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Abstract This paper provides an overview of the cur-

rent approaches to predict damage and failure of com-

posite laminates at the micro- (constituent), meso- (ply),

and macro- (structural) levels, and their application

to understand the underlying physical phenomena that

govern the mechanical response of thin-ply composites.

In this context, computational micro-mechanics is used

in the analysis of ply thickness effects, with focus on

the prediction of in-situ strengths. At the mesoscale, to

account for ply thickness effects, theoretical results are

presented related with the implementation of failure cri-

teria that account for the in-situ strengths. Finally, at

the structural level, analytical and computational frac-

ture approaches are proposed to predict the strength

of composite structures made of thin plies. While com-

putational mechanics models at the lower (micro- and
meso-) length-scales already show a sufficient level of

maturity, the strength prediction of thin-ply compos-

ite structures subjected to complex loading scenarios is

still a challenge. The former (micro- and meso-models)

provide already interesting bases for in-silico material

design and virtual testing procedures, with most of cur-

rent and future research focused on reducing the com-

putational cost of such strategies. In the latter (struc-

tural level), analytical Finite Fracture Mechanics mod-

els — when closed-form solutions can be used, or the

phase field approach to brittle fracture seem to be the

most promising techniques to predict structural failure

of thin-ply composite structures.

Keywords Fibre-reinforced composites · Thin plies ·
Damage · Strength prediction
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1 Introduction

As the name indicates, a composite material arises from

the macroscopic combination of two or more different

materials, resulting in a material with superior prop-

erties than those corresponding to the individual con-

stituent materials alone [61, 80]. Particularly, a com-

posite may consist of polymers that have continuous

fibres embedded in them; these are usually termed fibre-

reinforced polymers (FRPs).

Carbon fibre-reinforced polymers (CFRPs) are char-

acterised by high specific properties (strength-to-weight

and stiffness-to-weight ratios), high fatigue resistance,

high corrosion resistance, and good thermal stability,

making them well suited for advanced structures espe-

cially when weight is an important variable in the de-

sign process. However, in spite of the improved specific

properties of CFRPs and recent technological develop-

ments [1, 15, 60, 66, 82, 109, 127, 129, 166], their het-

erogeneity at the ply-scale still poses some limitations

on the mechanical performance. In fact, the damage

behaviour of CFRPs can be quite different from that

of commonly used materials such as metals, generally

more complicated, and dependent on several factors,

such as the properties of the constituent materials, the

fibre orientation, the stacking sequence, or the nature

of loading, to mention just a few.

Typical damage mechanisms of composite laminates

include delamination between plies, matrix cracking par-

allel to the fibres, and fibre breakage — brittle fracture

and pull-out failure in tension, or shear-driven fracture

and fibre kinking in compression. Matrix-dominated dam-

age mechanisms — delamination and matrix cracking
— are often the first-ply failure (FPF) modes. In some

cases (e.g. with sufficiently thick plies), multidirectional

composite laminates can lose their structural integrity

only due to matrix-dominated damage, before any fi-

bre breakage. Fibre-dominated damage mechanisms, on

the other hand, typically lead to composite ultimate

failure (or last-ply failure (LPF)), which occur most

of the times in a catastrophic manner. The develop-

ment of matrix cracking and delamination can some-

times promote fibre-dominated damage, leading to pre-

mature laminate failure when subjected to smooth stress

distributions or cyclic loading [5, 151].

Even though the use of CFRPs has increased drasti-

cally in the last few years, in order to ensure safe opera-

tion, currently large safety margins are still used in the

design of composite structures when compared with al-

ternative materials, limiting the full exploitation of the

benefits of CFRPs. This is due to the high susceptibil-

ity of CFRPs to subcritical damage mechanisms, which

degrade their mechanical performance. This is also due

to the lack of knowledge and predictive capability of

both the mechanical response and the complex failure

behaviour of composite materials.

To avoid early composite failure, thin plies can be

used to delay matrix-dominated damage mechanisms.

Thin-ply laminates, composed by flat and straight plies

with a dry ply thickness as low as 0.015 mm, are a new

class of advanced composite materials [99, 100]. Due

to an in-situ effect on the ply strengths [33, 49, 67],

matrix cracking can be substantially reduced. In addi-

tion, the laminae fine dispersion of thin-ply laminates

leads to lower interlaminar stresses, delaying delamina-

tion onset, even in the presence of ply-drops (stepped,

non-uniform free edges) [35]. These two features com-

bined make thin-ply laminates particularly strong and

fatigue insensitive [5, 151].

However, with the aim of taking advantage of all

benefits of thin plies, it is important to understand

how to efficiently and accurately model the mechan-

ical response of thin-ply laminates, which show fea-

tures that are unique to this new class of composite

laminates. The present review article covers the for-

mulation and application of models established at the

different length-scales of composite damage represen-

tation (Fig. 1) to the understanding and prediction of

the mechanical response of thin-ply laminates, provid-

ing a comprehensive coverage of the existing predic-

tive solutions for this class of composite laminates. At

the scale of the constituents (or microscale), computa-

tional micro-mechanical models are used to investigate

the in-situ effect on the strengths of an embedded ply.

To take this in-situ effect into account at the ply scale

(or mesoscale) in a ply-by-ply discretization, a strat-
egy is described that ensures advanced failure criteria

can consistently capture in their FPF envelopes the

strength increase with ply thinness; new solutions are

defined for the in-situ strengths in the framework of a

fully three-dimensional (3D) invariant-based failure cri-

terion and validated by micro-mechanical simulations.

Finally, because thin-ply laminates are characterised by

a high degree of homogeneity, models at the laminate

scale (or macroscale) can be used to accurately repre-

sent laminate failure. For relatively simple geometries

and boundary conditions, coupled energy-stress Finite

Fracture Mechanics (FFMs) criteria are used to predict

the strength of notched thin-ply laminates. For more

complex scenarios, when closed-form solutions for the

stress field and energy release rate are not readily avail-

able, a computational model becomes more versatile. In

this regard, numerical simulations at structural level are

performed using the novel phase field (PF) approach to

brittle fracture, which is employed to represent macro-

scopic damage onset and growth in thin-ply laminates.
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Fig. 1: Composite damage at different length-scales [7, 28] and corresponding representations [10, 143].

2 Prediction of the mechanical response of

fibre-reinforced composites: a multi-scale

problem

When composites are used in structural parts, a de-

sign development programme is generally implemented

where the performance of the structure is assessed prior

to use, in the case of aero-structures relying on a “building-

block” approach (Fig. 2) [55]. The process of validating

the structural performance and durability of these com-

posite parts generally consists of a combination of tests
and analyses.

While testing alone is prohibitively expensive and

time consuming, analysis techniques currently need ad-

ditional validation procedures in order to show their

predictive capabilities to reproduce the structural re-

sponse of composites under complex loading conditions

within a reasonable amount of time. This is of espe-

cial relevance whether the interest is to predict the me-

chanical response of composite laminates or to assess

the structural integrity of composite structures. In the

absence of accurate and computationally efficient anal-

ysis techniques, the design process of composite parts

will keep relying on mechanical tests based on a large

number of coupons and empirical knock-down factors,

undermining the benefits of advanced composite lami-

nates. The ability to obtain reliable predictions for the

onset and propagation of damage in composite lami-

nates is, therefore, key to a more effective use of poly-

mer composite materials in load carrying structures.

2.1 Microscale

Macroscopic fracture in composite systems is usually

a result of the evolution of discrete damage events at

lower length-scales, acting together under complex com-

binations. Some of the involved damage mechanisms are

fibre-matrix debonding and subsequent fibre pull-out,

matrix yielding and matrix cracking, fibre breakage (in

tension) or fibre kinking/micro-buckling (in compres-

sion), fibre-matrix splitting, and delamination between

plies, resulting in an inter-connected multi-scale failure

behaviour.

To predict the complex damage behaviour of com-

posite materials, progressive loss of stiffness and strength

needs to be taken into account. This usually leads either

to too simplistic analytical solutions or computation-

ally demanding numerical models. However, the recent

computational advances allowed numerous published

demonstrations of successful representations of the ini-

tiation and propagation of damage in composite materi-

als at different length-scales, from detailed constituents

(micro-mechanical) representations [12, 17, 41, 81, 95,

119–122, 166, 169–171, 184, 185], to homogenised mod-

els at the ply-level (mesoscale) [2, 34, 37, 94, 111, 112,

154, 179, 180, 198] and at the laminate-level (macroscale)

[6, 57, 58, 143].

At the microscale, damage idealisations have higher

resolution, higher kinematic freedom and are able to

recreate all kinds of damage mechanisms involving each

individual constituent — fibres, matrix and their in-

terfaces — captured with appropriate separate consti-
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Fig. 2: Building-block approach: experimental and virtual test pyramids (after Refs. [34, 37, 54, 55, 62, 64, 120,

122]).

tutive laws [17, 121, 122, 166]. Experimental data of

the properties of the constituents, which are modelled

as individual homogeneous materials, and their inter-

faces, and a truthful geometrical representation of the

arrangement of reinforcements are the basis to study

the constitutive behaviour of a composite lamina using

a micro-mechanical modelling approach. Detailed mi-

croscopic damage mechanisms, such as fibre-matrix de-

cohesion, matrix plasticity and damage, and fibre fail-

ure can be easily represented by means of the numerical

simulation of the deformation of a representative vol-

ume element (RVE) of the microstructure. Hence, the

generation of virtual RVEs statistically and materially

equivalent to real microstructures, and the use of con-

stitutive models that are able to capture the nature

of deformation and damage of each of the constituent

materials of advanced FRPs are key in the definition of

reliable micro-mechanical models (Fig. 3). Even though

these models can be computationally expensive, the so-

phistication of the modelling techniques and the ever-

increasing computational power has allowed computa-

tional micro-mechanics to emerge as a reliable tool to

study the mechanical response of composite materials.

The size of the RVE and the spatial arrangement

and volume fraction of reinforcements can have a strong

influence on the response of the composite system. RVEs

must be sufficiently large to ensure that their homogenised

response is representative of the global mechanical per-

formance of the system, without compromising the pos-

sibility to numerically analyse it. Regarding the rein-

forcements distribution, even though periodic models

can be used in the determination of effective elastic

properties, for statistical and reliability analysis, or for

prediction of local phenomena and failure, random mod-

els must be used [173]. However, obtaining a truthful

representation of a composite microstructure is still a

challenging task.

For this purpose, on one hand, one possibility is to

rely on digital image analysis of real composite cross-

sections [172, 183, 196]. These techniques can provide

perfect replicas of the transverse section of polymer

composites. However, they can be extremely time and

resource consuming as they require specific software

and hardware for image acquisition and processing, and

properly treated material to be analysed.

Alternatively, virtual random RVE generators can

be used. However, problems in generating distributions

with fibre volume fractions greater than 50% [27, 70,

130, 131], in guaranteeing non-overlapping fibres [141],

in achieving a random pattern [98], the lack of statisti-

cal analyses [195], or a very high computational effort

even for moderate fibre volume fractions (i.e. lower than
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Fig. 3: Main components of computational micro-mechanical models (after Refs. [32, 93, 118, 121, 122]).

60%) [172] have been found. To overcome these prob-

lems, more sophisticated methodologies have been re-

cently proposed [45, 118] and successfully applied in the

prediction of the micro-mechanical response of FRPs

[10, 12, 17, 39, 119, 122, 158–160, 162, 163, 166, 167,

181].

Nevertheless, the ability to accurately predict the

failure response of composite materials at the microscale

does not depend solely on the geometrical definition of

the RVEs, but also on the definition of appropriate con-

stitutive models for each of the constituents. In the case

of FRPs, this includes an appropriate definition of plas-

ticity and damage in the resin, non-linear elasticity and

fracture in the fibres, and decohesion at the interface

between the fibres and matrix.

The polymer resins typically used in advanced FRPs

are known to be pressure dependent and extremely duc-

tile under shear loading, features that standard non-

linear models, such as the Von Mises elastic-plastic mod-

els, cannot properly capture. Hence, pressure depen-
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dent, elastic-plastic formulations with damage capabil-

ities, which model the pressure dependency on the yield

and failure behaviour of polymer resins, and their shear

non-linear-almost perfectly plastic behaviour, have been

proposed [17, 121] and used in micro-mechanical mod-

els to predict the matrix inelastic response in RVEs

subjected to transverse [10, 12, 122], longitudinal [166],

and interlaminar [181] failure.

In the analysis of matrix-dominated damage mech-

anisms [10, 12, 17, 39, 81, 122, 169–171, 181, 184, 185],

the reinforcing fibres are usually assumed linear-elastic

solids. However, in the prediction of fibre-dominated

failure modes [160, 161, 163, 166, 167], fibre fracture

needs to be accounted for. Simpler micro-mechanical

models tend to rely on simple maximum stress criteria

[160–163, 167]. But for high-fidelity micro-mechanical

analysis, thermodynamically consistent damage mod-

els must be employed [166]. To account for the stochas-

tic nature of the tensile strength of the fibres, random

strength distributions can be assigned to the fibres, usu-

ally based on a Weibull distribution or on modified ver-

sions of it [160, 161, 163, 166, 167].

For accurate micro-mechanical representation of lo-

cal phenomena, also the interface between fibres and

matrix cannot be neglected, as it can significantly affect

the composite mechanical response, in particular un-

der transverse tensile and combined stress states [122].

Fibre/matrix interfaces are often represented using co-

hesive formulations [10, 12, 39, 81, 122, 166, 169–171,

181, 184, 185], typically defined by bilinear traction-

separation laws. It is noted that, in general, the values

of the interface fracture toughness are assumed rela-

tively low to capture the brittle behaviour in transverse

tension exhibited by polymer composites, an assump-

tion justified not only by experimental evidence [182],

but also by previous micro-mechanical numerical anal-

yses [10, 39, 122, 184, 185].

If successfully applied, computational micro-mechanics

has the potential to predict the effects of material changes,

the influence of the geometry and spatial distribution

of the constituents (e.g. fibre volume fraction and fibre

clustering), the effect of micro-mechanical defects such

as voids and microcracking induced during the curing

process, and the effects of adding new constituents (e.g.

thermoplastic particles or doping agents), setting the

path for in-silico material design of improved compos-

ite systems.

2.2 Mesoscale

The high computational cost of micro-mechanical mod-

els makes them currently unsuitable for the prediction

of damage localisation and ultimate failure in composite

laminates and structures. Alternatively, meso-mechanical

models based on a ply-by-ply discretization, where the

laminate layers are taken as the basic homogeneous

building blocks, become more appropriate to predict

the behaviour of the whole laminate. Each layer is rep-

resented by its orthotropic material properties. These

material properties can be determined experimentally

from characterisation tests at the lamina level, or from

micro-mechanical models using the properties of the

constituents.

To predict the onset of the different, discrete dam-

age modes observed in FRPs using meso-models, phe-

nomenological failure criteria based on the homogenised

stress (or strain) state at the ply level become the most

appropriate approach. However, few criteria represent

satisfactorily several relevant aspects of the failure pro-

cess of laminated composites. Accordingly, the devel-

opment of accurate, fully-benchmarked failure criteria

that predict the onset of ply damage mechanisms in

FRPs is extremely important [92].

Important aspects that failure criteria for FRPs should

be able to capture include the increase on apparent

shear strength when applying moderate values of trans-

verse compression, the effect of ply thickness on the

strengths of each ply (in-situ effect), the detrimental

effect of the in-plane shear stresses due to fibre misalign-

ment under longitudinal compressive failure by fibre

kinking, or the ability to predict failure under hydro-

static pressure. Until very recently [38, 39], many of the

available failure criteria used to predict the onset of ma-

trix cracking and fibre fracture [47, 63, 87, 91, 138, 153]

did not address all these issues.

