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SIMULTANEOUS NON-VANISHING FOR DIRICHLET
L-FUNCTIONS

by Raphaél ZACHARIAS

ABSTRACT. — We extend the work of Fouvry, Kowalski and Michel on correla-
tion between Hecke eigenvalues of modular forms and algebraic trace functions in
order to establish an asymptotic formula for a generalized cubic moment of modu-
lar L-functions at the central point s = % As an application, we exploit our recent
result on the mollification of the fourth moment of Dirichlet L-functions to derive
that for any pair (wi,w2) of multiplicative characters modulo a prime g, there is
a positive proportion of x (mod ¢) such that the central values L(x, %), L(xwi, %)

and L(xwa, %) are simultaneously not too small.

RESUME. — Nous généralisons le travail de Fouvry, Kowalski et Michel sur la
corrélation entre les valeurs propres de Hecke de formes modulaires et les fonctions
traces dans le but d’établir une formule asymptotique pour un moment cubique

généralisé de fonctions L au point central s = % Comme application, nous exploi-

tons notre résultat récent sur la mollification du quatrieme moment des fonctions
L de Dirichlet et déduisons que pour wy, w2 deux charactéres multiplicatifs modulo
un nombre premier g, il existe une proportion positive de x (mod q) telle que les
valeurs centrales L(x, %),L(Xojl, %) et L(xwa, %) soient simultanément pas trop
petites.

1. Introduction and statement of results

The zeros of automorphic L-functions on the critical line have received
considerable attention these last years [4, 9, 21, 28, 32]. In particular, at
the central point s = %, an L-function is expected to vanish only for either
a good reason or a trivial reason. For example, if E is an elliptic curve
defined over Q and L(E, s) is its associated L-function, then according to
the Birch and Swinnerton-Dyer conjecture, L(E, %) = 0 if and only if the
group of Q-points E(Q) has positive rank. A trivial reason is for instance

Keywords: Modular forms, L-functions, trace functions, bilinear forms, twisted Kloost-
erman sums.
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1460 Raphaél ZACHARIAS

when the sign of the functional equation is —1, which is the case if the
L-function is attached to an odd Hecke-Maass form.

A typical approach in the study of non- vanishing problems is to consider
a family of L-functions {L(r, 3)} for 7 varying in some finite set A and try
to give a lower bound for the proportion of = € A such that L(, %) #0
as |A| = oco. In [20], H. Iwaniec and P. Sarnak examined L(x, s) at s = 1
as x ranges over all primitive Dirichlet characters modulo g. They proved
that at least % of the central values L(x;, %) are not zero. This proportion
has been slightly improved to 0.3411 by H. M. Bui [3] and finally to % by
R. Khan and H. T. Ngo [25] with the restriction to prime moduli g.

In [36], P. Michel and J. Vanderkam considered simultaneous non-
vanishing problems : given three distinct Dirichlet characters wi,ws,ws
of fixed modulus Dy, Do, D3 (satisfying some technical conditions), they
proved that a positive proportion of Holomorphic primitive Hecke cusp
form f of weight 2, prime level ¢ and trivial nebentypus are such that the
product L(f ® wi, 3)L(f ® we, 2)L(f ® ws, ) is not zero for sufficiently
large ¢ (in terms of Dy, Do, D3).

In this paper, we let ¢ > 2 be a prime number, w;,ws be arbitrary
Dirichlet characters of modulus ¢ M, D(q) (resp. Dz, 5,(q)) the set of
primitive characters modulo ¢ (resp. different from w;,ws) and f a cuspidal
Hecke eigenform for SLy(Z) (holomorphic or Maass). We are interested in
the distribution of the values of the two families

{L(x;3)L(xw1,3) L (xwz,3) + X €Dz 5(a)},
{L(fex.3)L(x.5) : x€D@)},

as ¢ — oo. Using mollification method, a technique that has made the
success of many of the papers cited above, we show that for both families, a
positive proportion of these central values of character twists is not zero. We
give in fact a more precise statement, saying that they are simultaneously
not too small. These simultaneous non-vanish results require the evaluation
of the two cubic moments

2

1
(1.1) T3 (w1, w2, 65q) = m Z x(£) HL (me %) )
w1,w2 x (mod q) i=0

X#1,w1,w2

M we point out that there is no additional difficulty by considering fixed wi,ws of
conductors Dy, Da < q.

ANNALES DE L’INSTITUT FOURIER



SIMULTANEOUS NON-VANISHING FOR DIRICHLET L-FUNCTIONS 1461

wp being in this paper the trivial character modulo ¢, and
12 FUb0) = X Lo L),
x (mod q)
x#1
for £ > 1 an integer coprime with gq.
We now state the two main results of this paper :

THEOREM 1.1. — Let € > 0 be a real number. Then there exists an
explicit absolute constant ¢; > 0 and Q = Q(¢) > 2 such that for any
prime q > @ and every Dirichlet characters wi,ws modulo ¢,

1 .
‘{X (mOd q) : |L(sz,%)’ 2 @7 ’L207172}’ 2 (61—5)(q—1)

THEOREM 1.2. — Let f be a Hecke cusp of level 1 and spectral param-
eter ty satisfying the Ramanujan—Petersson conjecture and let € > 0. Then
there exists an explicit absolute constant ¢ > 0 and Q = Q(e,ty) > 2 such

that for any prime q > Q,
1
b=

1
{X(modq) : |L(f®x,%)|>w, Z Jogq

is at least (co —&)(q — 1).

The new main ingredient in the proof of Theorems 1.1 and 1.2 is the fol-
lowing result which establishes an asymptotic formula for the moments (1.1)
and (1.2).

THEOREM 1.3. — Let ¢ > 2 be a prime number, wi,ws be Dirichlet
characters of modulus q, f a primitive Hecke cusp form of level 1 or ¢
and trivial nebentypus. Assume that f satisfies the Ramanujan—Petersson
conjecture, then for any € > 0, we have

(1.3) T (wrws, £:0) = Gt + O (¢757),

(1.4) T, 40) = 8y + 0 (g757)

where the implied constant only depends on € > 0 and polynomially on
the Archimedean parameters of f (the weight or the Laplace eigenvalue)
in (1.4).

Remark 1.4. — We have not seen the details, but the case where f is of
level one and ¢ = 1 has been announced by S. Das and S. Ganguly and it
seems that their method is similar to our.

When f is of level ¢ with non trivial central character, the proof of
Theorem 1.3 is similar but requires a mild extension of [29, Theorem 1.3

TOME 69 (2019), FASCICULE 4



1462 Raphaél ZACHARIAS

for Kloosterman sums twisted by characters. We will return to this question
in a coming paper.

Remark 1.5. — The asymptotic formula (1.4) is similar to the mixted
cubic moment evaluated by S. Das and R. Khan in [5]
1 1 I
p— Y. Lfeox.3)Lx )
X (mod gq)
x#1

As the authors explained, the complex conjugation above L(x,1/2) was
introduced to avoid difficulties connected to the oscillations of Gauss sums.
What we show here is that this difficulties are resolved using variants of
the methods of [14] [29].

Following a suggestion of the referee, we point out that there is an ad-
vantage in considering the two moments without the complex conjugation.
In this case we obtain a main term only when ¢ = 1 and this main term
is 1 (in particular independant of ¢,w; or f), which greatly facilitates the
average over £ in the mollification method (see Section 7.1).

1.1. Sketch of the proof of Theorem 1.3

After an application of the approximate functional equation to (1.2)
and (1.1), which expresses the central value of automorphic L-functions
as a convergent series, and an average over the characters, we isolate a
main term which appears only if £ =1 (cf. Section 6.1.1-6.1.3).

The treatment of the error term passes by the analysis of sums of the
shape

(1.5)  S(wr,w23q)

1 _ _
= (NN, N1 2 Z w1 (n1)w2(n2)Kls(noning, wi, ws, 15 ),
niNNi
i=0,1,2

1
(1.6) C(fiq) = (QMN)I/2 nNZNm;M Ar(n)Klz(nm; q),
where Klz is the classical 2-dimensional normalized hyper-Kloosterman
sum, Klz(w1,ws, 1;¢q) is the twisted version as defined in (3.9), {A¢(n)}n>1
are the Hecke eigenvalues of f and Ng, N1, No, N, M are parameters satis-
fying
1< N;,N,M, NoNiN> < ¢*/?*¢ and MN < ¢*/%*=.

ANNALES DE L’INSTITUT FOURIER
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The ultimate goal is to obtain a bound of the form

S(wi,w239),C(f39) =0 (¢7°),

for some absolute constant § > 0. Using Poisson summation in the three
variables in (1.5), or Voronoi formula in the n-variable in (1.6) (followed
by Poisson on m) allows us to get rid of the cases where the product of the
variables is larger than ¢; namely in Section 6.1.6 and 6.2.4, we prove

5 q 1/2 5 q 1/2
S(wl,wQ;q) < q (]\7()]\71]\72) and C(f,q) < q (W) .

Combining these two estimates with the trivial bounds

NNy N, \ /2 NM\ Y2
S(wi,wa;q) < (Oq”> and C(f;q) < ¢° <q) :

we can assume for the rest of this outline that
NON1N2 =NM = q.

We treat these sums differently according to the relative size of the various
parameters. If Ny ~ 1 (say) and M ~ 1, we exploit the ng, ne-sum (resp.
the n-sum) in (1.5) (resp. in (1.6)) and average trivially over the others.
Grouping ngne into a long variable n and we need to analyze roughly

> Az, (n, 0)Kls(nny, wi,wesq) and > Ap(n)Kls(nmsq),
n~q n~q

where for any t € R,

it
Aoy(niit) = Y Wa(ng) <ZZ) .
none=n

In [13] and [14], Fouvry, Kowalski and Michel studied these sums when f
is a fixed cusp form of level 1, Az, (n,it) is replaced by the generalized divi-
sor function d;z(n) =Y
modulo ¢ instead of Kl3. Our second main result is an extension of their
theorems (see [14, Theorem 1.2] and [13, Theorem 1.15]) for Hecke eigen-
forms (cuspidal or not) of level ¢ with arbitrary central w. More precisely,

abn @07 and a general Frobenius trace function

for V' a smooth and compactly supported function on R, we consider the

sums

(17) Sv(f Kiq) =Y Apm)EmV (=),
i) = S astomtv (7)

(1.8) Sv(wit, K;q) =Y Au(n,it) K (n)V <’;) .

TOME 69 (2019), FASCICULE 4



1464 Raphaél ZACHARIAS

We prove in Section 5 :

THEOREM 1.6. — Let ¢ > 2 be a prime number, w a Dirichlet character
of modulus q, f a primitive Hecke cusp form of level q, nebentypus w and
spectral parameter ty. Let K be an isotypic trace function modulo q of
conductor cond(K) such that its Fourier transform is not w-exceptional, as
defined in (3.3), (3.5) and (3.16). Let V' be a function satisfying V (C, P, Q)
(see Definition (3.1)). Then there exists constants s > 1 and A > 1 such
that

Sv(f.K5q) <es (14 |ty]) cond(K)*q' 2 (PQ)Y2 (P + Q)7
Sy (wiit, K;9) <ca (14 [t]) eond(K)*q* (PQ)V* (P + Q)12
for any 6 < 1/16, where A depends on ¢ and s is absolute.

Therefore, Theorem 1.6 provides the desired power saving (set P =
@ = 1) in the special case where one of the variable is very small in (1.5)
and M ~ 1 in (1.6).

Assume now that Ng, N1, No > ¢7 and M > ¢" for some small real
number 7 > 0. From now, we need to take care of the different nature
of expressions (1.5) and (1.6). Indeed, for (1.5), the fact of having three
free variables allows us to factorize two of them (say ngng) in such a way
that NgNa > ¢'/2%7. In this case, we can form a bilinear sum and use a
general version of Polyd—Vinogradov (see Theorem 4.2) to obtain a power
saving in the error term. The same method also works for (1.6), as long as
M < ¢'/277_ because in this case N > ¢*/2t" or M > ¢*/?*". Hence, the
critical range for the second sum, i.e. when Polyd—Vinogradov is useless,
appears when M ~ ¢'/2 and N ~ ¢'/? and here we apply the general result
of Kowalski, Michel and Sawin concerning bilinear forms involving classical
Kloosterman sums [29, Theorem 1.3].

Acknowledgment. This paper is part of my Phd thesis and I would
like to thank my supervisor Philippe Michel for his valuable advice. I am
also grateful to Satadal Ganguly for its careful reading and its reference to
the paper [5] of S. Das and R. Khan.

2. Background on automorphic forms

In this section, we briefly compile the main results from the theory of
automorphic forms which we shall need in Section 5. Among these are Hecke
eigenbases, multiplicative properties of Hecke eigenvalues, the Kuznetsov
trace formula and the spectral large sieve inequality.

ANNALES DE L’INSTITUT FOURIER
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2.1. Hecke eigenbases

Let N > 1 be an integer, w a Dirichlet character of modulus N, k =

2( D ¢ {0,1} and k > 2 satisfying &k = s (mod 2). We denote by
Bi(N, x) (resp. B(N,x)) a Hecke basis of the Hilbert space of holomor-
phic cusp forms of weight k (resp. of Maass cusp forms of weight ) with
respect to the Hecke congruence group I'o(N) and with nebentypus w.
The continuous spectrum is continuously spanned by the Eisenstein series
E.(-,1/2+ it) where a runs over the singular cusps of I'g(NV).

