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Single-copy entanglement detection

Aleksandra Dimi¢' and Borivoje Daki¢ (**

One of the main challenges of quantum information is the reliable verification of quantum entanglement. The conventional
detection schemes require repeated measurement on a large number of identically prepared systems. This is hard to achieve in
practice when dealing with large-scale entangled quantum systems. In this letter we formulate verification as a decision procedure,
i.e., entanglement is seen as the ability of quantum system to answer certain “yes-no questions”. We show that for a variety of large
quantum states even a single copy suffices to detect entanglement with a high probability by using local measurements. For
example, a single copy of a 16-qubit k-producible state or one copy of 24-qubit linear cluster state suffices to verify entanglement
with more than 95% confidence. Our method is applicable to many important classes of states, such as cluster states or ground

states of local Hamiltonians in general.
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INTRODUCTION

A main focus of modern practical quantum information research is
on the generation of large-scale quantum entanglement involving
many particles with the goal of achieving real applications of
quantum technologies.? Recent quantum experiments dealing
with a large number of particles, such as optical lattice simulations
involving 10°-10* atoms,®® experiments with hundreds of
trapped ions’ or thousands of qubits in D-Wave systems (See:
https://www.dwavesys.com/), show the real potential for applica-
tions of quantum technologies in the near future. An important
instance of this challenge is the verification problem, i.e., how to
reliably detect the presence of quantum resources, in particular
quantum entanglement. The plausibility of standard verification
schemes is questionable, since they require repeated measure-
ment on large ensemble of identically prepared copies, which is
highly demanding to achieve in practice.

One way of detecting quantum entanglement is to perform full
quantum state tomography® from which one can extract full
information about the quantum state preparation (one can
recover the entire density matrix). However, the full tomography
becomes an unrealistic task already for a moderate size of
quantum systems as the number of required measurement
settings grows exponentially fast with the size of system. Luckily,
in many cases, the knowledge of the entire quantum state is not
needed, i.e., one can witness the presence of entanglement by
measuring the mean values or the higher moments of a moderate
number of physical quantities (observables). This is the ground-
work for detection methods based on witness operators,®'* non-
linear entanglement witnesses,”>™'” Bell’s inequalities,'®'® quan-
tum Fisher information?°">® and random correlations.>*° These
methods have been proven extremely useful for many practical
situations and they have been extensively developed for the
detection of a variety of quantum states and adapted to various
scenarios (see review articles?” %), Nevertheless, all of the existing
detection schemes are based on an idealized situation which

requires repeated measurements on a large ensemble of
independent and identically distributed (i.i.d.) copies of a quantum
state.

The typical detection procedure involves the extraction of the
mean value of a certain witness operator W =73, W, by
measuring the means of the local observables W;=A; ®...Q Ay
(N is the size of system). Therefore, in order to detect
entanglement, one has to conduct different experiments (different
measurement settings for each W;), each of which requires a large
number of identically prepared copies such that the sample
averages are close to the real mean values. However, as any
practical situation deals with a finite amount of data generated by
a quantum measurement, the presence of entanglement can be
verified only with a certain level of confidence, thus an adequate
statistical analysis is necessary.3°32 Moreover, it is very hard to
fulfil these requirements when dealing with large-scale entangled
systems as only a limited (rather low) number of instances of a
given quantum resource is available, due to various technical
challenges, such as the lack of a good control and manipulation.
As an example, one can take a recent experiment done with single
photons®® where a 10-photon coincidence was registered every 5
min in average. With the same technology, that is by using the
parametric down-conversion and postselection techniques, every
additional photon pair (e.g., 12, 14, ... photons) would reduce the
count rate by at least one order of magnitude, consequently
making the duration of the experiment (to verify entanglement)
months or even years longer. In such situations, where only a
limited number of resources is available, the main question arises
whether it is still possible to reliably and efficiently certify the
presence of quantum entanglement? This question is not only
interesting from the theoretical point of view, it is also of great
importance for practical quantum information.