But, with the exception of unidirectional (UD) lam-

inates, the onset of failure at a given ply — or FPF —

rarely coincides with ultimate failure of the laminate

— or LPF. The ability to represent the evolution of the

different damage mechanisms at the ply level (Fig. 4) is

therefore crucial to obtain accurate predictions of lam-

inate failure. This is typically addressed using damage

models [4, 26, 29, 34, 44, 51, 52, 94, 97, 105, 107, 110,

144, 179, 180, 188, 194].

2.3 Macroscale

In spite of providing a detailed representation of the ini-

tiation and propagation of the different damage mech-

anisms occurring at the ply level and their interaction,

the required discretization usually leads to computa-

tionally expensive meso-models. Moreover, this compu-

tational cost increases rapidly with the number of plies

in the laminate and with the size of the structure, as

these models typically require a minimum element size
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Fig. 4: Damage localisation in a continuum damage me-

chanics model. Example of fibre fracture in the 0◦ ply

of an open-hole quasi-isotropic laminated plate (after

Camanho et al [34]).

to ensure not only numerical objectivity but also phys-

ical representativeness of the modelled damage mecha-

nisms. Damage meso-models are, therefore, unsuitable

for preliminary design and optimisation of composite

structures, or for large-scale numerical simulations in

the absence of global-local coupling analysis. In these

situations, macro-mechanical models formulated at the

laminate level are required.

In structural-level (macro-mechanical) damage mod-

els, the basic building block is the laminate. Stress pat-

terns and stress concentration regions in a component

can be studied assuming the composite to be a homoge-

neous material and representing the effects of the con-

stituent materials and stacking sequence by averaged

apparent properties of the laminate.

Laminate damage can be represented either as a

hard discontinuity [6] or using a continuum damage ap-

proach [57, 58, 143] (e.g. Fig. 5). However, structural-

level crack propagation criteria are strongly dependent

on the material system and laminate configuration. A

new set of material properties must be determined for

each new material system and laminate stacking se-

quence, either through direct experimental testing, or

through virtual testing using suitable meso-models and

experimental data at the ply level.

For simple geometries and loading scenarios, analyt-

ical models can satisfactorily predict failure of compos-

ite laminates with smooth geometries [174, 175, 177]

or notched configurations [11, 16, 31, 36, 46, 69, 76,

115, 116, 191, 193], as long as delamination is not the

predominant failure mechanism. These models are par-

ticularly suited for material and lay-up screening and

for preliminary design and optimisation of composite

structures. They do not require complex modelling tools

Fig. 5: Crack pattern of an open-hole tension test on a

quasi-isotropic laminate obtained using a PF approach

to brittle fracture — contour plot of phase field variable

(after Reinoso et al [143]).

and provide predictions and design charts for paramet-

ric analyses in a very small fraction of the time required

by FE models.

In addition to fast computations, it is also desir-

able to minimise the number of material properties re-

quired by the analysis models, and thus reduce the ma-

terial testing requirements at the material screening

and preliminary design stages [55, 192]. However, the

most commonly used analytical models for the predic-

tion of the notched strength of laminates [191, 193] use

empirical “characteristic distances” that, in practice,

are determined from notched strength data. They are

often thought as correction factors that account for ap-

parent changes in the stress distribution or in the frac-

ture toughness with increasing crack size, with limited

physical meaning [192]. Unless virtual testing is used to

calibrate these empirical factors, a considerable amount

of tests on laminates with different stacking sequences

may be required.

To overcome this limitation of the classical analy-

sis methods, physically-based criteria [11, 36, 46, 116]

provide accurate predictions of the notched response of

composite laminates without requiring fitting parame-

ters or complex Finite Element Analyses (FEA). Only

independently measured material properties are neces-

sary, the laminate strength and the laminate fracture

toughness or crack resistance curve. These properties

can be easily obtained from the experimental charac-

terisation programmes that are often carried out in the

composites industry. Moreover, physically-based analy-

sis methods such as the FFMs model can be combined

with suitable models to estimate the laminate strength

[174, 175, 177] and the laminate fracture toughness [30]
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using only properties measured at the ply level [76].

With this approach, the number of tests required in

the early stages of design and optimisation can be sig-

nificantly reduced, and more efficient experimental pro-

grammes can be established, resulting in lower costs

associated with preliminary material and lay-up char-

acterisation.

However, in macro-mechanical models formulated

at the laminate-level, the characteristics of the dam-

age process zone or the complex interactions between

micro- and macro-failures associated with the process

of crack extension cannot be properly captured, partic-

ularly when subcritical diffuse damage is present. The

laminate damage process zone is lumped into an “ef-

fective” crack-tip area that is assumed to grow in a

self-similar manner. In many cases, though, self-similar

crack growth is not observed (e.g. laminates showing

delamination failure), and the lack of resolution in the

damage mechanisms often renders structural-level dam-

age models inaccurate after a short damage extension

[65].

2.4 Discussion and remarks

It is clear that the development of reliable damage mod-

els at the different length-scales is important for the

improved design development of composite structures.

With accurate and computationally efficient analysis

techniques in hand, the large number of coupons re-

quired during development of composite structures can

be complemented, and, in some cases, replaced by vir-

tual tests — see Fig. 2 — making application of polymer

composite materials in load carrying structures more

efficient and cost-effective.

It is also noted that, as an alternative to perform

several simulations at different length-scales to obtain

first the homogenised lamina (microscale) or laminate

(mesoscale) properties — by means of virtual testing

— and only then the structural response (macroscale)

using virtual allowables, it is possible to link the dif-

ferent scale idealisations using multi-scale approaches

(Fig. 6). These consider the various aspects of the en-

tire structural problem at different levels of observation.

The different levels at which analyses are carried out

are then connected either through length-scale transi-

tions, where the structural behaviour at a given level

is homogenised to provide information about the me-

chanical response for a next higher level — hierarchical

methods, or through FEA conducted at two different

levels simultaneously (or concurrently), connected by

matching the boundary conditions at both levels (usu-

ally invoking periodicity to reduce the amount of com-

putations that need to be performed) — concurrent

methods [19]. Hence, multi-scale analyses can be per-

formed by using the best out of each level of analysis.

For instance, in an information passing (or hierarchi-

cal) multi-scale approach, analyses on unit cells at the

microscale can determine the mechanical behaviour of

the UD composite through homogenisation techniques,

which are transferred to a meso-mechanical model that

accounts for the response of the individual plies in a

laminate and predicts its structural behaviour (includ-

ing lay-up and stacking sequence effects), providing the

laminate response for computations at the macroscale

[146]. Consequently, changes at the constituent-level

can be reflected on the macro-response by means of a

well-established framework, without having to conduct

unnecessary analysis or verifications. Nevertheless, the

reliability of such frameworks is dependent on the effec-

tiveness of the damage models available for each length-

scale, whose application to the understanding and fail-

ure prediction of a new class of composite materials is

explored in the remaining of this paper.

3 Mechanics of thin-ply laminates

To satisfy the stringent requirements for advanced com-

posite materials, new technologies are being developed

to improve the performance of FRP-based composite

structures. One of this technologies — the spread-tow

thin-ply technology [99, 100] — is able to continuously

and stably open fibre tows and cost-effectively produce

flat and straight plies with dry ply areal weights lower

than 125 g/m2 without damaging the filament fibres1.

This leads to unique features that can make thin-ply

composites stronger, and consequently thinner and lighter.

This includes woven [13] and non-crimp fabric rein-

forcements [8, 11, 14], which exhibit enhanced mechan-

ical properties over conventional fabrics, allowing the

development of advanced laminated composites using

more competitive manufacturing techniques. Moreover,

thin plies make laminate design more flexible. For a

given laminate thickness, the use of thin plies allows

smaller relative fibre orientations to be accommodated,

reducing the interlaminar stresses [165], and thus con-

tributing for the mitigation of the initiation and prop-

agation of interlaminar fracture events between plies.

This is especially important in applications with sig-

nificant out-of-plane stresses (e.g. L-shaped structures,

typical of box structures such as wings or wind tur-

bine blades) where application of conventional com-

posite laminates is generally restrict due to their low

through-thickness strength. Thin plies also motivate the

1 125 g/m2 is typically regarded as the minimum dry ply
areal weight of conventional low-grade CFRPs.
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Fig. 6: Illustration of a multi-scale approach applied to composite materials (after Refs. [3, 34, 120, 122, 143]).

integration of simpler lay-up rules, such as laminate

asymmetry and more flexible ply drops, due to easier

laminate homogenisation, which can contribute to no-

table reductions in production times. This makes thin-

ply composites particularly attractive for the industries

relying on high-performance FRPs.

To take full advantage of the potential mechanical

and design benefits of thin plies, it is important to un-

derstand their unique features and how they can be

accounted for in the analysis models.

The improved fibre dispersion resulting from tow

spreading has motivated the study of the effect of ply

thickness on the mechanical response of UD laminae.

Amacher et al [5] performed an extensive experimental

characterisation of the mechanical response of thin-ply

laminates, including testing of UD carbon fibre-epoxy

composites with ply areal weights ranging from ultra-

thin to very high grades, all produced from the same

batch of fibre and matrix. No significant influence of

the ply thickness on the elastic and strength proper-

ties of the UD composites was observed, except for lon-

gitudinal compression, where an increase of approxi-

mately 20% was observed. This was attributed to the

more uniform microstructure of spread tow thin plies,

which reduces the presence of the weak zones and fibre

misalignments that trigger the initiation of longitudinal

compressive failure [190]. This improved ply compres-

sive strength parallel to the fibre direction is behind

the superior plain and notched laminate compressive

strengths found in thin-ply composites [5, 13, 197].

Moreover, due to the constraining effect exerted by

the adjacent plies with the fibres aligned along different

orientations, the mechanical response of an embedded

ply in a multidirectional laminate can be significantly

different from the behaviour of a UD lamina, and ply

thickness can have a great influence on this mechanical

response. By delaying damage propagation in the ma-

trix, an in-situ effect on the ply strengths is observed,

characterised by an increase of the resistance to matrix

cracking as ply thickness decreases [33, 49, 67, 148].

This means that the actual ply strengths are not only

higher than those measured in UD laminae, but they re-

portedly increase with decreasing ply thickness [23, 33,

49, 67, 72, 79, 135, 136, 148, 150]. Hence, the effect of

ply thickness on the onset of ply damage (matrix crack-
ing) finds particular significance when dealing with the

most recent spread-tow, ultra-thin grades.

However, the available analytical models for the in-

situ effect [33, 67], which are based on Fracture Me-

chanics, yield asymptotic results when the ply thickness

tends to zero. For example, the relation between the in-

situ transverse tensile strength Y isT , the ply thickness t,

its UD transverse tensile strength YT , and its mode I

intralaminar fracture toughness parallel to the fibre di-

rection GIc can be written, for a thin embedded ply, as

[33]:

Y isT
YT

= λ−1/2 (1)

with:

λ =
π tΛ0

22

8GIc Y 2
T

(2)



10 Albertino Arteiro et al.

and [113]:

Λ0
22 = 2

(
1

E22
− ν2

12

E11

)
(3)

where E11, E22 and ν12 are the ply elastic properties.

For a thick ply2 [33]:

Y isT
YT

= 1.12
√

2 (4)

Fig. 7 shows a dimensionless representation of the in-

situ effect on the transverse tensile strength of an em-

bedded ply. As can be observed, as the ply thickness

decreases, the in-situ strength asymptotically tends to

infinity. Therefore, an understanding of the in-situ ef-

fect on thin plies is of crucial importance, namely for

validation and/or development of physically meaning-

ful analytical models applicable at this scale. However,

experimental analysis based on in-situ observations of

very thin plies [148] are extremely difficult, not only

because it is hard to identify any transverse damage at

this scale, but also because the applied strains needed

to develop such damage mechanisms are so high that

may lead to failure (or severe damage) of the surround-

ing plies [21]. A possible way through for the under-

standing of the in-situ effect is the use of computa-

tional micro-mechanics — this is the subject of Sect. 4.

In fact, the delay of other ply matrix-dominated failure

mechanisms in multidirectional laminates, such as shear

and wedge transverse compressive fracture, can also be

attributed to an in-situ effect. Computational micro-

mechanics provides the flexibility to assess ply thick-

ness effects at the microscale for any devisable loading

scenario.

While computational micro-mechanics can be ex-

tremely helpful in the understanding of the phenomena

at the lower length-scales whose interaction can lead

to structural damage, its application in the prediction

2 The distinction between thin- and thick-ply behaviour in
Eqs. (1) and (4), respectively, separates the cases of stable
crack propagation in the longitudinal direction (crack tun-
nelling) after through-thickness propagation (thin-ply case),
and unstable through-thickness propagation of the transverse
crack without stable crack tunnelling, as longitudinal propa-
gation occurs immediately after but at a lower applied stress
(thick-ply case) [33, 67, 178]. The theory shows that the trans-
verse stress level at which unstable though-thickness crack
propagation occurs is independent of the ply thickness —
thick-ply case, Eq. (4). However, stable propagation parallel
to the fibres occurs at higher stress levels as the ply thickness
decreases — thin-ply case, Eq. (1). Hence, for a ply thickness
at which the stress level needed for stable propagation in the
longitudinal direction is higher than for unstable through-
thickness propagation, increasing strength with decreasing
ply thickness is observed (Fig. 7).

Fig. 7: Dimensionless representation of the in-situ effect

on the transverse tensile strength of an embedded ply.

of the inelastic response of composite laminates or as

a design tool is not feasible. For a detailed prediction

of lay-up and ply thickness effects on multidirectional

laminates, meso-models become a more attractive solu-

tion.

The accurate determination of the in-situ effect is

crucial for the implementation of any physically-based

failure criteria for transverse damage initiation [37, 38,

47, 50, 63, 71, 111, 117, 138]. It has been shown that

using as ply properties those measured directly from

UD plies to predict the strength of multidirectional

laminates results in very conservative predictions that

could differ substantially from the experimental results

[49, 59, 78, 140].

For the in-situ transverse tensile and in-plane shear

strengths3, Fracture Mechanics solutions have been pro-
posed [33, 67] and successfully applied to the prediction

of the initiation of ply damage [37, 111]. To account for

the in-situ effect on other matrix-dominated ply dam-

age mechanisms, such as transverse compression and

transverse shear cracking, the extension of phenomeno-

logical failure criteria for a consistent representation of

failure of an embedded ply has been proposed by Cata-

lanotti et al [47]. The implementation of these failure

criteria as damage activation functions in a damage

model [37] allows their application to the prediction

of the inelastic response of multidirectional laminates

subjected to general stress states, while accounting for

lay-up and ply thickness effects. In Sect. 5, a similar

strategy to that proposed in Ref. [46] is adopted to ac-

count for the in-situ effect, but in the framework of

3 It is noted that, in the case of in-plane shear, Linear Elas-
tic Fracture Mechanics alone is not able to accurately predict
the in-situ strength, and the non-linear shear response typi-
cally observed in laminated composites must be included in
the models [33].
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new invariant-based phenomenological failure criteria

for FRPs [39]. These new failure criteria are not only

simpler, but due to their invariant formulation, a priori

knowledge of the angle of the fracture plane is not re-

quired. Moreover, due to their fully 3D character, they

can also predict failure under the most general stress

states, including failure under hydrostatic pressure, to

which polymer matrices, and their composites, are sen-

sitive [90].