2.1.1. The Eisenstein series in the special case N = 2q

Let ¢ > 2 be a prime number. For some technical reasons, it is convenient
for the proof of Theorem 1.6 to see the form f of level q as a form of level 2¢
(see the beginning of Section 4.1 and Section 5.5 in [14]). For arbitrary level
N, the Eisenstein series Eq(-,1/2 4+ it) are usually not eigenfunctions of
the Hecke operators. In the special case where N = 2q, there are exactly
four inequivalent cups for I'g(2¢) which are

L1
=3y
see for example [17, Proposition 2.6] and all are singular. The main ad-
vantage in this situation is that these Eisentein series are eigenforms of
the Hecke operators T,, for (n,2q) = 1. More precisely, if a = 1/v with
v € {1,2,q,2q}, then we have for (n,2q) =1,

T Eq(-,1/2 +it) = Aa(n,it)Eq(-,1/2 4 it),

with explicitly

it
a if v=gq,2
(2.) a(mit) = § Tz 9 (§) v =020
Saenw(®) (£)" ifv=1,2,
see [11, (6.16)—(6.17)].
Remark 2.1. — In the case N = g, there are exactly two inequivalent

cusps a = 1,1/q and the two Eisenstein series are eigenfunctions of the
Hecke operators T, for (n,q) = 1 with eigenvalues given by (2.1). Moreover,
they are also Eisenstein series of level 2¢ after the normalization by 1/+/3.

TOME 69 (2019), FASCICULE 4



1466 Raphaél ZACHARIAS

2.2. Multiplicative and boundedness properties of Hecke
eigenvalues

Let f be any Hecke eigenform of level N and nebentypus w and let A¢(n)
be the corresponding Hecke eigenvalues for T),. Then for (nm,N) = 1, we
have

(2:2) NmA ) = > wd ()
d|(n,m)
(2.3) A(n) = B(m)As ().

Note that if f is holomorphic, then by the work of Deligne and Serre, we
have the Ramanujan—Petersson conjecture, namely

(2.4) [As(n)] < 7(n).

The same bound is of course trivial in the special case N = 2¢ or ¢ and the
Eisenstein series are eigenfunctions with eigenvalues given by (2.1). In the
case of a Maass cusp form f, the best result is due to Kim and Sarnak [26]
and it is given by

7

61’

with an analogous bound for the spectral parameter

(2.5) [Af(n)| < T(TL)’I’LG , 0=

(2.6) [Smlty)] <0,

where 1/4 + t?c is the Laplace eigenvalue of f. However, the conjecture is
true on average, in the sense that for every X > 1,

(2.7) >IN < (N1 +[ts])X,
n<X

with an implied constant depending only on e [11, Proposition 19.6]. We
will also need later similar bound for the fourth-power on average and it
is enough for our purpose to restrict to prime numbers p not dividing the
level N

(2.8) > It < (XN + [t])° X,
p<X
(p,N)=1
for any € > 0 and the constant only depends on . This bound is a con-
sequence of the automorphy of the symmetric square Sym?f and Rankin—
Selberg theory (see for example [35]).

ANNALES DE L’INSTITUT FOURIER
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2.3. Hecke eigenvalues and Fourier coefficients

Let f be a modular form. For z = x 4+ iy € H, we write the Fourier
expansion as

pr n)n'7 e (nz) for f € Bi(N,w),
pr )|n|~ 1/QI/VM 5 it (4r|n|y)e(nz), for f € B(N,w),
n#0
where W, g is a Whittaker function, as defined in [11, Section 4]. For an
Eisenstein series E4(z,1/2 + it), we write
Eo(2,1/2 4 it) = c1.o(H)y 2 4 co o (H)y/

. —1/2
+§)pa(n,zt)|n| P Wint ., (47nly)e(na).

When f is a Hecke eigenform, there is a closed relation between the Fourier
coefficients and the Hecke eigenvalues A¢(n) ; for (m,N) =1 and n > 1,
one has

(2.9) Aps) = 37 w(dpy ().

d|(m,n)

In particular, for all (m,q) =1,

(2.10) Ar(m)ps(1) = py(m).

If f is primitive, the relations (2.9) and (2.10) are valid for every m > 1.
We will also need lower bounds for the first coefficient ps(1) ; we have for
any € > 0

cosh(mty) if f c B(N w)
N DN+ ! ’
(2.11) lop (D) > (4my—1 e BN
TF=D)INTFeRE if f € Br(N,w),

see [11, (6.22), (7.16)] and [34, Lemma 2.2 and (2.23)]. For an Eisenstein
series Fy(-,1/2 + it), we have

cosh(rt)

(2.12) Pa(L DI > N loa(N T )"

see [11, (6.23), (7.15)].

TOME 69 (2019), FASCICULE 4



1468 Raphaél ZACHARIAS

2.4. Summation formula, trace formula and the spectral large
sieve inequality

2.4.1. Voronoi summation formula

We state a version of Voronoi summation formula for the cuspidal case.
For our purpose, it is enough to restrict to modular form of prime level gq.

PROPOSITION 2.2. — Let ¢ > 2 be a prime number, w a Dirichlet char-
acter of modulus q and f a primitive Hecke cusp form of level ¢ and neben-
typus w with associated Hecke eigenvalues (Af(n)),>1. Given an integer
a coprime with q and g : R} — C a smooth and compactly supported
function, we set

V(faia) = X Astme (2 oo

Then ~
(2.13) V(f,a;q) %:7;)# < >9ﬂ: (:2) ,
where
510) = | o) Tatam ) do
with

Ti(x) =2mi* T 1(z), T (x)=0
if f is holomorphic of weight k and
J+(CU) = —m (JZz‘tf (x) - J—Qitf ($)> ,
J-(x) = epdcos(mity) Ko, ()

if f is a Maass form of parity ey € {—1,+1} and spectral parameter t;.

™

Proof. — The proof is contained in [30, Appendix A.3—-A.4] and also [35,
Lemma 2.3.1] for the holomorphic case. O

Finally, we consider the decay properties of the Bessel transforms g
(see [1, Lemma 2.4]).

LEMMA 2.3. — Let g : R} — C be a smooth and compactly supported
function satisfying

(2.14) 2t (z) <o ¢

ANNALES DE L’INSTITUT FOURIER
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for any ¢ > 0 and j > 0. In the non-holomorphic case set ¥ = Re(ity),
otherwise set ¥ = 0. Then for any € > 0, for any 4,7 > 0 and all y > 0, we
have

(1+y)i/?

i —279—6) .
(1+ (yg—=)1/2)"

v 99 (y) <ije (1+y

2.4.2. The Petersson formula

For k > 2 an integer such that k = k (mod 2), the Petersson trace for-
mula expresses an average of product of Fourier coefficients over By (V,w)
in terms of sums of Kloosterman sums (see [18, Theorem 9.6] and [19,
Proposition 14.5]) : for any integers n,m > 0, we have

(2.15) m S g (m)pg(m) = 6(m, ) + Ay s(m,n),
gEBL(N,w)

where

1
Ay g(m,n) = 2mi z ESw(m,n; ¢)Jk—1 < p

Nle

47r\/m) |

and the Kloosterman sum S,,(m,n;c) is defined by

- md + nd
Sw(m,n;c) = Z w(d)e <c> .
d (mod c)
(d,e)=1

2.4.3. The Kuznetsov formula

Let ¢ : R4 — C be a smooth function satisfying ¢(0) = ¢'(0) = 0 and
¢ (z) <. (14+2)7%27¢ for 0 < j < 3 and every € > 0. For x € {0,1}, we
define the two Bessel transforms

3 = [ her(rew T

30 = gy [ Canlo) = (1) 9(0) T

X

TOME 69 (2019), FASCICULE 4



1470 Raphaél ZACHARIAS

Then for every integers m,n > 0, we have the following spectral decompo-
sition of the Kloosterman sums,

(2.16) Y > bk 1Pg( )pg(n)

k=rmod 2
k>k
gEBL(N,w)
4
t
+ Z ¢( g)COSh(th)pg(m)pg(n)
gEB(N,w)

+ Z / cosh )pa(mJt)pa(th)dt:AN’¢(m,n),

a singular
where
AN p(m,n) Z —Su(m,n;c)
Nle
see [18, Theorem 9.4 and 9.8].

()

2.4.4. The spectral large sieve inequality

LEMMA 2.4. — Let N > 1 be an integer and w a Dirichlet character of
modulus N whose conductor is odd and squarefree. Then for any m,n € Z
and N|c, we have the Weil bound

| (m, n;e)| < 7(c)(m,n, )22,
Proof. — The proof is a consequence of the twisted multiplicativity of
Kloosterman sums and [27, Propositions 9.7 and 9.8]. O

PRrOPOSITION 2.5. — Let N > 1 be an integer, w a Dirichlet character
of modulus N with squarefree and odd conductor and k € {0,1} such
that w(—1) = (=1)". Let T > 1, M > 1/2 and (am)m<ms<am & sequence of
complex numbers. Then for any € > 0, each of the following three quantities

2

Stk Y S awnm)|

rk<k<T gEBL(N,w) | M<m<2M
k=r (mod 2)

(L +1tg))"
Z cosh(tg) Z ampy(m)|
geEB(N,w) M<m<2M
ltg| <T

(L4 [¢)"
Z /T COSh 7rt Z ampﬂ(mvt) s

a singular M<m<2M

ANNALES DE L’INSTITUT FOURIER
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is bounded, up to a constant depending only on €, by

(2.17) <T2+M;E) > aml

M<m<2M

Proof. — This result has been proved in [8, Proposition 4.7], except that
the bound (2.17) is replaced by (1% + ¢(w)/2M™*N~1) ||a,,|13, where c(w)
is the conductor of w. The extra factor ¢(w) in the proof of this Proposi-
tion appears in [8, Lemma 4.6, (4.20)] and is a consequence of the general
estimation [27, Theorem 9.3]

S, (m,n;c) < 7(c)°M (m,n, )2 (c(w)e)/?.

By the hypothesis on the conductor of w (that it is squarefree), we can apply
Lemma 2.4 whose consequence is the cancellation of the factor ¢(w)'/? in [8,
Lemma 4.6, (4.20)] and the rest of the proof is completely similar. a

2.5. L-functions and functional equations
2.5.1. Dirichlet L-functions

Let x be a non-principal Dirichlet character of modulus ¢ > 2 with ¢
prime, £ € {0,1} satisfying x(—1) = (—1)" and define the complete L-
function

A(X’ S) = qS/QLOO (Xa S)L(X7 5)7

where

(2.18) Loo(x,s) i= 7~°/°T (i’“) .

It is well known that A(x, s) admits an analytic continuation to the whole
complex plane and satisfies the functional equation (cf. [19, Theorem 4.15])

(2.19) Al s) = i"e(0)AX, 1 = s),
where ¢(x) is the normalized Gauss sum defined by
1 T
(2.20) e(x) :== v Z x(x)e (q) .
zEF

Using (2.19), we can express the central value of a Dirichlet L-function as
a convergent series (see [19, Theorem 5.3]) and thus, extend in an easy way
the proof to a product of three L-functions.

TOME 69 (2019), FASCICULE 4



1472 Raphaél ZACHARIAS

LEMMA 2.6. — Let x,wi,ws be Dirichlet characters such that y #
wo, w1, we. If K (resp k1, Kk2) € {0,1} are such that x(—1) = (—1)* (resp
wi(—=1) = (=1)", we(—1) = (—1)*2), then we have

2

X nonmz X1(M)X2(n2) noning
H XW“ 2 Z ZZ )1/2 VX q3/2

TL nin
=0 no,n1,n2>1 0781752

+ x(=1)i" 2 (e (xwr e (xw2)

X( n0”1n2 )X1(n1)X2(n2) nen1N2
(Y Y Y M Gty (o)

ng,ni,ne =1

where

(2.21) - /2)1—[ = xw“2+8) —GQ()

Xw’ta )

for some entire and even function Q(s) with exponential decay in vertical
strips and satisfying Q(0) =

Remark 2.7. — For given w;,ws, the function V, depends on x only
through its parity. Shifting the s-contour to the right in (2.21) and we see
that for z > 1 and any A > 0, we have the estimation

Vi(z) <a x4

Now moving the s-line to Re(s) = —3 + £, we pass a simple pole at s =0
of residu 1 and thus, we obtain for z < 1

Vo(z) =1+0. (xl/H).

2.5.2. Twisted L-functions

Let ¢ > 2 be a prime number, w a Dirichlet character of modulus ¢ and
f a primitive Hecke cusp of level ¢ and nebentypus w. For x a non trivial
character modulo ¢, we can construct the twisted modular form f ® x
whose n-th Fourier coefficient is given by p;(n)x(n). This form is a Hecke
eigenform of level ¢? with nebentypus wx? and eigenvalues Af(n)x(n) for
(n,q) =1 (see [17, Chapter 7]). The following proposition says when f ® x
stills a primitive form and derive the functional equation of the associated
L-function (see for example [15] and [16]).

PROPOSITION 2.8. — Let g > 2 be a prime number, f,w and x as above
and assume further that x # wq, . Then the twisted modular form f ®x is
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a primitive Hecke cusp form of level ¢*> and nebentypus x?w with associated
Hecke eigenvalues x(n)\;(n) for every n > 1. If

o0

(2.22) L(f®x,s Z

, Re(s) >

n‘}

is its associated L-function, then there exists a factor Lo (f ® x,s) such
that the product

A(f®X,8) == ¢ Loo(f @ X, 8)L(f ® X, 5)

extends holomorphically to C and satisfies the functional equation

(2.23) Af®x,8) = cco(fsX)e(f @ X)AF @ X, 1 - 5),

where e(f ® x) = e(x)e(wx), €(x),e(wy) are defined by (2.20) and the
infinite factors e (f, x) and Lo (f ® X, s) satisfy |es(f, x)| = 1 and both
depends on x only trough its parity.

Remark 2.9. — The infinite factor presents as a product of Gamma func-
tions

oo(f®X75) _ﬂ,SF<SIU’2Lf®X)F <$M227f®x>’

where p; re, are the local parameters at the infinite place (encodes the
weight in the holomorphic setting or the Laplace eigenvalue if f is a Maass
form) and we recall that they depend on x at most trough its parity. In
any case, a consequence of the work of Kim and Sarnak [26] toward the
Ramanujan—Petersson conjecture is that

7

(2.24) Re(uisox) < g1

We finally state the analogous of Lemma 2.6 for the product L(f ®

X, $)L(x, s) on the critical point s = 1/2 (see [35, Section 1.3.2] for the
general result).

