer gain (K,,;,) using a sinusoidal input
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Table 4.2 Comparison of the theoretical minimum quantizer gains
and the simulated minimum quantizer gains at predicted X.x0

T Excess loop delay
T ® 0 |05T| T |15T| 2T |25T
Simulated K, i
2nd order 0.507 | 0.505 | 0.510 ] 0.502 | 0.501 | 0.501
3rd order 0.504 0.504 | 0.506 | 0.501 | 0.508  0.504
4th order 0.513 0.502|0.504 | 0.502 | - -
5th order 0.508 - - - - -
Predicted K mino 05 05]05]| 0505 05

Table 4.3 Comparison of the predicted maximum sinusoidal input amplitude
with the simulated maximum sinusoidal input amplitude
that prevents overloading for the 2AMs in Table 4.1

[dB]
Excess loop delay N - - -
0 0.57 1 1.57 2T | 257
D)
Predicted x o | 6.4 | 6.5 | 6.8 |-11.1|-12.5 -10.2
2nd order . 1 1 1 1 1
Simulated X o | 6.0 | -7.0 | 6.5 | -12.9 | -13.0 -9.0
Predicted x o | -12.1 | -12.7 | -13.2 [ -17.0 [ -17.3 | -53.1
3rd order . 1 1 1 1 1
Simulated X oo | -11.8 | -11.4 | -12.7 [ -15.9 | -18.8  -51.2
ath ord Predicted x 00 90 | -88 | -84 | 81 | - -
O Simulated ¥ o | 8.8 | -84 | 80 | -80 | - -
Predicted x 00 -9.6 - - - - -
SEE Simulated x .0 -9.5 - - - - -

4.5 Predicting the SQNR of a ZAM

The most significant metric of a ZAM is its SQNR, which gives an estimate of modulator’s
performance [28, 29, 30]. However, the estimation of a £AM’s SQNR is normally based on a
YAM’s output bitstream which is obtained by simulations which are usually time consuming tasks.
Some approximations of the expected SQNR have been suggested, but they are limited to ideal
low order £AMs [29, 30, 31]. In this section, a method for estimating the SQNR of an arbitrary
YAM is derived. This method provides estimated SQNRs without requiring simulations.

Examples are provided that compare the method’s estimated SQNRs with simulated SQNRs.
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4.5.1 Derivation of SONR Approximation when operating in no-overload input range

Consider a CT XAM modeled by the block diagrams in Fig 4.2 where the block diagram in Fig
4.2 (a) models the ZAM’s STF and the block diagram in Fig 4.2 (b) models the XAM’s NTF.

Assuming a zero mean input, the SQNR of a CT XAM modeled by Fig 4.2 can be calculated as

P 2
SONR [dB]=10-log,, (?j ~10-log,, (G—;J (4.24)

n n

where P, and ai are the output signal power and P, and o are the quantization noise power
over the output signal’s bandwidth. Because the power spectral density, S,(f),of the unshaped
quantization noise is o / f,, the quantization noise, o, in the signal’s bandwidth, f,, is

2
o-e

Js

o, = f;f; S.OINTF(HF  df = jff |NTF(f) [y, df (4.25)

where O'f is given by (4.18). Substituting (4.26) into (4.25), the SQNR of a CT XAM can be

written as
ol ¢l )
o ; | ISTE(Fdr
SONR [dB] =10-log,| ———— =10-log,| —=5— .
B O s o
[, INTECHO P f I, 5 INTE G P,
(4.26)

Assuming that that |STF f )|=1 at the input signal’s frequency and that the input signal is

sinusoidal which implies that o = x2, /2, then 0'3 =0~ =x2, /2,and the SQNR of a CT =AM

max

with a sinusoidal input can be written as

2
X

SONR [dB]=10-log,,| —— 2 (4.27)
B 2 2
7 1L INTED T e f
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where o, is given by (4.17).

To determine K, it is assumed that E [|l//(l’l)|] is proportional to its standard deviation; that is, it

is assumed that
Elly(n)|l=a-o,

where « is a constant. Eq. (4.28) implies that

Elly(m]  «
K,=—"—"=",
T o

2 2
When 0, =0, . K, = which implies that

deA

a=Ky-0,=K; -0,
Substituting (4.12) into (4.30),
o= des
H-K o

(4.28)

(4.29)

(4.30)

(4.31)

K. can then be estimated for the power of other input signals using an iteration method. This

method begins by using (4.13) to estimate O'; for an input power of &7;that is,

2

|STF( f)|

G (l’l)_ K= Kl,ﬁ(n)

f K2

where K, (0) =K, and o’ (0)= afmw . Using (4.29),

K, (n+l)=

Using (4.17),
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G (n) J-fs/2 G-H -DAC - Delay
52 1+K G-H -DAC - Delay

o,

df

K:Klﬁ (n)

4.32)

(4.33)



1-0,(n)

2| G-H-DAC-Delay
1+K-G-H-DAC - Delay

ol(n+1)=

| 2
Z I—_fs/leTF(f)l K=Ky ("+')df_I—_fs/2

f)

2 .
df
K=K (n+1)

(4.34)

Eq. (4.32), (4.33), and (4.34) are repeated until K, and af converge. These values can be

substituted into (4.27) to calculate the ZAM’s SQNR when the input power is the af_ in (4.32).

4.5.2 Prediction of the SONR of 2AM in Overload

X($)— F(s) G(s) 7o K, = ¥(s)
‘ s s a2 | K, s
Delay(s)
H(s) ¢ DAC(s) P
(@)
- ¥ (s)
T G(s) K, — s ¥(s)
Delay(s)
H(s) ¢ DACG) ¢ |

(b)

Figure 4.8 (a) A linear model for the CT ZAM’s STF in overload,
(b) A linear model for the CT XAM’s NTF in overload

When the CT XAM in Fig 4.2 is operating in overload, the linear models in Fig 4.2 are no
longer valid, and modified block diagram models need to be used to reflect the effects of overload.
When the ¥XAM is overloaded, the output signal’s amplitude is limited and the quantization error
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range increases. Fig 4.8 (a) shows a linear model for a CT XAM’s STF in overload. This linear
model has K/Knino at the output to reflect the ZAM’s output bitstream’s inability to realize
larger amplitudes. Fig 4.8 (b) shows a linear model for a CT XAM’s NTF in overload. This linear

model has a quantizer gain of K,;,/Knino to reflect that overload increases quantization noise

range from |e| <1to |e| < Kinino/ Kimin- Kinin can be estimated using (4.11) which implies that

K, =——o (4.35)

where o, can be calculated using the iterative method in (4.32), (4.33), and (4.34).

Using Fig 4.8 (a), the £AM’s STF in overload can be written as

STF (s) = —min_. Ko F15) G(s) (4.36)
K. .o 1+K, -G(s)-H(s)-DAC(s)- Delay(s)
and using Fig 4.8 (b), the ZAM’s NTF in overload can be written as
1
NTF(s) = (4.37)

14K, - Koo G(5). H(s)- DAC(s) - Delay(s)

minO

Modifying (4.27) and (4.17), the SQNR of a CT XAM that is operating in overload and has a

sinusoidal input signal is

(4.38)

SONR [dB]=10-log,,

N

J‘fs o,
/s

s

K ] df

K

~

1 + Kdex :

-G-H -DAC - Delay

minO

where
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2
) l—O'W

2

1| 52 1 fs/2
7 Jlfs/z K . ) df_j—fsﬂ
s 1+K, -—™.G-H-DAC- Delay

des
minO

G-H-DAC - Delay
1+K,, - Ko, -G-H-DAC- Delay

minO

()] df

(4.39)

4.5.3 Simulation results

To determine the validity of the SQNR predicted by (4.27) and (4.17) when the XAM is not
overloaded and by (4.38) and (4.39) when the XAM is overloaded, six 2nd order CT ZAMs, six
3rd order CT XAMs, and four 4th order CT XAMs were simulated. Table 4.1 shows the
specification for each CT XAM using a sinusoidal input with a frequency of 0.1MHz and
19.5MHz.

Fig 4.9 (a), (b), (¢), (d), (e) and (f) compare the simulated SQNRs with the predicted SQNRs for
a 2nd order CT ZAM with D =0, D=0.5T, D =T, D = 1.5T, D = 2T, and D = 2.57T, respectively.
Simulation results show that while the XAM is not overloaded, the SQNR increases linearly as
input amplitude increases. The simulations also show that XAMs’ SQNRs degrade or increase
nonlinearly when the XAMs are overloaded.

