TR SR A2 (S, Vol. 72, No. 2 (& 77577305 Vol. 19), 1.495-1_504, 2016.
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In this study, a Lagrangian formulation of the Navier—Stokes equations, based on the weakly compressible
smoothed particle hydrodynamics (WC-SPH) method, was applied to simulate the seepage failure around
sheet-pile. In this simulation, the advantages of SPH will be exploited to simulate the soil-water interaction.
Water is considered as a viscous fluid with weak compressibility and soil is assumed to be an elastic—plastic
material. The elastic—perfectly plastic model based on Mohr—Coulomb’s failure criterion is implemented in
SPH formulations to model the soil movement. Interaction between soil and water is taken into account by
means of seepage force and pore water pressure. Numerical Simulation of the 2-D classical seepage failure
problem of horizontal ground with an embedded sheet pile has been done. The numerical results were verified
by comparison with model test results, the results have shown that the proposed model could be considered
a powerful tool to simulate extremely large deformation and failure of soil.
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1. INTRODUCTION

When water moves through the soil voids with
enough velocity, erosion can occur because of the
frictional drag exerted on the soil particles. This kind
of vertically upwards forces is a source of danger on
the downstream side of sheet piling and underneath
the toe of hydraulics structures such as dams, regu-
lators, and Barrages.

Seepage around a sheet - pile considers one of the
most important factors that affect the stability and the
performance of the cofferdams which commonly
used in construction excavations.

There are some traditional numerical methods for
deformation and failure of geometries in the frame-
work of continuum mechanics, such as finite element
method, finite difference method and boundary ele-
ment method. These methods have been successfully
implemented. On the other hand, in the case of large
deformation problems, the previous methods produce

instabilities due to excessive distortion of a mesh.

Recently a new class of numerical methods has
been developed called mesh-free methods. Mesh-free
methods do not require Eulerian grids and they deal
with a number of particles in a Lagrangian frame-
work. They are considered to be more effective than
traditional methods in dealing with problems in-
volving large deformations. The key idea of these
methods is to provide an accurate and a stable nu-
merical solution of the partial differential equations
using a set of distributed particles in the domain
without using any grid.

Many mesh-free methods have been developed in
the last decades, such as, the Moving Particle
Semi-implicit Method (MPS), the Diffuse Element
Method (DEM), the Element-Free Galerkin Method
(EFGM), and the Finite Pointset Method (FPM), etc.
Among these methods, the Smoothed Particle Hy-
drodynamics (SPH) method is widely used.

SPH method is a mesh-free particle method and it
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is considered to be one of the most modern mesh-free
particle techniques. It was originally invented for
astrophysical applications " ?; then it has been ap-
plied in a huge range of applications such as dynamic
response of material strength ¥, free surface fluid
flow -, incompressible fluid flow ® 7, multi-phase
flow ¥, turbulence flow , snow avalanching ' 'V,
and gravity granular rapid flow'?" '* Y. In SPH
method, each particle in the domain carries all field
variable information such as density, pressure, ve-
locity and it moves with the material velocity. The
governing equations in the form of partial differential
equations are converted to the particle equations of
motion, and then they are solved by a suitable nu-
merical scheme.

In this study, the advantages of SPH will be ex-
ploited to simulate the soil-water interaction. Water
is considered as a viscous fluid with weak com-
pressibility and soil is assumed to be an elastic—
plastic material. The elastic—perfectly plastic model
based on Mohr—Coulomb’s failure criterion is im-
plemented in SPH formulations to model the soil
movement ',

Modeling of soil and water in the framework of
the smoothed particle hydrodynamics method have
been presented and verified as one-phase flow mod-
els in the authors’ former published papers * ',
however, these models only allow simulating
one-phase flow.

In this paper, the proposed SPH model is applied
to simulate the classical seepage failure problem of
horizontal ground with an embedded sheet pile.

Maeda et al., ' '” used the same method to de-
veloped three-phase model: solid (soil), liquid (wa-
ter) and gas (air), and they applied to simulate
seepage failure around sheet pile. However, they
didn’t consider the effect of water pressure on the soil

particles, which always exists in natural saturated soil.