In recent years we have seen several works that go beyond i.i.d.
scenario, in the context of quantum state tomography** and
reliable entanglement verification.'’*? Although the techniques
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and methods developed there are quiet generic, they still require
a large sample sizes to verify entanglement with high confidence.
On the other hand, in situations where only a low number of
instances of a given quantum resource are available it appears
natural to employ random sampling techniques® for reliable
detection. The advantage of such methods comes from simplicity
of the data analysis, since minimal prior knowledge of the global
population is needed. In the quantum scenario, random sampling
has been proven very useful for quantum communication
complexity,***” tomography via compressed sensing,®® fidelity
estimation,®® self-testing methods,*>™ quantum state certifica-
tion,***” quantum secret sharing,”® and verification of quantum
computing.*® Some of these methods can be used to verify
entanglement probabilistically as demonstrated in.®*" In the
same spirit, we shall incorporate random sampling methods
together with techniques of quantum communication complex-
637 to propose entanglement verification scheme in the form
of a quantum information task. Unlike focusing on a large
ensemble of iid. copies, our main target here is a single
experimental run, i.e, the central quantity for entanglement
detection is the probability of success to perform certain binary
task, given that the state was entangled/separable. Therefore, our
scheme is designed to detect entanglement probabilistically. This
framework has two main advantages as compared to conven-
tional detection schemes:

a. it promises a dramatic reduction of the resources needed for
reliable verification in large quantum systems, and

b. it provides a simple tool for reliable statistical analysis of
errors and confidence intervals.

Most importantly, we show that in many situations the
probability of success (to accomplish certain binary task)
decreases exponentially fast with the size of system for all
separable input states, whereas it approaches certainty if a
particular entangled state (the target state) was prepared. Thus,
even a single experimental run (single copy) can reveal the
presence of entanglement with high accuracy. To our best
knowledge, this is the first demonstration of entanglement
detection in a single-copy regime (apart from the well-studied
example of an i.id. state p®", see example of k-producible state
bellow). We explicitly construct the detection procedure for k-
producible states®® and cluster states.>> We show that, for
example, one copy of a 16-qubit k-producible state or a single-
copy of 24-qubit linear cluster state suffices to certify entangle-
ment with more than 95% confidence. Thus, our method is
applicable for quantum experiments involving tens of entangled
qubits with the promise of a dramatic reduction of the resources
needed for reliable entanglement detection (as compared to
standard methods). Furthermore, the method developed for k-
producible states can be used to naturally embed the standard
techniques based on entanglement witnesses into our framework,
meaning the statistical analysis of confidence intervals and errors
simple and straightforward. Finally, we develop a general method
for entanglement detection in ground states of local Hamiltonians
(that exhibit the so-called entanglement gap'?). These include
many important classes of quantum states, such as the matrix
product states®* and projected-entangled pair states®” as they can
be seen as unique ground states of the so-called parent
Hamiltonians.>**® At the end, we analyze the noise effect and
we show that our probabilistic detection is very robust against the
noise modeled by an arbitrary separable state.

RESULTS
Detection framework

Our method relies on a decision procedure where entanglement is
seen as the ability of quantum systems to answer certain “yes-no
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questions”. The main figure of merit is the probability of success
that a certain binary cost function F evaluates to 1, i.e.,, P[F=1]. The
main goal is to provide examples of quantum states where P
decreases exponentially fast to zero as the size of system grows
for all separable states, whereas it approaches certainty (P=1) if a
particular entangled state (the target state) was prepared.
Therefore, one can verify the presence of quantum entanglement
with high probability even by measuring a single copy of a large
quantum system.

In order to explain how our scheme works we consider a
quantum system composed of N subsystems each residing in a
finite-dimensional Hilbert space of dimension d. We usually
assume N is large, although all the formulas derived hold for
general N. To each subsystem we associate a certain set of
possible measurements that can be performed locally. For
example, in the case of qubits we may chose to measure each
of them in complementary bases (such as X and Z measurement).
In the general case, we shall include the most general quantum
measurements (POVMs). Thus to each subsystem we associate a
set of M different measurement settings defined by the set of
positive semidefinite operators E,(,‘,?, where 3, E,(,’f,) =1and m=
1...M. Here k labels the subsystem, m the measurement setting
and i labels the measurement outcome.

Given a single-copy of an N-partite quantum system, the
detection procedure consists of the following four steps (see Fig.