As a consequence of matrix cracking suppression,

the localised delaminations induced at the tips of the

transverse cracks when these approach the interlami-

nar area can be precluded as well [74, 83, 151]. Fur-

thermore, due to the laminae fine dispersion, the inter-

laminar stresses between thin plies with different ori-

entations are substantially lower, delaying the onset

and propagation of delamination at the laminate free

edges [151]. Thus, the initiation of subcritical, matrix-

dominated damage mechanisms, or FPF occurrence, is

delayed until very close to fibre-dominated LPF, con-

tributing for the high plain strengths, enhanced fatigue

life, and improved impact resistance of thin-ply lam-

inates [5, 8, 147, 151]. The absence of early subcrit-

ical damage mechanisms also means that multidirec-

tional thin-ply laminates can be macroscopically rep-

resented as homogeneous materials, and their failure

characterised by the onset and growth of a macro-crack

(Fig. 8). Therefore, failure analysis tools and damage

models that take the laminate as a homogeneous mate-

rial must be able to capture the physics behind macro-

scopic failure of thin-ply laminates without requiring

complex ply-by-ply analysis. This will be the subject

of Sect. 6. When the geometry and boundary condi-

tions allow an accurate analytical representation of the

stress field and energy release rate, simple LPF anal-

yses [5, 76] and coupled energy-stress FFMs criteria

[11, 36, 76, 143] can be used to predict failure of notched

thin-ply laminates with good accuracy. For more com-

plex geometries and/or loading scenarios, a computa-

tional model based on a PF approach to brittle fracture

[143] is used instead, providing a more versatile tool

when analytical representations of the stress field and

energy release rate are not readily available. Moreover,

this approach provides additional information such as

the stress-strain response and the crack path before ul-

timate failure, which cannot be obtained by analytical

criteria.

4 Micro-mechanical analysis of ply thickness

effects

Ply thickness effects on transverse matrix cracking of

thin-ply cross-ply laminates were thoroughly analysed

(a) Open-hole specimen with a hole diameter of
2 mm [75].

(b) Large damage capability centre-notched speci-
men with a notch length of 36 mm [11].

Fig. 8: Experimental surface longitudinal strain fields

(εy) obtained with digital image correlation just before

ultimate failure in notched quasi-isotropic thin-ply lam-

inates subjected to tensile loading (y-direction). Clear

through-thickness macro-cracking from the notch tips,

including stable intralaminar fibre fracture, can be ob-

served in small open-hole (a) and large centre-notched

specimens (b). It is important to note that in neither

case the fibre direction of the outer ply is perpendicular
to the applied tensile load.

by Saito et al [148]. Their experimental in-situ observa-

tions showed that, due to the constraining effect caused

by the stiff 0◦ plies adjacent to the inner 90◦ ply, thin-

ner plies have a much lower crack-opening displace-

ment when compared with 90◦-ply blocks of two and

four plies. While matrix crack extension occurs sud-

denly when the inner ply is relatively thick, causing high

stress relaxation, matrix cracking extends gradually in

thin plies, eventually without penetrating completely

through the thickness, making stress relaxation more

difficult. The higher stress field maintained in the thin-

ner plies cause new fibre-matrix decohesions, increasing

the crack density.

To clarify the mechanisms of transverse damage sup-

pression in thin-ply laminates, Saito et al [149] nu-

merically investigated matrix cracking constraining in
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the inner transverse ply of thin-ply cross-ply laminates.

They relied on a two-dimensional micro-mechanical mod-

elling strategy, including an RVE of a cross-ply laminate

with homogenised outer plies and an embedded 90◦ ply

with fibres and matrix discretely represented. The dis-

tribution of fibres in the 90◦ ply discretization was ob-

tained from in-situ observations of real composite cross-

sections [148]. These direct experimental observations

were also used to define the width of the RVEs using

the crack density information, ensuring that the rep-

resented area contained only one transverse crack. To

model the mechanical behaviour of the polymer matrix,

a bilinear elastic-plastic constitutive model was used.

Failure was assumed to occur when the tensile or shear

strains in the matrix reached their critical values, reduc-

ing the moduli of the failed matrix to 10% of their origi-

nal values. As usual in the analysis of matrix-dominated

damage mechanisms, the fibres were assumed linear-

elastic. The interface between matrix and fibres was

modelled using cohesive elements. Standard boundary

conditions were applied to the RVE, and an initial ther-

mal step was performed to account for the residual

stresses of the curing process. In spite of the simplic-

ity of the modelling strategy adopted, the numerical

results presented were consistent with the experimen-

tal observations [148], capturing the faster penetration

of the transverse cracks as the thickness of the 90◦ ply

increased.

Saito et al [149] also assessed the effect of the stiff-

ness of the adjacent plies, replacing the homogenised

outer 0◦ plies by 45◦ plies. Faster matrix cracking prop-

agation was predicted in the case of outer 45◦ plies, con-

firming the effect of the stiffness of the adjacent plies on

the constraining effect imposed to embedded 90◦ plies

[72].

To improve the analysis of the in-situ effect on thin

embedded plies at the micro-level, a 3D computational

micro-mechanics framework [121, 122] was employed by

Arteiro et al [10, 12], giving particular emphasis to the

characteristics of the RVEs under analysis and to the

constitutive behaviour of the constituents.

4.1 RVE and constitutive models

A micro-mechanical FE model of a thin-ply carbon/epoxy

sub-laminate, consisting of an RVE of a 90◦ ply in-

between homogenised 0◦ plies, was used to study micro-

damage development on an embedded ply. An adap-

tation of the algorithm proposed by Melro et al [118]

was used to generate the distribution of reinforcements

in the 90◦ ply RVEs, without relying on empirical ob-

servations. This random fibre generator is based on a

hard-core model [141], which corresponds to the first

of three steps on each iteration of the algorithm. Two

heuristics are then introduced, which allow the gener-

ation of RVEs with high fibre volume fractions in a

relatively short amount of time. The first heuristic is

used to create matrix-rich areas in the RVE by stir-

ring the fibres in the direction of one of the closest (not

necessarily the closest) fibres. The second heuristic is

used to stir the fibres positioned in the outskirts of the

RVE towards its interior. These fibre movements gen-

erate matrix-rich areas that increase the success rate of

the hard-core model in allocating new fibres every new

iteration.

Based on statistical analysis, Melro et al [118] showed

that this algorithm is able to generate random fibre dis-

tributions, even for high values of the fibre volume frac-

tion, that are materially and statistically equivalent to

real distributions in the transverse cross-section of lam-

inated composites.

For implementation of Periodic Boundary Condi-

tions (PBCs), a condition of material periodicity is im-

posed along opposite edges of the RVE [118]. A mini-

mum distance between fibres is also specified to avoid

regions of poor mesh quality between the fibres when

generating the FE model [118]. Fig. 9 shows an RVE

of a sub-laminate with an embedded 0.020 mm thick

90◦ ply. PBCs are applied to the sub-laminate RVEs in

the x- and y-directions by means of linear multi-point

constraints, i.e., kinematic constraints imposed on the

degrees of freedom of each pair of nodes belonging to

opposite faces, edges or vertices of the RVE [122].

To appropriately capture the inelastic behaviour of

epoxy resins, the pressure dependent, elastic-plastic model

with damage proposed by Melro et al [121] was used to

model the mechanical response of the matrix. This con-

stitutive model is based on paraboloidal yield and fail-

ure criteria, and uses a thermodynamically consistent

damage model to predict damage growth.

The paraboloidal yield criterion, defined as a func-

tion of the stress tensor and of the tensile and compres-

sive yield strengths, σtym and σcym respectively, can be

written as:

Φ = 6J2 + 2I1
(
σcym − σtym

)
− 2σtymσ

c
ym (5)

where J2 = 1/2 s : s is the second invariant of the de-

viatoric stress tensor s = σ − 1/3I1I, I1 = tr(σ) is the

first invariant of the stress tensor, σtym and σcym are re-

spectively the tensile and compressive yield strengths of

the resin, and I is the second order identity tensor. For

a correct definition of the volumetric deformation along

the plastic evolution, the paraboloidal yield criterion in

Eq. (5) is used together with a non-associative flow rule.

Because the tensile and compressive yield strengths are
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Fig. 9: RVE of a cross-ply sub-laminate with an embedded 0.020 mm 90◦ ply [12].

used to define the yield surface, hardening is considered

to affect these two values. The corresponding hardening

laws are defined as a function of the equivalent plas-

tic strain εpe, provided as piecewise functions. Due to

its fully differentiable character, the paraboloidal yield

function can be integrated by means of a general return

mapping algorithm [121]. The details of the integration

of the constitutive model are presented in Ref. [121].

Matrix damage onset is defined by a damage activa-

tion function similar to the paraboloidal yield criterion,

but using the final tensile and compressive strengths of

the epoxy resin (Xc
m and Xt

m respectively) instead of

the yield strengths. The damage activation function can

be defined as [121]:

F dm = φdm − rm ≤ 0 (6)

where φdm is the loading function [121]:

φdm =
3J̃2 + Ĩ1 (Xc

m −Xt
m)

Xt
mX

c
m

(7)

and rm is an internal variable related with the damage

variable dm. The invariants J̃2 and Ĩ1 are determined

using the effective stress tensor σ̃, i.e., the stress tensor

calculated using the undamaged stiffness tensor. The

internal variable is defined as [121]:

rm = max
{

1,max
t→∞

{
φdm,t

}}
(8)

The relation between the internal variable rm and the

damage variable dm is given by the damage evolution

law [121]:

dm = 1− e
Am

(
3−
√

7+2r2m

)
√

7 + 2r2
m − 2

(9)

The parameter Am needs to be determined by means

of the regularisation of the computed dissipated energy

[121]. To avoid damage localization (mesh size depen-

dency), an approach based on the crack band model [18]

is applied, which makes use of the characteristic length

of the finite element (l∗) and the fracture toughness of

the epoxy resin (Gcm) to regularize the computed dis-

sipated energy [121].

Because the analysis presented in this Section is con-

cerned with matrix-dominated mechanisms, to simulate

the individual reinforcing carbon fibres a transversely

isotropic, linear-elastic behaviour was assumed.

To model the interface between fibres and matrix,

cohesive elements were used [32]. A bilinear traction-

separation law, which relates the displacement jump

across the interface with the tractions acting on it,

is chosen. Before damage onset, the response of the

interface is considered linear-elastic, with a high ini-

tial stiffness (K). The onset of cohesive damage is as-

sumed mode dependent, and defined by the correspond-

ing strengths in mode I (τ0
3 ) and mode II (τ0

1 = τ0
2 ).

A quadratic nominal stress criterion is used to predict

interface damage initiation. Damage evolution is con-

trolled by a linear softening law. A scalar damage vari-

able, d, is used to represent the interface damage.

To describe the evolution of damage under a combi-

nation of normal and shear deformation across the in-

terface, an effective displacement jump, ωm, is defined
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as the norm of the displacement jump vector across the

interface [32]:

ωm =

√
ω2

1 + ω2
2 + 〈ω3〉2 (10)

where ω3 is the displacement jump in mode I, and ω1

and ω2 are the displacement jumps in mode II and

in mode III, respectively. The rate of damage progres-

sion is controlled by the fracture toughness in mode I

(GIc), mode II (GIIc), or mixed-mode, according to the

Benzeggagh-Kenane law [20]:

GIc + (GIIc − GIc)
(
Gshear

GT

)η
= Gc (11)

where GT = GI + GII + GIII and Gshear = GII + GIII
are respectively the total and the shear contributions

of the energy release rate, η is a material parameter

and Gc is the critical value of the total energy release

rate. The evolution of the damage variable is defined

as a function of the maximum value of the effective

displacement jump ωmax
m attained during the loading

history [32]:

d =
ωfm
(
ωmax
m − ω0

m

)
ωmax
m

(
ωfm − ω0

m

) (12)

where ω0
m is the effective displacement jump at the ini-

tiation of damage, and ωfm is the effective displacement

jump at complete failure, given as [32]:

ωfm =
2Gc
τ0
eff

(13)

τ0
eff is the effective traction at damage initiation, given

by the norm of the traction tensor:

τ0
eff =

√
(τ0

1 )
2

+ (τ0
2 )

2
+ 〈τ0

3 〉
2

(14)

4.2 Analysis of the in-situ effect

Varying the thickness of the 90◦ ply in the sub-laminate

RVE (Fig. 9), it is possible to assess the in-situ effect

on the mechanical response of the embedded lamina.

The thickness of the outer plies are kept constant and

equal to 0.150 mm throughout the analysis. The width

of the sub-laminate RVEs (y-direction) was defined to

ensure that any diffuse damage that might occur be-

fore a transverse crack has grown entirely through the

thickness of the ply can be captured [10, 12]. The length

of the RVEs (x-direction) is kept constant and approx-

imately equal to two times the average element size of

the mesh of the 90◦ ply, with a discretization of two

elements along the x-direction.

Fig. 10 shows the strain field along the transverse

(y-) direction of an RVE with a 0.080 mm thick 90◦ ply

subjected to transverse compression. In agreement with

the experimental observations carried out by Canal et al

[40], fibres are characterised by a very homogeneous

strain field, while the matrix shows a very inhomoge-

neous strain distribution.

Figs. 11–17 depict the contour plots of the matrix

damage variable on representative RVEs of embedded

90◦ laminae with thicknesses between 0.020 mm and

0.140 mm at applied remote strains ranging from 0.6%

to 8.0%. Although only one random distribution of fi-

bres is presented for each case, it is representative of

other random distributions in terms of damage locali-

sation.

As observed experimentally from in-situ observa-

tions [148], matrix cracks develop perpendicularly to

the applied load. Independently of the embedded ply

thickness, damage starts in the narrower portions of

matrix between the closest adjacent fibres aligned with

the loading direction at approximately the same applied

remote strain following two basic stages: (i) starting as

fibre-matrix decohesions (Fig. 18), and (ii) propagating

into the matrix as matrix cracks.

In the thicker embedded 90◦ plies (Figs. 15–17),

once a transverse crack is formed, it rapidly penetrates

through the thickness. But as the embedded ply thick-

ness decreases, crack extension remarkably slows down

(Figs. 11–14).

Figs. 12–17 also show that once through-thickness

transverse cracking has saturated, damage localisation

occurs close to the straight transverse cracks, starting

near the interface between the embedded 90◦ ply and

the surrounding constraining plies; this does not hap-

pen in the thinner 0.020 mm 90◦ plies (Fig. 11). The

oblique cracks in Figs. 12–17, which were also observed

experimentally [96], are not perpendicular to the load-

ing direction and propagate towards the straight trans-

verse cracks, without joining them. These simulations

also show that the oblique cracks typically do not pen-

etrate through the ply thickness, except when joining

with oblique cracks growing in the opposite direction in

sufficiently thin plies, as can be observed in Fig. 19.

In the sub-laminates with the thinner 0.020 mm

and 0.040 mm 90◦ plies, transverse failure can be de-

scribed as a distributed damage mechanism. In the case

of 0.040 mm 90◦ plies (Fig. 12), transverse fracture is

characterised by progressive fragmentation and mul-

tiple matrix cracking, with reduced spacing between
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Fig. 10: Strain distribution along the transverse (y-) direction of an RVE with a 0.080 mm thick 90◦ ply subjected

to transverse compression, at an applied remote strain of 0.66% [12].

transverse cracks, followed by additional decohesions

that form the onset sites for the development of oblique

cracking close to the interface with the constraining

plies. By reducing further the thickness of the 90◦ plies

(Fig. 11), damage is characterised by many decohesions

occurring without extending completely through the

ply thickness, similar to a continuous damage event,

and leading to overall failure of the matrix material be-

tween the fibres, as shown in Figs. 11f–g. Hence, damage

progression and failure of very thin plies can be repre-

sented at the mesoscale by simple material degradation

schemes, without the need to address discrete crack for-

mation, or embedded in laminate damage models that

take the homogenised laminate as the basic material

building block. This makes analysis of thin-ply lami-

nates considerably simpler.