ProprosITION 2.10. — Let ¢ > 2 be a prime number, w a Dirichlet
character of modulus q and f a primitive Hecke cusp form of level q and
nebentypus w with associated Hecke eigenvalues Af(n) for all n > 1. Then
for every character x modulo q such that x # wg,w, x(—1) = (=1)" with
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k € {0,1}, we have
(2.25) L(f®x,3)L (X, %)

Ag(
_ZZ o (nm) 1/2 )Vf’X<;>>T/nQ>

n,m>=1

+i%eo(fX)e(f @ X)) DY WW,X (;7;) ;

n,m>=1
where
1 Loo (f®@X,5435) Loo (,5+35) _ ds
2.26) Vs, (x ::—,/ 2 x °P(s
3260 Vi) =50 f oy L o d) L (0 3) s

for some suitable entire even function P(s) with exponential decay in ver-
tical strips and satisfying P(0) =

Remark 2.11. — Shifting the s-contour on the right in (2.26) and we
obtain that for every z > 1 and any A > 0,
Vix(r) <a a= A,

By (2.24), moving the s-line to Re(s) = —1/4, we catch a simple pole at
s = 0 of residue 1 and thus

Viy(@) =140 for 0 <z < 1.

3. /-adic twists of modular forms

In this section, we fix ¢ > 2 a prime number, w a Dirichlet character
modulo ¢, f a primitive Hecke cusp form of level ¢ and nebentypus w and
we denote by {Ar(n)}n>1 the Hecke eigenvalues of f. For any ¢ € R, we
also define the twisted divisor function A\, (n,it) by

3.1 Ao (n,it) = w(a (E)Zt,
(31) i) i= 37 (o) (5
which, for (n,q) = 1, appears as Hecke eigenvalues of Eisenstein series
Eq(-,1/2+it) of level ¢ and nebentypus w for a suitable choice of cusp a
(cf. Section 2.1.1 and (2.1)).

As announced in Section 1.1, for K : Z — C a g-periodic function, a
crucial step in the proof of Theorem 1.3 requires non trivial estimates for
sums of the shape

(3.2) V(LK) =Y Ar(n) (") :

n>1 q

ANNALES DE L’INSTITUT FOURIER



SIMULTANEOUS NON-VANISHING FOR DIRICHLET L-FUNCTIONS 1475

(33 Svenit, i) = S Autni Ky (2
n>=1 q

where V' is a smooth a compactly supported function on R . Assuming

that |K (n)| < M for every n € Z, we obtain by Cauchy—Schwarz inequality

and (2.7),

(34) SV(waitaK;Q)aSV(f7K;Q) < MqlJrEa

with an implied constant depending only on V' and the spectral parameter
t¢ and this bound can be seen as the trivial one. Theorem 1.6 improves
on (3.4) with a power saving in the g-aspect, namely

Sy (w,it, K;q), Sy (f, K;q) < q' 7167,

for any ¢ > 0 and with an implied constant depending on €, V,t; (or t)
and controlled by some invariant of K, called the conductor (see Defini-
tion (3.5)). As in [14, Definition 1.1], we make the following definition about
the test function V.

DEFINITION 3.1 (Condition V(C,P,Q)). — Let P > 0 and Q > 1 be
real numbers and let C' = (C,), >0 be a sequence of non-negative real num-
bers. A smooth compactly supported function V on R satisfies Condition
(V(C,P,Q)) if

(1) The support of V' is contained in the dyadic interval [P, 2P];
(2) For all x > 0 and all integer v > 0, we have the inequality

xl/V(l/) (x) ‘ < CUQV.

In practice, the test function V is not compactly supported, but rather
in the Schwartz class. We give here a simple Corollary of Theorem 1.6.

COROLLARY 3.2. — Let g > 2 be a prime number, f,w and K as in The-
orem 1.6. Let Q > 1, C = (C,), a sequence of non-negative real numbers
and V a smooth function on R with the property that for any A > 0,

1

Then for every X > 0 and every € > 0, we have

S AmEmV ()

n>1

x”V(”)(x)‘ <C,Q%, v=0.

1/2
<o (qX)*(1+ [tg])Acond(K)* X Q? (1 4 %) -1/,
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3 Ao, it) K (n)V (%)

n>1

1/2
<Lce (gX)° (1 + |t])*cond (K)* X Q? (1 + %) gV,

Proof. — We consider the cuspidal case since the other is completely
similar. Applying a partition of unity to [1,00) leads to the decomposition

S KMV ($) =YY AmE@V (5) W (§)-

where W is a smooth and compactly supported function on (1/2,2) sat-
isfying |27 W) (z)| < ¢; for some sequence ¢ = (¢;) of non-negative real
numbers and N runs over real numbers of the form 2¢ with ¢ > 0. Since V
has fast decay at infinity, we can focus on the contribution of 1 < N < ¢° X
at the cost of an error of size O(q~19), (say). Hence, we just need to bound
O(log(¢gX)) sums of the form

3 A (K )V (%) W (%) .

By Mellin inversion formula, we have for any ¢ > 0

S (2w (2)

“aie [, () 0 (o () ) o

n>1
where the function Wy (z) := 27 *W () satisfies
(3.6) DWW () < (1+1s])

For fixed s with Re(s) = €, we apply Theorem 1.6 to the inner sum with
the function V(z) = Wy(xzq/N) which satisfies condition V(C, N/q,1+|s|)
for some C' depending on ¢, obtaining the bound

1 1 X €
1+ |1ff|)Acond(K)Sq§_ﬁ+€ ()

N
1/2
% S S 1/2 E S S.
XK;WNWUHD)(q+HﬂO a

Using the fact that the Mellin transform V (s) satisfies
- Q )B
Vis) < )
o< (i
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for every B > 0 with an implied constant depending on B and Re(s), we
see that we can restrict the integral to |s| < ¢°Q. Hence replacing 1 + [s|
by its maximal value, maximizing over N < ¢°X and average trivially over
|s|] < ¢°Q in the integral yields the desire result. O

3.1. Trace functions of /-adic sheaves

The functions to which we will apply Theorem 1.6 are called trace func-
tions modulo ¢, which we now define formally.

Let ¢ be a prime number and ¢ # ¢ be an auxiliary prime. To any
constructible Q,-sheaf F on A%q and any point = € A%q, we have a linear
action of a geometric Frobenius F, acting on a finite dimensional Q,-vector
space Fz. We can thus consider the trace Tr(F;|Fz). Because this trace
takes value in Q,, we also fix a field isomorphism

L Qe = C,
and we consider functions of the shape
(3.7) K () = 0 (Te(Fo| ),
as defined in [24, (7.3.7)].

DEFINITION 3.3 (Trace sheaves).

(1) A constructible Q,-sheaf F on A%q is called a trace sheaf if it
is a middle extension sheaf (in the sens of [12, Section 1]) whose
restriction on any non empty open subset U C All;q where F is lisse
is pointwise pure of weight zero.

(2) A trace sheaf is called a Fouriertrace sheaf if in addition, it is a
Fourier sheaf in the sense of [23, Definition 8.2.2].

(3) We say that F is an isotypic trace sheaf if it is a Fourier trace sheaf
and if for every non empty open subset U as in (1), the associated
{-adic representation

T (U @, Fq,7) — GL(F5),
of the geometric etale fondamental group is an isotypic representa-

tion [23, Chapter 2]. We define similarly an irreducible trace sheaf.

DEFINITION 3.4. — Let ¢ be a prime number. A function K : F, —
C is called a trace function (resp. Fourier trace function, isotypic trace
function) if there exists a trace sheaf (resp Fourier trace sheaf, isotypic
trace sheaf) F such that K is given by (3.7).
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There is an important invariant which measure the complexity of a trace
function which we define now.

DEFINITION 3.5 (Conductor). — Let F be a constructible Q,-sheaf on
Ay, with n(F) singularities in Py . The conductor of F is the integer
defined by

cond(F) := rank(F) + n(F) + Z Swan,, (F),

where Swan,,(F) = 0 if F is lisse at = (see for example [22, Section 4.6]). If
K is a trace function, the conductor cond(K) of K is the smallest conductor
of a trace sheaf F with trace function K.

Let F be a trace sheaf with associated trace function K : F;, — C.
The normalized Fourier transform of K, denoted by K or FT(K), is the
function on F, defined by

E@%Jﬁ%%K@k(?)

When F is a Fourier sheaf, there is a deep interpretation of the Fourier
transform at the level of sheaves who was discovered by Deligne and de-
veloped by Laumon, specially in [31]. To be precise, there exists a Fourier
sheaf G whose conductor satisfies

(3.8) cond(G) < 10 cond(F)?,
and with the property that
L (Tr (F|Gx)) = —K (2).

Moreover, the sheaf G is geometrically isotypic (resp. geometrically irre-
ducible) if and only if F has this property [14, Lemma 8.1].

3.1.1. Kloosterman sheaves

Let k > 2 be an integer, wy, . ..,w; be multiplicative characters on F .
The twisted rank k Kloosterman sum Klg (w1, ...,wg; q) is the function on
F defined by

(3.9) Klk(a,wi,...,wk;q)

— % Z wi(xy) - wilxg)e <W> )

X
zl,...,mkGFq
T1-Tr=a
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for every a € FX. If w; = --- = wy = 1, we write Klg(a;q) instead of
Klg(a,1,...,1: q). The main result is the existence of Kloosterman sheaves
and it is due to Deligne [23, Theorem 4.1.1].

THEOREM 3.6 (Kloosterman sheaves). — For every prime ¢ # q, there
exists a constructible Q,-sheaf on A%q, denoted by Kl (w1, ...,wk;q) (or
simply K{), of rank k satisfying the following properties :

(1) For every a € F, we have the equality

L(Tr (Fa|(KOg)) = (—1)’“_1K1k(a,w1, ey WE Q);

(2) Kt is geometrically irreducible, lisse on G, r, and pointwise pure
of weight zero;

(3) K¢ has wild ramification at co with Swans (Kf) = 1, tamely rami-
fied at 0 and has conductor k + 3.

In other words, since the rank is > 2, Kf is an irreducible trace sheaf in
the sense of Definition 3.3(3).

X
q

(3.10) Kl (a, w1, ... ,wk; q)| < k.

COROLLARY 3.7. — For every a € ¥, we have the sharp bound

It will be convenient in Section 6, specially because of the Poisson sum-
mation and Fourier inversion formula, to present Kl as a Fourier transform
of a function defined in F,. For this, we let

a
Kli(a,wi;q) == wi(a)e <q> ;
and we see that for any k > 2 and a € F, Klg(a,wr, ..., wk; q) is given by

the formula
(3.11) Klg(a,wi,...,wk;q)

= wk(a)FT(Fq S wp(®)Kg—1(z,wi,y ..., wp_1; q)) (a),
where the function Kj_; is defined by

Klkfl(fawla"'vwkfl;q) lfCL'GF;,

3.12) Ki_1(x,w1,...,WE_1;q):=
(3:12) K (01 k-150) {o if 2= 0.

Remark 3.8. — There are several ways to extend the function Kl to
a = 0. One can choose for example the extension by zero. We choose
here the middle extension, i.e. that Kl (0,w1,...,ws; q) coincides with the
trace of the Frobenius at x = 0. It is a deep result of Deligne that the
estimate (3.10) remains valid for a = 0 (see [6, (1.8.9)]).
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3.2. Twisted Correlation Sums and the w-Md&bius Group

The strategy in the proof of Theorem 1.6 is to estimate an amplified
second moment of Sy (g, K;q) for g varying in a basis of cusp forms of
level ¢ and nebentypus w. After completing the spectral sum, applying
Kuznetsov—Petersson and Poisson formula, we have to confront some sums
that we call twisted correlation sums, which we now define.

We let PGLy(F,) acts on the projective line P1(F,) by fractional linear
transformations

az+b (a b

vz = =0 4

— 7= PGLy(F,).
CZ_"_d?fy >€G2(q)

DEFINITION 3.9 (Twisted correlation sum). — Lety= (%Y%) € PGLy(F,).
For w a multiplicative character modulo q and K : F; — C, we define the

twisted correlation sum C(K,w;vy) by

C(K,wiy):= Y  @(ez+d)K(y2)K(2).
z€F,
z#—d/c

Remark 3.10. — Note that for v € PGLy(F,), C(K,w;7) is well defined
up to multiplication by w(—1) € {—1,+1}. This is in fact not a problem
since only the complex modulus |C(K,w;v)| will be considered later. We
also mention that unlike the definition of correlation sum that the authors
made for the original Theorem (see [14, (1.10)]), we have the presence here
of a twist by the nebentypus of the modular form f. This is because the
Kloosterman sums that we obtain after the application of Kuznetsov trace
formula are also twsited by w.

Note that for K a trace function, we have the bound || K||e < cond(K).
Hence using Cauchy—Schwarz and Parseval identity, we get

(3.13) IC(K,w;v)| < cond(K)?%q.

In order to obtain better bounds, we introduce a geometric object associ-
ated to the correlation sum C(K,w; 7).

DEFINITION 3.11. — Let q¢ be prime number and F an isotypic trace
sheaf on A%q. Let w be a multiplicative character modulo q and L, the
associated Kummer sheaf. The w-Mébius group Gz, is the subgroup of
PGL3(F,) defined by

a b *
G}"w = {’Y = (C d) S PGL2(Fq) ‘ F ~geom Y ]:®‘Cw(cX+d)}'
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Remark 3.12. — Note that Definition 3.11 makes sense in the sense that
if 4,7 € GLy(F,) are equal in PGLy(F,), then v = £I57" and thus

VF @ Loextd) =7 F @ La(—erx—ar)
~geom V' F @ Lg(er x+ary @ Las(—1)
~geom V' F @ Ls(er X +ar)-
The key property here is that Gz, is indeed a subgroup of PGLy(F,).
PROPOSITION 3.13. — G, is a subgroup of PGLy(F,).