1):

1. A sequence of measurement settings {m;, m,, ..., mp} is
randomly generated from the probability distribution of
settings M(my, ..., my),

2. The measurements are locally executed on each subsystem
and the set of outcomes {i;, ..., iy} is obtained,

3. A certain binary (0/1) cost function of settings and outcomes

Finy = Fpyio v is computed,
4. If Fpy=0/1 we associate “success/failure” to the experimental
run.

This is the way to establish the probabilistic framework for
entanglement detection trough the probability of success P[Fy; =
1]. Our goal here is to choose the cost functions such that the
probability of success vanishes exponentially fast in N for all

Random generator Single copy of [¥/y)

II(my,..,m ' ' . .
(my ~) 1 1 1
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Outcomes: iy iy i3 iy
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Fig. 1 Probabilistic entanglement detection. A single-copy of N-
partite quantum state is prepared. The sequence of measurement
settings {m;, ..., mp} is randomly drawn from distribution ITI(m, ...,
my). Each my is locally executed on kth subsystem and the set of
outcomes {iy, ..., in} is obtained. The value of binary cost function
Finy = Fi-™  prescribes either “success” (Fyy = 1) or “failure” (Fyy =
0) to the experimental run
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separable states psep
Po,, [Finy = 1] < exp[—Nd], M

where ¢ > 0 is some constant. On the other hand, the cost function
Fiap is chosen such that there is an entangled state for which
P,...[Fiw = 1] ~ 1, meaning that whenever the state pen (target
state) has been prepared, the detection scheme works even in a
single-copy scenario. An explicit bound on the probability of
success for concrete examples will be derived.

Example of k-producible state

A good example to start with is that of the k-producible entangled
state,? i.e, |¢;)|@,)... |¢,), where the products |¢,) involve at
most k parties. For snmpI|C|ty, we chose the tar et state to be the
product of quantum singlets |yo) = |p)*", where |p7) =

(|O1) — |10)) (The example and task presented here is quiet
Ynilar to “non-local” quantum games (see refs. 3°37). Never-
theless, we believe it is a good starting point for introducing a
more delicate examples that follow in subsequent sections). We
consider the set of {X, Y, Z} measurement settings for each qubit,
meaning that the measurement is performed in the eigenbasis of
Pauli operators with the set of binary outcomes i=0, 1. The
quantum singlet is the unique state for which X@ X=Y® Y=Z®
Z=-1, meaning that the measurement of X@ X, Y® Y,and Z® Z
reveals perfect anticorrelations. Let us introduce the projectors on
the outcome —1 for the correlation measurement

1-X®X

= 77 2
Q 5 @)
W:’|7Y®Y (3)

2

1-Z2®7

- 4
R TR 4

To these projectors we associate three measurement settings S
={XX, YY, ZZ}. Although, the projectors are commutative, there is
no separable state for which the measurement reveals Q=W=R
=1 simultaneously (this is a property of the singlet state only).
Therefore, if we pick one of the settings from S randomly (with
probability 1/3), there is a chance of at most 2/3 to get the
outcome 1 for all separable inputs. More precisely, in such a case,
the probability of success

1 2
%m:<ﬂo+w+m>s§, )

for all separable two-qubit states psep. Here (-) =Tr(-)p denotes the
mean value. This observation clearly suggests a detection scheme.
We shall divide the set of 2N qubits into consecutive pairs and for
every individual pair we pick one of the settings from S randomly
(with probability 1/3) and perform the corresponding correlation
measurement (2), (3) and (4). For separable inputs, the bound (5)
suggests that the relative frequency of the outcome 1 cannot
significantly exceed the value of 2/3 (prowded that N is large).
Formally, we define the frequency Ry = Sv_, Fi, where Fy is the

outcome of the correlation measurement on individual pairs
1 o
a:§<1_p4wﬂq. ©)

Here iji =0, 1 label the single-qubit measurement outcomes for
the kth pair. The cost function is defined as

1, Ry > (2+9)N;
Fin = 7
™ {o R<(Z+ )N, @)

where 6 >0 is some constant we keep at the moment as a free
parameter. In other words, we associate “success” to the run if the
number of local successes F, exceeds certain threshold of
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(2+ 8)N. The overall probability of success reads