The sudden matrix crack extension in the thicker

embedded plies leads to significant stress relaxation, as

shown in Fig. 20 and reported experimentally by Saito

et al [148]. The thinner transverse laminae show a grad-

ual extension of the transverse cracks, eventually with-

out penetrating completely through the thickness, and

therefore the stress relaxation is much more difficult to

occur, as shown in Fig. 21. In this case, a higher stress

field leads to an increase of the crack density, as can

be observed in Figs. 11–14, and confirmed experimen-

tally [148]. In fact, as reported in the literature [21],

the maximum crack density typically observed exper-

imentally corresponds to a crack spacing of the order

of the embedded 90◦ ply thickness. This is accurately

captured in the simulations (Figs. 11–14).

These predictions are also useful in understanding

how transverse cracking can be detrimental to the in-

tegrity of a laminate with thick transverse plies, and

how thin plies can minimise the risk of failure of the ad-

jacent, load carrying plies. In fact, once transverse dam-

age initiates in a thick ply, it quickly penetrates through

the thickness, resulting in high local stress relaxation in

the 90◦ ply, and consequently in a local stress concen-

tration at the adjacent plies. This local increase of the

stress level can induce delamination at the interface or,

in some cases, cause premature failure of the adjacent

ply. By reducing the 90◦ ply thickness, transverse dam-

age growth is suppressed, resulting in low stress relax-

ation, and consequently in a lower stress concentration

at the adjacent plies, pushing their load carrying capa-

bility closer to that of intact laminae. This is one of the

reasons why simple, analytical ply-by-ply [5] or lami-

nate failure analysis [76], without complex degradation

schemes, can predict with accuracy ultimate failure of

multidirectional thin-ply laminates (Sect. 6).

Another interesting result of the current numerical

simulations, also confirmed by experimental evidence

[148], is the formation of thin necks of matrix material

in the regions where fibre-matrix debonding is more

pronounced. The prediction of this phenomenon was

also reported by Melro et al [122]. The in-situ obser-

vations presented by Saito et al [148] suggest that this

phenomenon is more pronounced in the case of thicker

plies, since it is barely seen in the thinner embedded

90◦ plies. The micro-mechanical simulations suggest the

same (Figs. 22–23).

Figs. 24–27 show the contour plots of the equiva-

lent plastic strain in the matrix of representative RVEs

of cross-ply sub-laminates with thin and standard em-

bedded 90◦ plies subjected to transverse compressive

remote strains ranging from 2.0% to 4.0%. As can be

observed, failure caused by transverse compressive load-

ing is dominated by fibre/matrix interface cracking and

large localised plastic deformation of the matrix, form-

ing a localised band of damage in a plane not aligned

with the loading direction. This wedge shaped trans-

verse fracture is in agreement with what has been de-

scribed in the literature for the UD case [122, 140].
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(a) Applied remote strain of 0.6%.

(b) Applied remote strain of 1.2%.

(c) Applied remote strain of 2.0%.

(d) Applied remote strain of 2.6%.

(e) Applied remote strain of 4.0%.

(f) Applied remote strain of 5.5%.

(g) Applied remote strain of 8.0%.

Fig. 11: Contour plots of the matrix damage variable

on a representative RVE of an embedded 0.020 mm 90◦

ply (only the embedded 90◦ ply is presented).

Although the damage pattern is very similar, in

the case of cross-ply sub-laminates with very thin plies

(Figs. 24–25) the wedge cracks develop at higher ap-

plied remote strains; a transverse crack suppression ef-

fect can be clearly identified when compared with stan-

dard plies (Figs. 26–27). As the ply thickness decreases,

damage progression slows down, and through-thickness

wedge transverse cracking is delayed. This fact indicates

that an in-situ effect in transverse compression exists.

Before the first through-thickness wedge crack is

fully developed, localised bands of damage start prop-

(a) Applied remote strain of 0.6%.

(b) Applied remote strain of 1.2%.

(c) Applied remote strain of 2.0%.

(d) Applied remote strain of 2.6%.

(e) Applied remote strain of 4.0%.

(f) In-situ observations [148].

Fig. 12: Contour plots of the matrix damage variable

on a representative RVE of an embedded 0.040 mm 90◦

ply (only the embedded 90◦ ply is presented), and in-

situ observations of a 0.040 mm embedded 90◦ ply in a

cross-ply laminate.
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(a) Applied remote strain of 0.6%.

(b) Applied remote strain of 1.2%.

(c) Applied remote strain of 2.0%.

Fig. 13: Contour plots of the matrix damage variable

on a representative RVE of an embedded 0.060 mm 90◦

ply (only the embedded 90◦ ply is presented).

agating along other locations. As the ply thickness de-

creases, the number of localised bands increases. Once

the first band penetrates through the thickness, the re-

maining will also penetrate progressively.

As the ply thickness decreases further, the main fail-

ure mechanism gradually changes from wedge shaped

transverse cracking to a dispersed damage mechanism,

including ply fragmentation/separation, as shown in

Fig. 28. In line with the tensile case, this dispersed dam-

age pattern in thin-ply sub-laminates is the result of a

less pronounced stress relaxation due to the constrain-

ing effect imposed by the surrounding plies (Fig. 29).

This causes the development of progressive, overall ply

damage instead of discrete transverse cracking.

4.3 Comparison with analytical models and discussion

In laminate analysis, the in-situ effect is typically taken

into account by using analytical Fracture Mechanics

models [33, 67] and through application of 3D phe-

nomenological failure criteria [38, 47]. Fig. 30 shows the

in-situ transverse tensile strength as a function of the

embedded 90◦ ply thickness determined using compu-

tational micro-mechanics, and a comparison with the

(a) Applied remote strain of 0.6%.

(b) Applied remote strain of 1.2%.

(c) Applied remote strain of 2.0%.

(d) In-situ observations [148].

Fig. 14: Contour plots of the matrix damage variable

on a representative RVE of an embedded 0.080 mm 90◦

ply (only the embedded 90◦ ply is presented), and in-

situ observations of a 0.080 mm embedded 90◦ ply in a

cross-ply laminate.

predictions of the Fracture Mechanics model proposed

by Camanho et al [33]:

Y isT = 1.12
√

2YT (15)

for a thick ply, or:

Y isT =

√
8GIc
π tΛ0

22

(16)
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Fig. 28: Fragmentation/ply separation of a representative RVE with an embedded 0.020 mm 90◦ ply subjected to

an applied transverse compressive strain of 4.9% [12].

(a) Applied remote strain of 0.6%.

(b) Applied remote strain of 1.2%.

Fig. 15: Contour plots of the matrix damage variable

on a representative RVE of an embedded 0.100 mm 90◦

ply (only the embedded 90◦ ply is presented).

for a thin embedded ply. Fig. 31 shows the in-situ trans-

verse compressive strength, Y isC , as a function of the em-

bedded 90◦ ply thickness determined using the micro-

mechanical models, and a comparison with the predic-

tions of the models proposed by Catalanotti et al [47]

and Camanho et al [38]. According to Catalanotti et al

[47], the in-situ transverse compressive strength is given

explicitly as:

Y isC =
SisL (2 cos2 α0 − 1)

ηL cos2 α0
(17)

(a) Applied remote strain of 0.6%.

(b) Applied remote strain of 1.2%.

Fig. 16: Contour plots of the matrix damage variable

on a representative RVE of an embedded 0.120 mm 90◦

ply (only the embedded 90◦ ply is presented).

where α0 is the fracture angle under pure transverse

compression, and ηL is a friction coefficient [47]. The

in-situ in-plane shear strength, SisL , is calculated from

the Fracture Mechanics model proposed by Camanho

et al [33]:

SisL =

√
(1 + βφG2

12)1/2 − 1

3βG12
(18)
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(a) Applied remote strain of 0.6%.

(b) Applied remote strain of 1.2%.

(c) In-situ observations [148].

Fig. 17: Contour plots of the matrix damage variable

on a representative RVE of an embedded 0.140 mm 90◦

ply (only the embedded 90◦ ply is presented), and in-

situ observations of a 0.160 mm embedded 90◦ ply in a

cross-ply laminate.

where β is a parameter that defines the nonlinearity

of the shear stress-shear strain relation [86], G12 is the

shear modulus and the parameter φ is defined according

to the configuration of a given ply. For a thick ply [33]:

φ =
12S2

L

G12
+ 18βS4

L (19)

whereas for a thin ply [33]:

Fig. 18: Damage variable of the cohesive elements at

the interface between fibres and matrix of an embedded

0.020 mm 90◦ ply at an applied remote strain of 0.6%

[10].

(a) Applied remote strain of 3.0%.

(b) Applied remote strain of 4.0%.

Fig. 19: Oblique cracking captured by the micro-

mechanical analysis of a representative RVE of an em-

bedded 0.040 mm 90◦ ply (only the 90◦ ply is pre-

sented).

(a) Applied remote strain of 0.6%.

(b) Applied remote strain of 2.0%.

Fig. 20: Transverse stress field (σ22) in a damaged

0.080 mm embedded 90◦ ply (only the matrix of the

embedded 90◦ ply is presented) [10].
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(a) Applied remote strain of 0.6%.

(b) Applied remote strain of 2.0%.

Fig. 21: Transverse stress field (σ22) in a damaged

0.020 mm embedded 90◦ ply (only the matrix of the

embedded 90◦ ply is presented) [10].

(a) 0.020 mm embedded 90◦ ply.

(b) 0.040 mm embedded 90◦ ply.

(c) 0.060 mm embedded 90◦ ply.

(d) 0.080 mm embedded 90◦ ply.

Fig. 22: Contour plots of the equivalent plastic strain

in the matrix of representative RVEs of embedded 90◦

plies in a thin-ply sub-laminate at an applied remote

strain of 2.0% (only the 90◦ plies are presented) [10].

Identification of the regions where formation of thin

necks of matrix material can be observed.

φ =
48GIIc
πt

(20)

where GIIc is the fracture toughness associated with

intralaminar fracture of the transverse ply (parallel to

the fibre direction) in mode II. Alternatively, the in-

situ transverse compressive, transverse shear (SisT ), and

(a) 0.100 mm embedded 90◦ ply.

(b) 0.120 mm embedded 90◦ ply.

(c) 0.140 mm embedded 90◦ ply.

Fig. 23: Contour plots of the equivalent plastic strain

in the matrix of representative RVEs of embedded 90◦

plies in a standard-ply sub-laminate at an applied re-

mote strain of 2.0% (only the 90◦ plies are presented)

[10]. Identification of the regions where formation of

thin necks of matrix material can be observed.

biaxial transverse tensile (Y isBT ) strengths can be deter-

mined using the relations proposed by Camanho et al

[38], as explained in Sect. 5. The elastic and strength

properties required by the analytical models were deter-

mined from separate micro-mechanical analyses using

UD RVEs [122] subjected to uniaxial transverse tension

and compression, transverse shear, in-plane shear, and
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(a) Applied remote strain of 2.0%.

(b) Applied remote strain of 2.5%.

(c) Applied remote strain of 3.0%.

(d) Applied remote strain of 3.5%.

(e) Applied remote strain of 4.0%.

Fig. 24: Contour plots of the equivalent plastic strain

in the matrix of a representative RVE of an embed-

ded 0.020 mm 90◦ ply (only the embedded 90◦ ply is

presented).

biaxial transverse tension stress states. This included

the determination of parameter β based on the results

from the micro-mechanical computational model of UD

RVEs subjected to pure in-plane shear, fitting the poly-

nomial approximation proposed by Hahn and Tsai [86]:

γ12 =
1

G12
σ12 + βσ3

12 (21)

to the shear stress-shear strain curves obtained with

three different RVEs (Fig. 32). The biaxial transverse

compressive strength (YBC) was estimated as suggested

by Vogler et al [189]. The in-situ strengths determined

from the micro-mechanical models (discrete points in

Figs. 30–31) were obtained based on the applied remote

strain corresponding to the development of through-

thickness ply failure before onset of secondary damage

mechanisms (such as oblique cracking, generalised ma-

trix failure, or push-out).

The analytical and computational micro-mechanics

predictions follow the same trends. For the in-situ trans-

verse tensile strength, this is in agreement with exper-

imental observations on standard and thick embedded

plies [23, 49, 72, 79, 135, 136, 150], validating both ap-

proaches. In compression, it was the first time an in-situ

(a) Applied remote strain of 2.0%.

(b) Applied remote strain of 2.5%.

(c) Applied remote strain of 3.0%.

(d) Applied remote strain of 3.5%.

(e) Applied remote strain of 4.0%.

Fig. 25: Contour plots of the equivalent plastic strain

in the matrix of a representative RVE of an embed-

ded 0.060 mm 90◦ ply (only the embedded 90◦ ply is

presented).
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Fig. 30: In-situ transverse tensile strength as a function of the embedded 90◦ ply thickness.

Fig. 31: In-situ transverse compressive strength as a function of the embedded 90◦ ply thickness.

Fig. 32: Shear stress-shear strain curves for three different RVEs, and curve fitting using the cubic approximation

proposed by Hahn and Tsai [86].

effect was clearly identified4, and the validity of the an-

alytical models proposed in Refs. [38, 47] to predict the

in-situ transverse compressive strength demonstrated.

4 Although there is no direct experimental evidence of the
in-situ effect for transverse compression, test results obtained
in structural details indicate that ply thickness affects the ply
compressive strengths [5, 8, 13, 14, 68, 101, 197].

A similar computational micro-mechanics approach

was latter presented by Herráez et al [88] to study trans-

verse cracking at the microscale, but employing a sim-

pler constitutive, bi-dimensional model. These authors

based their analysis on the maximum homogenised stress

in the transverse ply at the onset of damage growth;

however, it is not clear if this is an appropriate mea-
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(a) Applied remote strain of 2.0%.

(b) Applied remote strain of 2.5%.

Fig. 26: Contour plots of the equivalent plastic strain

in the matrix of a representative RVE of an embed-

ded 0.120 mm 90◦ ply (only the embedded 90◦ ply is

presented).

sure of the actual strength of the embedded transverse

ply, as the material response during softening is known

to depend on both boundary conditions and size of the

RVE.

Future developments are focused on the applica-

tion of the methodology proposed in Refs. [10, 12] to

study ply thickness effects on the in-plane and trans-

verse shear strengths of an embedded ply, which are

known functions of the ply thickness [33, 38, 47, 132].

Other scenarios of interest include transverse cracking

under biaxial tensile and compressive stress states, as

well as longitudinal compression and kink band forma-

tion [17]. These analyses can further support the un-

derstanding of the micro-mechanical behaviour of thin

plies and thin-ply laminates subjected to general stress

states, overcoming the complexities and limitations of

experimental testing on these low grade materials. It is

also noted that the present framework can be very help-

ful in understanding the behaviour of polymer compos-

ite laminates subjected to different biaxial or multiaxial

loading scenarios, where a fundamental lack of reliable

experimental data still exists [77]. There is also great

(a) Applied remote strain of 2.0%.

(b) Applied remote strain of 2.5%.

Fig. 27: Contour plots of the equivalent plastic strain

in the matrix of a representative RVE of an embed-

ded 0.140 mm 90◦ ply (only the embedded 90◦ ply is

presented).

potential for future material tailoring at the microscale,

and for the understanding of other important factors

on the mechanical response of laminated composites,

including: effects of fibre clustering (due to variations

in the manufacturing process — study of realistic fibre

distributions), effects of intra-bundle and intra-ply hy-

bridisation (e.g. intermingled fibres of different grades

or different materials [166]), and effects of new matrix

materials (e.g. enhanced resin formulations or thermo-

plastic matrices).