Proof. — Let % be the set of geometric isomorphism classes of trace
sheaves. To show that Gz, is a subgroup, it is enough to prove that the
map # x PGLy(F,) — # given by

(314) (fv ’Y) — F - Y= ’Y*]'—® ‘CU(CX-&-d)?

defines a right group action because Gx,, will be the stabilizer of F. For
this, we will use the fact that we have geometric isomorphisms (we use the
notation ~ instead of ~geom)

(3.15) L) ~ Qp ~ Lex+d) @ Lu(extd)s

where Q, denotes the constant sheaf. The first isomorphism implies that the
identity matrix acts trivially. For the second part, note that for v, = (‘; Z)

and vy, = (‘Z,, Zl/) € PGLy(Fy), we have

o . 0 1
Lo =00V e 0= (2 1),

and

) = (,° ! =, -

TN = et v de o +dd' ) TVT \edd +ded b +dd')
Combining the above equality with the second isomorphism in (3.15) leads
to

J(nye) Lo = (F(71)72) Lo ® j(72)" Lo
Hence we obtain

F(mr2) 2 (172)" F @3 (1172) Lo = 1371 F @725 (1) Lo ® j(72)" Lo
~ 3 (Vi‘f®j(vl)*£w) ® j(72)" Lo
= (F-m) 72,
which completes the proof of this Proposition. O
We will also need the following fact about the conductor of F - ~.

TOME 69 (2019), FASCICULE 4



1482 Raphaél ZACHARIAS

LEMMA 3.14. — Let F be a trace sheaf and v € PGLy(Fy). Then
|cond(F - ) — cond(F)| < 2.

Proof. — Since the Kummer sheaves are of rank one and tamely ramified
at the singularities, we have for any x € P%q (by definition (3.14) of the
action of v on F),

rank(y* F@Lg(cx+a)) = rank(y*F) = rank(F), Swan,(F-y) = Swan,(F),

see [22, 4.6 (iv)]. Moreover, if n(F) (resp n(Lg(cx+d))) denotes the number
of singularities of F (resp. of Lg(cx+q)), the tensor product v*F @ Lg(cx +d)
satisfies (see for example [33, Proposition 1.23])

n(F) — n(£§(cX+d)) =n(y"F) - n(£§(cX+d))
<n(V'F @ Li(ex+a))
<Y F) +n(Lzex+a) = MF) +n(Lsex+a))

which completes the proof since n(Lg(.x+4)) = 0 or 2 depending on whether
¢ =0 or not. g

The following proposition establishes the link between the correlation
sum C(K,w;~y) and the w-Mobius group G r . The proof uses deep results
on f{-adic cohomology for varieties over finite fields.

PRrROPOSITION 3.15. — Let g > 2 be a prime number, F an isotypic trace
sheaf with associated trace function K modulo q of conductor cond(K).
Let w: F; — C* be a multiplicative character. Then there exists absolute
constants A, s > 1 such that for any v € PGLy(F,) \ G,

|C(K,w;~)| < A(cond(K))*¢*/2.
Proof. — See [14, Theorem 9.1]. O

The last part of this section is devoted to the structure of the group
Gr,. C PGLy(F,). For some technical reasons due to the amplification
method and the fact that we are dealing with forms of level g, we want
to avoid the presence of unipotent elements in our group Gz, because in
contrary to [14, Theorem 1.2], parabolic matrices could appear in our case
and their contribution seems to be big. We therefore impose an additional
hypothesis on our sheaf F and prove that under this extra assumption, the
group Gr,, does not contain any unipotent elements. Before doing this,
we introduce the following notation :

e For 2 # y in P!, the pointwise stabilizer of « and y is denoted by
T*¥ (this is a maximal torus) and its stabilizer in PGLy (or the
stabilizer of the set {x,y}) is denoted by N*¥.
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DEFINITION 3.16. — Let F be an isotypic trace sheaf. We say that F
is w-exceptional if its irreducible component is of the form Ly -y = v* Ly ®
Le(cx+d) for some Artin-Schreier sheaf Ly, and some v € PGLy(Fy).

ProproOSITION 3.17. — Let ¢ > 2 be a prime number, F an isotypic
trace sheaf on A};q and w : F — C*. Assume that F is not w-exceptional
and that q is large enough compared to the conductor cond(K). Then G,
one of the following type :

(1) |Grw| < 60 and the non trivial elements belong to at most 59
different tori.

(2) Gr is cyclic and is contained in the normalizer N™¥ of a certain
maximal torus T for x # vy in P*.

(3) Gr,, is dihedral of order 2r. Its cyclic subgroup of order r is con-
tained in a maximal torus T%Y and any element not contained in
it is in the normalizer N®Y (x # y).

In particular, Gr,, does not contain parabolic elements.

Proof. — If the order of G, is coprime with ¢, the first paragraph in
the proof of [14, Theorem 1.14] says that G, is one of the three types of
groups cited above.

We now show that the order of G, cannot be divisible by ¢q. Assume
by contradiction that it is the case and fix an element vy € G £, of order q.
Then 7 is necessarily parabolic, so it has a unique fixed point z € P (F,).
Let 0 € PGLy(F,) be such that

11\ .,
g 0 1 g _’707

* _fa b
G:=F - 0=0"F®Lgcx+d)> G—(c d)'

and define

Since geometrically we have [+1]*F ~ F - ({ 1), we see that we have a
geometric isomorphism

[+1]"G ~G.
Suppose first that G is ramified at some y € A(F,), then by the above, G
is also ramified at y + 1,...,y + p — 1 and we obtain by Lemma 3.14
cond(F) = cond(G) — 2 > ¢ — 2 +rank(G) > ¢ — 1,

which is a contradiction with the fact that cond(F) < ¢ — 1. Assume now
that G is lisse on A'(F,). Since F is geometrically isotypic, the same is true
for G and the geometrically irreducible component G; of G also satisfies
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[+1]*G1 ~ Gi. Using [12, Lemma 5.4, (2)] with G = F, and P}, = 0, we
have either

cond(G) > Swans.(G1) > ¢ + rank(Gy)
and in this case we are done as before, or G; is geometrically isomorphic to
some Artin—Schreier sheaf £, for some additive character 1. It follows that
G is geometrically isomorphic to a direct sum of copies of £, and thus, by
definition of G, we have a geometric isomorphism

F o~ <@£w> ot =Ly

which contradicts the fact that F is not w-exceptional. g

4. Bilinear forms involving trace functions

We begin with a classical result, which is a simple consequence of the
Poisson summation formula.

ProOPOSITION 4.1 (Polyd—Vinogradov method). — Let ¢ be a prime
number and F be a Fourier trace sheaf on A%;q with corresponding trace
function K modulo q. Let f be a smooth and compactly supported function
on R and N > 0 be a real number. Then for any € > 0, we have

S K(n)f (%) < min {qulv/z (1+ qi:)}

nez
where the implied constant depends on €, f and the conductor of F.

A more elaborate treatment of the Polyd—Vinogradov method can be
used to obtain bounds for bilinear sums [13, Theorem 1.17].

THEOREM 4.2. — Let K be an isotypic trace function modulo q asso-
ciated to an isotypic ¢-adic sheaf F such that F does not contain a sheaf
of the form L, ® Ly in his irreducible component. Let M, N > 1 be pa-
rameters and (Qm)m, (Bn)n two sequences of complex numbers supported
on [M/2,2M)] and [N/2,2N] respectively.

(1) We have

Z Z QB K (M)

n,m
(m,q)=1

1 1 g/t logl/2 q
q1/4 M1/2 + N1/2 ’

< llall2lIBllz(N )2 ( +

with

lall3 = el s 18113 = 1681
m n
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(2) We have

Z am S K(mn) < <Zam|> (1/2 ”Z’AI;%Q)

(m q =1 n<N

In both estimates, the implicit constants depend only, and at most poly-
nomially, on the conductor of F.

The above theorem beats the trivial bound and gives a power saving in
the error term as long as max(N, M) > ¢'/?*% and min(M, N) > ¢’ for
some ¢ > 0. In the critical case where N ~ M ~ ¢'/2, we have the powerful
result of Kowalski, Michel and Sawin, which still saves a small power of
q, but has been proved in the special case of classical hyper-Kloosterman
sums [29, Theorem 1.3] and [1, Theorem 5.1].

THEOREM 4.3. — Let g be a prime number and a an integer coprime
with q. Let M, N > 1 be such that

(4.1) 1<M<N? N<gq, MN<g”?

Let (m)m<m be a sequence of complex numbers and N C [1,q — 1] be an
interval of length N. Then for any € > 0, we have

42) Y > amKlg(anm;q)

neN 1<m<M

M2N5 71/12
1/2 1/2
< ¢l 2l M1/4N< / ) ,

with

lali = > lawm

1<m<M

where the implied constant in (4.2) only depends on ¢ and k.

5. Proof of Theorem 1.6

This section is devoted to the proof of Theorem 1.6. For the cuspidal
case, we will indicate the necessary changes in [14, Sections 4, 5 and 6] due
to the level ¢ and the presence of a nebentypus. Finally, we will explain
how to adapt [13, Section 2] and put together with Section 5.1 to obtain
the conclusion of Theorem 1.6 in the Eisenstein case.
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5.1. The cuspidal case
5.1.1. The amplification method

Let ¢ > 2 be a prime number, w a Dirichlet character of modulus ¢ and
k € {0,1} such that w(—1) = (—1)*. Let f be a L?>-normalized primitive
Hecke cusp form of weight ky = x (mod 2) (resp. with Laplace eigenvalue
1/4 + tfc) if f is holomorphic (resp. if f is a Maass form) of level ¢ and
nebentypus w. For some technical reasons, it is convenient to view f as
a modular form of level 2¢ (see the beginning of Section 2.1.1) under the
isometric embedding (with respect to the Petersson inner product)

PRI (C N (O
[Co(q) : To(29)]'2 V3~
which can be embedded in a suitable orthonormal basis of modular cusp
forms of level 2¢, i.e. either By, (2¢,w) or B(2¢,w). The strategy is therefore
to estimate an amplified second moment of the sum Sy (g, K;q) where g
runs over a basis of By, (2¢,w) and B(2q,w).

To be precise, let L > 1 and (by) a sequence of coefficients supported on
1 < ¢ < 2L. For any modular form g, we let

Z beAg ()

1<4<2L

For an Eisenstein series Eq(-,1/2 + it), we set

Bla,it) := Y bexa(l,it),

1<4<2L

where for any singular cusp a, Aq(¢, t) is given by (2.1). Since the original
form is of level ¢ and L will be at the end a small power of ¢, we cannot
choose the standard coefficients by = Ay (¢) for £ a prime p ~ L, but rather
the less obvious amplifier found by Iwaniec in [10],

Ar(p)w(p) if€=p~ LY? and (p,2q) = 1,
(5.1) by = ¢ —w(p) if { =p? ~ L and (p,2q) = 1,
0 otherwise.

Since we will apply the trace formula, it is also better to consider the Fourier
coefficients py(n) instead of the Hecke eigenvalues \y(n) in the definition
of Sy (g, k;q). For this, we define

s =S ()
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and note that for g primitive, it is related to the original sum Sy (g, K; q)
by the simple relation (cf. (2.10)),

(5.2) Sv(g, K;q) = pg(1)Sv (9, K q).
We then let
(5.3) M(L):= Y dk)(k—1)M(L;k)
k=rk (mod 2)
k>k

2
Bl [Svts. K10)
+ Y ol coshﬂ't)| )*|Sv (9, K:q)
9€B(2q,w)
+Z/ &(t);w(a 't)|2’§ (Eo(-,1/2 4 it), K; )fdt
- oo Cosh(ﬂ't) 7Z v a ) 1 ) 7q 9
where for any k = x (mod 2) with k > &,

)

G4 MLk = S B@P|Sv e ki)
gEBL(2q,w)

and we refer to [14, Section 3.2] or [2, (2.9)] for the choice and properties
of the test function ¢ = ¢,4. The key Proposition is the following [14,
Proposition 4.1].

ProroOsSITION 5.1. — Let K : F; — C and V as in Theorem 1.6. Let
(be) be the sequence of complex numbers defined by (5.1). Then for any
e > 0, there exists k() > & such that for any k > k(e) and any integers
a > b > 2 satisfying

a—0b>2k(), a—b=k (mod 2),
we have the bound
(5.,5) M(L), M(L;k)
< cond(K)* { ¢+ LV2P(P + Q) +¢'*L*PQ* (P + Q) }
for some absolute constant s > 1, prov1ded
(5.6) ¢°LQ < q"/

and where the implied constant depends on C,¢,a,b, k and polynomially
on the archimedean parameter of f.

Theorem 1.6 can be deduced from Proposition 5.1 exactly in the same
way as in [14, Section 4.2]. The only changes is to use (5.2) to pass from
IB(f)I?ISv(f. K3q)|* to | B(f)P|Sv (f, K:q)[? and then (2.11) for the upper
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bound on |ps(1)|~2. Finally, since for any prime p different from g we have
the elementary relation

Ar(p)® = Ar(p?) = w(p),
we obtain the lower bound
L1/2
B =

simply using the prime number Theorem. Hence it remains to prove Propo-
sition 5.1.

Expanding the square in | B(g)|? and |Sy (g, K ; q)| (choosing the variables
01,4y for those comming from the amplifier), we get a first decomposition
of M(L) and M(L; k)

(5.7) M(L) = Ma(L) + Mya(L) and M(L;k) = Ma(L; k) + Mna(L; k),

depending on weither (¢1,¢3) > 1 (the diagonal term) or not. For the
diagonal term, we have the following lemma which is the analogous of [14,
Lemma 5.1].

LEMMA 5.2. — For any € > 0, we have
My(L), Myg(L; k) < cond(K)?¢"*sLY2P(P + 1),
where the implied constant depends only on €.