MWzﬂ:%%+m+m2@+®ﬂ, ®)

and we recognize in the last equation the probability that the sum
of random variables F; + ... + Fy exceeds the value of (2 + &)N. If
the input state is a product state Pprod=P1 @ ... ® Pon the
random variables F, are independent with (F) <§ For such a
case the bound on (8) is well studied in classical probability theory
and the results are known as the Chernoff bounds.>” We show in
the Appendix that

P Pprod [F[N] = 1} < e—D(%+6|\§)N o

where D(x|ly) = xlog’ + (1 — X)log =% =5=0 is the
Kullback-Leibler dlvergence Furthermore if the bound holds for
all product states, it also holds for their mixtures, i.e., it holds for all
separable states. We see that the probability of success vanishes
exponentially fast in N, for all § > 0. This is quite convenient, as we
do not have to fix § in advance. Once the experiment has been
performed, we can calculate directly from the experimental data
Fi. Fs ... FN how much the frequency deviates from 2N/3, i.e, we
set 6= (F, .+FN)/N—=2/3, and consequently calculate the
bound on probabnhty of success for separable states by using
(9). For the case of |g) = |¢~)*" input state, each local cost
function Fy=1 deterministically, thus we get §=1/3. The bound
(9) reduces to

2 N
Ppsep [F[N] = 1] < <§) . (10)

If N is sufficiently large, a single-copy of |@,) suffices to certify
presence of entanglement with high probability. For example, if
we want to have a detection probability of at least 95% (i.e., we
want to be sure that no separable state has a probability of
success more than 5%) in a single-shot experiment, we get the
minimal number N, =8, which is a remarkably low number.

The present example shows how the standard detection of
entanglement in quantum singlet based on the witness operator
1(Q+ W +R) can be naturally embedded in our framework.
Conventionally, one has to measure Q, W, and R in three separate
experiments by using an i.i.d. ensemble of qubit pairs p$J' in order
to estimate the mean values (Q), (W) and (R). However the i.id.
assumption is difficult to justify operationally, hence the statistical
analysis involving many experiments is non-trivial. Furthermore, if
the number of singlet pairs is low, it not clear how to actually
pursue the detection scheme. For example, imagine a situation
where only N = 8 pairs are available. The question is how to divide
the pairs and perform the corresponding measurements. We may
use the first three copies to measure Q, the second three to
measure W, and the last two for the measurement of R. However,
if the order is known and ﬁxed in advance than the following
product state  (|x+)x—)(ly+)ly—) LCZ+ )2 gives
exactly the same result as the i.i.d. state |(p Thus we cannot
conclude the presence of entanglement or we may even wrongly
claim its presence. Certainly, a correct statement requires a proper
statistical analysis. On the other hand, one of the key procedures
in our method is the random sampling of measurement settings,
which provides us a simple tool to analyze the errors and
confidence intervals trough the probability of success. Therefore,
there is a clear separation between the state |~ )“® and the
product state given above, as the later has only the chance of (2/
3)8=0.039 to reveal the result F; + ... + Fg=8.

In general, any detection based on witness operator can be
incorporated in our framework, with the goal to achieve more
resource-efficient entanglement detection. For a witness
W=>,W, one has to sample the measurements of W;s
randomly every single experimental run. The bound similar to
(9) can be easily derived. Nevertheless, one may object that in
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such a case, one still requires many copies for reliable detection
(i.e., N copies of k-partite state |@) folded into a single multipartite
copy W))gN). In the next examples we will unambiguously show
that, indeed, one can certify entanglement by measuring only a
single-copy.

Example of cluster states

Another example we present here is that of cluster states.>® In
contrast to the previous example of k-producible states, cluster
states contain genuine multipartite entanglement®® and they are
known to be a universal resource for measurement-based
quantum computation.”® For the sake of simplicity, we shall
explain how the single-copy detection scheme works for the case
of linear cluster states (LCS). The generalization to higher
dimensions is straightforward and we briefly discuss it at the
end of this section. The N-qubit LCS is uniquely defined by the set
of 2V stabilizers, i.e.,