Also they used the real value of the soil bulk modulus,
which lead to a stiff behavior of soil (increase the
pressure fluctuations).

In our model, the interaction between soil and
water is taken into account by means of seepage force
and pore water pressure in order to conduct
two-phase model.

The numerical results are then compared with
experimental data. The results got from this com-
parison indicate that the SPH model SPH could be a
very effective method for simulation of complex
problem in soil mechanics.

2. SPH SIMULATION METHOD

The SPH method is a continuum-scale numerical
method. The material properties f(x), at any point x

Fig.1 Particle approximation based on kernel function W in
influence domain £ with radius kh

in the simulation domain are calculated according to
an interpolation theory over its neighboring particles
which are within its influence domain £ as shown in
Fig. 1, through the following formula,

(f) = fnf(x’)W(x —x\Wdx (1)

where £ is the smoothing length defining the inflence
domain of the kernel estimate and W (x—x’, /) is the
smoothing function, which must satisfy three condi-
tions '¥: the first condition is the normalization,

JoW(x —x',h)dx" =1 )
the second one is the Delta function condition,
lim,,o W(x —x',h) = 8§(x — x") 3)
and the third condition is the compact condition,
W(x—x",h) =0 when|x—x'| >kh (4)

where k is constant depending on the type of
smoothing function. There are many possible types
of smoothing functions, which can satisfy the
aforementioned conditions. The most known func-
tion, among them, is the cubic spline interpolation
function, and quintic wendland kernel. In this study,
we used the quintic wendland kernel function which
was proposed by Wendland ', and it is defined as:

R 4
W(R,h):ad(1—5) (2R+1) 0<R<2 (5)

where a; = LZ in 2D space, and R = (=x') .
4Tth h
In the SPH method, the calculation domain is rep-
resented by a finite number of particles, which carry

1_496



mass and the field variable information such as den-
sity, stress, etc. 18)

Accordingly, the continuous integral representa-
tion for f(x) is approximated in the following form:

(F0) = fﬂf(x’)W(x ¥ h)dx’
N
< fE)wE -2 (6
=1 Pj

Equation (7) states that the value of the function at
particle i is approximated using a weighted average
of those values of the function at all other particles in
the influence domain of particle i. Following the
same argument, the particle approximation of the
spatial derivative of a function at any particle i is,

N
m.
V.fx)) =Y —2f(x)v;W;; 8
(V. £(x) ;pjf(x,) ®
3. SPH MODEL FOR WATER

For a fluid like water, it is customary to model it as
exactly incompressible. However, the approach in
SPH is different; the real fluid is approximated by an
artificial fluid which is more compressible than the
real one, while still possessing a speed of sound
which is much larger than the flow speed, and which
therefore has very small density fluctuation. The
governing equations for fluid flow are the
well-known Navier—Stokes equations, which in the
Lagrangian description state the conservation of
mass and momentum as follows:

Dp ov®

Dt~ Poxe ®)
Dv® 1[dc% «
Dt =,z_) d0x“* +f (10)

where a and f denote the Cartesian components x, y
and z with the Einstein convention applied to re-
peated indices; p is the density; v is velocity; %¥ is
stress tensor, f% is the component of acceleration
caused by external force, and D/Dt is material de-
rivative.

The stress tensor, J“ﬁ, normally consists of two
parts: an isotropic pressure P and a viscous shear
stress, which is proportional to the shear strain rate
denoted by ¢ through the viscosity p,

0% = —p§F + e (11)

Where:

gab

ave  avh 2 [avY
oxY

= 4 _Z[Z=_|)s2B
6x5+6x“ 3 )5 (12)

Using the concept of the SPH approximation, the
system of partial differential equations (9) and (10)
can be converted into the SPH formulations which
will be used to solve the motion of fluid particles as
follows:

N
Dpi o _ o) IWii
= (y& —y¥)—Y 13
Dt ;m](vl v] ) axlgx ( )
Duf i al.“ﬁ +aj“ﬁ oW LFe (14
Dt 4\ pf o pf ) oxf

Similarly, the SPH approximation of shear strain
aB . ..
rate g; * for particle i is

58

(15)

The final equation needed to solve the above Na-
vier—Stokes equations for water is the ‘‘equation of
state’” which is used to estimate the pressure change
of water. Following Monaghan ¥ the pressure can be
calculated using the equation of Tait:

el

where 1 is a constant (=7)”, p,, is the reference den-
sity, B is a problem dependent parameter, which sets
a limit for the maximum change of the density and
will be calculated as

(16)

_ 100 Vtzype Po

1 thype:w/ZgH

where Vi, is the typical speed of water and H is the
depth of the water *.

(17)

4. SPH MODEL FOR SOIL

Modeling the behavior of soil using the SPH method
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is similar to that of water. The SPH form of conser-
vation equations (9) and (10) are still used to estimate
the density and motion of soil particles. The key
difference between these two models is the calcula-
tion of the stress tensor appearing in equation (10) in
which the pressure and stress—strain relationship of
soil are calculated differently from those of water.
The soil is assumed herein to be an elastic—plastic
material; the stress tensor of soil is made up of two
parts: isotropic pressure P and deviatoric shear stress
S,

0% = —p§eF + 5% (18)
Since soil is assumed to have elastic behavior
so the pressure equation of soil will obey Hooke’s
law, as follows,

AV p
P=—K—:K(——1)
|4 Po

14), 20)

(19)

where K is bulk modulus; 4V/V is the volumetric
strain; and p, is the initial density of soil. Using the

real value of K a stiff behavior of soil will be obtained.

Therefore, K should be chosen as small as possible in
order to ensure a near incompressibility condition
and to avoid the stiff behavior (minimizing pressure
fluctuations). In this study, we chose K = 50 p, g
Hmax in equation (19) (50 times the maximum ini-
tial pressure).The pressure gradient term in the Na-
vier—Stokes equations has a symmetric form and it
conserves both linear and angular momentum, more
details could be found in (Khayyer et al., 2008) *".
The rate of change of deviatoric shear stress dS/dt can
be calculated using shear modulus, u, using the
Jaumann rate from the following constitutive equa-
tion,

dsak
dt

=2u (Saﬂ - %5613571/) + Say¥ By

+ SYB Y (20)
where €YY = &** 4+ &YV + 22 | is the strain rate

tensor and w”? is the rotation rate tensor. It can be
defined by,

ap 1/0v® ovh

=2\ T axe @D
aﬁ_l ov®  ovP 29
) o e (22)

Using the concept of the SPH approximation the SPH
approximation of the strain rate tensor and the rota-

tion rate tensor for particle i can be expressed as
following:

N
1 m; ow;; m;
N L LT
2].:1 pPj axi Py

_ P Y
vf) axg> (23)
N
W% =lz ﬁ(v,a_vgx)awif _ﬁ(v,ﬁ
Y =~ BV R T
j:
oW,
_ P\ U
W)aw> (24)

By combining Equations (20), (23) and (24), the
deviatoric shear stress components can be calculated.
Then, they are compared with the maximum shear
stress (§f = ¢ + P tang) in the plastic flow regime
of the soil, which determined by the Mohr—Coulomb
failure criterion. Here c is soil cohesion and ¢ is the
angle of internal friction of the soil.

5. SOIL-WATER INTERACTION
MODELING

When groundwater is seeping through the pores of
a soil, viscous friction will produce drag on soil par-
ticles in the direction of water flow, so-called seep-
age force. This seepage force acts on the soil particles
in addition to the gravitational force, and will be
introduced into the momentum equations for soil and
water as an external force according to the following
model equation based on the Darcy’s law:

(Uwaterk_ Usoil ) (25)

f:seepage =Ywn

where ¥, is the unit weight of water; n is the poros-
ity; and k is the soil permeability.