5 Ply thickness effects at the mesoscale: failure

criteria and in-situ effect

Due to the very fine level of discretization required by

computational micro-mechanics models, they become

unsuitable for failure prediction and design of com-

posite structures. For a detailed damage assessment of

structural details, a strategy that takes the composite
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Fig. 29: Transverse stress field (σ22) in damaged em-

bedded 90◦ plies subjected to transverse compression,
at an applied remote strain of 2.5% (only the embedded

90◦ plies are presented).

plies as the basic homogeneous building blocks becomes

more appropriate.

To accurately capture the onset and propagation

of ply damage mechanisms at the mesoscale, adequate

initiation criteria and damage progression models need

to be formulated based on the homogenised stress (or

strain) state. Particularly, initiation criteria should be

able to capture important aspects that affect the ini-

tiation of ply failure, including the in-situ effect. But

currently only a few criteria account for ply thickness ef-

fects on the ply strengths in multidirectional laminates

[38, 47, 50, 63, 71, 138, 157]. For instance, Catalan-

otti et al [47], based on the ideas presented by Puck

and Schürmann [139, 140] and by Dávila et al [63],

proposed 3D failure criteria that address general stress

states while taking the in-situ effect into account in

a consistent way. More recently, Camanho et al [38,

39] presented new 3D failure criteria with an invariant

quadratic formulation based on structural tensors. To

account for the effect of ply thickness, appropriate defi-

nitions of the in-situ strengths were consistently derived

in the framework of the invariant-based failure criterion

for transverse failure mechanisms. Specifically, the cri-

teria presented by Camanho et al [38, 39] cover several

aspects that are not addressed simultaneously by pre-

vious phenomenological failure criteria, including: (1)

the increase of the apparent shear strength with mod-

erate values of transverse compression, (2) the detri-

mental effect of the in-plane shear stresses due to fibre

misalignment under longitudinal compressive failure by

fibre kinking, and (3) the prediction of failure under hy-

drostatic pressure. Moreover, the criteria are conceptu-

ally simple, and due to an elegant coordinate system-

free formulation, the search for the fracture plane is

not necessary, making it easier to implement and more

efficient than previous criteria.

5.1 Invariant-based failure criterion for transverse

cracking

With the aim of distinguishing between transverse and

longitudinal failure mechanisms, different criteria were

proposed to assess the onset of failure under general

stress states. To model transverse damage initiation,

the new invariant-based criterion proposed by Camanho

et al [38, 39] uses structural tensors to represent the ma-

terial symmetries of the transversely isotropic material

instead of symmetry conditions based on a reference

coordinate system. This invariant conception enables

the description of anisotropy through the use of tensor

functions. A preferred direction a is defined, which cor-

responds to the fibre direction in UD FRPs [155, 189].

Taking x1 as the fibre direction, the preferred direction

a is given as:

a = [1 0 0]T (22)

The structural tensor A of transverse isotropy that rep-

resents the intrinsic characteristic direction of the ma-

terial is defined as:

A = a⊗ a (23)

According to the proposed invariant formulation [38,

39], failure is a function, fM , of the stress tensor σ and

of the structural tensor A through a set of invariants

formulated to identify particular stress states:
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I1 =
1

2
tr (σp)

2 − a (σp)
2
a (24a)

I2 = a (σp)
2
a (24b)

I3 = trσ − aσa (24c)

assuming a decomposition of the stress tensor σ in

plasticity inducing stresses σp and reaction stresses σr

[155]:

σ = σp + σr (25)

with:

σr =
1

2
(trσ − aσa)1− 1

2
(trσ − 3aσa)A (26a)

σp = σ − σr (26b)

The reaction stress tensor σr contains the hydrostatic

pressure and the projection of the stress tensor onto the

preferred direction a. Since the fibre-dominated failure

mechanisms are treated separately in the formulation of

the failure criteria, the invariants (24) are formulated

choosing the plasticity inducing stress tensor σp. With

this procedure, the invariants I1 and I2 are directly

related, respectively, to transverse shear and in-plane

shear loading, whereas the third invariant I3 accounts

for pressure dependent failure, as experimentally ob-

served in FRPs [90]. The transversely isotropic failure

criterion fM reads:

fM = α1I1 + α2I2 + α3I3 + α32I
2
3 ≤ 1 (27)

with:

α3 = αt3, α32 = αt32 if I3 > 0, and

α3 = αc3, α32 = αc32 if I3 ≤ 0
(28)

where the failure parameters αi, each related to a par-

ticular loading state [189], are given by:

α1 =
1

S2
T

(29a)

α2 =
1

S2
L

(29b)

αt32 =
1− YT

2YBT
− α1

Y 2
T

4
Y 2
T − 2YBTYT

(29c)

αt3 =
1

2YBT
− 2αt32YBT (29d)

αc32 =
1− YC

2YBC
− α1

Y 2
C

4
Y 2
C − 2YBCYC

(29e)

αc3 =
1

2YBC
− 2αc32YBC (29f)

where ST and SL are respectively the transverse and in-

plane shear strengths, YT and YC are respectively the

transverse tensile and compressive strengths, and YBT
and YBC are respectively the biaxial transverse tensile

and compressive strengths. The distinction concerning

I3 > 0 and I3 ≤ 0 in Eq. (28) allows failure under

biaxial stress states to be represented by the criterion.

To show the unique features of the criterion pro-

posed by Camanho et al [38, 39], and because the range

of stress states that can be imposed by means of experi-

mental tests is limited by the complexity of the load in-

troduction systems, the analytical failure envelopes are

compared with virtual failure loci generated using com-

putational micro-mechanics [169, 170]. The elastic and

strength properties of the UD composite are obtained

from the analysis of RVEs with a random distribution of

reinforcements generated using the algorithm proposed

by Melro et al [118], and subjected to PBCs [122]. The

material behaviour of the constituents is modelled us-

ing the framework proposed by Melro et al [121, 122]

and described in Sect. 4.

The values obtained from the micro-mechanical anal-

yses of the composite under pure uniaxial, pure biaxial

and pure shear loading are used as input data of the

transverse failure criterion. Figs. 33–38 show the com-

parison between the analytical failure envelopes and the

virtual failure loci.

Some deviations between the analytical failure en-

velopes and the micro-mechanical predictions can be

observed. These discrepancies are attributed to the ran-

dom distribution of the reinforcing fibres in the numer-

ical RVEs that leads to some scatter in the numeri-

cal simulations, and to the fact that the proposed fail-

ure criterion for transverse failure does not distinguish

between the in-plane (σ12) and out-of-plane (σ13) lon-

gitudinal shear stresses [38, 39]. Still, the deviations

are not large, and all trends reasonably well predicted.
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Fig. 33: σ22 – σ12 failure envelope and virtual failure loci [38, 39].

Fig. 34: σ22 – σ13 failure envelope and virtual failure loci [38, 39].

Fig. 35: σ22 – σ23 failure envelope and virtual failure loci [38, 39].

In particular, Fig. 38 shows a comparison between the

analytical envelopes for the σ22 – σ33 stress space ob-

tained with the invariant-based failure criterion [38, 39]

and Hashin’s failure criteria [87], reportedly the most

widely used phenomenological failure criteria for the

prediction of intralaminar damage initiation in compos-

ite laminates. As can be observed, the biaxial transverse

tensile strength is under-predicted by Hashin’s failure

criteria, while an open failure envelope is obtained for

the biaxial transverse compression quadrant, thus mak-

ing such failure criteria unsuitable for representing the

fracture of composites subjected to complex 3D load-

ing scenarios and hydrostatic pressure. It is important

to note that the accurate prediction of failure under

these stress states is crucial to predict the mechanical

response of very thick laminates (e.g. for applications

in wind turbine blades and ship construction) or lam-

inates subjected to complex triaxial stress states (e.g.

indentation, low-velocity impact, crushing, or bearing).
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Fig. 36: σ12 – σ23 failure envelope and virtual failure loci [38, 39].

Fig. 37: σ13 – σ23 failure envelope and virtual failure loci [38, 39].

Fig. 38: σ22 – σ33 failure envelope and virtual failure loci [38, 39], and comparison with Hashin’s failure criterion

[87].

5.1.1 In-situ effect

To account for the in-situ effect on the transverse ply

strengths, and following previous work from Catalan-

otti et al [47], Camanho et al [38] hypothesised that

the slopes in the σ22–σ12 and σ22–σ23 failure envelopes

when σ22 = 0, ηL and ηT respectively, should remain

constant (Fig. 39). In other words, it is assumed that:


η

(+)
L = η

(+)
L,is

η
(−)
L = η

(−)
L,is

η
(+)
T = η

(+)
T,is

η
(−)
T = η

(−)
T,is

(30)

where the slopes ηL and ηT depend on the sign of

the stress component σ22. Knowing the in-situ trans-

verse tensile (Y isT ) and in-plane shear (SisL ) strengths,
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given respectively in Eqs. (15)–(16) and Eqs. (18)–(20)

according to the Fracture Mechanics model proposed

by Camanho et al [33], and assuming that the biaxial

transverse compressive strength (YBC) is not an in-situ

property [38], the in-situ transverse compressive (Y isC ),

transverse shear (SisT ), and biaxial transverse tensile

(Y isBT ) strengths are calculated imposing the relations

in Eq. (30).

As observed in Figs. 30–31, the predictions of the

transverse tensile and compressive ply strengths follow

the trends of the computational micro-mechanics anal-

yses of the in-situ effect (Sect. 4), validating the ap-

proach proposed by Camanho et al [38] for representa-

tion of the delay of transverse matrix cracking at the

mesoscale as the ply thickness decreases. Additionally,

Fig. 39 shows how the consideration of the in-situ effect

modifies the predicted failure envelopes of composite

plies in multidirectional laminates, which will have an

important role on the strength prediction of composite

structures; without such consideration, ply thickness ef-

fects at the mesoscale cannot be properly represented,

and the unique features of thin-ply laminates properly

captured in composite damage simulations.

5.2 Invariant-based failure criterion for fibre kinking

Assuming that longitudinal compressive failure of FRPs

is originated by local micro-structural defects that trig-

ger a kink band when local matrix cracking occurs in

the vicinity of the misaligned, micro-buckled fibres, Ca-

manho et al [38, 39] proposed a 3D kinking model that

relies on the invariant-based failure criterion for trans-

verse failure mechanisms (Sect. 5.1). Fig. 40 shows the

kinking plane, where the coordinate system 102030 is

aligned with the material axes of the composite, 112131

is associated with the kinking plane, and 1R2R3R is

associated with the misaligned fibres. The coordinate

system 112131 is obtained rotating the 102030 frame

around the 10 axis by an angle ψ (angle of the kinking

plane), and the 1R2R3R coordinate system is obtained

rotating the 112131 frame around the 31 axis by an an-

gle ϕ (kinking-angle).

Based on the previous assumptions, kinking failure

is predicted using the invariant-based formulation for

transverse failure in the misalignment frame 1R2R3R:

fK = α1I1 + α2I2 + α3I3 + α32I
2
3 ≤ 1 (31)

where the preferred direction a(0) in the material co-

ordinate system 102030 is obtained after two successive

coordinate system transformations, yielding [38, 39]:

Fig. 40: 3D kinking model (after Camanho et al [38,

39]).

a(0) =

 cosϕ

cosψ sinϕ

sinψ sinϕ

 (32)

The angle of the kinking plane, ψ, is the angle that

maximises the fibre kinking failure index. Based on the

works of Pinho et al [137] and Catalanotti et al [47],

a pragmatic expression is considered, assuming that ψ

is a function of the shear stresses that act on the 2-3

plane (Fig. 41):

ψ = arctan

(
σ13

σ12

)
(33)

If the shear stress components σ12 and σ13 are equal

to zero, the angle of the kinking plane can be calcu-

lated by the maximum principal stress that acts on the

transversely isotropic plane [47, 137]:

ψ =
1

2
arctan

(
2σ23

σ22 − σ33

)
(34)

The kinking-angle ϕ is given by the sum of a con-

stant initial misalignment angle ϕ0 and an angle ϕR

that is originated by the applied shear loading (Fig. 42).

According to Camanho et al [38, 39], the initial mis-

alignment angle ϕ0 can be taken as a representation of

the local micro-structural defects from manufacture, or

of the intrinsic fibre volume fraction oscillations in the

material, and thus a material property. For a material

that exhibits linear shear response, the kinking-angle ϕ

reads:

ϕ = sgn
{
σ

(R)
12 (ϕ0, ψ)

}ϕ0 +

∣∣∣σ(R)
12 (ϕ0, ψ)

∣∣∣
G12

 (35)
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(a) σ22 – σ12 failure envelope.

(b) σ22 – σ23 failure envelope.

Fig. 39: Definitions of the parameters ηL and ηT (after Camanho et al [38]).

Fig. 41: Kinking plane and involved shear stresses (after

Catalanotti et al [47] and Camanho et al [38, 39]).

where σ
(R)
12 (ϕ0, ψ) is the applied shear stress in the mis-

alignment frame, and sgn{x} is the sign of x. The shear

stress σ
(R)
12 is a function of the initial misalignment an-

gle ϕ0 and of the angle of the kinking plane ψ, and it

reads:

σ
(R)
12 =

1

2

(
−σ11 + σ22 cos2 ψ+

σ33 sin2 ψ + σ23 sin 2ψ
)

sin 2ϕ0+

(σ12 cosψ + σ13 sinψ) cos 2ϕ0 (36)

The initial misalignment angle ϕ0 can be calculated

taking the particular case when the material fails under

pure longitudinal compression [38, 39]:

ϕ0 = ϕC −
|XC sin 2ϕ0|

2G12
(37)

where ϕC is the total misalignment angle under pure

longitudinal compression, and the angle:

ϕRC =
|XC sin 2ϕ0|

2G12
(38)

is the induced shearing angle ϕR under pure longitudi-

nal compression, assuming linear shear behaviour. For

small initial misalignment angles ϕ0, Eq. (37) can be

rewritten as:

ϕ0 = ϕC

(
1 +
|XC |
G12

)−1

(39)

which is an explicit function of ϕ0.

Alternatively, assuming nonlinear shear behaviour,

and taking the approximation proposed by Hahn and

Tsai [86] for the shear stress-shear strain relation in

Eq. (21), the kinking angle ϕ and the initial misalign-

ment angle ϕ0 are given respectively as [38, 39]:
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Fig. 42: Misalignment frame (after Camanho et al [38,

39]).

ϕ =sgn
{
σ

(R)
12 (ϕ0, ψ)

}
×

{
ϕ0 +

∣∣∣∣∣σ(R)
12 (ϕ0, ψ)

G12
+ β

[
σ

(R)
12 (ϕ0, ψ)

]3∣∣∣∣∣
}

(40)

ϕ0 = ϕC −
∣∣∣∣XC sin 2ϕ0

2G12
+ β

X3
C sin3 2ϕ0

8

∣∣∣∣ (41)

The total misalignment angle ϕC can be obtained

taking failure under pure longitudinal compression (i.e.

σ11 = XC and σij = 0), and solving the transverse

failure criterion (27) for ϕ = ϕC , taking the invariants

(24) calculated in the misalignment frame a = a(0) [38,
39]:

ϕC =
1

2
arccos

{[
4
(
α1 − 4α2 + α2

2X
2
C + (αc3)

2
+

2α2α
c
3XC + 4αc32

)1/2

+ (α1 + 4αc32)XC +

4αc3

]
[(α1 − 4α2 + 4αc32)XC ]

−1

}
(42)

An alternative determination of the kinking angle ϕ

was also proposed by Camanho et al [38] and Camanho

and Arteiro [29] based on observations from Catalan-

otti et al [47], who represented the imperfections that

trigger fibre kinking by a micro-mechanical parameter

χ instead of an initial misalignment angle. In this case,

the kinking angle ϕ is obtained as [29]:

ϕ = sgn
{
σ

(1)
12

}
γR (43)

where sgn
{
σ

(1)
12

}
is the sign of the shear stress compo-

nent in the frame of the kinking plane, and γR is the

rotation originated by the applied shear loading, which

depends on the shear constitutive law. Assuming linear

shear behaviour, the following relation was proposed

[29, 47]:

σ
(R)
12 = χγR (44)

The micro-mechanical parameter χ can be obtained as-

suming failure by pure longitudinal compression, read-

ing [29, 47]:

χ = − sin(2ϕC)XC

2ϕC
(45)

For a generic loading scenario, γR is obtained solving

Eq. (44), and then used to determine the kinking angle

ϕ using Eq. (43) [29, 47].