Proof. — We consider My(L) which decomposes as a sum of the holo-
morphic, Maass and Eisenstein contributions

Md(L) = Md,hol(L) + Md,Maass(L) + Md,Eis(L)-

We treat only Mg maass(L) since the others contributions are the same and
even simpler. For instance, we have

Md,Maass(L) = Z ¢

cosh(wt
9€B(2q,w)

with
Z bzleQ )‘ (62)
(51752)>1
By definition of the coefficients by (cf. (5.1)), the case (¢1,f2) > 1 appears
when 0y =l =p~ LY2 0, =p? = 03 ~ L (or the inverse) and 1 = o =
p? ~ L. We write €(g, L) = ¢1(g, L) +%2(g, L) +%3(g, L) according to the
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different possibilities and we estimate the three quantities individually. We
first have by Cauchy—Schwarz inequality and (2.8),

G, L)= Y @A EP

prLY/?
p prime
1/2 1/2
<| X ol > ol
p~LY/2? prLY/?

< (aL(L+|tg]) (1 +tg))7 L2,

where the implied constant only depends on . For the second case, we have
using [A(p?)| < 14 |A(p)]? (cf. (2.2)), Holder and again (2.8),

(g, DI < Y @I (DA (0]

p~L1/2
p prime
< Y @I @I+ g ()]?)
pNLl/z
p prime
1/4 1/4
< > vt > M)l
p~L1/2 p~L1/2
1/2
x| D A+
p~L1/2

< (gL + [t (1 +t,))FLY2.

Using the inequality [Ag(p?)|? < 2(1 4 |A\y(p)|*), we treat in the same way
%s(g, L). The rest of the proof is exaclty the same as [14, Lemma 5.1}, except
that we must use Proposition 2.5 for the spectral large sieve (possible since
the conductor of w is either 1 or a prime ¢) instead of the original version
of Deshouillers—Iwaniec [7, Theorem 2, (1.29)]. O

Now comes the contribution of the ¢1,¢5 such that (¢1,0) = 1. We
first change the complex conjugate Ag(f2) = wW(€2)Ag(¢2) in Mpq(L) and
Myq(L; k) appearing in the decomposition (5.7) (cf. (2.3)). By the primi-
ality condition, we use the multiplicativity of the Hecke eigenvalues (2.2)

followed by the relation (2.9) to obtain

Mt = 3 wtdey (U).

dl(‘gl‘ngnl)
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Once we have done this, we apply the Petersson trace formula (2.15) to
M,q(L; k) in (5.7), obtaining

TMpa(L; k) = Mq1(L; k) + Ma(L; k),
where M (L; k) corresponds to the diagonal term §(¢1¢an1d~2 ng). Simi-
larily, we apply Kuznetsov formula (2.16) to M, 4(L) and since there is no
diagonal term, we write M,q(L) = M(L). The treatment of the diago-

nal term M;j(L; k) is contained in [14, Lemma 5.3], with the appropriate
changes using (2.7) for the coefficients of the amplifier,

(5-8) M (L; k) < cond(K)*(q(1 + |t5]))°qL? P,

with an implied constant depending only on €.

5.1.2. The off-diagonal terms

This is the most important case of Ms(L) and Ms(L; k) and thus we
write explicitly the quantities to study. For ¢ an arbitrary function, we
write

(5.9) Mslp Z be, be,w(£2) ZW()

(1’1 2)=1 dley6s
< 3 weRGay () ()
ni,n2 q q

47 El Egnlng
2cq d? ’

X Zc £1€2n1d , M2 2¢q) (

cz1

in order to have
Ms(L) = Ms[dap] and Ma(L; k) = Ma[¢k]
where ¢, = 27i~*.J,_; is the Bessel function. We transform the sum as
(5.10)  Mfgl= D bubpo(la) Y w(d)Malgid.el,
(€1,£2)=1 de=£1£5

where

Ms[¢;d, e] = Zc 5¢cde

c>1

and

Es(c,dye) = Z Sw(eny, ng; 2cq) K (dny ) K (ng) Hy(n1, n2),

ni,n2
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with
b - (S (2)e(2)

As in [14, Section 5.4], we truncate the parameter ¢ in Ms[¢;d, e] by writ-
ing Ma[¢;d, e] = Ms c[¢;d, €] + Ms[p;d, e] where My ¢[¢p;d, e] denotes the
contribution of ther terms with ¢ > C for some C = C(d,e) > 1/2 and
correspondingly

(5.12) My[¢] = My san[0] + M3[g)].
It turns out that with the choice

(5.13) C = max <; qép\/§> < {'LP,

the contribution of ¢ > C' is negligible (see [14, (5.9)]), so we focus on the
complementary sum, which is given by

(5.14) M;[p;d, e] = QL Z c (e, d,e).
1<e<C
In particular, the above expression is zero if C' < 1.

Recall that we factored the product ¢1¢5 as de = ¢145. Since we allow ¢y
and /5 to be square of primes, there are more different type of factorization
to consider. We distinguish three types.

e Type I (balanced case) : this is when both d and e are # 1 and
d/e ~ 1, s0 d and e are either primes ~ L'/? (type (L'/?, L'/?)) or
square of primes ~ L (type (L, L)) with (d,e) = 1 in each case.
e Type IT (unbalanced case) : this is when (d, €) satisfies e/d > L'/?,
i.e. is of type (1, L), (1, L3/?),(1,L?), (L'/?,L) and (L2 L3/?).
e Type IIT (unbalanced case) : this is when (d, e) satisfies d/e > L'/?,
so is of type (L, 1), (L3/2,1),(L?,1), (L, LY/?) and (L3/2, L'/?).
Assuming the harmless condition
(5.15) ¢P < LY
we obtain by (5.13) :

LEMMA 5.3. — Suppose that (d,e) is of Type III and that (5.15) is
satisfied. Then we have the equality
Ms[¢;d, e] = 0.
It remains to deal with the Types I and II. The goal now is to transform

the sums &y (c, d, e) to connect them with the correlation sums C(I?7 w;y) of
the Fourier transform of K defined in (3.9) for suitable matrices «. This is
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the content of [14, Section 5.5] and it is achieved using principally twisted
multiplicativity of the Kloosterman sums and Poisson summation formula.
The only difference here is the appearance of the nebentypus w when we
open the Kloosterman sum. We also mention that it is in this treatment
that we use the fact that the level is 2¢ and not ¢. The result is that for
any ¢ > 1, we have the identity

(5.16) Sd,(c,d,e):M > ﬁ¢(n1 nz)dﬁw;v),

q n1ns#0, (n2,2c)=1 QCq QC(]

nins=e(mod 2c)

where ﬁ¢ is the Fourier transform of Hy and

_ (e
(5.17) v =~(c,d,e,n1,ng) := (20d diy ) € My(Z) N GL2(Q).

Remark 5.4. — Observe that det(y) = de which is coprime with ¢. Hence
the reduction of v modulo ¢ provides a well defined element of PGLy(F,).

5.1.3. Analysis of £,(c, d, e)

The first step in the analysis of (5.16) passes by the study of the Fourier
transform of Hy(x,y). This is the content of [14, Sections 5.6-5.7] and it is
contained in Lemmas 5.7 and 5.9 therein. One of the consequences is that
it allows to truncate the ny, no-sum in E4(c, d, e) to

P €
(Q—’_JQDC d)v 07&|n2|<N2::A§7
(see [14, (5.21)]). The final strategy is to separate the terms in (5.16) (with
the restriction (5.18) on m1,n2) according to whether the reduction of ~y
modulo ¢ belongs to Gz or not (see Definition 3.11). In the first case, we

)

use the bound (see (3.13) and (3.8))

(518) 0 7é |TL1| < N1 = qECd

IC(K,w;~)| < cond(K)?q < 100 cond(K)*q,
while for « not in wa, we have by Proposition 3.15
IC(K,w; )| < A(cond(K))*q"/* < cond(K)>'q"/.

We thus write
Es(c,d,e) = 5;(0, d,e) + Eg(c, d,e),

where £5(c,d,e) is the subsum of (5.16) where we restrict to the vari-
ables ny, ny such that the reduction modulo ¢ of y(¢, d, e, n1, n2) belongs to
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G5 and £F(c,d, e) is the contribution of the remaining terms. According

to (5.14), (5.12) and (5.10), we also write

Ms[p;d, e] = % Z c ! (E5(c,d,e) + EF(c,dye))

c<C
= Mgl d, e] + My'[¢; d, €],

and
Mslg] = > bebew(ls) Y w(d) (Ms[e;d,e] + ME[g;d e])
(61,62)=1 de=01£5
= Mg¢] + My'[g].
LEMMA 5.5. — With the above notations, we have
M [¢ap) < cond(K)'q"***L2PQ* (P + Q)
and

M3 ¢w] < cond(K)*k3¢/* L2 PQ*(P + Q),

for any € > 0 where the implied constant depends on €,a,b for ¢ = ¢4
and on ¢ for ¢ = ¢y,.

Proof. — This is the content of [14, p. 625-626], with minimal changes
due to the different nature of pairs (d, e) of Type I and II. O
To conclude the proof of Proposition 5.1, it remains to evaluate the con-

tribution M$[¢; d, €] corresponding to the matrices whose reduction modulo
¢ is in G4 . The final lemma is the following:

LEMMA 5.6. — Under the assumption
(5.19) ¢*°LQ < ¢'/*,
we have

M§[¢r] < cond(K)** k3¢t L2 PQ
and
M§[¢a )] < cond(K)*¢q" L2 PQ,
where s > 2 and the implied constant depends on ¢, a, b.
Proof. — The proof is [14, Sections 6.1, 6.3 and 6.5] (recall that here
there are no parabolic elements by Proposition 3.17). Various arguments
use the fact that the discriminant of certain binary quadratic form is not

zero. For example, if v = (¢, d, e,n1,n2) is a toric matrix, then we need to
have (n; + dng)? — 4de # 0 and we cannot say that de = (145 is squarefree
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since we allow square of primes in the amplifier. This is not a problem here
because if (ny + dng)? = 4de, then we would get (see (5.17))

Tr(v)* — 4det(y) =0 in F,.

This means that v has only one distinct eigenvalue, so its is necessarily
scalar since not parabolic by assumption. But for 7 scalar, we have cd =
0 (mod ¢), wich is not possible by (5.19) and (5.13).

Another argument uses the fact that dn? — e # 0 in a situation where
ny—dng = 0 (cf. [14, Section 6.3, p. 629]). Again, d and e are not necessarily
coprime here so we cannot argue in the same way. However, if dn3 = e,
then since n; = dng, we obtain nin, — e = dn% — e = 0 and the matrix
v(e,d, e, my,ny) takes the form

n 0
~v(e,d,e,ny,ng) = (gcld dn2> ’

Since dns = ny, this matrix is parabolic with single fixed point z = 0, which
contradicts the fact that Gy, ., ps does not contain parabolic elements. [

5.2. The Eisenstein case

We recall the notations from Section 1. For ¢ > 2 prime, w a Dirichlet
character modulo ¢ and t € R, we set

Aol i) = 3 wla) ()"

ab=n

and

Sy(w.it, K;q) =Y Au(n,it) K (n)V <Z> :
n=1

for K an isotypic trace function such that its Fourier transform is not
w-exceptional (see Definition 3.16) and V satisfying condition V(C, P, Q).
Since A, (n,it) appears as Hecke eigenvalues (for (n,q) = 1) of the Eisen-
stein series F4 (-, 1/24it) (the cusp a = 1) lying in the continuous spectrum
of the Laplacian on the space of modular forms of level ¢ (and thus also of
level 2¢ after a normalization) and nebentypus w (see Section 2.1.1 and Re-
mark 2.1), we may estimate an amplified second moment of Sy (w, it, K; q)
by embedding in the Eisentsein spectrum and using Kuznetsov trace for-
mula as in the cuspidal case.
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For 7 € R, we define as in (5.1)

Ao (€,37)@(0) if £ =p~ LY? and (p,2q) = 1
(5.20) be(T) := < —w(l) if ¢=p? ~ L and (p,2q) =1

0 otherwise,

and for g a cuspidal form, we set

Y b(mAg(0)

1<0<2L0

For an Eisenstein series Ey(-,1/2 + it), we let

(a,it) Z be(T)Aa (¥, it)

1<eL20

and we also write B, (w,it) so that it corresponds to the Eisenstein series
E4(-,1/24it) having A, (n, it) as Hecke eigenvalues. Since the trace formula
involves Fourier coefficients instead of Hecke eigenvalues, we define as in
Section 5.1

Sutwnit i) = 3 puln it KV ().

n>1
with the relation
(5.21) Sy (w,it, K;q) = pw(l,it)_lgv(w,it, K;q).
Remark 5.7. — Actually, the relation (5.21) is true if we restrict the n-
summation in Sy (w,it, K;q) to (n,q) = 1. However, we could consider

directly this restriction at the beginning since the error to pass from one
to the other is given by

Sv(w,it, K;q) = Z Ao(n,it) K )V(Z)—i—O(qEM(P—i—l)).

(n,q)=1

Using the lower bound for p,(1,it) given by (2.12) and ¢g(t) =
(1 + [t))F=2b=2 (cf. [2, (2.21)]), we obtain exactly as in Section 5.1 (see
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Proposition 5.1),

|SV(wait7K;q)|2 N2

1 tlinQ
<<q1+5/ %‘vaztf(q‘ | By (w, it)|* dt
R

cosh(mt)
ve [ _Baslt) ‘8 it, K ‘ B (w,it)|* dt
<4 r cosh(7t) Vi, )| |Br(w, Z)l

< cond(K)2* {q2+EL1/2P(P +Q) + ¢*PL2PQA(P + Q)} .

In order to apply (5.22), the following Lemma gets a suitable lower bound
for the amplifier B, (w, it) when 7 is close enough to ¢ (see [13, Lemma 2.4]).