To validate the SQNR prediction in overload for higher order XAMs, six 3rd order CT £AMs
and four 4th order CT XAM were simulated and compared with the predicted SQNRs. Fig 4.10
(a), (D), (¢), (d), (e) and (f) compare the simulated SQNRs with the predicted SQNRs for a 3rd
order CT £AM with D =0, D =057, D =T, D = 1.5T, D = 2T, and D = 2.57T, respectively.
Similar to the 2nd order XAMs in Fig 4.9, simulation results show the SQNR increases linearly
when the ZAM is not overloaded and the SQNRs stop increasing linearly and degrade when the
YAM is overloaded. Fig 4.11 (a), (b), (c¢), and (d) compare the simulated SQNRs with the
predicted SQNRs for a 4th order CT £AM with D = 0, D = 0.57, D = T, and D = 1.57,

respectively. The simulation results show the SQNRs degrade when the XAM is overloaded. Also,
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the SQNRs for an input frequency of 0.1MHz is closer to the estimated SQNRs than the SQNRs
for an input frequency of 19.5MHz. Because ZAM’s SQNRs depend on the input frequency, the

>AM’s SQNRs can degrade at smaller input amplitudes for the low input frequencies close to DC.
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Figure 4.9 Simulated SQNR and estimated SQNR for the 2nd order CT XAM with
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Figure 4.10 (Continued) Simulated SQNR and estimated SQNR for the 3rd order CT XAM with
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(@)D=0,(b)D=0.5T,(c)D=T,(d)D=1.5T

75



CHAPTER 5

STABILITY ANALYSIS OF CT XAMS

Because a TAM’s output is typically the output of the ZAM’s quantizer, ZAMs cannot be
unstable in the bounded input bounded output (BIBO) sense. Instead, a XAM is considered to
have become unstable when the amplitude of a XAM’s input is increased over a value which
causes the XAM’s output SQNR to decrease dramatically and the XAM’s output SQNR cannot
be restored to its previous values even when the ZAM’s input is decreased to its previous
amplitudes. In this chapter, a root locus method is used to analyze and predict the maximum
input signal parameters that keep a CT ZAM stable.

Root locus methods have been successfully used to determine the stability of DT XAMs;
however, because the denominator terms of both the STF and NTF of a CT XAM contain
exponential functions, traditional root locus methods cannot be used for determining the stability
of CT ZAMs. Instead, several other methods have been developed for predicting the stability of
CT XAMs. One such method models the nonlinear quantizer using two linear gains, one for the
signal gain and one for quantization noise gain [35]. This approach has not received much
attention because of its complexity and because it cannot predict stability for several classes of
YAMs. Other approaches predict CT ZAM stability by assuming that the ZAM has a DC input and
then by performing a simple stability analysis. These methods are effective for predicting stability
for lower order ZAMs but not for higher order XAMs [35, 36, 37, 38, 39, 40, 41]. Another method
attempts to determine XAM’s stability by using a one-norm of the £AM’s NTF to determine
stability in a BIBO sense. It has been shown that the one-norm condition is available only for
second order lowpass modulators [43]. Therefore, a mixture of one-norm, two-norm and infinity-
norm constraints have been proposed to predict the stability of higher order modulators [44].

Lee’s rule is another method used to determine the stability of XAMs [45]. Lee’s rule states that a
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>AM will be stable if the gain of the XAM’s NTF is less than two for all frequencies. It has been
shown that Lee’s rule is neither a necessary nor a sufficient condition to ensure stability in XAMs
[46]. In this chapter, an analytical root locus method is used to determine the stability criteria for
CT XAMs that include exponential functions in their characteristic equations. This root locus
method determines the range of quantizer gains for which a CT XAM is stable. These values can
then be used to determine input signal power and other internal signal powers that prevent the

>AM from becoming unstable.

5.1 Analytical Root Locus

5.1.1 Root locus equation and Gain equation

The poles of a system are the roots of the system’s characteristic equation, and these roots
provide valuable insight concerning the stability and the response of a system. Root locus
analysis is a method for examining how the poles of a system change as function of a certain
system parameter. This method is commonly used to determine the stable region of feedback
systems as a function of open loop gain by plotting the poles of the system’s closed loop transfer
function as a function of the system’s open loop gain.

As shown in (2.20), CT ZAMs typically have characteristic equations of the form

1+K-e”-G(s)-H(s)-DAC(s)=0 5.1

where D is the XAM’s excess loop delay and DAC(s) is the system function of a DAC which
usually contains at least one exponential function. The root locus analysis of a CT ZAM that has a
characteristic equation like the one in (5.1) can be performed using standard graphical analysis
methods [47] or using an analytical method [48, 49] only when D = 0 and DAC(s) = 1. Although
the DAC is not explicitly modeled, a typical zero order hold (ZOH) DAC would have the system

function
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1—e7

DAC(s) = (5.2)

S -

where T'is the XAM’s sampling period. Most other DACs are also typically modeled using
exponential functions. When D # 0 or DAC(s) contains at least one exponential function, root
locus analysis of the characteristic equation in (5.1) cannot be performed using the standard
graphical or analytical methods. Instead, the root locus analysis can be performed using an
extended graphical analysis method [50, 51, 52] or using the analytical method in [53].

To illustrate the analytical method in [53], the term e *P-G(s)-H(s)-DAC(s) in (5.1) is written as

e -G(s)-H(s)-DAC(s) Ds) (5.3)
which implies that (5.1) can be written as
D(s)+K-N(s)=0. (5.4)
Solving (5.4) for K,
__D(s) _ Re{D(s)}+jIm{D(s)} (5.5)
N(s)  Re{N(s)}+jIm{N(s)} '
In standard form, (5.5) can be written as
x - ~Re{D()}-Re{N(s)}~Im{D(s)}- Im{N (s)}
(Re{N(®)})" +(Im{N(s)})’ 56
Re{D(s)}- Im{N(5)}—Im{D(s)}-Re{N(s)} '
(Re{N(®)})" +(Im{N(s)})
Because the quantizer’s variable gain, K, is real, (5.6) implies that
Ko —Re{D(s)}-Re{N(s)}—Im{D(s)}-Im{N(s)} 57
(Re{N()}) +(Im{N(5)}) '
and that
Re{D(s)}-Im{N(s)}—Im{D(s)}-Re{N(s)}=0. (5.8)
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Plotting (5.8) in the s-plane renders the root locus of (5.1) for -0 < K < 0.

5.1.2 lllustrative example of analytical root locus

To illustrate this analytical root locus method, consider a 3rd order CT XAM implemented using

an RC CIFB implementation as shown in Fig 2.9 (a). From Table 2, the STF and NTF of this CT

2AM are
K- {193s3 +b,c,s” +(bcic, — gobsc,)s + bococlc2}
2
STF(s) = S~ 8c) (5.9)
| K-M(s)- {a3s +a,c,s" +(a,c,c, — 8,05¢,)s + aococlcz}
+
s(s* = g4¢)
and
1
NTF(s)= 5 > (5.10)
- K-M(s)- {a3s‘ +a,c,s” +(a,c,c, — 8,a,¢,)S + aococlcz}
s(s* = g,)
Comparing the STF in (2.21) with (5.9) and NTF in (2.22) with (5.10), it can be seen that
F(s)=b,s’ +b,c,s +(bc,c, — g,bsc,)s +b,coc,c, (5.11)
1
G(s)=—F—— (5.12)
s(s™ = 8¢))
H(s)=a,s" +a,c,s” +(a,c,c, — 8,05C,)S + AyCoCiC, - (5.13)
Using (5.1), (5.2), (5.12) and (5.13), N(s) and D(s) can be determined to be
N(s)= {113s3 +a,¢,87 +(A,0,C, — A5C,)S + AyCoC,Cy } (1—e*). e (5.14)
and
D(s)=(s>—g,c,)-s" T . (5.15)
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Substituting o + jw for s where 0 = Re{s} and w=Im{s},
Re{D(s)} =T (0" — g,c,0° —30°w* +w' + g,cw” —307w?) (5.16)
Im{D(s)}=T - (0’w— g,c,0w—30w’ —ow’ — g,c,0w+ 30°w) (5.17)

Re{N(s)}= {a303 —3a,0W” +a,0,0” —a,c,w" +(a,c,c, — g,a5¢, )0 + aococlcz}

. {e"D" cos(Dw) —e T cos((T + D)w)}

(5.18)
- {3a302w —a,w’ +2a,c,0w+(a,c,c, — g,a5C, )w}
-{—e’DU sin(Dw) + e " sin((T + D)w)}
and
Im{N(s)}= {a303 —3a,0W" +a,c,0” —a,c,w +(a,c,c, — 8,a5¢, )0 + aococlcz}
. {_e*"f sin(Dw) + e~ TP sin((T + D)w)} (5.19

2 3
+ {3a30 W—aw’ +2a,c,0W+(a,c,¢, — 8,d5C, )w}

. {e"D" cos(Dw) —e TP cos((T + D)w)}.

Substituting (5.16), (5.17), (5.18) and (5.19) into (5.8), the root locus of the 3rd order CT XAM
using an RC implementation can be plotted for -co < K < o0,

Similarly, comparing the STF and the NTF for each order CT XAM shown in Table 2.2 and
Table 2.3 with (2.20) and (2.21), respectively, the F(s), G(s) and H(s) for each order CT XAM can
be determined. Table 5.1 and Table 5.2 show the results. Table 5.1 shows F(s), G(s) and H(s) for
an RC implementation, and Table 5.2 shows F(s), G(s) and H(s) for a G,,C implementation. Using
Table 5.1 and Table 5.2, D(s) and N(s) for each order CT ZAM can be easily determined to get
the analytical root locus and the quantizer gain value. Table 5.3 and Table 5.4 show Re{D(s)},
Im{D(s)}, Re{N(s)} and Im{N(s)} for RC implementations and G,C implementations,
respectively.