As saturated soil consists of soil and water mixed
together while standard SPH models only handle one
phase problem, it is necessary to develop a saturated
soil model using in SPH simulation. This saturated
soil model will be described as follows:

We assumed that the saturated soil domain in SPH
can be divided into two separate phases, which are
water phase and soil phase. The motion of SPH par-
ticles on each phase is solved separately using its
own SPH governing equations, which are SPH for
soil and SPH for water. These two-phases are then
superimposed and the interaction between
two-phases will be taken into account through the
seepage force, which is introduced into the momen-
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tum equation as mentioned before. In addition, the
water pressure is also allowed to contribute to the soil
pressure during the overlapping procedure. This al-
lows us to simulate the pore water pressure, which
always exists in natural saturated soil. Accordingly,
the momentum equations for saturated soil can be
summarized as follows,
Momentum equation for soil phase:

Dv{ i Siaﬁ+sffxﬁ oW
bt &'\ p? o pf ) Oxf
N

—me =t 3 )5
; pi  pj) 0x;
N

—Zm Pa GWL-a

“ pipa 0x

fseepage
L

da w4 f@
PiPa ia + i

(26)

Momentum equation for water phase:

Dv{ s <Tgﬁ aﬁ) oW,y

S (s
bt & pi  pp ) 0xg
P%)OVKW

R
b s 0xq

N
b=1
N
=1

fseepage
Z mi———— Wia + faa

i

(27)

where the subscripts i and j represent for soil par-
ticles while a and b are used for water particles. It is
clear that these momentum equations of saturated
soil are different from that of single phase. The
presence of the seepage force in equations (26), (27),
and the contribution of pressure from water to soil in
equation (26) make them possible to simulate the
effect of seepage force and pore water pressure in the
saturated soil model, as a result the interaction be-

tween soil and water could be simulated through SPH.

In order to damp out the unphysical stress fluctuation
and to prevent shock waves and the penetration of
particles through the boundaries, an artificial viscos-
ity has been employed to the pressure term in the
momentum equation. The most widely used type is
proposed by Monaghan and Lattanzio (1985), and
specified as follows,

= 2
_alcij(pij + ﬂld)ij

T[ij = ﬁij
0 Vi x; =20

v x; <0 (28)

in which a; and f; are constants and were taken 1.0
and 1.0, respectively, and c represent the speed of
sound. As well as having beneficial effects, artificial
viscosity can also introduce unwanted numerical
defects in some cases, among which the excess dis-
sipation and false shearing torque in rotating flows
(Dalrymple, and Knio, 2001)*?.

The momentum equations for saturated soil after
introducing the artificial viscosity to the pressure
term are:

Momentum equation for soil phase:

Dvi“_i SiaﬁJrSfxﬁ oWy
Dt L p? p]z oxf

j=1
N
P, P aw,
— m]<—; 12+ ij)a:;-l_fla
= Pi § i
N
Z P, oW,
- )m
Y pipg OxfF
a=1
N fseepage
+ Z mg ———Wjq (29)
- PiPa
a=1
Momentum equation for water phase:
N
Dv{* Z aﬁ 6Wab
= my,
Dt pa pb dxgq
A
Z + oWgp by fe
L, my 7T axa a
N fseepage
-y miae W (30)
Z Y opipa

6. BOUNDARY CONDITIONS

In this paper a dynamic boundary condition is used
to represent the boundary particles, which are forced
to follow the governing equations (continuity, mo-
mentum and state equations), but they are fixed.

dx dx dx

d
Pl dx
dx

2

Fig.2 Arrangement of boundary particles
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When the fluid particles are near to the boundary; the
density of the boundary particles increases according
to the continuity equation which leads to an increase
in the pressure following the equation of state.
Therefore the force exerted on the incoming fluid
particles increases due to the pressure term in the
momentum equation by generations of repulsion
between the fluid and boundary particles *?. The
boundary particles are placed in a staggered manner
in order to prevent the particle leakage as shown in
Fig.2.