LEMMA 5.8. — For L large enough, we have

1/2

BT ) it 1710

(w,it) > log L

uniformly in t,7 € R satisfying
1

[t —7] < —5—.

log” L

Proof. — Observe that since ¢ has at most three divisors, we have
|be(7)| < 3 and thus

| B (w, it) — Br(w,iT) Z|b( MAw (4, 3t) — A (£,7)|

<3 ) {u@it) = Ao (i) + [Au(p?,it) — Ao (p?,i7)| }

p~L1/2
p prime
<6 Z {|pit 7pi7| + |p2it *inT|}
pL1/?
p prime
L1/2
<36t —T1 lo L —5—.
< 36[t — 7| 2 g(p) g L
p~L/?
p prime

It is therefore enough to prove the result for ¢ = 7. But this is a consequence
of the elementary relation

Ao (p,it)?w(p) — W(p) Mo (p?,it) = 1,

valid for (p,q) = 1, and the prime number Theorem. a
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The above Lemma combining with the average bound (5.22) allows us to
deduce a first upper-bound for short averages of twists of Eisenstein series.
For this, we introduce the notation

1
I(7,q) == {tER‘lt—Tl < 10g2q}-

and
K(P, Qs q) := cond(K)*q" 15 (PQ)"/* (P + Q)'/?,
so that Theorem 1.6 claims that
Sv(w,it, K;q) <o ¢ (1+ |t) K (P, Qs q)
for any € > 0 and some A > 1 depending on ¢.

PROPOSITION 5.9. — For any € > 0, there exists B > 1, depending only
on €, such that for any 7 € R we have

(5.23) / Sy (w, it, K )2 dt <o ¢°(1+ |7 PK(P, Q: )2,
I(7,q)

where the implied constant depends only on €.

Proof. — Using Lemma 5.8 and (5.22), we obtain

L / . 2
T2 5 |SV(W,’Lt,K,q)| dt
10g2 L Ji(z,q)

(1+ |7])>*+2 , 2 V(2
<</I( )WlSV(WﬂthQQ)l | By (w,it)|” dt
7,9

< (1 + | 2eond(K)> { L2 P(P + Q) + ¢/ L2PQY(P + Q) |,
and we conclude as in [14, Section 4.2] by choosing

I = %(]1/4—5@—17
and B = 2b+ 2 which depends on . ]
The last step is to derive a pointwise bound for Sy (w, it, K;q). For this,
we separate the variables n, m in the twisted divisor function A, (n,it) and
using a partition of unity, we can decompose Sy (w, it, K;¢q) into O(log Pq)
sums of the shape

SV,]VI,N(wa ita Kv Q)

= 5 st (2) (25 (3) v (22).

n,m>=1
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where the parameters (M, N) belongs to the set

P
(5.24) P:_{(M,N)‘ngM<4Pq, 1<N,M}

and Wy, Wy are smooth and compactly supported functions on [—1/2,2]
satisfying 7 Wi(J )(:E) < 1 for every j > 0. It follows that

The relation between Sy y n(w,it, K;q) and an average of Sy (w,it, K;q)
is given through the Mellin transform (see [13, Lemma 2.1]).

LEMMA 5.10. — Given s € C and x > 0, we define
Vi(z) ==V (x)z™%.
Then for every € > 0, we have
(5.26) Sv,m,n(w,it, K;q)
< // |Sv,., (wyity + it, K q)| dtydty + O (')
[t1l]t2]<qc

Proof. — Using Mellin inversion formula for W7 and W5, we can write

1 .
W//W1(81)W2(82)Tv(81,52)M51N52d81d52,

(0) (0)

Svun(w,it, K q) =

where /V[71, Wg denote the Mellin transform of the smooth functions Wy, Wy
and

Tv(s1,s2) = Z K (nm)w(m)m™ =1~y (T) .

Note that this sum can be expressed as a twist of Eisenstein series, namely
TV(Sh 52) = qiel‘s‘Vg1 (wa 02 + itv K; q)a
with
81+ 8o —81 + So

g, =152 g,
1 2 ) 2 2

For Re(6;), the smooth function Vj, satisfies condition V(C, P, Q(61)) with

(5.27) Q01) < Q + 641,
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SIMULTANEOUS NON-VANISHING FOR DIRICHLET L-FUNCTIONS 1499

where the implied constant is absolute. Thus by a change of variables, we
get,

(5.28)  Svun(w,it, K;q)

1 — — M\"
= W//Wl(el — 02)Wo(01 + 62) (N)
(0) (0)

0

MN\™

X <> S\/Gl (w,ﬁg +Zt,K,q)d91d92
q

Because we have the estimations

1
(1+she’
with an implied constant depending on C and Re(s), we can truncate the
integral (5.28) to |01] < ¢°, |02] < ¢ for a cost of O(q~19°) by taking C large
enough in term of € and using the trivial bound for Re(f;) = Re(h2) =0

Wi (s), Wa(s) <

Svy, (w, 02 +it, K; q) < M Pqloggq. O

5.2.1. Conclusion

We are now in position to obtain the conclusion of Theorem 1.6 in the
Eisenstein case. Indeed, fix € > 0 and take B = B(¢) as in Proposition 5.9.
By (5.25), it is enough to estimate Sy, v (w, it, K; q) for (M, N) € P. Now
let &’ = £/B such that we have the estimate (5.26) of Lemma 5.10. We thus
get

SV,]VI,N(wa itv Ka Q)

’
Lo ¢° maxl/
[t1]<q®" J|ta|<qe’

We split the above integral into O(qE/) integrals over intervals of length

Sviy, (w, ity +it, K; q)‘ dt,dts + O (q—loo) )

log_2 q. For such interval I centered at 7, we obtain by Proposition 5.9,
the value (5.27) and Cauchy—Schwarz inequality, the bound

Svun(w,it, K3q) < ¢°(1+ 7)) B2K(P,Q + ¢ 3 ),

(the function Q — K(P,Q;q) is increasing). Finally, taking the maximal
value |7| < |t| + ¢ yields the desire result.
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6. Proof of Theorem 1.3
6.1. The Eisenstein case

It is natural to separate the sum in (1.1) into even and odd primitives
characters because they have different gamma factors in their functional
equations. We will treat only the case of even characters since the odd case
is completely similar. We therefore consider

. 2 +
(61) %ien(WMWQag;q) = j Z L(Xv%)L(th%)L(XwQa%) X(€)7
772 (mod o)
XFwo,W1,W2

+
where g means that we sum over even characters.

6.1.1. Applying the approximate functional equation

Applying the approximate function equation provided by Lemma 2.6, we
decompose (6.1) into two terms

Ty en(w1, w2, £;q) = Sy (w1, w2, b;.q) + ™28y (w1, wa, £ q),
with

(6.2) Si(wi,wa,4q) Z Z

X (mod q) no,n1,m221
XFWo,W1,w2

% X(n0n1n2€)wl (m)wz(nz) Vx <n0n1n2 > ’

(noning)L/2 q3/2
and

2 X nonlnzé)wl(m)wz(nz)
6.3) S £ -
( ) 2((&]17(&]2, q -1 Z Z n0n1n2)1/2

x (mod q) mo,n1,m221
XFwo,W1,W2

nonin
0 un)elen) Vi (P52 ).

where the symbol * over the n}s sum means that we restrict to (ngninz, q) =
1 and the function V, is defined in (2.21). In particular, since we sum over
even characters, this function is constant on the average and we write V
instead of V.
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SIMULTANEOUS NON-VANISHING FOR DIRICHLET L-FUNCTIONS 1501

Remark 6.1. — The function V has rapid decay at infinity by
Remark 2.7, so the sums (6.2)—(6.3) are essentially supported on 1 <
noning < ¢*/27¢. It follows that the sum over ng, n1, ng is trivially bounded
by O(¢*/**¢), so we can remove as it suits us the contribution of y = wo, @,
or x = @y for an error of size O(q~1/4**).

6.1.2. Average over the primitive and even characters

We need to average the sum over the characters in (6.2)—(6.3). For this,
we use some orthogonality relations asserting that for any prime ¢ > 2 and
any integer a corpime with ¢, we have (cf. [20, (3.2)—(3.4)])

+ qg—1
(64) Z X(a) = T(sazil(q) - 17
X (mod q)
x#1

and for xk € {0,1},

(65 3" x(m)e(y) = gT:/i >y (e (i’fj) + (qll)) ,

x (mod q)
x#1

where the supscript x means that we sum over y such that x(—1) = (—1)".
In (6.2), we remove the contribution of x = @y,ws (see Remark 6.1) and
after applying (6.4), we get S; = S;” + Sy + O(q~/4*¢) with
= cq) = wi(n1)wz(n2) «, (Monins
(66) Sl (OJ17(U2,€, q) - ZZ; (n0n1n2)1/2 \4 q3/2 .
no,n1,n22
noninal==+1 (mod q)

For (6.3), we remove the contribution of x = wp, @2 and note that for
(m,q) = 1 we have, opening the Gauss sum £(xws) and using (6.5),

©7) 25 32 xm)elen)e(en)
X#W1
1 a 2 +
= a2 aezF:X wa(a)e (q) q_lxgl x(am)e(xwi)

Il
&l
BEE
€
€
[\V)
KD
[
VRS
|
N———
‘N
Ms
=
Q
&
o
=

TOME 69 (2019), FASCICULE 4



1502 Raphaél ZACHARIAS

The second expression in the above parenthesis is easily computed as a
Gauss sum. For the first term, we have

1 o a tam
s et (2)-(22)
q wer q q

o 5 st (2) (52

aEF;<

= w1 (£m)Kly (£m, w1, we; q),

where the twisted Kloosterman sum is defined by (3.9) (see also (3.11)).
Hence we see that (6.7) equals

09 27 3 xtmelen)elwn)
_ (@ n)n (m)(1+ (~1)7)
= 1/2K12(:i:m w1, ws;q) + q1/2(q Y .

Now opening the Gauss sum £(x) and using (6.8), we obtain for every
(m,q) =1,

— Z )e(xwr)e(xwa)

X?éwl

DK () S )t )elen)

a€F} XAW1

= 1 Z Klg(im, wl,wg;q)e <Z> +0 <q73/2)

au’:'F;<

1 _ _

= me(im»wl,Wz, Lq)+0 (q 3/2> .

Finally, applying (6.9) in (6.3) with m = ngningl yields Sp = Sf + S5 +
O(q=/**%) (recall Remark 6.1) with

(610) SE(wiwslia) = —= 3 @1 (n1)@s(n2)

1/2 1/2
nonin
4 ng,n1,m2>=1 ( 0 2)

X Klg(inonlngz, w1, w2, ]., q)V <n02}§2> .
q

We will evaluate each of these two terms ((6.6)—(6.10)) separately and find
that a main term appears only in S; (w,ws, £;q) when ¢ = 1. The others
will contribute as an error term.
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SIMULTANEOUS NON-VANISHING FOR DIRICHLET L-FUNCTIONS 1503
6.1.3. The Main Term

The main contribution comes from ng = n; = ny = £ = 1 in (6.6).
Indeed, assuming ngninef = 1, we obtain by the Remark 2.7

1 —3/4+
When ngninel = +1 (mod ¢) with ngninaf # 1, we write the congruence

equation in the form noninel = £1+kq with 1 < k < £¢'/>*<+1. Therefore,
we get that the contribution of ngningfl # 1 is at most

1
(212 > SVEI g1 /4te,
1<k<Lql/2+e 41

We conclude with

ST(WLWQ,E; q) =01 + O (Eq_1/4+5>

S; (Wla w2, €7 q) = O (Zq_1/4+6) 9
which gives the desired main term of Theorem 1.3 provided

(6.11) (< qimo1 = g,

6.1.4. The error term

In this section, we analyze the expression (6.10) and will find that it
contributes as an error term. Applying a partition of unity to [1,00) for
each variable in order to locate ng,ni,ny and we obtain 52jE (w1, ws, 4 q) =
> No.ni Ny S3 (€6, No, N1, Naj g) with

(6.12) SF(¢, No, N1, Nasq)

1 _ B

no,n1,n2€%
- no noning
x Klz(£noninal, wi, w2, 1:9) fo <No) V< = ) )
where the functions f; are smooth and compactly supported on (1/2,2)
and the N/s runs over real numbers of the form 27, i > 0. By the fast decay

at infinity of V, we can assume that

1 < N07N17N2 and N0N1N2 < q3/2+5.

Hence it remains to bound O(log® ¢) sums of the shape (6.12). It is also
convenient to separate the variables ngning in the test function V. This
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1504 Raphaél ZACHARIAS

can be done using its integral representation (2.21) and we refer to [37, Sec-
tion 4.1] for more details. We keep the same notation S2i (¢, No, N1, No; q),
but with the factor V removed, and also for the functions f;, i.e.

(6.13)  SE(¢, No, N1, Nasq)

1 * - _
= W X Z EZwl(nl)wg(ng)Klg(:I:nonlngﬁ,wl,wg, 1;9)
no,n1,Nn2
Xh( )ﬁ( )h( )
with
(6.14) o [ () <
Note finally that the trivial estimate is
NoNiNo\ V2
(6.15) SF (¢, No, N1, Nai q) < (012> .

6.1.5. Polya—Vinogradov bound

We show here that (6.13) is very small if we assume that one of the
parameters N; is greater than g. Indeed, since the argument is the same,
we suppose that N1 > ¢/2. In this case, for fixed (ngne,q) = 1 we focus on
the ni-sum

* — n
PWﬂ@=§ZMWMQ¢mwmﬂwmwmwﬁ<1>.
ni€Z Nl

By Remark 3.8, we can add the contribution of g|n; for an error of size
O(N1/q) (since N1 > q/2). Hence, applying Proposition 4.1 with the
Fourier trace sheaf

Lo ® [X (inonzz)r Kls3(w1,w2,15q),

L Ny N\ < Vi
P(NMQ)—O(CI 1/2+q>_0<q ql/Q)

Finally, averaging trivially over ng and ng in (6.13) yields

we get

NoN, Ny \ /2
S;(€7N07N17N2;q)<<q8 (W) .

Since NoN1 N, < ¢%/?¢, we obtain
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SIMULTANEOUS NON-VANISHING FOR DIRICHLET L-FUNCTIONS 1505

PROPOSITION 6.2. — Assume that N; > q/2 for somei € {0,1,2}. Then
for any € > 0, we have

SQj:(EyNO,NLNQ;q) — O (q—1/4+5) ’

with an implied constant depending only on €.