Fig 5.1 (a), (b), (¢), (d), (e) and (f) show the root locus or the plot of (5.8), for six lowpass 3rd

order CT XAMs that have sampling frequencies of 1GHz, Chebyshev Type 2 NTFs with 30dB
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attenuation in the stopband, and excess loop delays of D =0, D = 0.5T, D =T, D =1.5T, D =2T,
and D =2.57, respectively. The plots in Fig 5.1 include both the positive gain (K > 0) root

locus and the negative gain (K < 0) root locus.

K=8.557 |0 zero K=12.893 0 zero ||

L ; X pole || L ; X pole
2 2 /

 K=0.240 K=0.296
w w
0 =

/
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Figure 5.1 The root locus of six lowpass 3rd order CT £AMs that have Chebyshev Type 2 NTFs
with 30dB attenuation in stopband, a sampling frequency of 1GHz, for and excess loop delays of
(a)D=0,(b)D=0.5T,(c) D=T,(d) D=1.5T, (e) D =2T, (fy D =2.5T
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According to the plots in Fig 5.1, the CT XAMs with D =0, D =0.57, D =T, and D =1.5T are
stable for 0.240 < K < 8.557, 0.296 < K < 2.893, 0.376 < K < 1.648, and 0.525 < K < 0.986,
respectively. Although the root locus plots show that the CT XAMs with D =0, D =0.5T, D =T,
and D =1.5T are unstable for K > 8.557, K > 2.893, K > 1.648, and K > 0.986, respectively,
none of the modulators show a degradation in SQNR when K enters those ranges because when
the modulator enters unstable regions for large values of quantizer gain, K, the feedback signal
increases which reduces the quantizer gain, K, and moves the poles back into a stable region.
However, when K < 0.240, K < 0.296, K < 0.376, and K < 0.525 for the CT XAMs with D =0, D
=0.57, D =T, and D =1.5T, respectively, the modulator shows a degradation in SQNR because
when the modulator enters those unstable regions the feedback signal increases which further
reduces the quantizer gain, K, and consequently moves the poles further from the stable region.
Therefore, a CT £AM will remain stable if its quantizer gain, K, remains above its minimum
stable value, K,s, as determined from the XAM’s root locus plot.

Fig 5.1 (e) and (f) show the root locus plots for the 3rd order CT XAMs with D = 2T, and D =
2.5T, respectively. These plots show that for both of the cases no quantizer gain, K, exists that can
stabilize the XAMs. For these cases, a NTF with less attenuation should be chosen. The root loci
in Fig 4.1 also show that the range of the quantizer gains that prevent a XAM from becoming
unstable is reduced as the excess loop delay time, D, increases.

Besides root locus plots, Bode plots can also be used to compute the range of quantizer gains
over which a CT X£AM is stable. For example, Fig 5.2 shows the Bode plot for the 3rd order CT
YAMs that has a sampling frequency of 1GHz, uses a Chebyshev Type 2 NTF with 30dB
attenuation in the stopband and has an excess loop delay time, D, of zero. The root locus for this
YAM is shown in Fig 5.1 (a). From Fig 5.2, it can be seen that the lowest stable quantizer gain is -
12.39dB (0.240) and the highest stable quantizer gain is 18.65 dB (8.55). Both of these values are

consistent with the values obtained from the root locus plot in Fig 5.1 (a).
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Table 5.1 F(s), G(s) and H(s) for RC implementations

2nd order CT 2AM
F(s) b,s> +b,c,s +byc,c, — 8,b:C,
1
G(s) -
S = 80C
H(s) a,s” +a,c,5 +(ayCC, — 8o@rCy)
3rd order CT AM
F(s) bys® +b,c,s” +(bc,c, — 84bic))s + by Cy
1
G(s) 2
s(s” — gOCI)
H(s) a,8” +a,0,87 +(a,0,C, — 8a5C,)S + AyCoC,Cy
4th order CT XAM
Fs) 194s4 + b3c3s3 +(b,c,c, —g,b,c, — glb462)s2 +(bcc,c, —g,bc,c.)s
S
+ (bOCOCICZC3 - g0b2c0C2c3 + gOglb4COCZ
1
G(s)
( (Sz_gocl)(sz_glcz)
4 3 2
Hes) a,s tagcs +(a,c,c,—gac, —gac,)s +(acc,c,—gacc,)s
s
+ (aOCOCICZC3 - g0a2COc2C3 + gOg1a400c2
5th order CT XAM
F(s) bss5 + b4c4s4 +(byese, — gobse, — glb5C3)S3 +(byc,050, — gobycicy )s?
+(be,c, 050, — 8obsciciC, + 808,b5ciC5) s + bycyc c,c5e,
1
G(s) : >
s(s” —g,c)(s” —gc,)
HGs) a8’ +a,c,5" +(A,0,0, — 8y0sC, — 8,05C5)S° +(A,C,C1C, — 800,C,C,)S”

+ (a,6,6,6,C, — 8405C,C5C, + 808,45C,C3)S + AyCoC,C,C5C,

83




Table 5.2 F(s), G(s) and H(s) for G,,C implementations

2nd order CT XAM
F(s) b,s> +b,c,s +b,coc, — 84brCoC,
1
G(s) =
™ = 80CoC
H(s) a2s2 +a,c, s+ (a,c,c, — 8,0,6,C,)
3rd order CT XAM
F(s) bys® +b,c,s” +(bc,c, — gobyc,C,)s +bycyciCy
1
G(s) 2
s(s” —8,6,C,)
H(s) ays” +a,0,5% +(a,0,C, — 84@5C,C,)S +AyCyCiC,
4th order CT XAM
F(s) 17454 + b3C3S3 +(bycy05 — gobycoc, — 81byc¢4 )52
H(bye,c,0; — 8,D56,,65) + (byCo€,C2C5 — 8oDrCoCiCoC + 8081D,C,€1C5C5)
1
G(s)
(S2 — 8066, )(S2 - 86,6,
4 3 2
Hes) a,s +acs +(ac,c,—ga.cc —ga,.c,c,)s
s
+(a,cc,c, —g,a.c.cc)s +(acccc,c, —ga,ccc,c +g8ac.cc,c,
5th order CT XAM
F(s) bs’ +b,c,s* +(bcic, — g,bsc,c, — 8,bscic,)s” + (bye,cie, — gobicic,c,)s’
+ (bic,cyc5e, — 8obsc o053, + 808,bscc,05¢,)s + bycyeic,ce,
1
G(S) 2 2
S(s” = g,0,0,)(s” — g,c5¢,)
H(s) asS” +a,0, 8" +(A,0,C, — 8yAsC,Cy — 8,05C5C,)S + (50,05, — 8004C,CoC,)S”

H(A,6,6,C5C4 — 85C,C2C5C, + 88105C,C2C5C, )S + ACoCC,C5C,

84




Table 5.3 Re{D(s)}, Im{D(s)}, Re{N(s)} and Im{N(s) }for RC implementations

2nd order CT 2AM
Re{D(s)} | T-(c’ - g,c,0 —30w?)
Im{D(s)} | T-(—’ — g cow+30"w)
{azoz —a,w’ +a,c,0+(a,c,c, — goazco)} - {e'D" cos(Dw)—e P cos((T + D)w)}
Re{N(s)}
—{2a20w + alclw} . {—e’D“ sin(Dw) + e "7 sin((T + D)w)}
{azcz —a,w’ +a,c,0 +(a,c,c, — goazco)} . {—e’D” sin(Dw) +e~ "™ sin((T + D)w)}
Im{N(s)}
+{2a,0w+a,cw}- {e‘D” cos(Dw) —e T cos((T + D)w)}
3rd order CT XAM
Re{D(s)} | T-(c0" —g,c,0° —30°w” +w* + g,cw’ —30°W?)
Im{D(s)} | T-(c’w— g,c,ow—30w’ —ow’ — g c,ow+30°w)
{a303 —3a,0W +a,c,0° —a,c,w” +(a,c,c, — g,a:¢,)0 + aococ,cz}
e cos(Dw) —e T cos((T + D)w) |
Re[N(s)) .
- {3a30 W—a,w’ +2a,c,0w+(a,¢,¢, — 8,0:C, )w}
{=e ™ sin(Dw) +e P sin((T + D)w)}
{a303 —3a,0W +a,c,0° —a,c,w” +(a,c,c, — g,a:¢,)0 + aococ,cz}
{=e ™ sin(Dw) + e T sin(T + D)w) |
Im{N(s)} o
+ {3a30 W—a,w” +2a,c,0w+(a,c,¢, — 8,a:C, )w}
- {e’m cos(Dw) —e " cos((T + D)w)}
4th order CT 2AM
Re{D(s)} | T- {05 —100°w* +50w* +(—gyc, — g,¢,) - (0° —30u’) + goglclczo}
Im{D(s)} | T- {504w —100°W* + W +(—gyc, — 8,¢,) - Bow—w’) + goglclczw}
{04(0'4 —60°W +w") +a,c,(0° —30W?) +(a,¢,¢; — §,a,Cy — 8,,¢,)(0° — wz)}
+(a,6,6,65 = 85€1C3)0 + (A€o C1C,C5 = 85CoCHC5 + 808 184CoC,)
e cos(Dw)—e P cos((T + D)w)}
Re{N(s)}

a,(40”°w—40w’) + a,c; (307w — W) + 2(a,c,c; — 8,,C, — §,0,C,)OW
+(a,€,6,¢5 = 843CoC3)W