7. TIME INTEGRATION
Equations (13), (20), (29) and (30) are integrated

using the Predictor- Corrector algorithm; this scheme
predicts the evolution in time as,

SMY2 = s 4 (At/2) * DS; ()

L

Pt = pl 4+ (At/2) * Dpy(t)
V2 —yn 4 (At/2) % Dy () G
'n+1/2

; =x' + (At/2) * v}

And the pressure is estimated according to the
equation of state as,

Values of v, p, and x at the midpoint are then es-
timated using

1 1 A
ST =SP4 (At/2) « DS,
Pt =t 4 (At/2) * Dpy(6) ™I/
n+: 1 g (33)
v, 2=V + (At/2) * Dv(O)""?
xl.n+1/2 =x + (At/2) = v
)

Finally, these values are calculated at the end of the
time step using

S =2 SN2 _gr )

PPt =2 —pp
Vg/l+1 — 04 Vin+1/2 _ Vin (34)
XL = 2w 2y

And the pressure is calculated from density using:

P = f (i) (35)

where At is the time step; and # is the time index.
The stability of the Predictor-Corrector scheme is
warranted using three criteria for time step. Follow-
ing Monaghan *”, the time step A for a simulation is
chosen to be the minimum from (CFL) condition, the

P_n+1/2 — 'n+1/2 32
' I ) 52) condition of forcing terms and the condition of vis-
cous diffusion term.
Water supply
i
Sheet pile
n — ih
! =z C l
60 cm e
Over flow
c----}---- Embedded
[ i _depth=5cm
| g ,
f,,ﬂf‘”ﬁf ========== - 15 cm
. Photo Areaﬁ,.r——’ i |
90 cm

Fig.3 Schematic sketch of the experiment, Kodako et al. 2001
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8. SEEPAGE FAILURE OF SANDY
GROUND EXPERIMENT

(1) The model description

In order to evaluate our SPH model for soil-water
interaction, simulations of the classical seepage
failure problem in which a horizontal sandy ground
with an embedded sheet pile have been carried out in
this study. The experiment was done by Kodaka et al.,
2001 **. Figure 2 shows a schematic sketch of the
experimental setup.

A rectangular reservoir of 90 cm wide and 60 cm in
depth contains 15 cm of a column of medium dense
sand. The sheet pile is located in the middle of the
tank with 1 cm thickness and its embedded in the soil
equal 5 cm. The water head of upstream left side of
sheet pile is gradually raised until the occurrence of

t=10.0 sec

t=4.0 sec

seepage failure. The rate of raising the water head is 2
cm/min.

(2) Numerical simulations

The simulation of the seepage failure flows was
carried out using the proposed SPH model.

The density ratio between soil density ps, and water
density p,, is taken as ps/p,, = 1.54. The soil is modeled
by one type of particles with uniform material proper-
ties. These particles have the following properties:
Young’s modulus £ = 150 MPa and Poisson’s ratio v =
0.3, the porosity n = 0.35, the soil permeability k = 0.05
cm/s, soil cohesion ¢ = 0.5 Mpa, and the angle of in-
ternal friction ¢p = 30°. The water particles have den-
sity of p= 1.0 g/em’, water unit weight ¥, = 9.81
kN/m’, and viscosity u =10~ Ns/m”.

t=12.0 sec

t=16.0 sec

Fig.4 Series of snapshots of the erosion and seepage failure process (t = 0.0, 4.0, 8.0, 12.0, 16.0, 20.0 sec)
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In total 5611 and 10064 particles representing the
soil and water particles, respectively, with an initial
smoothing length of 0.005 m was used.

(3) Results and analysis

The results of the simulation of the erosion and
seepage failure process of saturated soil at selected
times are shown in Fig.4.

In our model the saturated soil consisted of
two-phases, water and soil, and each phase have to
handle separately using its own SPH model in order
to obtain the field variables of each particle. After the
field variables of particles in each phase are com-
puted, the interaction between soil and water can
perform. The water pressure is permitted to contrib-
ute to the pressure of soil particles through the SPH
summation, and thus the pore water pressure can be
simulated. The seepage force is also computed as a
function of the relative velocity between soil and
water particles, and because of the presence of the
seepage force in the momentum equations (29), (30),
these water particles will force soil particles to move
together, so the saturated soil mixture is effectively
incompressible.