6.1.6. Applying Poisson summation in the three variables

In this section, we obtain an estimate for 82i which is satisfactory if
the product of the three variables NoNi N5 is greater that ¢g. This can be
done using successive applications of Poisson summation formula. Before
this, we just note that by Proposition 6.2, we can assume that N; < ¢/2 for
i = 0,1, 2, which allows us to ignore the primality condition (ngninsg,q) =1
n (6.13) since we also have N; > 1

We begin with the ng-variable. In (6.13), we write the Kloosterman sum
as the Fourier transform of the function

F, 22— Ks(z) = Koz, wi,ws;q)

defined in (3.12). Hence, an application of Poisson summation in ny and
Fourier inversion formula gives (recall that (nina,q) = 1)

—~ — n 1oV
Z Kg(ﬂ:nonlngf)fo <]\/E())) = 1/2 Z KQ :I:nonlngﬁ)fo ( Oq O>

q

no€Z no€Z
= ( noNo
= q1/2 Z K2 :Fnonlngf)fo ( q ) .
no€Z

Since by Definition Ky (z) = 0 for |z, we obtain

(6.16)  SF (¢, No, N1, Nosq)

N2 o
> x Y @i(n)wa(ne)Kla(Fringnel, w, ws; q)

~ (NN 2
A2 (3)4(2)

We continue with the ns-variable. As before, since the argument of Kl is
non zero modulo ¢, we can express the Kloosterman sum as suitable Fourier
transform, namely (see (3.12))

no,n1,n2€Z
(n0,q9)=1

—

(6.17) Klao(Frinol,wi,ws; q) = wa(Fningnol)[wKi (w1 ¢)](Frananel).
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1506 Raphaél ZACHARIAS
Using exactly the same argument as before, after replacing Kly by (6.17)
in (6.16), we get

S;:(£7N07N1aN2;Q)

Ty 1/2 — _
= 2N S g ()@ (n0) K ()] (Frumaol)

~ g(N1N,)1/2
~ ’I'L()NO ny U
<h ()8 () # ()

Applying Poisson in the no-variable yields

Z W2m1)(:Fn1n2n705)f2 (Xﬁ)

no€Z 2

no,n1,n2€Z
(nonz,q)=1

N. — ~ (naN.
= 722 Z w2 K (w1) (Framrnol) fo ( 2 2)
7" ez q

N, ~ (naN-
= q1/22 Z wa (Enoninel) Ky (£noninol, wl;Q)f2( 2 2)

no€Z q

NQ _ _ :l:TLlTLQTLQg -~ ngNQ
= W Z w1w2(in2n1n0£)€ <q f2 q .

(n2,9)=1

Hence

N0N2)1/2

(6.18) S5 (¢, No, N1, Na; q) = w1 (£0)wa(—1) (qu
1

XY wi(nang)wa(na)e (W’W)

q

ng,n1,n2€Z
(nomnz2,q)=1

() 2 ()5 (57)

It remains to do Poisson in the nj-variable. Let a € Fy, we denote by 4,
the Dirac function on F defined by d,(z) = 1 if = a and zero else. Then

the exponential map
+ L
s (Wonz)
q
is the additive Fourier transform of the Dirac function z — ¢'/24
It follows that the ny sum in (6.18) equals

— ~ N
Z q1/26i—n0n2€(n1)f1 (;\lfll) =N Z drlonze(—nl)fl (”1{1 1) .

ni1€Z ni1€Z

:I:nongf(‘r)'
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Summarizing all the previous computations yields the bound

-~ 77,0N0 -~ TllNl -~ n2N2
fo( q )f1< q >f2( q )‘

Finally, using the fact that all these Fourier transform have fast decay at
1+e

N;

SQi(Ea N07N17N2;q)

NoN; Ny \/?
<<(012> " 3

q3
noninzf=F1(mod q)

infinity, we see that the above sum is essentially supported on |n;| < 4
(recall that N; < ¢/2) and thus, a trivial estimate leads to

NN NG /2 2
N c [ NoN1No q
£, Ng, N1, No; - 3 NN, T
S5 (€, No, N1, Najq) < q < ¢ > (N0N1N2 - )

(6.19) L2
c q
<q ( NN, N2> :

6.1.7. Estimation of S; using Theorems 1.6 and 4.2

We return to expression (6.13). The combination of (6.15) and (6.19)
shows that it remains to deal with the case where the product NoNj Ny is
of length about ¢. The strategy is the following : if one of the variables N;
is very small, then we factorize the two others to form a new long variable
and apply Theorem 1.6 for the twist of Eisenstein series. If all V; are not
too small, then it is possible to factorize two variables and form a bilinear
sum in such a way that an application of Theorem 4.2 is beneficial.

We prove in this section :

PROPOSITION 6.3. — Let N = HlaX(No,Nl, NQ), M = min(NO, Nl,Ng)
and write D for the remaining parameter, i.e. M < D < N. Then for every
e > 0, we have

(6.20) Sy (¢, No, N1, Na; q)

NN N\ 12 (1+ qM )1/2 g 1/16
<. q5< 0V1 2) NoN1 N>
q

_1_ + _1 + gt
a1/ D12 (NM)Z -

Proof. — To fix the ideas, we assume that
M=Ny< Ny =D<N;=N,

and we leave it to the reader to ensure that the other cases treated with
minimal changes.
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1508 Raphaél ZACHARIAS

We first focus on the ny, ng-sum in (6.13) and write it in the form (recall
that N1, No < ¢/2 so the primality condition is satisfied)

(6.21) Z Wiwa(n1)w2 (n1n2)Kls(noninal, wi, ws; q) fi (Xi)h (Xi)

ni,n2>1

We show now how to transform this expression in order to obtain the same
as in Corollary 3.2. To simplify notations, we define

(6.22) K(n) := wa(n)Klz(£nnol, wy, wa; q).

Using Mellin inversion on f; and fo in (6.21) leads to

2 //fl S1 f2 82)N§1N52
m

(0) (0)
X Z w1aJ2(’I’L1)K(7’Lln2)TL Sin 2d81d82
nl,n2>1

Making the change of variables
S1 + 8o —S81 + So

;O = ——F—,
2 2
and we see that the above integral takes the form

(6.23) //f1 2) f2(01 + 65) <x1>92

0) (0)
i\ NN\
X Z wlwg(nl) (712) K(nlng) < e ) df1dby

ni,ne>1

_ 2 Na\ ™ "
= W /(0) (M) ZAwaz (n792)K(Tl)V<JV1]V2792> dQQ’

n>1

0, =

where for any « > 0 and Re(62) = 0, we defined
(6.24) V(z,0,) = / F1(01 — 02) fo (61 + 05)z=% a6,
(0)

Because the Mellin transforms satisfy (cf. (6.14))

(6.25 Aok i < (15 )

with an implied constant depending on €, B and fe(s), the function V (z, 62)
satisfies

V(z,02) <p and z*V®) (x,02) <pe ¢,

1
(14+2)B
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uniformly in Re(fy) = 0. Since we want to estimate the inner sum in (6.23)
using Theorem 1.6 and then average trivially over the f5-integral, we also
need to control the function V(x,03) with respect to the @-variable.
By (6.25), for any B > 1, we have uniformly on « > 0 and with an implied
constant depending only on B,

- B
q
V(x,0 <</ ( ) dé;.
()< | \avm—anarmren)
Note the identity
(14161 — 62]) (1 + |61 + o) = 1+ |67 — 03] + (01 — 02| + |61 + 62
> 1+ 167 — 03] + 2max(|6:], |62)).

Hence, splitting the integral depending on whether |0;| < |02| or not and
we get

- B
q

V(z,6,) < 6

(@, 02) / (LH%—@+m%> !

Re(61)=0
101]>102]

c B
q
+ dé
<1+|9%—9%|+2|92|> '

%6(91 =0
[01]<]02]

qe B qs B
< dt+/ () at
/|t>92| <1 +2|t|> ti<ios) \ 1+ 2[62]

e B-1
< .
(1 + |92|)

Therefore, for any ¢’ > 0, we obtain that (6.23) is bounded, up to a constant
which depends only on &', by

—_——

’ n
(626) qa n’laXE/ E )\Ule (n, QQ)K(TL)V (]W, 92) .
102|<q n>1
Re(b2)=0

We now apply Corollary 3.2 with the Schwartz function V' (z,6) and with
the sheaf

F =Lz, @ [nol]* Kl3(wy,ws, 1;q)
having trace function (6.22). Note that since Kls( -, w1, ws, 1; q) is invariant
under permutation of the triple (w1,ws, 1), we have by (3.11) a geometric
isomorphism

F o [x(£nol)]*FT (Lo, ® [z 27" Klo(w1, 15 9))
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1510 Raphaél ZACHARIAS

and hence F is not Fourier-exceptional since by Fourier inversion, its /-adic
Fourier transform is a rank 2 irreducible sheaf. It follows that for any € > 0,
we can estimate (6.26) by

1/2
¢° max (¢N1N2)*(1+|62]) N1 Ny <1+ ; ) g~ 1/18,
162]<q*’ NNy

Choosing ¢’ = ¢/A, maximizing the above quantity by setting 6y = “
replacing the obtained bound in (6.21) and finally, averaging trivially over
ng in (6.13) yields the first estimate of (6.20)

NoN; N, \'/? 1/2
(627) S;:(E,N07N17N2;q) <. q6 (Oqlz> <1 + q > q—l/lﬁ.

N1 No

For the second bound, we group together the variables nons = m in (6.13)
and we obtain

(6.28) S (¢, No, N1, Na;q)

1 _
= N N N2 Z U B, Kl (£nn1 4, w1, w2, 15 q),
(gNoN1N2)Y/ o
with
n n n
Qg 1= Z wa(n2) fo (N(())) f2 (]\722> and B, :=w1(n1)f1 (Nll> )

non2=m

Applying Theorem 4.2(1) with N = NgNs and M = Nj gives

(6.29) S (¢, No, N1, Nosq)

< c NoNlNQ /2 1 + 1 + q1/4
1 q gt/ Nll/2 (NoN2)1/2 |~

as wishes. 0

6.1.8. Conclusion of the Eisenstein case

Write N; = ¢** with p; > 0 and let 7 > 0 be a parameter. If po+p1 +pe <
1—2nor po+ p1 + 2 > 1+ 21, we use the trivial bound (6.15) or the
estimate (6.19) to obtain

S5 (¢,No, N1, No;q) = O (g7 "9).
We therefore assume that we are in the range

(6.30) 1—2n < o+ p1 + po <1+ 2.
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Let § > 0 be an auxiliary parameter. As we already see, there is no loose
of generality assuming that po < p1 < po. Suppose first that

(6.31) 1o < 0.

In this case, we apply (6.27) which, combining with (6.30) and (6.31) gives
S5 (¢, No, N1, N2; q) < ¢° (q"*% + q%*ﬁ) <L q ",

provided

1 1
. < — < - -2,
(6.32) 1< 535 and ¢ 3 2n

which condition we henceforth assume to hold.
Suppose now that we are in the case

(6.33) 1o > 4.
The estimate (6.29) leads to
Sl No, N1, Naiq) < ° (g7 F 4+ g3 o=t 4 g3 0n=h))

The first term is clearly smaller than ¢~"%¢ by (6.32). For the second, note
that uq > po = 9 and thus, by (6.30)
po + pe —1 < 2n—24.

It follows that
Rt =) =S g

under the assumption that

(6.34) 0= 4n.
Finally, the combination of (6.30), p; < uo and (6.33) gives
1 N )

M1 X B n 9

and hence
q5+2(ul_%) < q6+g_% < q_17+8’

provided
(6.35) 0 = 6n,

which is more restrictive than (6.34). To finalize the computations, we
just note that the second condition in (6.32) and (6.35) are simultaneously
satisfied as long as 1 < 6—14, which gives the correct exponent of the error
term in Theorem 1.3.
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6.2. The cuspidal case

We consider as in Section 6.1 the average over primitive and even char-
acters (recall that the nebentypus is trivial)

(636) even(faé q T Z f®X7 2)L(X %) X(e)
X (mod gq)
XFwo

6.2.1. Applying the approximate functional equation

Using Proposition 2.10, we can write (6.36) in the form

cvcn(fag Q) Cl(fvgv Q) +500(f7+1)c2(f7£v q)

with
As(n)x(nmf) nm
Ci(f,6q) = Z Z f T )7 Vix (3/2) ’
(mod q) n,m2>=1 q
X#Wo
)\ l nm
CQ(f7£; q) Z Z f 1/2 ( )E(X)3va>((3/2> )
(nm) q
X mod q) n,m>=1
XFwo

where we recall that V¢, depends on x only through its parity. Since
we assume that f satisfies the Ramanujan—Petersson conjecture, we have
|Af(n)| < 7(n). Hence, proceeding as in Section 6.1.2 for the average over
the characters and writing V.= V¢, we find

C7(f7 ¢ C]) = ZC;‘:(‘ﬁ[’ q) + 0 (q*1/4+5> ’
+

where
* Ar(n) nm
tipop N f
(6.37) Ci(f,tq) = Z WV <q3/2) ’
nmf=+1 (mod q)
and

(6.38) CE(f b q) = ql/zz )\f()l)/ZKlg(inmé )V (;"3’2)

n, m>1
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6.2.2. The main term

The extraction of the main term is done is a similar way as in Sec-
tion 6.1.3. We just conclude with

Cl(f,4:9) = 0e=1 + O (&fl/‘”s) , Cr(fitbg)=0 (éq’l/”s) :

Note that the error terms are O(q~527¢) (cf. Theorem 1.3) if we assume
that

g

I
Q

Gl

VA
(=}
Bl

(6.39) 0

6.2.3. The error term

Applying a partition of unity to (6.38), removing the test function V
using its integral representation (see Section 6.1.4) and we are reduced to
analyze O(log? ¢) sums of the shape

(6.40) C5(f, N, M;q)

s R (35) v ().
n,meZz

where W; are smooth and compactly supported functions on (1/2,2) such
that x/ Wi(j )(x) < j ¢ for all j > 0 and M, N are reals numbers with the
standard restriction due to the fast decay of V at infinity

1< M,N and NM < /%=,
Note that the trivial bound is

1/2
(6.41) Cy (f, N, M;q) < (NqM> .