{—e " sin(Dw) +e T sin((T + D)w)}
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Table 5.3 (Continued) Re{D(s)}, Im{D(s)}, Re{N(s)} and Im{N(s) }for RC implementations

a,(0* —=60°w +w") + a,c,(07 = 30w?) + (a,c,¢; — 8,a,¢, — §,a,¢,)(0° — W)
+(a,6,6,C5 — 8405643 )0 + (ACoC,C,C — 800,CCrCs + 80810,C0C,)

: {—e*D" sin(Dw) + e T2 sin((T + D)w)}

Im{M(s)} . . 2
+{a4 (4o"w—40w’) +a,0,(30"w—w") +2(a,0,¢; — 88,4Cy — 8,04C, )ow}
+(a,6,6,C5 — 8405CC3)W
: {e’D" cos(Dw) —e T cos((T + D)w)}
5th order CT XAM
6 4 2 2 4 6 4 2. 2 4
o’ —150"w” +150°wW" —w’ +(—g,c, — &,¢;) - (07 —60" W +w")
Re{D(s)} T-{ T 01~ 8163
+8,8,6,6,(07 —w?)
Im{D(s)} T- {605w —200°W* + 60w’ + (—84C1 — 8163)- (403w — 40w3) + 2g0glclc30w}
a;(0° —100°w* + Sow*) + a,c, (0" —60°W" +w")
+(ac,¢, — 8oas5C, — glasc3)(03 —30w?)
+(a,cyc50, — goa4qc4)(c72 -+ (a,,6,05C4 — 84A5C,C5C4 + 808,05C,C5 )0
+a,CyC,C,C5C,
Re{N(s)) . {e’D" cos(Dw) —e TP cos((T + D)w)}
a;(50*'w—100"w’ + w’) +a,c, (40°w — 4ow’)
—3 H(a,050, — 8,05C, — 8,a5¢;) (307w —w)
+2(a,c,c5¢, — 8,0,6,¢,)0W+(a,6,6,6,C, — 8,05C,C5C, + 8,8 ,05C,C3)W
{=e ™ sin(Dw) + ¢ sin(T + D)w)}
a;(0° =100°w* + 50w*) + a,c, (0! — 607w +w*)
+(ay050, — 8oa5C; — glaScS)(O3 —30w?)
+(a,c e, — g0a4€1c4)(02 —w)+ (a,c,c,05c, — 8405C,C5C, + 808,05C,C5 )0
+ €y C,C,C5C,
Im{N(s)} : {—e"D” sin(Dw) +e " sin((T + D)w)}

a,(50*'w—100"w’ + W) +a,c, (40w —4ow’)
+4 4 (a,c5c, — 8oa5C, — g,a5c3)(302w —w)

+2(a,0,0,¢, — 8404€,C,)0W+(a,0,6,6,C, — 8,05C,C5Cy + 818,05C,C5 )W

: {e*D" cos(Dw) —e TP cos((T + D)w)}

86




Table 5.4 Re{D(s)}, Im{D(s)}, Re{N(s)} and Im{N(s) }for G,,C implementations

2nd order CT XAM
Re{D(s)} | T-(c’—30w’ —g,c,c,0)
Im{D(s)} | T-(30°w—w’ —g,c,c,w)
{azo2 — W +a,6,0 +(A,C,C; — 8y,CoC, )}- {e’” 7 cos(Dw) —e " cos((T + D)w)}
Re{N(s)}
—{2a20w + a,c,w} . {—e’D” sin(Dw) + e "™ sin((T + D)w)}
V)] {a202 —a,w” +a,0,0 +(a,CoC, — 840,CoC )}- {—e'D” sin(Dw) +e " sin((T + D)w)}
m{N(s
+{2a,0w+a,cw}- {e'D" cos(Dw) —e "™ cos((T + D)w)}
3rd order CT ZAM
Re{D(s)} | T-(c*—g,c,c,0” —30°wW +w' + g,c,c,w”° —30°W)
Im{D(s)} | T (c’w—g,c,c,ow—30uw’ —ow’ — g, ,c,o0w+30°w)
{a303 —3a,0W" +a,c,0° —a,c,w” +(a,¢,C, — 4A:¢,C, )0 + aococlcz}
. {e’D" cos(Dw) —e T cos((T + D)w)}
Re{N(s)} o
—{3a30 w—aw +2a,c,0w+(a,c,c, — g0a3clcz)w}
. {—e’D" sin(Dw) + e " sin((T + D)w)}
{61303 —3a,0W +a,,0° —a,c,w” +(a,c,C, — §,05C,C, )0 + CZOCOCICQ}
. {—e’D" sin(Dw) + e " sin((T + D)w)}
Im{N(s)} .
+ {3a3o W—a,w +2a,c,0w+(a,c,c, — 8,4:€,C, )w}
. {e’D" cos(Dw) —e T cos((T + D)w)}
4th order CT AM
Re{D(s)} | T- {05 —100°W” +50w* +(—g,c,c; — 8,6,¢3) - (07 —30w’) + goglcoc,czqc}
Im{D(s)} | T- {504w —100°W’ + W +(—gyC,¢; — 8,6,C5) - (30" w—w’) + goglcoclc2c3w}
{(,14(0'4 —60°wW* + W) +a,,(0° —30W*) + (a,¢,¢; — 88, CoC, — 8,8,C,C3) (07 — wz)}
+(a,6,6,C5 — 8405C,€,C3)T + (AyCHCIC,C3 — 8aCoCiCoCx + 8810,CCiCoC5)
. {e’D'I cos(Dw) —e TP cos((T + D)w)}
Re{N(s)}

a,(40°w—40W’) + a,c,(30°W— W) + 2(A,0,C; — §4A,CoC; — 8,04C5C;)OW
+(a,€,6,¢5 = 83CoC1C3 )W

-{—e"D" sin(Dw) +e "™ sin((T + D)w)}
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Table 5.4 (Continued) Re{D(s)}, Im{D(s)}, Re{N(s)} and Im{N(s) }for G,,C implementations

Im{N(s)}

{a4(04 —60°W* + W) +a,¢,(0° —30W*) + (a,¢,¢; — 8,CoC, — 8,8,C,C3) (07 — wz)}
+(,6,6,C3 = 8¢5C4€,3)0 + (AgCoCIC2C5 — 8lrCoCiCHC F 88 184CoC1CxC5)
-{—e"D" sin(Dw) + e "™ sin((T + D)w)}
N {a4 (40°w—4o0w’) + a3c3(302w —W)+ 2(a,C,C; — 80,C,C; — 8,04C,C4 )ow}
+(a,6,6,C; — 805C,C,C3)W

. {e’D0 cos(Dw) —e " cos((T + D)w)}

5th order CT XAM

Re{D(s)}

‘{06 —150*Ww* +150°w* =W’ +(—g,c,c, — 8,¢:¢,) - (0* —60°W* + w4)}

2 2
+80816,0,¢5¢, (07 — W)

Im{D(s)}

T- {605w —200°wW’ + 60w’ +(—g,c,c, — §,6:¢,) - (4o’ w—4dow’) + 2g0g1c10203c40w}

Re{N(s)}

a;(0° —=100°w* +50w*) + a,c, (0" — 607w +w*)
+(A,0,C, — §,05C,C, — 8,05C5¢, )(0° —30u’)
+(aycyc5, — g0a461czc4)(02 —wH)+ (a,6,6,65C4 — 8¢05C,C,C5C, + 808,05C,C,C5C, )0
+a,CyC,C,C5C,
. {e’D" cos(Dw)—e " cos((T + D)w)}
a;(50*'w—100"w’ + w’) +a,c, (40°w—4ow’)
—{ +(a;050, — 8,a5¢,C, — 8,a5¢5C, ) (307w —w)

+2(a,0,0,¢, — 8,0,€,C,C,)0W 4 (a,6,C,C1C, — 8¢AC,CoC5C, + 808, AsC,CoC5C, )W

: {—e*DC‘ sin(Dw) + e TP sin((T + D)w)}

Im{N(s)}

a;(0° —100°w* + 50w*) + a,c, (0! — 607w +w*)
+(A,0,C, — §o05C,C, — 8,05C5€, (07 —30uw?)
+(@,6,6,6, = 804€,6,6,)(07 = W7) H+(@,0,6,€5¢, = §o5C1C2C5C + 8081A5C1C,€5¢4)0
+ a,CCCoC5C,
: {—e"D" sin(Dw) + e " sin((T + D)w)}
a;(50*'w—-100"w +W’) +a,c,(40°w—4dow’)
+1 H(Ay0,0, — 8,05C,C, — 8,45C5¢,) (307w —w”)

+2(a,0,05¢, — 8404€,C,C, )OW +(4,0,C,C5C4 — 8¢A5C,CoC5C, + 80805C1CoC5C, )W

: {e'D° cos(Dw) —e TP cos((T + D)w)}
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Figure 5.2 Bode plot for the 3rd order CT XAM shown in Fig 5.1 (a)
5.2 Stability Analysis for CT £AMs that are not overloaded

Because the output of a XAM’s quantizer has fixed quantization levels, its gain is a function of
its input signal which is a function of the XAM’s input signal. Therefore, the stability of a CT
>AM depends upon the quantizer’s input signal because a large enough input signal can generate
a large signal at the quantizer’s input which reduces the quantizer’s gain and in turn can
destabilize the modulator loop. In this section, a method for determining a XAM’s maximum
input signal power which keeps the ZAM stable is developed.