Fig. 43 shows the failure envelopes of UD IM7/8552

carbon/epoxy [31, 103, 104] for stress states involving

longitudinal failure mechanisms. To predict transverse

failure mechanisms and longitudinal tensile failure, the

invariant-based failure criterion (27) and a noninteract-

ing maximum allowable strain criterion [29, 38, 39, 47]

are used together with the invariant-based failure crite-

rion (31) for kinking failure. Linear shear behaviour is

assumed (β = 0).

When a nonzero transverse stress σ22 < 0 or σ33 < 0

is combined with a nonzero longitudinal stress σ11 <

0, a nonzero initial misalignment angle ϕ0 (Fig. 43a)

leads to an increase of the apparent axial compressive

strength. As explained by Catalanotti et al [47], an in-

crease of the apparent axial compressive strength in

these conditions is not physically reasonable; if a com-

pressive load in a transverse direction is applied, the

fibres will kink in the plane perpendicular to the load

direction, and thus shall not have influence on the onset

of fibre kinking. Adopting the alternative methodology

to determine the kinking angle ϕ based on the micro-

mechanical parameter χ (Fig. 43b) overcomes this phys-

ical incompatibility, thus becoming the preferred solu-

tion to determine the kinking angle ϕ and predict ini-

tiation of longitudinal compressive damage mechanics.

Finally, in line with the assumption that longitudi-

nal compressive failure of FRPs occurs from the col-

lapse of the fibres as a result of damage of the sup-

porting matrix, it is interesting to note how the in-situ

effect influences longitudinal compressive failure of em-

bedded FRP plies. Fig. 44 shows the σ11 – σ22 failure

envelopes of an embedded IM7/8552 carbon/epoxy ply

for different values of applied transverse compressive

stress σ33. It is noted that, according to the analytical
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(a) Nonzero initial misalignment angle ϕ0 (Eqs. (35)–(37)).

(b) Alternative micro-mechanical parameter χ (Eqs. (43)–(45)).

Fig. 43: σ11 – σ22 failure envelopes of UD IM7/8552 carbon/epoxy for different values of applied transverse

compressive stress σ33.

model, an increase of the transverse tensile and com-

pressive strengths caused by the constraining effect of

the adjacent plies improves the overall failure behaviour

of the FRP also under combined longitudinal compres-

sive and transverse stress states. This observation high-

lights the unique potential of thin-ply laminates for ap-

plications characterised by complex loading scenarios

involving combinations of transverse and longitudinal

failure modes.

6 Structural analysis of thin-ply laminates

Although application of micro- and meso-mechanical

representations of composite damage mechanisms to

thin-ply laminates place a crucial role, especially in

understanding the unique features of this new class of

composite materials and in contributing for improved

material development, the design of composite struc-

tures with thin plies using representations at these scales

has inherent difficulties, such as the increased number

of plies, which can be substantially higher than in con-

ventional laminates. But homogenisation and the ab-

sence of subcritical damage mechanisms such as matrix

cracking and delamination before final failure (Sect. 3)

can make design of thin-ply laminates much faster and

simpler. In fact, instead of conducting complex ply-by-

ply progressive failure analysis, the equivalent stiffness

and strength of a laminate can be calculated directly

using very simple analysis tools, such as the classical

Laminated Plate Theory (LPT), and closed-form, rapid

solutions can be used in the design of composite struc-

tures without relying on high safety factors.

6.1 Failure and mechanical response predictions

The use of equivalent laminate properties rather than

ply-by-ply analysis also has advantages in numerical

methods such as the Finite Element Method. By taking

the homogenised laminate instead of simulating each

ply individually, the overall CPU time and memory

needed for simulations can be significantly reduced, es-

pecially when the number of layers in the laminate is

large. Moreover, the suppression of subcritical damage

mechanisms allows simpler models to be used in the nu-
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Fig. 44: σ11 – σ22 failure envelopes of an embedded IM7/8552 carbon/epoxy ply for different values of applied

transverse compressive stress σ33 obtained using the alternative micro-mechanical parameter χ (Eqs. (43)–(45)).

For comparison, the σ11 – σ22 failure envelope of a UD IM7/8552 carbon/epoxy lamina is also shown for σ33 = 0

(dashed line). The values of σ33 are given as fractions of the UD transverse compressive strength YC (as in Fig. 43).

merical strength prediction of thin-ply laminates, avoid-

ing highly nonlinear numerical models such as cohesive

interface damage models or ply continuum damage me-

chanics models. In the case of such simpler, but reliable

analysis methodologies, particularly interesting when

the design procedures involve optimisation, are added

to the intrinsic superior strength and increased design

space of thin-ply laminates, better optimised laminates

and higher consistency in defining safety factors can be

obtained, resulting in weight savings and, consequently,

in cost reduction. Therefore, if designed with the appro-

priate tools, production of composite structures based

on thin-ply laminates becomes very competitive.

For instance, Amacher et al [5] applied the classical

LPT to predict the strength of thin-ply laminates us-

ing only the ply properties, with relative errors within

3%, without implementing stiffness degradation. As dis-

cussed earlier, damage progression in thin-ply laminates

is drastically reduced, and ultimate failure dominated

by the failure strain in the fibres. Thus, the classi-

cal FPF analysis is no longer necessary — the gap

between matrix-dominated FPF and fibre-dominated

LPF is negligible — making laminate plain strength

predictions straightforward.

This unique feature of thin-ply laminates was fur-

ther exploited by Furtado et al [76]. To predict the lam-

inate elastic properties, instead of LPT, which requires

the ply elastic properties measured from at least three

independent tests, an invariant-based approach to stiff-

ness [175] that relies on the trace of the in-plane stiffness

matrix (Tr) and on a Master Ply concept was used, with

relative errors within 7% (Fig. 45). Only the longitudi-

nal Young’s modulus is required using this approach,

which is based on the observation that the normalised

UD stiffness components, normalised by trace, of sev-

Table 1: Examples of universal laminate factors ob-

tained from the Master Ply using LPT (after Tsai and

Melo [176]).

Lay-up Ex/Tr Ey/Tr Gxy/Tr νxy

Master Ply – [0] 0.880 0.052 0.031 0.320
[0/90] 0.468 0.468 0.031 0.036

[0/± 45/90] 0.336 0.336 0.129 0.308
[07/± 45/90] 0.662 0.175 0.070 0.310
[05/± 452/90] 0.518 0.208 0.109 0.423
[02/± 45/90] 0.445 0.289 0.109 0.308
[0/± 454/90] 0.217 0.217 0.187 0.552

[0/± 45] 0.370 0.155 0.161 0.734
[0/± 45/0] 0.499 0.141 0.129 0.701
[0/± 30] 0.510 0.074 0.129 1.220

[0/± 30/0] 0.611 0.072 0.104 1.079
[±12.5] 0.764 0.053 0.066 0.913

eral CFRP systems are approximately the same [175].

Based on this, Tsai and Melo [175] defined a Master

Ply for CFRPs using the median values of the trace-

normalised stiffness properties (Table 1). Additionally,

LPT can be used to generate trace-normalised factors

for the stiffness components of multidirectional lami-

nates using the Master Ply (Table 1). Because the stiff-

ness of CFRPs along the fibre direction is responsible

for about 88% of the value of trace, it can be determined

using only the in-plane longitudinal stiffness compo-

nent, E1: Tr = E1/0.880. The trace can then be used

to estimate the laminate in-plane elastic constants, Ex,

Ey, Gxy and νxy, from one elastic property and from

the Universal Laminate Factors.

To simplify the strength prediction of composite

laminates, instead of FPF or LPF analysis based on

LPT, Furtado et al [76] employed an invariant-based ap-

proach to strength based on the concept of Omni Strain
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Fig. 45: Examples of predictions of the elastic properties of quasi-isotropic laminates of different thin-ply car-

bon/epoxy systems using LPT and the Trace theory (after Furtado et al [76]). Relative errors in percentage.

Failure Envelopes [175] and on the Unit Circle failure

criterion [177]. Following Tsai and Melo [175], Omni

Strain Failure Envelopes for a laminate with many ply

orientations can be defined by selecting the controlling

ply in each orientation of the strain space5. Superim-

posing the envelopes of the constituent plies, an Omni

Strain Failure Envelope can be selected as the inner en-

velope that covers all controlling plies (Fig. 46), defin-

ing a material property that is independent of laminate

lay-up configuration.

Due to the fact that the LPF Omni Strain Failure

Envelopes of CFRPs are invariably controlled by the

longitudinal failure of the 0◦ and 90◦ plies, they can be

approximated by a Unit Circle in the normalised princi-

pal strain space using the uniaxial tensile and compres-

sive strains-to-failure (ε1T and ε1C respectively) as nor-

malising factors (Fig. 47) [177]. The Unit Circle failure

envelope is inscribed in the LPF Omni Strain Failure

Envelope [177], and can be uniquely defined from the

longitudinal tensile and compressive strains-to-failure

of a UD ply. Assuming that LPF is fibre-dominated, as

in thin-ply laminates, Unit Circle failure envelopes can

be generated without relying on the strengths associ-

ated with matrix-dominated failure modes. Hence, ply

characterisation can be reduced from several tests on

different lamina configurations to just two tests of a 0◦

coupon: longitudinal tension and longitudinal compres-

sion. Fig. 48 shows a comparison between the predic-

tions of the laminate tensile and compressive unnotched

strengths (XL
T and XL

C respectively) obtained with the

Unit Circle failure criterion and the experimental re-

sults reported in the literature for quasi-isotropic lam-

inates of different thin-ply carbon/epoxy systems. Rel-

ative errors within 10% can be observed.

It is noted that, to generate the predictions shown in

Figs. 45 and 48, only the stiffness (E1) and the tensile

5 The use of strain space is justified by the fact that, in this
case, failure envelopes are invariant [175]; in other words, in
strain space, the shapes of the failure envelopes are indepen-
dent of the presence of other plies.

Fig. 46: LPF (degraded) Omni Strain Failure Envelope

for IM7/8552, obtained using the Tsai-Wu failure cri-

terion (interaction term F ∗12 = −1/2) in strain space.

Property degradation was only applied to the matrix-

dominated elastic properties (E2, G12 and ν12), to the

interaction term (F ∗12), and to the longitudinal compres-

sive strength (XC), using a matrix degradation factor

E∗m = 0.15 and an exponent degradation factor for the

longitudinal compressive strength n = 0.1 (after Fur-

tado et al [76]).

and compressive strengths (XT and XC respectively)

of the 0◦ ply were required [76], resulting in relatively

accurate predictions with the minimum number of in-

dependent ply properties.

Also motivated by the inherent delamination and

matrix cracking suppression capability of thin-ply lam-

inates, Fuller and Wisnom [73] proposed a simple ana-

lytical modelling approach for thin-ply angle-ply lami-

nates based solely on the plasticity of the matrix. These

authors [74] were able to exploit the damage suppres-

sion characteristics of thin-ply laminates and obtain

highly nonlinear stress-strain responses using angle-ply
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Fig. 48: Examples of failure predictions for quasi-isotropic laminates of different thin-ply carbon/epoxy systems

obtained using the Unit Circle failure criterion, and comparison with experimental results from the literature (after

Furtado et al [76]). Relative errors in percentage.

Fig. 47: LPF Omni Strain Failure Envelope for

IM7/8552 and Unit Circle failure criterion in the nor-

malised principal strain space (after Furtado et al [76]).

lay-ups, resulting in a new class of high-performance

ductile carbon composites that do not rely on complex,

costly and time consuming production or tailoring tech-

niques and can be readily obtained from products avail-

able in the market. Although valid only for in-plane

uniaxial tensile loading, the analysis tool proposed in

Ref. [73] allows fast analysis of this new class of com-

posite materials, particularly suitable for preliminary

design and optimisation.

To obtain fast predictions of the onset of delami-

nations at the free edges of laminated composites un-

der tension, either induced by matrix cracks or by the

high interlaminar stresses at the free edges, Guillamet

et al [84] presented a methodology based on an energy-

based criterion for matrix cracking-induced delamina-

tion (MCID), and on a simplified FE model with co-

hesive elements. In spite of facing some difficulties in

obtaining accurate predictions of free-edge delamina-

tion in sub-laminates with thin plies, attributed to the

fact that the proposed methodology considers indepen-

dently MCID and delaminations induced by free-edge

interlaminar stresses (which in reality interact — both

phenomena occur at relatively high applied strains),

this tool, due to its simplicity, can still be useful for

predicting the onset of delamination at the free edges

of general laminates, while taking into account the ef-

fect of ply thickness and ply position in the laminate,

with minimum computational effort.

Olsson [132], with the aim of contributing for the de-

velopment of modelling strategies for thin-ply weaves,

presented an analytical model to assess large mass im-

pact response and damage growth in thin-ply compos-

ite laminates. The model was formulated taking into

account damage due to ply shear cracking, delamina-

tion, bending failure and membrane failure. Based on

the predictions of the proposed model and on experi-

mental evidence, Olsson [132] suggested that, whereas

delamination occurs early in conventional laminates,

causing a change to membrane dominated behaviour

and negligible bending strains, thin-ply laminates show

higher resistance to delamination, resulting in bending-

dominated compressive fibre failure. Experimental ob-

servation suggests that delamination in impacted thin-

ply laminates is generated by fibre fracture, rather than

being the cause of it. An additional factor pointed out

by Olsson [132] is related to the effect of higher in-

situ transverse shear strengths in thin-ply laminates.

Olsson [132] suggested that the transverse shear cracks

that typically occur in laminates with plies of standard

thickness, which can deflect into delaminations, tend to

shift to longitudinal shear cracks in thin-ply laminates.

These longitudinal shear cracks should induce intralam-

inar crack growth that is likely to be associated with a

higher toughness due to bridging and a more tortuous

crack path. This may have an effect on the global im-

pact response of thin-ply laminates too.
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6.2 Notched response predictions

In the presence of stress concentrations, such as holes

or through-thickness cracks, the nonuniform stress (and

strain) gradients can make failure analysis of composite

laminates rather complex. However, in thin-ply lami-

nates, the ability to accommodate more plies means

that macro-mechanical homogenisation is much easier

to achieve; thus, thin-ply laminates can be represented

as a homogenised quasi-brittle material, making macro-

scopic models formulated at the laminate level ideal for

the analysis of their notched response.

6.2.1 Coupled energy-stress Finite Fracture Mechanics

criteria

Analytical coupled energy-stress FFMs criteria [36, 56,

106, 114, 116] have been successfully applied to the pre-

diction of the notched response [9, 76, 143] and large

damage capability [11] of thin-ply laminates. According

to these criteria, failure is the result of the propagation

of kinematically admissible cracks with finite sizes. In a

notched plate subjected to a uniaxial remote stress par-

allel to the x-axis (Fig. 49), failure occurs when both

stress-based and energy-based criteria are simultane-

ously satisfied:


1

lc

∫ a0+lc

a0

σxx(0, y) dy = XL

1

lc

∫ a0+lc

a0

GI(a) da = GIc
(46)

where 2a0 is the notch length (in open-hole plates, a0 =

R, where R is the hole radius), σxx(0, y) is the stress

distribution along the y-axis, XL is the laminate un-

notched strength, GI(a) is the mode I energy release

rate, GIc is the mode I laminate fracture toughness,

and lc is the crack extension at failure [36]. Thus, ana-

lytical predictions of the notched strength of laminated

composite plates can be obtained without requiring em-

pirical adjusting parameters [191, 193], but only the

laminate unnotched strength XL, the laminate fracture

toughness GIc, the ply elastic properties, and the solu-

tions for σxx(0, y) and GI(a).