Moreover, if M > ¢/2, then an application of Polyd—Vinogradov method
in the m-variable (see Proposition 4.1 and Section 6.1.5) leads to

NM 1/2
Cy (fi N, M;q) < ¢ <q2) < g VAt
Hence we can suppose from now on that M < ¢/2 in such a way that

the condition (m,q) = 1 under the summation in (6.38) is automatically
satisfied.
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6.2.4. Application of Poisson/Voronoi summation formula

The first step is to apply Voronoi summation formula in the n-variable.
To get in a good position, we write the Kloosterman sum Kls for (a,q) =1
in the form

(6.42) Kl(a; q) 1/2 > Kly(T; q)e < p )
zeFy

Note that this definition can be extended to a = 0 with the value
2

Kl3(0; q) :é Yoe (x> 1

q
méFf

It follows that after writing Klz(+nmf;q) in the form (6.42) and adding
the contribution of g|n for negligible error term (of size at most ¢—3/4t¢),
we get

1
+ .
C2(faNaM7q) (qNM)1/2 1/2 ZK]Q.’E(])
wEFX

< 52w (5) Same () e ()

Assuming we are dealing with the plus case and applying Voronoi formula
(cf. Proposition 2.13) to the inner sum in (6.43), we obtain

N 1/2
Co (f, N, M;q) = <q3M> I/QZ > Kla(T;q) Y A ()W (2>

EFX n>1

() (2)

meZ

(6.43)

Changing the order of summation, making the change of variable T <+ xm
(recall that (m,q) = 1) allows us to write

(6.44) CF(f,N,M;q)

ANNALES DE L’INSTITUT FOURIER



SIMULTANEOUS NON-VANISHING FOR DIRICHLET L-FUNCTIONS 1515

By Poisson formula and since Kl is the Fourier transform of the function
defined by (3.12), we see that the m-sum in (6.44) is equal to

M am\ —~ [ mM
an Y (T ().
(m,q)=1

Replacing this identity in (6.44) yields
(6:45) CF(f, N, M;q)

() e 5 v () s ()

+ n>1(m,q)=1 4

1 :Fnﬁ—m>
X = e|lv—m ),
DI G

IEF;

with the same expression for the minus case C; , but with F replaced by +
in the exponential. Because of the fast decay of V[//\l and W2i at infinity (cf.
Lemma 2.3), the n, m-sum (6.45) is essentially supported on |m| < ¢'™¢/M
and |n| < ¢*T¢/N. In this range, we use the estimate [\¢(n)| < 7(n) <. n¢
and we apply Lemma 2.3 with ¥ = 0 (recall that f satisfies R-P-C) to
bound VV2jE by ¢°. Adding the contribution of x = 0, estimating this extra
factor trivially and executing the complete z-summation gives

st = (00T v wmmn ()

+ nmf=F1 (mod q)
+ (N s[4 \'?
x W <q2)+0(q (NM) :

Therefore, as in Section 6.1.6, we obtain

1/2
(6.46) CE(f N Mig) <o ¢ (507)

uniformly on £ < q.

6.2.5. Estimation of Cy using bounds for bilinear forms and Theorem 1.6

We finally state the analogous of Proposition 6.3 which is an immediate
application of Theorem 4.2 (1)-(2), Theorem 4.3 and Corollary 3.2.
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PROPOSITION 6.4. — For any € > 0, the quantity defined in (6.40)
satisfies
1/4
ql% + M]I-/Z + 1%1/2
1 q1/2
a7z TN
<N2M5)71/12

q3

N\ V2
CE(f,N,M;q) < ¢° (q)

()" 0,
where the implied constant depends on € and polynomially on ty in the

last bound and the third bound is valid in the case where 1 < N < M?,
M < qand NM < ¢*/? (cf. (4.1)).

6.2.6. Conclusion of the cuspidal case

Fix n > 0 a parameter and write M = g*, N = ¢ with u,v > 0. By the
trivial bound (6.41) and (6.46), we can assume that
(6.47) 1-2n<pu+v<1+2n,
otherwise we get CE(f, N, M;q) = O(q~"**). We now let d1,ds,03 > 0 be
sufficiently small auxiliary parameters and we distinguish four cases :

(a) Assume that p < d7. In this case we apply the fourth estimate of
Proposition 6.4 and we get by (6.47)

s

CY(f,N.M;q) <er, ¢ (q"*% +q71’ﬁ> < g e,
provided

1 1
6.48 <— and 6, < - — 2.
(6.48) n< g5 and & < g =21

b) If 6; < u < L — 0, the first bound of Proposition 6.4 yields
2
Cy (f, N, M;q) << ¢ (q"*% +q7Y 4 q%(“*%)) :
The first term is less than ¢~ since n < 3—12 For the second, we
have v — 1 < 2y — &1 (use (6.47) and p > 61). Thus it is less than
¢°~" under the assumption that

(6.49) o1 = 4.
The third term is at most ¢~%2/2 < ¢~ if

(6.50) 5y = 2.
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(¢) Suppose that % — < pu< % + 03. In this configuration, we apply
the third bound and we obtain

CE(f, N, M;q) <e ¢FiHE+HE = gemitizlurg,

Using (6.47) and v < 14 2n— pu < % + 21 + §2 allows us to bound
the above expression by

qef%+f—2(1+2n)+%(%+2n+6z) — qefﬁ(%fsnf%z) < g,

provided
(6.51) 36, < % — 201
(d) Assume that > % + 3 the second bound gives
Co (f, N, M;q) <e ¢ (q"_% + q”*é‘“) SqTTH T < g

if we assume that

Finally, the combination of conditions (6.48) and (6.49) forces n < &
and (6.50)—(6.51) are simultaneously satisfied as long as n < 57 which
gives the correct exponent of the error term in Theorem 1.3.

Remark 6.5. — The treatment carried out in Section 5.1 remains almost
identical if f is level 1 Hecke cusp form. The only change we have to make
is to replace the exponent 1/16 by 1/8 in the fourth bound of Proposi-
tion 6.4, which is due to the original Theorem [14, Theorem 1.2] for small
level compared with q. However, it does not improve the final exponent 5—12
since (6.50)—(6.51) is more restrictive and independent of (6.48)—(6.49).

7. Proof of Theorems 1.1 and 1.2
7.1. The mollification method

We show here how to derive Theorems 1.1 and 1.2 from Theorem 1.3. Let
1 < L < ¢ be a real number such that log L < log ¢q. For any multiplicative
character x (mod ¢), we define the short linear form

= X(Ou0) (logL/e\®
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where p is the Mobius function. Let {Af(n)}n>1 denotes the sequence of
Hecke eigenvalues of a Hecke cusp form of level one and py(n) be the
convolution inverse of Af(n) given by

L(f,s)—1=H(1—Af(p> 41 ) oy Re(s) > 1.

s 2s s
j% n
P p n=1

For 1 < L' < q with log L' < log q, we also define

(7.2) M(fox;L):= X(?ﬁﬁ(@ (?f;gf) :

2%

We finally consider the two mollified cubic moments

2
1
(7.3) M (w1, w93 q) = 1 Z HL (sz', %) M (xws; L),
X (mod g¢) i=0
XF#L,@1,@2
and
1
(7.4) M3 (f;q) = ] > L(fex.5) M(fex; L)L(x, §) M(x; L).
x (mod q)
x#1

Note that (7.3) and (7.4) can be written in the form

M (w1, w23 q) = Z Mﬁ‘g(wl,wm&@f%@a

l1,42,3<L (416263)1/2
zy(O)z(!'
M= WﬁS(ﬁw,;q)’
KL L!

with
2 /
o(0) = ) (SELE) and () = s (0 (ke ).

Since f satisfies the Ramanujan—Petersson conjecture, we have for 1 < ¢ <
Land1 <V <L,

[z(O)| <1 and |z (L) < 7(0),

where T(n) = djn 1 1s the divisor function. Hence an immediate conse-
quence of Theorem 1.3 is the following corollary :

COROLLARY 7.1. — For any ¢ > 0, the mollified cubic moments (7.3)
and (7.4) satisfies

M3 (w1, w25 q) = 1+0(L3/2q*ﬁ+5), MP(f5q) = 1+0<(L'L)1/QQ’$+5),
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where the implied constant only depends on € > 0 and polynomially on t¢
in the second expression.

In [37, Theorem 1.2], we established an asymptotic formula for a mollified
fourth moment of Dirichlet L-functions : for L = ¢* with 0 < A < ﬁ, we
obtained
(15) M@= X LB M = PO + o1,

x (mod gq)
XFwo
where P(X) € R[X] is a degree four polynomial with calculable coefficients.

Similarly, in a paper of preparation The second moment theory of families

of L-functions : The case of twisted Hecke L-functions by Blomer, Fouvry,

Kowalski, Michel, Mili¢evi¢ and Sawin, they obtained

MFgi= = Y L) M7 ey
7%\ (mod q)
(7.6) X#wo

2
=2n(1+ v +ox i, (1),

for L' = q>‘/ with 0 < X < ﬁ and 7 is an absolute constant satisfying

1 < ¢(3/2). Hence, combining Corollary 7.1 with (7.5) and (7.6) yields
Proof of Theorems 1.1 and 1.2.

The Dirichlet characters case. — We first present the proof of Theo-
rem 1.1. For any x (mod ¢), we define the characteristic function

L(X) = 0|L(x.1/2)[> b O L(xwn . 1/2)[2 s O L(xwa.1/2)|> e -

logq log g 2 q

Using the generalized Holder’s inequality, we infer

2
1
— Z 1(x) H L (xwi, 5) M (xwi; L)
q—1 ,
x (mod q) =0
XFWo,W1,W2
1/4

LY | ()

qg—1

On the other hand, we have the lower bound for the left handside

2
1
a—1 Z I(X)HL(me%) M (xws; L)| > |43 (w1, w23 q)| — 2,
q );é(m(fl q) 1=0
X7FWo,wW1,w2
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where .#3(w1,ws; q) is defined in (7.3) and

2
1
@::j Z HL(XWia%) M(xwi; L)| .
q XFwo,w1,w2 11=0
1(x)=0

To estimate 2, note that the condition 1(x) = 0 means that one of the
central values is less than log(q)~!. Therefore, if for i = 0,1,2, ; is the
subsum of & restricted to x such that |L(xw;, 3)| < log(gq)~!, we obtain,
by positivity, Z < Dy + P1 + P with for each ¢ =0, 1,2,

1/2

1 1 9
2; <  — E M(x; L
X (mod q)

1/2

1 *
— > Loz ML)
17 (mod o)

4
X

1/2
1 1 )
< —— | — |M(x; L)| ,
log(q) \ ¢—1 . (mzmi o

using again twice Cauchy—Schwarz inequality and (7.5) (recall that L = ¢*).
Moreover, opening the square in |M (x; L)|?
relation yields

1 |z (£)x ()] 1
- M(x;L)|]? < S A - < logL,
> [M(x; L) N ;@ 7 g

1 001\1/2
q x (mod q) ¢=¢' (mod q) ( )
0,0 <L

and applying the orthogonality

since L < ¢. Hence, assuming L = ¢* with 0 < A < ght2, we get

. |3 (w1, w2 9)|* 1
— 1(X)>W’+0A(bg(q)l/z>

x (mod q)
= — 1).
po-y F )
If
c1:= max P\ 1)73,
0<A< 5251
then for any £ > 0, there exists 0 < A< ﬁ depending on ¢ satisfying

|[P(A"1)73 — ¢;| < £/2. Finally, choosing Q = Q(¢) large enough such that
lox(1)] < /2 for ¢ > Q and the result follows.
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The cuspidal case. — We proceed in a similar way. Setting

1(x: f) = 6|L(x,1/2)|> L

log q

OL(fox.1/2)|> b

we obtain

S A NE (@ D) MU @ DL (6 ) MOs )
x#1
1/4
1 > 1) (///4(q))1/4(///4(f, 9))

)
97 %y (mod g)

1/2

where .#*(q) (resp. .#*(f;q)) are defined by (7.5) (resp. by (7.6)). As in
the previous part, the left handside admits the lower bound
> |5(f9)| — ¢

where % is the same as .Z3(f;q), but with the absolute values inside and

with the restriction in the summation to x such that 1(y, f) = 0. Writing

‘ﬁl (resp. %») for the contribution of |L(y, 3)| < loéq (resp. |L(f®x, 3)| <
we get € < 61 + 6, with

1
=05 ()

log? q)

Finally, we have

1/2
1 1
%< — > M(fex;L))?
—1
log*(q) \ 4 X (mod gq)
1/2
]. * 2
x| — > (3 ML)
q
X (mod gq)
1/2
S e )P
2 1 ) )
log(a) \ 4= 1 oa o)
with
1 TO)T (0
Ly mgexnps S 2010
q—1 (een)t/
x (mod q) ¢=¢" (mod q)
0,0 <L
— Z T
<L
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Hence,
1
=0\ | — |,
e <log(q)1/2)
and the rest of the proof is exactly the same as in the previous case. [
Remark 7.2. — Let f be a primitive Hecke cusp form of prime level ¢

satisfying the Ramanujan—Petersson conjecture. The formula (1.4) could be
used to prove simultaneous non-vanishing for L(f ® x, 5)L(x, 3) as x runs
over non trivial Dirichlet characters modulo g provided that it is possible
to evaluate a second twisted moment of the form

1 2 _
-1 Z IL(f®x,3)] x(l)x(b2),
x (mod q)
x#1

where (¢1,¢3) = 1 and are coprime with ¢. An asymptotic formula for this
moment is given in [1] in the special case where the level is 1 and £ = {5 =1
and for general (¢1,¢3) = 1 in the paper of preparation mentioned above
(also for level 1). The principal difficulty here is that since the level is ¢,
we have the solve a shifted convolution problem of the shape

S A mw (1) Wa (7))

lin—flam=hgq

for Hecke eigenvalues Ar(n) of level g.
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