To determine the maximum input signal power, P_ ., that keeps a XAM stable, consider the
STF and NTF models shown in Fig 5.3 (@) and (b) and assume that the quantizer’s input, y, is a
zero mean random process. Because y is a zero mean random process, the quantizer’s input
signal power, P, can be written as P, = o, where o, is the standard deviation of . To keep a
2AM stable, v, o < 1/Kpins Where o is the quantizer’s maximum input amplitude that keeps

the XAM stable. This condition is assumed to be true when x-o, <y, Or equivalently when
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2 2
o2 < (—‘/’ﬂSj - [—u 11( J (5.20)
" D mins

where y is the standard deviation coefficient of o, as shown in Fig 5.4. Based on the empirical
simulation results, u is chosen as 3.6. Because the minimum quantizer gain that keeps a XAM
stable 18 Kpins, the quantizer’s maximum input power, p, ,that keeps a XAM stable can be

written as

2
B =0 {#J . (5.21)
" N mins

¥(s)

X(s)— F(s) G(s)

¥(s)

Delay(s)

H(s) DAC(s)

(@)

E(s)

¥ (s) ,L
+ G(s) : > \-_|-,| > ¥(s)

Delay(s)

H(s) DAC(s) <—,

(b)

Figure 5.3 (a) Block diagram of a CT XAM’s STF, (b) Block diagram of a CT XAM’s NTF
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Figure 5.4 Bell curve of the standard normal distribution **

From the block diagrams shown in Fig 5.3, the quantizer’s input power, o-;, can be written as

(f) df. (522)

K=K,

2
o> 1 phnr
2= L™

ol (2| G-H DAC-Delay
174 f KZ —f5/2 J.

STFE(F) = df +
(f)| K=K, f f 1+ K-G-H -DAC - Delay

—fs/2

where K, =Elly(n)l/o,. Wheno, =0, K, =K, where K, is the value of K used to
design the XAM. Therefore, the quantizer’s maximum input power, o-;ms, that keeps a XAM

stable can be written as

2

2
O-x,s 1 f5/2 O-e,s
o2 = Tme " STE(F T |
K=

1 2| G-H-DAC-Delay
¥ maxs fs K2 —fs/2 —fs12

1+ K-G-H-DAC - Delay

o)) df

des _
K=K ey

s

(5.23)

where o . 1s the maximum input power that keeps the XAM stable and o’ . s the quantization

‘max! X

noise power when o> =c. and o, =0o. . Assuming that the *AM’s input, output and
x Xmaxs v Y maxs
quantization noise signals have means of zero, the XAM’s output signal power, P, can be

calculated as

2 2
_ 21_ 2 _ O, fs12 2 o, 52 o
P =E[y’l=0’= 7 J:fs/2|STF( e, dF + 7 Lﬁ/2| NTF(f)f x df - (5.24)
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Therefore, at the maximum values of o-_f and of that keep the ZAM stable,

2
O'e ) fs12
| STF(f) [y, df + T LM| NTF(f) [y, df - (5.25)

s

_ maxs J.
Y fs 1512

Subtracting (5.22) from (5.24) and solving the resulting equation for &, the quantization noise
power, af, can be determined as

2 2
O' — 0,
ol = v : (5.26)

llfml NTF() g dr - || GH-DAC-Delay_ df}

AR 2|1+ K -G -H - DAC - Delay
Therefore, the maximum quantization noise power, o-jms, that keeps a ZAM stable can be

determined as

O' —O'
o, = s - (5.27)

512 G-H -DAC - Delay
NTF d dj
l:.[ f/2| (F)F s kudf ~ J.f/2|1+K G-H-DAC- Delay(f) K=K, f}

fs

Using (5.25), the maximum input power, P, that keeps a £AM stable can be determined as

2

O-e

O-)Z* _ maxS I | F( f) | df
2 S, R K=K,

P =0 = ‘ (5.28)

1 prnr
Ll TP e

where 05 is 1 for a single-bit quantizer and (7(,,2‘ . s given in (5.27).

5.3 Stability Analysis Example of XAMs that are not overloaded

To illustrate this method, consider two 4th order ZAMs where one of the ZAMs has a sampling
frequency of 1GHz, a Chebyshev Type 2 NTF with 21dB of attenuation, an excess loop delay of
2T and the root loci shown in Fig 5.5 (a) and the other XAM has a sampling frequency of 1GHz, a
Chebyshev Type 2 NTF with 18dB of attenuation, an excess loop delay of 2.57 and the root loci
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shown in Fig 5.5 (b).

x 10 i i x 10
K=1.597 |0 zero |- —
5 — — X ;Cnrlc 5 k= 1'412_/ )(2 ;Lt:l(c =
e K=0.508 i
e i K=0.530
e ﬂf;‘*‘é = S ’—“k‘(
R —— “o———=
el <
5 S 5 B—cE —
15 -1 05 0 0.5 1 1.5 1.5 1 0.5 0 0.5 1 15
x10° x 10
a o
(a) (D)

Figure 5.5 The root locus of 4th order CT £AMs that uses Chebyshev Type 2 NTFs
with a sampling frequency of 1GHz for (@) D = 2T, (b) D =2.5T
From inspection of the plots, the 4th order CT XAMs with D = 2T and D = 2.5T are stable when
the minimum quantizer gains, K,s, are 0.508 and 0.530, respectively. Because these K,ss are
greater than K0 (0.5), the CT ZAM will not be overloaded before becoming unstable. Assuming
a single bit quantizer with an output of +1, the maximum quantizer inputs, y¥u.xs, that prevent the

CT XAMs from becoming unstable can be calculated as

Vs = —— = —— = 1.968 (529)
K_. 0508
and
1 1
= =—— =1.886. (5.30)
Vs = =530

minS
Therefore, the CT XAMs with D = 2T and D = 2.5T are unstable when y,..s > 1.968 and /.5 >

. . N . . )
1.886, respectively. Using (5.21), quantizers’ maximum input powers, o, ,are

2 2
o, = ! :( ! j =0.299 for D =2T (5.31)
ms o K 3.6-0.508
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and

2 2
o, = ! :( ! ) =0.275 forD =2.5T. (5.32)
ws o\ K 3.6-0.530

Using (5.27), (5.31) and (5.32), the quantization noise powers, o-fms,that keeps the ZAMs stable

can be determined as

o2 =102 4991 forp=or (5.33)
ws - 3331-0.744
and
ol = 12027 996 forp =257 (5.34)
= 3416-0.789

here the term — [ | NTF(f) Py df and
where the term ?J:fs/2| () gek, df an

512 | G-H -DAC- Delay
1+K-G-H:-DAC- Delay

2
(f) df were calculated using the following
K

=K ges

1
the term —I
/s

—f512

Matlab code and K., was set to one in this example.

% The coefficients of transfer function F(s),G(s)and H(s)
% F(s)= F4*s"4+F3*s"3+F2*s"2+F1*s+F0;
G(s)= 1/ (s™4+G2*s"2+G0) ;

H(s)= H3*s"3+H2*s"2+H1*s+HO;

o0 oo

$fs: Sampling frequency
$T=1/fs: Sampling period
$D:Excess loop delay

NTEsq=@ (£)abs (((§.*2%pi.*£) . 4+G2.% (§.*2%pi.*£) . "24G0) . * ((J.*2%pi.*f) .*T) ./
((5.%2%pi.*E) . *T. % ((§.*%2%pi.*f) . +G2.% (§.*2%pi.*f) . 2+G0) +K.* (H3.* (J.*2%pi.*f)
CABHH2 LK (L *2%pi L *E) LA24HLL % (F.*2%piL *£) +HO) L * (L—exp (= (§.*2%pi.*f) . *T)) . *exp (-
(3.%2%pi.*f) .*D))) ."2;

NTF=integral (NTFsq,-fs/2,fs/2)/fs;

GHDACsg=@ (f)abs (((H3.* (j.*2*pi.*f) .A"3+H2.* (J.*2%pi.*f) ."2+H1.* (j.*2*pi.*f)+HO) .
*(l-exp (= (j.*2*pi.*f) .*T)) .*exp (- (j.*2*pi.*f).*D)) ./

((J.*2%pi.*f) . *T.*((J.*2%pi.*f) .M4+G2.* (. *2*pi.*f) ."2+G0) +(K.* (H3.* (j.*2*pi.*f
) LABHH2. % (§.*2%pi . *E) L A24HL. ¥ (§.*2%pi.*£) +HO) . * (1—exp (- (J.*2%pi.*f) .*T))
.*exp (- (J.*2*%pi.*f) .*D))))."2;

GHDAC=integral (GHDACsq, -fs/2,fs/2)/fs;
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Using (5.28), (5.33), and (5.34), the maximum input powers, mexs , that keep the XAMs stable are

s = O'fms =1- 0.271-3.331=0.097 for D =2T (5.35)

and

P = ofms =1- 0.276-3.416 =0.057 for D =2.5T (5.36)

*maxs

where the term fijf;//z2| STF(f)f df was calculated using the following Matlab code.
ST K=K 4o

% F(s) =F4*s"4+F3*s"3+F2*s"2+F1*s+F0;
% G(s)= 1/ (s"44G2*s"2+G0) ;
% H(s)= H3*s"3+H2*s"2+H1*s+HO;

STFsq=@ (f) abs (((F4.* (.%2%pi.*f) .~4+F3.% (. %2%pi.*f) .~3+F2.% (J.*2%pi.*f) ."2+4F1.
*(§.%2%pi.*E)+F0.* (§.*2%pi.*f) . *T)

/(3. %2%pi ¥ ) L MAHG2. N (5. %2%pi ¥ E) L A24G0) LK (J.*2%pi . *E) L X T+ (H3. % (§.%2%pi. *f) .
AZHH2. % (§.%2%pi.*f) . ~2+4HL.* (§.*2%pi.*£)+H0) .* (1—exp (- (§.*2*pi.*f) .*T)) .*exp (-
(§.%2%pi.*f) .*D))) ."2;

STF=integral (STFsq,-fs/2,fs/2) /fs;

Assuming a sinusoidal input signal, the maxmum input signal power, P, ., can be written as

P =0’ =x>./2 (5.37)

*maxs *maxS maxS

where Xp.s 1S the ZAM’s maximum input amplitude that keeps a XAM stable. Using (5.35),
(5.36), and (5.37), xmaxs is estimated to be 0.441 (-7.1dB) for the 4th order CT ZAMs with D = 2T
and 0.339 (-9.4dB) for the 4th order CT £AMs with D = 2.5T.