At the beginning of the simulation and due to the
difference in water head between upstream and
downstream sides, the bulk of soil on the downstream
side loses its equilibrium of forces and rises to a
certain degree, as a whole. Consequently, soil parti-
cles in the vicinity of the sheet pile wall move from
the upstream to downstream side around the bottom
tip of the sheet pile wall.

It is thought that, in the vicinity of the sheet pile
wall, the downstream soil is subjected to an upward
seepage force and is in a looser state than the original
in situ condition. On the other hand, the upstream soil
is subjected to a downward seepage force and could

Experiment

be in a somewhat denser state than at the beginning
of the experiment. Such deformation is an unrecov-
erable damage for the soil and should be avoided.
That is to say, the hydraulic head difference at de-
formation is important in the design of excavation
with high ground water level from a practical point of
view.

The results show that the model can successfully
simulate the characteristics of seepage failure not
only during deformation but also after the failure. As
it is shown in the Fig. 4, the fluid particles are able to
enter the sediment layer up to a certain depth, which
is similar to seepage. The fluid particles fill up the
voids between the sediment particles. The exerted
forces by the fluid particles in the pores may be in-
terpreted as a mix of buoyancy and lift forces. Also,
we can see both the concentration of flow around the
bottom of the sheet-pile and the evidence of
high-speed flow on the downstream side due to
curling induced by the erosion.

The result obtained by the SPH method is com-
pared with the experimental image near the seepage
failure conditions as shown in Fig.5.

From this comparison the results show that the
current SPH model is sufficient to capture qualita-
tively the extremely large deformation and failure of
soil, also the model is also in good quantitative
agreement with the experiment, both in the position
of the captured features and the time scale for their
formation.

However, we have indicated differences in terms
of the scouring shape around the sheet pile. Kodako
et al. 2001 in their experiment indicates a steep scour
shape in front of the sheet pile, but in the SPH sim-
ulation, a slight decrease in the angle of repose, after
the soil collapse is observed as shown in Fig. 5.

SPH simulation

T=28.0sec

Fig.5 Comparison between the numerical results and the observed model test near the seepage failure conditions
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It is probably because the number of particles is
not adequate to give smooth and reliable results.
Moreover, for simplicity, a zero dilation angle of
sand is assumed, which led to a weaker soil in the
SPH model (Chen et.al,) *.

8. CONCLUSION

The development of an improved smoothed par-
ticle hydrodynamics to simulate the behavior of soil—
water interaction has been described through this
study. Water was modeled as a viscous fluid with
weak compressibility the elastic—perfectly plastic
model has been implemented in the SPH framework
to model the soil materials. The interaction between
soil and water was modeled by means of pore water
pressure and seepage force.

The experiment of the seepage failure around a
sheet-pile has been numerically simulated using the
present model. The computational results were
compared with the experimental results to check the
capabilities of the proposed model.

The numerical results show that the SPH model
can capture and describe the formation of soil erosion
and scouring, but recognize the need for improve-
ment to the constitutive modeling of soil, including
saturated soil. Advantages of the method are its ro-
bustness, conceptual simplicity, and relative ease of
incorporating new physics.

The results have shown that the extremely large
deformation and failure of soil can be handled in SPH
without any difficulties. The effect of pore water
pressure and seepage force could be displayed well
through SPH simulation. Although numerical results
have not been quantitatively compared with experi-
mental data due to the limitation of the experimental
data, the calculations are stable and the results appear
acceptable throughout.

This study suggests that SPH could be a powerful
method for solving problems dealing large defor-
mation and hydraulic collapse of the ground induced
by water flow through the ground which could be
significant in the destabilization of dam foundations
during floods, liquefaction, and other catastrophic
events.
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