Although the system of equations (46) provides good

estimations of the notched response of general compos-

ite laminates [9, 36, 68, 143], Arteiro et al [11] showed

that significant improvements in the predictions for a

wider range of notch sizes can be obtained by taking

the crack resistance curve of the laminate into account:

Fig. 49: Notched laminated composite plate.


1

lc

∫ a0+lc

a0

σxx(0, y) dy = XL∫ a0+lc

a0

GI(a) da =

∫ lc

0

R(∆a) d∆a

(47)

where R(∆a) is the crack resistance curve (or R-curve)

of the laminate. In this case, instead of the laminate

fracture toughness GIc, identification of the laminate

R-curve is required [11, 46, 48].

Figs. 50–53 show the predictions of the notched ten-

sile and compressive strengths of different thin-ply com-

posite laminates obtained with the coupled FFMs crite-

ria (“Analytical - laminate properties”), together with

the experimental results available in the literature [8,

11, 75]. Notched strength predictions with relative er-

rors within 11% were obtained in open-hole tension

(Figs. 50a–51a), open-hole compression (Figs. 50b–51b),

and centre-notched tension specimens (Fig. 52) with a

dry ply areal weight of 75 g/m2. Interestingly, in lami-

nates with ultra-thin plies, with a dry ply areal weight

of 30 g/m2, the relative errors of the FFMs predictions

are below 3% (Fig. 53), validating not only the analyt-

ical coupled criteria [36], but also the observation that

the strength of thin-ply laminates subjected to non-

smooth stress fields can be accurately predicted using

simple tools based on the homogenised laminate prop-

erties.

However, these homogenised laminate properties re-

quired by the coupled FFMs criteria need to be ex-

perimentally determined every time the lay-up of the
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(a) Open-hole tension.

(b) Open-hole compression.

Fig. 50: Notched strength predictions and experimental results of a [(0/ − 45)/(90/45)]6T T700/AR2527 car-

bon/epoxy laminate [8], with dry ply areal weight 75 g/m2. Open-hole specimens with constant width-to-hole

diameter ratio W/(2R) = 4.

laminate changes, rendering the analysis too costly in

terms of testing requirements. Instead, the possibility

to take the ply properties determined from tests at the

lamina level and the lay-up as inputs makes the ana-

lytical model far more attractive. Bearing this is mind,

Furtado et al [76] proposed a framework that combines

the analytical FFMs criteria with the invariant-based

approaches to stiffness and strength proposed by Tsai

and Melo [175, 177], and an analytical model that pre-

dicts the laminate fracture toughness from that of the

0◦ ply [30]. This framework provides laminate notched

strength predictions based on the minimum number of

independent ply properties: the Young’s modulus, the

strength, and theR-curve (or fracture toughness) of the

0◦ ply. The notched tensile and compressive strength

predictions of this framework for different thin-ply com-

posite systems and laminates are also shown in Figs. 50–

53 (“Analytical - [0] ply properties”), together with the

predictions obtained using the properties measured di-

rectly on the laminate, and the comparison with the

experimental results. Although in some cases the rela-

tive errors are slightly higher than obtained when using

the laminate properties measured directly on laminate

coupons, in general the predictions have an accuracy

within what is typically sought for preliminary design

and optimisation, with the added benefit that the num-

ber of material tests required is minimal and the lay-up

selection endless, bringing down the amount of tests

and material quantity required to design a composite

structure, with huge benefits in terms of time and cost

reduction at the design stage.
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(a) Open-hole tension.

(b) Open-hole compression.

Fig. 51: Notched strength predictions and experimental results of a [(0/ − 45)/(45/0)/(90/45)/(−45/90)]S
T700/AR2527 carbon/epoxy laminate [8], with dry ply areal weight 75 g/m2. Open-hole specimens with con-

stant width-to-hole diameter ratio W/(2R) = 4.

Fig. 52: Notched tensile strength predictions and experimental results of a [(0/− 45)/(45/0)/(90/45)/(−45/90)]S
T700/AR2527 carbon/epoxy laminate [11], with dry ply areal weight 75 g/m2. Centre-notched specimens with

constant width-to-notch length ratio W/(2a0) = 7.5.
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Fig. 53: Notched tensile strength predictions and experimental results of a [45/90/ − 45/0]10S

M40JB/ThinPreg 80EP/CF carbon/epoxy laminate [75], with dry ply areal weight 30 g/m2. Open-hole speci-

mens with constant width-to-hole diameter ratio W/(2R) = 6.

6.2.2 Phase field approach of brittle fracture

In spite of providing an attractive solution for lami-

nate failure analysis, when it comes to more general

geometries or loading scenarios, analytical criteria can-

not adequately handle the structural problem, as the

availability of closed-form solutions of the specific stress

fields and energy release rates is rather limited. More-

over, analytical models such as the coupled FFMs cri-

teria do not provide information about damage exten-

sion and crack paths before failure, or about the load-

displacement history, which can be important in the as-

sessment of the structural integrity of composite pan-

els or structures. These limitations can only be over-

come using numerical methods, such as those based on

FEA. To tackle the unique features of thin-ply lami-

nates while taking advantage of laminate homogenisa-

tion and well defined crack paths, intrinsic to this class

of composite materials, Reinoso et al [143] proposed

the application of a PF approach of brittle fracture to

the failure analysis and strength prediction of open-

hole thin-ply laminates subjected to tensile loading us-

ing a FE discretization based on a general nonlinear

enhanced assumed solid shell formulation [145].

Unlike alternative continuum damage models or dis-

crete damage mechanics methods, the diffusive crack

modelling of the PF approach encompasses a spatially

smooth continuum formulation, while avoiding the ex-

plicit representation of kinematic discontinuities, allow-

ing the simulation of very complex crack patterns with-

out resorting to special features. The PF approach can

be understood as a particular type of gradient enhanced

(nonlocal) method for brittle fracture, based on a smeared

crack representation over a zone of width l (Fig. 54).

Denoting X and x as the reference and current posi-

tion vectors, and d a scalar-valued function with d = 0

and d = 1 identifying the intact and the cracked states,

respectively, following the assumptions of PF modelling

techniques [123, 124], the surface integrals defined on

sharp crack surfaces can be replaced by volume inte-

grals as follows:

∫
Γc

Gc dΓ ≈
∫
B0

Gcγ(d,∇Xd) dΩ (48)

where Gc is the fracture toughness according to the

Griffith fracture theory, and γ(d,∇Xd) identifies the so-

called crack surface density functional per unit volume

of the solid. A common form for γ(d,∇Xd) is given by

the second order Allen-Cahn functional [89]:

γ(d,∇Xd) =
1

2l
d2 +

l

2
|∇Xd|2 (49)

where the characteristic length parameter l controls the

regularisation band of the model, converging to the

sharp crack surface Γc for the limit l → 0 (Fig. 55)

in the spirit of the so-called Γ -convergence [25].

To model fracture of thin-ply laminates, the PF

approach is implemented in a nonlinear enhanced as-

sumed solid shell formulation. As stressed by Reinoso

et al [143], the adoption of this formulation is especially

suitable for the analysis of thin-ply composite panels

and structures, as the application of these components

are typically in the form of plates or shells. Moreover,

it takes direct advantage of laminate homogenisation,

which is an intrinsic feature of this class of composite

systems.



Simulation of the mechanical response of thin-ply composites 39

Fig. 54: Sharp and diffusive crack representations. (Left) Sharp crack at x = 0. (Right) Diffusive crack at x = 0

confining the regularisation to the region characterised by the length scale l (after Reinoso et al [145]).

Fig. 55: Shell body where fracture is considered through

the phase field concept on the surface Γc (after Reinoso

et al [145]).

Following this approach, the position vector of any

material point, X, can be expressed by points of the top

Xt(ξ
1, ξ2) and bottom surfaces Xb(ξ

1, ξ2) of the shell.

This representation can be expressed, respectively, in

the reference B0 and current Bt configurations as [143]:

X(ξ) =
1

2

(
1 + ξ3

)
Xt(ξ

1, ξ2) +
1

2

(
1− ξ3

)
Xb(ξ

1, ξ2)

(50)

x(ξ) =
1

2

(
1 + ξ3

)
xt(ξ

1, ξ2)+
1

2

(
1− ξ3

)
xb(ξ

1, ξ2) (51)

The corresponding parametric space is defined as:

A :=
{
ξ = (ξ1, ξ2, ξ3) ∈ R3| − 1 ≤ ξi ≤ +1, i = 1, 2, 3

}
(52)

where (ξ1, ξ2) stand for the in-plane directions and ξ3

is the thickness direction.

Reinoso et al [143] also adopted the previous kine-

matic ansatz for the phase field parametrisation within

the shell body:

d(ξ) =
1

2

(
1 + ξ3

)
dt(ξ

1, ξ2) +
1

2

(
1− ξ3

)
db(ξ

1, ξ2) (53)

where dt and db denote respectively the phase field vari-

ables of the top and bottom surfaces of the shell. This

assumption allows a linear approximation of the phase

field variable over the shell thickness, especially suit-

able for bending dominated applications where damage

states at the top and bottom surfaces are not necessar-

ily uniform [145].

It is worth noting that the solid shell model adopted

by Reinoso et al [143] allows a fully 3D description of

the strain field to be simulated, overcoming the limita-

tions posed by plane stress assumptions as in standard

Kirchhoff-Lover or Reissner-Mindlin shell formulations.

To avoid locking pathologies, a 7-parameter shell model

[22] was also envisaged through the advocation of the

enhanced assumed strain concept [152], using an addi-

tive decomposition of the Green-Lagrange strain tensor

E, i.e. E = Eu + Ẽ, where Eu and Ẽ are respectively

its compatible and incompatible counterparts [22]. The

adopted formulation relies on the exploitation of the

multi-field Hu-Washizu variational principle expressed

as the stationarity of the following functional of a pos-

sibly cracked body [143]:

Π(S, Ẽ,u, d) =

∫
B0

g(d)Ψ(Eu, Ẽ) dΩ −
∫
B0

S : Ẽ dΩ

+

∫
B0

Gcl
2

(
d2

l2
+ |∇Xd|2

)
dΩ +Πext

(54)

where the displacement field (u), the incompatible strain

tensor (Ẽ), the second Piola-Kirchhoff stress tensor (S)

and the phase field variable (d) are the independent

variables, and Πext denotes the contribution due to

the prescribed external actions. In Eq. (54), g(d) =

[1− d]
2

+ K is the so-called degradation function that
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affects the current stiffness along the loading process,

and the parameter K ≈ 0 stands for a residual positive

parameter that prevents numerical instabilities due to

fully degraded material response [123]. It is noted that

the degradation function g affects the free-energy func-

tion, whereas the third integral in Eq. (54) identifies

the term associated with the energy dissipation due to

fracture. It can be also observed that the variational

form encompasses an energy competition between the

deformation and the fracture dissipation terms.

The definitions of the second Piola-Kirchhoff stress

tensor (S) and of the driving force of the phase field

(H) adopted by Reinoso et al [143] are:

S :=
∂Ψ(Eu, Ẽ, d)

∂E
, and (55)

H :=
∂Ψ(Eu, Ẽ, d)

∂d
, with (56)

Ψ(Eu, Ẽ, d) = g(d)Ψ(Eu, Ẽ) (57)

In line with Reinoso et al [143], the stress field can be

eliminated from the variational form given in Eq. (54)

through imposition of the orthogonality condition be-

tween the interpolation spaces of the stress and incom-

patible strain fields [152], leading to the following resid-

ual equations of the corresponding multi-field problem:

Ru(u, δu, Ẽ, d) = Ruint −Ruext

=

∫
B0

g(d)

[
∂Ψ

∂E
:
∂Eu

∂u
δu

]
dΩ + δΠext(u) = 0,

∀δu ∈ Vu (58)

RẼ(u, Ẽ, δẼ, d) =

∫
B0

g(d)

[
∂Ψ

∂E
: δẼ

]
dΩ = 0,

∀δẼ ∈ VẼ (59)

Rd(u, Ẽ, d, δd) =

∫
B0

−2(1− d) δd Ψ(Eu, Ẽ)dΩ

+

∫
B0

Gcl
[

1

l2
dδd +∇Xd · ∇X(δd)

]
dΩ = 0,

∀δd ∈ Vd (60)

Ru(u, δu, Ẽ, d), RẼ(u, Ẽ, δẼ, d) and Rd(u, Ẽ, d, δd) are

respectively the residual vectors corresponding to the

kinematic field, the incompatible strains and the phase

field. Vu =
{
δu ∈ [H1(B0)] : δu = 0 on ∂B0,u

}
, VẼ =

[L2(B0)] and Vd = {δd ∈ H1(B0)|δd = 0 on Γc} denote

the space of admissible displacement variations (δu),

the space of admissible enhanced strain modes (δẼ)

and the space of admissible test functions for the phase

field (δd), respectively. To solve the coupled nonlinear

residual equations given in Eqs. (58)–(60), a standard

incremental-iterative Newton-Raphson scheme was em-

ployed, adopting a fully coupled formulation [145].

To perform the finite element discretization, the ref-

erence and current configurations of the shell can be in-

terpolated through standard trilinear shape functions

N I (N(ξ) in matrix notation) via the isoparametric

concept [143]:

X =

nn∑
I=1

N I(ξ)XI = N(ξ)X̃ (61)

x =

nn∑
I=1

N I(ξ)xI = N(ξ)x̃ (62)

where XI and xI denote the discrete nodal values that

are collected into the respective vectors X̃ and x̃, and

nn = 8 is the number of nodes at the element level.

Accordingly, the displacement and the phase field vari-

able (u, d), their respective variations (δu, δd) and their

increments (∆u, ∆d) are approximated as [143]:

u ≈ N(ξ)d (63a)

δu ≈ N(ξ)δd (63b)

∆u ≈ N(ξ)∆d (63c)

and:

d = N(ξ)d (64a)

δd = N(ξ)δd (64b)

∆d = N(ξ)∆d (64c)

where d and d are the vectors containing the nodal

displacements and phase field variables at the element

level. The incompatible strains Ẽ are interpolated at the

element level by means of an operator M(ξ) according

to the scheme [143]:

Ẽ ≈M(ξ)ς (65a)

δẼ ≈M(ξ)δς (65b)

∆Ẽ ≈M(ξ)∆ς (65c)

where δẼ and ∆Ẽ stand for the variation and incre-

ment of the incompatible strains, respectively. To alle-

viate Poisson thickness and volumetric locking effects,

Reinoso et al [143] adopted the following interpolation

operator in the local parametric setting, M̃(ξ):
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M̃(ξ) =



ξ1 0 0 0 0 0 0

0 ξ2 0 0 0 0 0

0 0 ξ3 ξ1ξ3 ξ2ξ3 0 0

0 0 0 0 0 ξ1 ξ2

0 0 0 0 0 0 0

0 0 0 0 0 0 0

 . (66)

which is transformed to the global Cartesian setting

complying with the patch test [143]:

Ẽ =

[
detJ0

detJ

]
T0M̃(ξ)ς = M(ξ)ς (67)

where Gi(ξ) := ∂X(ξ)/∂ξi is the co-variant basis in

the reference configuration, J = [G1,G2,G3] and J0 =

[G1(0),G2(0),G3(0)] stand respectively for the Jacobian

and the corresponding evaluation at the element centre,

and the components of the transformation matrix T0

are T ij0 = Gi ·Gj
(0) [102, 142].