Fig 5.6 (a) shows the simulated SQNR and minimum quantizer gain for the 4th order CT XAM
with D = 2T in this example. The simulation results show that when K=K;,s=0.510, the
sinusoidal input signal has an amplitude of -7.4dB. The simulation results also show that the
actual maximum sinusoidal input amplitude for the stability is -7.0dB which is close to the
predicted maximum amplitude of -6.9dB.

Fig 5.6 (b) shows the simulated SQNR and minimum quantizer gain for the 4th order CT XAM

with D = 2.5T in this example. The simulation results show that when K=K;,s=0.534, the
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sinusoidal input signal has an amplitude of -9.8dB. The simulation results also show that the
actual maximum sinusoidal input amplitude for the stability is -8.0dB which is close to the

predicted maximum amplitude of -9.1dB.
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Figure 5.6 Simulated SQNR and the minimum quantizer gain (K,,;,) using a sinusoidal input
for the 4th order CT XAM with (a) D = 2T, (b) D =2.5T
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5.4 Other Stability Simulation Results of CT XAMs that are not overloaded

To illustrate this methodology’s accuracy for predicting X.xs, five Sth order CT XAMs were
also simulated. Table 5.5 shows the specification for the five 5th order as well as the two 4th
order XAMs discussed in Secion 5.3. For each of the CT XAMs, the predicted x,,.xs iS compared to
the simulated x,ys.

Table 5.6 compares the theoretical minimum quantizer gain, K,,s, obtained from the analytical
root locus with the simulated minimum quantizer gain obtained when the simulated input signal is
a sinusoidal that has an amplitude of x.s, the maximum predicted amplitude that keeps the
YAM stable. Table 5.7 compares the predicted maximum input amplitude with the simulated
maximum input amplitude that keeps the ZAM stable. This table shows that all but one of the

predictions are within 1dB of the simulation results.

Table 5.5 Specification for each CT ZAM

(@) Common specification

Specification
Sampling frequency 1GHz
Sinusoidal Input frequency | 0.1MHz
Signal Bandwidth 20MHz

(b) NTF attenuation for each CT AM
[dB]

NTF attenuation

Excess loop delay (D)| 0 (057 T | 1.57T 2T |2.5T
2nd order CT ZAMs e R R R
3rd order CT XAMs i I L R B
4th order CT ZAMs - | = | = | = 121]18
5th order CT ZAMs - 46 | 35 27 | 22 | 17
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Table 5.6 Comparison of the theoretical minimum quantizer gains
and the simulated minimum quantizer gains at the predicted X.xs

Excess loop del:
RS TSy 05T | T 15T 2T |25T
D)

Predicled K 5 - - - - - -
S e e e i i - - - -
3rd ord Predicted K g - - - - - .
Fe T Simulated K min§ - - - - - -
b ord Predicted K s - - - - 0.508]0.530

O T Simulated K 6 - - - - 0510|0534

Predicted K s - 10518]0.528 0.534 0.548]0.550
5th order . | I

Simulated K ;.5 - 10529 10.536 0.546 | 0.552 | 0.556

Table 5.7 Comparison of the predicted maximum sinusoidal input amplitude
with the simulated maximum sinusoidal input amplitude that keeps the ZAM stable

[dB]
Excess loop delay 0 05T T 157 | o7 | 2587
(D) ' ' '

Predicted x a6 - - - - - -
2nd order -

Simulated x 5,5 - - - - - -
3rd ord Predicted x 06 - - - - - -
T O Simulated s - - - - - .
4th ord Predicted x maxS | B | - - - -7.1 94

T Simulated x o - - - - | 70| -80
5th ord Predicted x g - -108 | -89 | -7.7 | -7.9 | -6.1
OreT I Simulated x s - 101 -85 70 | 7.0 | 5.4
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5.5 Stability Analysis for overloaded CT XAMs

When Kiins < Kinino, the CT XAM will be in overload before becoming unstable. When the CT
>AM in Fig 5.3 is operating in overload, the linear models in Fig 5.3 are no longer valid and they
need to be modified to reflect the effects of overload. When the XAM is overloaded, the output

signal’s amplitude is limited and the quantization error range increases.

X$)—— Fi) o G(s) B b | l&_ ¥(s)

Delay(s)

]

H(s)

E

]

.
2
D

(@)

G) —’—""” b
H{(s) DAC(s) <—|

(b)

Figure 5.7 (a) A linear model for the CT XAM’s STF in overload,
(b) A linear model for the CT XAM’s NTF in overload

To model the ZAM’s output bitstream’s inability to realize larger amplitudes, the gain,
Kinins/ Kinino, 18 added to the output of the STF block diagram in Fig 5.3 (a). Fig 5.7 (a) shows the

resulting linear STF model for a CT XAM that is overloaded. To model the increased quantization

noise range from |e[<11to0 |e|< Kumino/Kmins that occurs when the £AM is overloaded, the

quantization gain, Kyns/Kmino 1s added to the NTF’s loop filter. Fig 5.7 (b) shows the resulting

linear NTF model for a CT AM that is overloaded.
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Therefore, to determine the input signal power that keep an overloaded XAM stable, (5.23),
(5.25), and (5.27) need to be modified to reflect overload model in Fig 5.7. From the block

diagram of the CT XAM in overload shown in Fig 5.7, the quantizer’s input power, o-;ms , that

keeps an overloaded 2AM stable can be written as

2 2

o, . 1 fs12 Kmm
o (= [T | CmS STR(f) df
max S Jt; K —fs/2 Kmino Kk
g (5.38)

2

o, . [hn? G-H -DAC - Dela

e I—js/Z K . > ) df
I 14+ K- —misS .G.H.DAC- Delay
minO K=Ky,

where o .1s the maximum input power that keeps the overloaded XAM stable and o, .18 the

maximum quantization noise power that keeps the overloaded XAM stable. Assuming that the
YAM’s input, output and quantization noise signals have means of zero, the £AM’s output signal

power, 65, can be calculated as

) daf .

2 2
o, rs2 | K .
03 — max§ I minS | STF(f) df
' fs A KminO K=K
2
o | (5.39)

—f5/2

1+K-%-G-H-DAC-Delay

minO K=K,

Subtracting (5.38) from (5.39) and solving the resulting equation for o-fms, the maximum

quantization noise power, o, that keeps an overloaded £AM stable can be determined as

€maxs$

_ o,-0o,
o, S 2 2
1| epr2 1 fs/2 G-H - -DAC - Dela
-1 o - L df
fo| -2 K s ~fs12 K. ..s
Js 1+ K-—".G-H-DAC - Delay 1+ K-—™.G-H-DAC - Delay
minO K=Ky, min0 K=K
(5.40)

100



Using (5.39), the maximum input power, P, that keeps an overloaded XAM stable can be

determined as

2
2 O'emaxS 1512 1
o, — f J—fs/Z K . S (f) df
s 1+ K-—.G-H - DAC - Delay
P . =0 = o Kmmo 3 e (5.41)
7.[— fs/2 Kmins STE(f) df
fs N minO K=K,

where J; is 1 for a single-bit quantizer and &~ . is given in (5.40).

5.6 Stability Analysis Example of an overloaded XAM

To illustrate this method, consider the root loci in Fig 5.8 (a), (b) and (c) which show the root
loci for 3rd order XAMs with sampling frequencies of 1GHz, Chebyshev Type 2 NTFs with 47dB,
37dB, and 30dB attenuation in the stopband, respectively, and excess loop delay times, D, of 0,
0.57, and T, respectively. From inspection of the plots, the CT XAMs with D =0, D = 0.57, and D
= T are stable when the minimum quantizer gains, K,s, are 0.326, 0.359, and 0.376, respectively.
Assuming a single bit quantizer with an output of +1, the maximum quantizer input, W.xs, that

prevents the CT XAMs from becoming unstable is

1
Vinaxs = K : (542)

minS

Therefore, the CT XAMs with D =0, D = 0.57, and D = T are unstable when y,.xs > 3.07, Winaxs >
2.78, and waxs > 2.66, respectively.

Consider the 3rd order CT ZAM that has an excess loop delay of D = T of the root locus shown
in Fig 5.8 (c). Because Kns< Kmino, this ZAM will be overloaded when it becomes unstable. To
predict the maximum input signal power that keeps the XAM stable, (5.21) can be used to

determine
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1Y 1 ’
o = = ( ] =0.546 (5.43)
Vimaxs U ijnS 3.6-0.376

where K,s = 0.376 and u = 3.6.
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Figure 5.8 The root locus of 3rd order CT £AMs that uses Chebyshev Type 2 NTFs
with a sampling frequency of 1GHz for (a) D=0, (b) D=0.5T,(¢c)D=T

Using (5.40) and (5.43), the quantization noise power, o-:ms,that keeps this XAM stable when

overloaded can be determined as

ol = 120536 _ 5290 (5.44)
ms 3320 -1.763
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fs12

e ! ) df and the term

1+ K-—mS .G-H-DAC- Delay

minO K=K,

1
where the term — f
f —fs12

G-H -DAC - Delay

1 J-fs/jz ¢ f) df were calculated using the following Matlab
J7 P 4 k. 2ens .G H . DAC - Delay

minO K=K,

code and K., was set to one in this example.

o

The coefficients of transfer function F(s),G(s)and H(s)

F(s)= F3*s"3+F2*s"2+F1*s+F0
G(s)= 1/ (s"3+Gl*s)
H(s)= H3*s"3+H2*s"2+H1*s+HO0

o° oo

o0

$fs: Sampling frequency
$T=1/fs Sampling period
$D:Excess loop delay

%$kminS:The maximum quantizer gain that keeps a ZAM stable
$kminO:The maximum quantizer gain that prevents a ZAM from overloading

NTFsq=@ (£)abs ((((J.*2*%pi.*£) . 3+GL.*.*2%pi . *£) . * (§.*2*pi.*£.*T)) ...
L/ (((§.%2%pi.*f) . ~3+a.*] . *2%pi.*f) . * (§.*2%pi.*£.*T)+K.* (kminS/kmin0) . *
(H2 . * (§%2%pi.*£) . A24HL.* (.*2%pi.*£)+HO) . * (L—exp (=3 .*2*pi.*£.*T)) . *exp (-
J.*2%pi.*£.*¥D))) . "2;

NTF=integral (NTFsq,-fs/2,fs/2)/fs;

GHDACsg=@ (£) (abs ( (H2.* (§.*2%pi.*f) .~24HL.* (§.*2%pi.*£)+HO) .* (1l-exp (-

J.*2%pi ¥E*T)) . *exp (=.*2%pi.*£*D) ./ (((J.*2%pi.*f) .~3+GL.*j.*2%pi.*f).
*(§.%2%pi.*£.*T)+K.* (kminS/kminO) .* (H2.* (§.*2%*pi.*f) . 2+H1.* (§.*2%pi.*f)+H0) .*(
l-exp (=3 .*2*%pi.*£*T)) .*exp (=3 .*2*pi.*£.*D)))) . 2;

GHDAC=integral (GHDACsq,-fs/2,fs/2)/fs;

Using (5.41) and (5.44), the maximum input power, P, ,that keeps this XAM stable when

overloaded is

> 1-0.290-3.329

R( O-x 2
‘maxS ‘maxS ( 0 . 3 7 6 \J
0.5

2

=0.061 . (5.45)

1 pri2 | K .
where the term 7 n KL“S -STF(f) df was calculated using the following Matlab code.
s minO

K=K oy
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S F(s) = F3*s"3+F2*s"2+F1*s+F0
% G(s):1/(s"3+Gl*s)
S H(s)= H3*s"3+H2*s"2+H1*s+HO0

STFsq=@ (f) abs.* ((kminS/kminO) . * ((F3.* (§.*2%pi.*£) . ~34F2.% (§.*2%pi.*f) . "24FL.* (J
LF2%pi L KE)4F0) ) L * (§.%2%pilL*E) L *T) ...

/(3. %2%pi ¥ E) L A34a. ¥ X2%pL L RE) X (§.X2%pL X ELRT) 4+ (H2. % (§.%2%pi . *£) L A2+HL L * (]
L*2%pi *F)+HO) . * (1—exp (= .*2*%pi.*E.*T)) . *exp (=j.*2*pi.*£.*D))) . 2;

STF=integral (STFsq,-fs/2,fs/2) /fs;
Assuming a sinusoidal input signal,

=0’ =x_./2 (5.46)

Xmaxs Xmaxs maxS

where Xp.xs 1S the ZAM’s maximum input amplitude that keep the XAM stable in overload. Using
(5.45) and (5.46), xuxs is estimated to be 0.349 (-9.1dB).

Fig 5.9 shows the simulated SQNR and minimum quantizer gain for the 3rd order CT XAM
with D = T in this example. The simulation results show that the sinusoidal input amplitude is
-8.5dB when K., is 0.387. The results also show that the XAM becomes unstable when the

maximum sinusoidal input is greater than -7.0dB and K, is 0.306.
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Figure 5.9 Simulated SQNR and the minimum quantizer gain (K,,,) using a sinusoidal input
for the 3rd order CT 2AM with D = T in example
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The maximum sinusoidal input amplitudes, x,,xs were also predicted for the other 3rd order CT
>AMs that have the root loci shown in Fig 5.8 (a) and (b). Their x,,,,s values were predicted to be
0.457 (-6.8dB) and 0.484 (-6.3dB) for the CT £AMs that have the root loci shown in Fig. 5.8 (a)
and (b), respectively. These ZAMs were also simulated using a sinusoidal input with a frequency

of 0.1MHz.

60.0 pr 10
5485 55
s3.p8 5323_,«——*——-&;;& L 0.0
50.0 L ’
T 0.8
|+ l'\ -
0.7 2
40.0
\ - 0.6 s
% S || : i}
= 300 ——] e T 05 &
i - £
g ]| 0 3
;= 2 -
2 Lo o331 | | K 5= 10.326 E
] 0, =
't n.l\ﬁs E
+SQNR \ 02 2
10.0 1 1 1 1 =
-+ K H
Emin \& 01
0.0 | | | 0.0
20 19 18 17 16 15 14 13 12 11 10 % § (7T 6 5 4 3 2 1 0
Fmaxs
Input Signal Amplitude(x_ ) [dB]
(@)
60.0 1.0
0.9
S0.0
0.8
4204
| 416 aafrat® % 0.7 A;
40.0 o £
1 4121 e
— —— r 06 =
= = <+, +—1 - —_ |‘ =
= 30,0 — 494 0.5 sC
x ™ £
z 03 Kpps=0.359 | 04 2
< 200 e — =
12 r 0.3 -
: \ =
+SQNR \ Los =
10.0 . \ 2
~Kmin '."\ Lot
0.0 + 0.0
220 -19 -18 -17 -16 -15 -14 -13 12 <11 -0 9 8 - 6 5 4 3 2 1 0

Fmaxs

Input Signal Amplitude(x,,,,) [dB]

(b)

Figure 5.10 Simulated SQNR and the quantizer’s minimum gain (K ;)
for the 3rd order CT XAM for (a) D =0 (b) D =0.5T
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Fig 5.10 (a) shows the SQNRs and the quantizer’s minimum gain, K, as a function of input
signal’s amplitude for the XAM with D = 0. As shown in the Fig 5.10 (a), the XAM’s SQNR
increases linearly until the input signal’s amplitude is approximately -12 dB, and K, = 0.508. As
the input signal’s amplitude is increased above -12 dB, the SQNR increases nonlinearly as a
function of input signal’s amplitude because the XAM is overloaded. As the input signal’s
amplitude is increased above -6 dB, the XAM’s SQNR degrades dramatically and the ZAM’s
SQNR cannot be restored to its previous values even when the XAM’s input is decreased to its
previous amplitudes. As mentioned earlier, the maximum sinusoidal input amplitude was
predicted to be -6.8dB when K5 is 0.326. The simulation results show that the sinusoidal input
amplitude is -7.2dB when K, is 0.331 and that the XAM becomes unstable when the sinusoidal
input amplitude is greater than -6dB and K, is 0.265.

Fig 5.10 (b) shows the SQNR and the minimum gain, K., as a function of input signal
amplitude for the XAM that has the root locus shown in Fig 5.8 (b) and an excess loop delay of
0.57. The simulation results show that when the input signal’s amplitude is increased above -7 dB,
or K, is less than 0.359, the XAM becomes unstable. For this XAM, the maximum sinusoidal
input amplitude was predicted to be -6.3dB when K5 is 0.359. The simulation results show that

when the sinusoidal input amplitude is -6.9dB and K, is 0.362, the ZAM becomes unstable.