To integrate the previous formulation into a nonlin-

ear FE solution scheme, Reinoso et al [143] opted for a

linearisation of the residuals in Eqs. (58)–(60) through

the directional derivative concept:

L̂
[
Rd
]

(d, δd, ∆d, d, ∆d, ς, ∆ς) = Rd(d, δd, d, ς)

+∆dRd∆d

+∆dR
d∆d

+∆ςR
d∆ς (68)

L̂ [Rς ] (d, ∆d, d, ∆d, ς, δς, ∆ς) = Rς(d, d, ς, δς)

+∆dRς∆d

+∆dR
ς∆d

+∆ςR
ς∆ς (69)

L̂
[
Rd
]

(d, d, δd, ∆d, ς, δς, ∆ς) = Rd(d, d, δd, ς)

+∆dRd∆d

+∆dR
d∆d

+∆ςR
d∆ς (70)

where ∆∗[•] is the directional derivative operator with

respect to the field ∗. Consequently, the coupled system

of equations can be written in matrix form as [143]:

kdd kdd kdς
kdd kdd kdς

kςd kςd kςς

∆d

∆d

∆ς

 =

Rd
ext

0

0

−
Rd

int

Rd
int

Rς
int

 (71)

Finally, the enhancing strains can be eliminated from

the system of equations (71) by means of a standard

condensation procedure, yielding [143]:

[
k∗dd k∗dd
k∗dd k∗dd

] [
∆d

∆d

]
=

[
Rd

ext

0

]
−
[
Rd∗

int

Rd∗
int

]
(72)

where the modified residuals and tangent matrices are

given as [143]:

k∗dd = kdd − kdςk
−1
ςς kςd

k∗dd = kdd − kdςk
−1
ςς kςd (73)

k∗dd = kdd − kdςk
−1
ςς kςd

k∗dd = kdd − kdςk
−1
ςς kςd (74)

Rd∗
int = Rd

int − kdςk
−1
ςς Rς

int

Rd∗
int = Rd

int − kdςk
−1
ςς Rς

int (75)

This numerical technique was implemented into the

purpose FE codes ABAQUS and FEAP, and used to

predict failure of thin-ply T700/AR2527 carbon/epoxy

[(0/− 45)/(90/45)]6T open-hole coupons loaded in ten-

sion. From the mechanical point of view, a Kirchhoff-

Saint-Venant constitutive formulation was adopted us-

ing a homogenised material formulation at laminate

level. Complying with standard derivations [143], the

tangent material tensor C = ∂εεΨ(ε), where Ψ(ε) is the

Helmholtz free energy function, is given, in the convec-

tive curvilinear setting, as:

C = CijklGi ⊗Gj ⊗Gk ⊗Gl (76)

where Cijkl are the contravariant components. Follow-

ing Miehe et al [123, 124], a positive-negative decompo-

sition of the free energy density was adopted by Reinoso

et al [143]:

ψ(ε, d) = g(d)ψe+(ε) + ψe−(ε) (77)

with:

ψe+(ε) =
λ

2
(〈tr[ε]〉+)

2
+ µtr[ε2

+] (78a)

ψe−(ε) =
λ

2
(〈tr[ε]〉−)

2
+ µtr[ε2

−] (78b)

where ε is the small strain tensor, tr[•] is the trace op-

erator, ε = ε+ +ε− stand for the positive and negative

parts of ε, and λ and µ are the Lamé constants. The

spectral decomposition of the positive part of the strain

tensor is given as [143]:

ε+ =

ndim∑
i=1

〈εi〉+niε ⊗ niε (79)
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where εi and niε are the eigenvalues and the eigenvectors

of the strain tensor and 〈•〉+ = (•+ | • |)/2.

Fig. 56 shows the results of the predicted remote

stress-displacement relation for the [(0/−45)/(90/45)]6T

T700/AR2527 carbon/epoxy open-hole specimens and

the comparison with the experimental data [8]. These

predictions were obtained setting the regularisation pa-

rameter of the PF model to l = 0.2 mm. This value

was chosen in such a way that at the final imposed dis-

placement (replicating the experimental data), the sim-

ulations trigger fully degraded states around the stress

concentrator. It is worth mentioning that one of the

main characteristics of the PF approach is the fact that

it precludes the use of any specific stress-based strength

criterion for damage onset and growth, since it is based

on the direct competition between the strain and frac-

ture energy terms. However, the length scale parameter

l has a strong influence on the strength prediction as

discussed in Refs. [24, 108, 128], being still an open

question of notable importance in practice.

The open-hole plates were discretised using approx-

imately 7,000 solid shell elements with standard mesh

refinement around the hole, where failure events are

expected to take place. The principal constraint with

respect to the mesh size is related with the fact that

at least two elements within l are needed to obtain a

reliable regularisation [133].

The predictions shown in Fig. 56 (dashed lines) pro-

vide a satisfactory agreement with the experimental

results for the notched tensile strengths (with relative

errors below 5%), and reasonable agreement with the

experimental load-displacement measures. Unlike ana-

lytical models such as the coupled FFMs criteria, not

only estimations of the ultimate strength can be ob-

tained, but also the loading history (Fig. 56) and the

corresponding crack pattern (Fig. 57). Small discrep-

ancies of the numerical estimations with respect to the

specimen stiffness can be observed, which can be at-

tributed to the adoption of a homogenised constitutive

model at laminate level. The crack pattern resembles

a brittle type of net-section failure mode perpendicular

to the loading direction. As expected, macrocracking

starts around the notches and evolves symmetrically

towards the laminate straight free edges, in agreement

with the experimental observations reported in Ref. [8].

Finally, it is noted that the PF method proposed by

Reinoso et al [143] can be employed in a straightforward

manner to the failure prediction of homogenised com-

posite laminates independently of the geometric char-

acteristics of the specimen and loading conditions, and

at the same time provide valuable information regard-

ing the crack initiation load, growth path and ultimate

strength. However, it is recognised that the computa-

tional effort is usually high, in contrast with analytical

methods such as the FFMs model. Moreover, the role

of the length scale l needs to be better understood,

not only the effect on the predicted crack initiation

load, but also on the compromise between the accuracy

and computational cost of the method. Other impor-

tant features that can potentially improve and expand

the applicability of the PF method is the extension

to compressive failure modes, the adoption of an or-

thotropic/anisotropic PF formulation (e.g. Refs. [53, 85,

126, 168]), the introduction of phenomenological fail-

ure criteria (e.g. Refs. [125, 156]), and the introduction

of a cohesive-type damage propagation law [186, 187]

to more accurately capture bridging effects in thin-ply

laminates [11].

It is also worth noting that, although application

and validation of the macro-mechanical tools proposed

in Sect. 6.2 to uniaxial load cases is straightforward

even for highly orthotropic laminates, there are still

open questions regarding the characterisation of a lami-

nate fracture toughness under mode II and mixed-mode

loading, and the implementation of constitutive rela-

tions that can account for the variation of the laminate

fracture toughness with the applied stress state (mode

mixity) and as the lay-up changes (e.g. when the crack

path changes direction in a non-isotropic laminate).

These issues are crucial for extension of any fracture

mechanics-based macro-mechanical tool (analytical or

numerical) to general laminates and loading scenarios.

7 Conclusions and future research directions

With the aim of reducing the cost and time required
for introduction of new, optimised composite systems

in the industry, an appropriate combination of testing

and analysis relying more and more on the latter is very

important. This article presents a comprehensive cover-

age of different analysis models formulated at different

length-scales and their application to the understand-

ing and prediction of the mechanical response of a new

class of composite materials — thin-ply laminates.

Thin-ply laminates exhibit unique features that make

composite materials and structures stronger, and con-

sequently thinner and lighter. Among these features,

higher resistance to matrix cracking, lower interlami-

nar stresses and, consequently, higher delamination re-

sistance, and laminate homogenisation have been high-

lighted here due to their impact on the formulation of

composite analysis models.

Analysis models at the lower length-scales were in-

troduced here with the aim of understanding the na-

ture of the features originated at the scale of the con-

stituents. Computational micro-mechanics was used to
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Fig. 56: Experimental-numerical correlation of the remote stress-displacement relations of [(0/ − 45)/(90/45)]6T

T700/AR2527 carbon/epoxy open-hole specimens loaded in tension (after Reinoso et al [143]). The dry ply areal

weight is 75 g/m2. The hole diameters are 2R = 3 mm, 2R = 6 mm, 2R = 10 mm. All specimens had a constant

width-to-hole diameter ratio W/(2R) = 4. Experimental results correspond to the solid lines, and the numerical

data to the dashed lines. The relative errors related to the average tensile notched strength are shown in red.

support the understanding of the in-situ effect on the

normal transverse strengths of thin plies. The proposed

framework [10, 12, 121, 122] provided a detailed repre-

sentation of the failure mechanisms involved in the de-

velopment of transverse matrix cracks, from the onset of

fibre-matrix decohesion to through-thickness crack pen-

etration. The framework was also able to perfectly cap-

ture matrix cracking constraining in embedded plies,

and subsequent delay of through-thickness crack pen-

etration with decreasing ply thickness, in agreement

with detailed experimental evidence [148]. An in-situ

effect on the uniaxial transverse tensile and compressive

strengths was clearly observed, with excellent correla-

tion with the available analytical models [33, 38, 47, 67].

Due to their size (large number of elements and de-

grees of freedom) and consequently long running times,

micro-mechanical models are not suitable for failure

prediction and design of composite laminates and struc-

tures. For detailed damage assessment, meso-models

that take the laminate layers as the basic homogeneous

building blocks are usually employed. However, these

models are not able to accurately predict damage onset

and ply thickness effects in multidirectional laminates

unless they take the in-situ effect on the ply strengths

into account. Here, new 3D failure criteria with an in-

variant quadratic formulation based on structural ten-

sors is proposed [39], together with appropriate defi-

nitions of the in-situ strengths [38], validated against

computational micro-mechanics simulations. In addi-

tion, these criteria cover important aspects such as the

increase of the apparent shear strength with moderate

values of transverse compression, the detrimental effect

of the in-plane shear stresses due to fibre misalignment

under longitudinal compressive failure by fibre kinking,

and the prediction of failure under hydrostatic pres-

sure, which are not addressed simultaneously by previ-

ous phenomenological failure criteria.

Finally, because the design of composite structures

with thin plies using representations at the micro- or

mesoscales has inherent computational limitations, such

as the large number of plies that need to be discre-

tised, alternative models formulated at the laminate

scale were presented here to predict ultimate failure of

thin-ply laminates. Laminate homogenisation and the

absence of subcritical damage mechanisms such as ma-

trix cracking and delamination before final failure sup-

port the application and validity of these models. In

fact, simple analytical solutions based on LPT [174] or

on invariant omni strain failure envelopes [175, 177] pro-

vide predictions of the unnotched strength of smooth

thin-ply laminates with relative errors below 10% [5,

76]. Similarly simple models have also been successfully

applied in the prediction of the nonlinear behaviour of

thin-ply angle-ply laminates [73], of the onset of delami-
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Fig. 57: Experimental-numerical correlation of the remote stress-displacement relation and crack pattern at differ-

ent stages of a [(0/ − 45)/(90/45)]6T T700/AR2527 carbon/epoxy open-hole specimen loaded in tension, with a

hole diameter 2R = 3 mm and width-to-hole diameter ratio W/(2R) = 4 (after Reinoso et al [143]). Experimental

results correspond to the solid lines, and the numerical data to the dashed lines.

nations at the free edges of thin-ply laminates [84], or to

assess large mass impact response and damage growth

in thin-ply composites. To predict failure of notched

laminated plates, coupled energy-stress FFMs criteria

[36, 56, 106, 114, 116] were proposed when the stress

field and energy release rate for the geometry and load-

ing conditions under analysis are suitable for represen-

tation by closed-form solutions. Validation against ex-

perimental tests on open-hole and centre-notched thin-

ply laminates [8, 11, 75] leads to relative errors within

what is typically sought for preliminary design and opti-

misation of composite structures [9, 11, 143]. Accurate

predictions of the notched response of thin-ply lami-

nates were also obtained using only material proper-

ties related to the 0◦ ply — the longitudinal Young’s

modulus, the unnotched strength, and the R-curve (or

fracture toughness) [76]. For more complex scenarios,

a PF approach to brittle fracture was proposed [143].

Unlike analytical failure criteria, the PF method can

be employed in a straightforward manner to the failure

prediction of homogenised composite laminates inde-

pendently of the geometric characteristics of the speci-

men and loading conditions, and at the same time pro-

vided valuable information regarding the crack initi-

ation load, growth path and ultimate strength. Cur-

rent limitations that hamper further application of this

approach to the prediction of the fracture behaviour

of thin-ply composite structures are its usually high

computational cost, the lack of a comprehensive under-

standing of the role of the length parameter l (although

Tanné et al [164] has provided a first step in this direc-

tion), and the lack of additional features such as the

prediction of compressive failure modes, the adoption

of an orthotropic/anisotropic PF formulation, the in-

troduction of phenomenological damage initiation cri-

teria, or the introduction of a cohesive-type damage

propagation law. Note also the combination with alter-

native techniques such as the cohesive approach, which

is especially suitable for heterogeneous structures [42,

43, 133, 134]. However, the extension of the previous

fracture macro-mechanical tools to more general load-

ing scenarios is dependent on an accurate characteri-

sation of the composite fracture toughness, not only in

mode I, but also in mode II and mixed-mode loading. In
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addition, the formulation of constitutive relations that

account for the variation of a laminate fracture tough-

ness with the applied stress state (mode mixity) and as

the lay-up changes (e.g. when the crack path changes

direction in a non-isotropic laminate) is currently miss-

ing.

The tools proposed herein have been used to en-

hance the understanding and the predictive capability

of the structural response of thin-ply laminated com-

posites, providing a case study that shows the potential

for application of tools with different levels of complex-

ity and formulated at different length-scales to study

features whose experimental observation is either im-

possible or requires complex and time-consuming pro-

cedures, allowing the development of analysis meth-

ods that can exploit these features and improve the

available modelling strategies. However, currently, these

tools remain uncoupled. In the future, combination of

these tools into integrated bottom-up virtual testing

frameworks or by means of multi-scale analysis meth-

ods could make application and interpretation of these

models easier, more reliable, and more effective. In fact,

in spite of all great recent developments, there is still

a remarkable way through for a wider and more ef-

ficient application of the tools described, particularly

regarding a broader industrial contextualisation of the

proposed models for easier and more efficient design of

composite structures. Among possible future develop-

ments, a thorough validation of the micro-mechanical

analyses and the development of more efficient numeri-

cal procedures (e.g. using reduced-order models) that

allow faster computations suitable of in-silico mate-

rial design in an industrial context, the development of

strategies for faster meso-mechanical simulations and

their generalised application on virtual testing and vir-

tual certification, the extension of current laminate anal-

ysis models to account for general loading scenarios on

laminates with any material symmetry, and the inte-

gration of these models into hierarchical or concurrent

multi-scale frameworks are just few examples of sub-

jects that require further consideration in the applica-

tion of advanced analysis methods to enhance the de-

velopment of new FRP systems.
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57. Cousigné O, Moncayo D, Coutellier D, Camanho

P, Naceur H, Hampel S (2013) Development of a

new nonlinear numerical material model for woven

composite materials accounting for permanent de-

formation and damage. Compos Struct 106:601–

614
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