5.7 Other Simulation Results of overloaded XAMs

To illustrate this methodology’s accuracy for predicting the stability in overload, six 3rd order,
four 4th order, and one 5th order CT were simulated and these stability points are compared to
their predicted stability points. Table 5.8 (a) compares the predicted minimum stable quantizer
gain, Kyns, with the simulated minimum quantizer gain, K;,, when the sinusoidal input has the
maximum predicted stable input amplitude for the 3rd through 5th order CT XAMs. The examples
were selected because the XAMs satisfied the condition, K,s < Knino Which implies that the ZAM

will be overloaded before becoming unstable. Each XAM had a sinusoidal input with an input
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frequency of 0.1MHz and a sampling frequency of 1GHz. For each order XAM, the excess loop
delay was chosen as 0, 0.57, T, 1.5T, 2T and 2.5T. The results show that little difference exists the
predicted K,,s and the simulated K,;, for each of the XAMs. Table 5.8 (b) compares the predicted
maximum input amplitude, X,,s, With the simulated input amplitude, x,,.x, at predicted minimum
stable quantizer gain, Ky,s, for the 3rd through 5th order CT XAMs. The results show that little
difference exists between the predicted x,,,xs and the simulated x,,,x at predicted K,s, for each of
the XAMs. Table 5.8 (c) compares the predicted maximum input amplitude, Xx,.s, and the

simulated maximum input amplitude, X, -

Table 5.8 Comparison of the prediction and the simulation

(a) Predicted minimum stable quantizer gain and simulated quantizer gain
for sinusoidal input with predicted maximum amplitude

Simulated quantizer gain (K ;)
Predicted Min. stable quantizer gain (K z,5) for sinusoidal input with predicted
Max.input amplitude
Excessloopdelay (D) | 0 |057T | T |15T 2T |25T7 0 |05T | T | 15T | 2T | 25T
3rd order CT XAMs | 0.326 | 0.359 | 0.376 | 0.389 | 0.396 | 0.410 | 0.331 | 0.362 | 0.387 | 0.401 | 0.399 | 0.438
4th order CTZAMs [ 0.459 [ 0.481 | 0.491 | 0.503 | 0.508 | 0.530 | 0.475|0.502 | 0.503 | 0.521 - -
Sthorder CTXAMs [ 0.501 | 0.518 | 0.528 | 0.535  0.548]0.550 | 0.508 | - - - - -

(b) Predicted maximum input amplitude and simulated input amplitude at predicted K,s

[dB]

Predicted Max. input amplitude (x yz:5) Simulated oput amplitude (¥ ec)

at predicted K ;5

Excessloopdelay (D) | 0 | 057 | T | 157 | 2T | 257 0 |05T | T |151 | 2T | 257
3rdorder CTEAMs | -68 | -63 | -9.1 | -97 |-113|-361 | -68 | -69 | -85 | -95 |-11.0|-358
4thorder CTXAMs | -7.6 | -87 | -84 | -8.1 - - -8.0 | -84 | -79 | -8.0 - -
Sth order CT XAMSs -9.6 - - - - - -9.5 - - - - -

(c) Predicted maximum input amplitude and simulated maximum input amplitude

[dB]
Predicted Max. input amplitude (x y5.5) Simulated Max. input amplitude (x y,5.)
ExcessloopdelayD) | 0 057 | 7 |[157| 21 257 | o |osT| 7 |157 21 | 257
3rd order CT ZAMSs 68 63 | 91| -97 |-1l3]|361] 60| 69 |-71 94 94 |-356
4thorder CTEAMs | -76 | -87 | -84 | -8.1 - - 78 | 82 | -717 | 16 - -
Sthorder CT £AMs | -9.6 - - - - - -9.0 - - - - -
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5.8 Conclusion

Table 5.9 (a), (b), and (c) summarize the stability analysis for both overloaded CT XAMs and
CT XAMs that are not overloaded which were used in Section 5.4 and 5.7. The overloaded XAMs
which satisfies the condition, K5 < Ko, are colored in orange and the ZAMs that are not
overloaded which satisfies the condition, Kpins > Kmino, are colored in blue. Table 5.9 (d) shows
that all but one of the predictions are within 1.2dB of the simulation results. Because XAM’s
SQNR depends on the input frequency, the maximum input signal amplitudes vary for different
frequencies of the input signal [32, 33]. This is especially true for low input frequencies close to
DC where a XAM’s SQNR can degrade at smaller input amplitudes. It may therefore be possible
that the discrepancies between the predicted x,,,xs and the simulated x,,,,s might be a result of the

chosen input frequency.
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Table 5.9 Summary of the stability analysis
for both overloaded CT XAMs and CT XAMs that are not overloaded

[ ] Overloaded TAM (K s < Kpno) || SAM that is not overloaded (K ys > K yao)

(a) Predicted minimum stable quantizer gain and simulated quantizer gain
for sinusoidal input with predicted maximum amplitude

Simulated quantizer gain (K )
Predicted Min. stable quantizer gain (K .5) for sinusoidal input with predicted
Max.input amplitude
Excess loop delay (D) | 0 0.5T T 151 | 21 | 257 0 0.5T T 151 | 21 | 257
3rd order CT XAMs | 0326 | 0.359 | 0376 | 0.389 | 0.396 | 0410 | 0.331 | 0.362 | 0.387 | 0.401 | 0.399 | 0438
4th order CTXAMs | 0459 | 0481 | 0491 [ 0.503 | 0.508 | 0.530 | 0.475 | 0.502 | 0.503 | 0.521 | 0.510 | 0.534
Sthorder CT XAMs | 0501 | 0.518 | 0.528 | 0.535 | 0.548 | 0.550 | 0.508 | 0.529 | 0.536 | 0.546 | 0.552 | 0.5356

(b) Predicted maximum input amplitude and simulated input amplitude at predicted K,s
[dB]

Predicted Max. input amplitude (¥ yu,s) Simulated mp?t amplitade (¥ mex)

at predicted K g

Excess loop delay (D) 0 0.5T T 157 | 2T | 25T 0 0.5T T 1.57 | 2T | 2.5T
3rd order CT TAMs 68 | 63| 91| 97 |-113|-361| 68 -69 | -85 | -95|-110|-358
4th order CT ZAMs 76 | BT | -84 | B | -7 | 94 | B0 B4 | 7O | B0 | -74 | 98

Sthorder CTEAMs | -9.6 |-10.8 | -89 | -7.7 | -82 | -6.1 | -95 -103 | -87 | -74 | -7.6 | -5.7

(c) Predicted maximum input amplitude and simulated maximum input amplitude

[dB]

Predicted Max. input amplitude (x jc) Simulated Max. input amplitude (x ,,.,)

Excess loopdelay(D)| 0 |esr 7 |157| 27 |257| o |osr| 1 |157| 21 |2s7
3rdorder CTEAMs | 6.8 | -63 9.1 | 97 |-113]-36.1]| -6.0 | -69 | -7.1 | -94 | -04 | -35.6
4thorder CTEAMs | -76 | -87 -84 | 81 | -7.1 | -94 [ -78 | -82 | -7.7 | -7.6 | -7.0 | -8.0
Sthorder CTEAMs | -9.6 |-108 -89 | -7.7 | -82 | -6.1 | 9.0 | -101 | -85 | -7.0 | -7.0 | -54

(d) The difference between predicted maximum input amplitude and
simulated maximum input amplitude

The difference between
predicted Max. input amplitude (x ;5.5) and
simulated Max. input amplitude (x ..0)

Excessloopdelay (D) | 0 | 05T T | 157 | 21 | 257
3rd order CT £AMs 08 | 06 | 20 | 03 | -19 | 05
4th order CT XAMs 02 | 05 07| -05]-01]-14
Sth order CT XAMs 06 | 07  -04 | -07]-12 | -07
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CHAPTER 6

CONCLUSIONS

This dissertation introduced a *AM simulation method that uses the delta transform to
determine difference equations that model CT XAMs. This method is compared with
conventional simulation methods in terms of simplicity, speed, and accuracy in Chapter 3. This
new method proved to be a simple method that provided results as accurate as SPICE simulations
and could be performed within reasonable times.

This dissertation also introduced an overload and stability analyses for single-loop, single-bit
CT XAMs. In Chapter 4’s overload analysis, the minimum quantizer gain, Ko, that prevents a
> AM from overloading is determined and a method that uses the minimum quantizer gain, Ko,
to determine the maximum input power that prevents overloading was developed.
YAM simulations performed using the delta transform were used to compare the predicted
maximum input power and the simulated maximum input power that prevents overloading. The
results of the simulated and predicted overload condition were very similar. In Chapter 4, a set
of linear models were also developed for CT XAM operating in overload. Using these models,
the SQNR for a XAM in overload could be estimated. CT XAM simulations were performed
using the delta transform and their results were compared with estimations generated with the
linear models. For each of the CT XAMs, the simulated SQNRs at low input frequency coincided
with the estimated SQNRs.

In Chapter 5, an analytical root locus method developed in [48, 49] was used to determine the
stability criteria for CT ZAMs that include exponential functions in their characteristic equations.
From the analytical root locus, the minimum quantizer gain, K,,s, that keeps a CT ZAM stable
could be determined. In Chapter 5’s stability analysis, the minimum quantizer gain, K,s, that

keeps a ZAM stable is determined and a method that uses the minimum quantizer gain, K;,s, to
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determine the maximum input power that keeps the XAM stable was developed. The maximum
input power that guarantees stability for both a XAM in overload and XAM that is not overloaded
could be estimated. ZAM simulations performed using the delta transform were used to compare
the predicted maximum input power and the simulated maximum input power that keeps the
>AM stable. The results of the simulated and predicted stability condition were very similar.

In conclusion, a circuit designer can take measures to prevent the CT XAMs from becoming

unstable and overloading using K,,s and K0, and further predict the SQNR.
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