Gy, u|LCS) = G ... GI'|LCS) = +1|LCS), (11)

where G, =Z;_1XiZx1 and g =0, 1. Here {X,, Y\, Zi} represent the
set of standard Pauli matrices acting on kth qubit and, for
simplicity, we have chosen the cluster state with periodic
boundaries, i.e., Zyi1 521 and Xy.1 défo We consider the set of
{X, Y, Z} measurement settings for each qubit, meaning that the
measurement is performed in the eigenbasis of Pauli operators
with the set of binary outcomes i=0,1. We start with a simple
analysis by considering a small subset (cluster) of four qubits, let
say {1, 2, 3, 4} with the corresponding stabilizers G, = Z;X>Z3, Gz =
Z,X3Z, and G,G3 =Z;Y,Y3Z, acting solely on it. Although, all three
stabilizers are commutative, they are not locally compatible (in a
sense that there is no local measurement of all three of them
simultaneously), therefore there is no product (separable) state for
which all three observables can take the same value, i.e., G, =Gz =
G,G3 =+1, simultaneously. For that reason, if we randomly chose
(with probability 1/3) to measure one of the stabilizers there is
only a chance of 2/3 to get the result +1, for all separable inputs
(similar to the previous example of singlet state). This is the key
observation that enables our detection method to work. Our main
idea is to show that if we pick a random partition of the set of N
qubits into 4-qubit clusters and subsequently on each of them
randomly measure one of the corresponding stabilizers, the
relative frequency of the outcome +1 cannot significantly exceed
the value of 2/3. More formally, we start by introducing partitions
of N qubits into 4-qubit clusters {c,,cs,, ... ¢, }, Where ¢, is the
cluster  involving the sequence of four  qubits
¢, = {ts,ts + 1,t + 2,t; + 3}. Furthermore, we see from the
previous analysis that the border qubits in each cluster are always
measured in the Z-basis (when measuring the corresponding
stabilizer). Thus, we shall allow for possible overlap between
neighbouring clusters on border qubits. More precisely, we say
that the partition is regular if the neighbouring clusters overlap on
at most one (border) qubit, ie. t..,—t;>3. For example, the
partition {..., {7, 8,9, 10}, {10, 11, 12, 13}, ...} is considered regular,
whereas {..., {7, 8,9, 10}, {9, 10, 11, 12}, ...} is irregular, as the two
clusters in partition overlap on qubits 9 and 10 (see SI for more
examples). We denote the set of all regular partitions of size L by
C;. We shall think of L as being large, e.g., on the same scale as O
(N) with the number of qubits and, at the same time, we shall
choose L such that the set C, is large in size as well. The clusters in
the partition serve as the building-blocks for the construction of
the cost function Fy;. For every cluster ¢, in the partition there are
three stabilizers associated to it: Gii11 = Z Xt 412142, Grio =
Zt i1 Xt 12243 and Gry1 g2 = G1Gr2 = Z Yo Y422, 43. TO
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each of them we associate three projectors

1+G

Q, =T (12)
2

w, = Gz (13)
2

R, — 1+ Gr52+IGt$+2 7 (14)

that project on the +1 outcome. We associate the following
measurement settings with each projector

(2X22,22X2,2YYZ}, (15)

and we assign “success” to the cluster measurement only if the
outcome +1 (for the value of measured stabilizer) occurs. Formally
speaking, for every cluster we define the following local cost
function

(=1t m = zxzZ;

Fo—Fypbin — 11 (=0 m = ZzXZ; (16)
m b - b
2 2 (_—I)i1+iz+i3+i47 m= ZYYZ7

where s=1...L. Finally, for a given partition {c,,¢,, ..
overall cost function is defined in the following way

1, A+.. +F>E+8)L
=0, F+
) 1

+ F<(3+96)L,

where 6 >0 is some constant we keep at the moment as a free
parameter. In other words, we associate the “success” to the run if
the number of local successes exceeds a certain threshold of
(24 8)L. We have defined all we need to set-up the detection
procedure. Firstly, a particular partition {c,ct,,... ¢y} IS
randomly generated from the set C; (with probability 1/|C.]).
Secondly, for each cluster in the partition we pick randomly (with
probability 1/3) one setting from the set (15) and execute the
corresponding measurement. The experimental run reveals the
sequence of results Fy, Fy, ..., F, from which we evaluate Fjy; by
using (17).

Now, we will show that the probability of success vanishes
exponentially fast for all separable states as the number of qubits
grows. Firstly, for a fixed partition {c,,c,, ... , ¢ } it is clear that
product states fail to satisfy F; =1 for all three settings {ZXZZ, ZZXZ,
ZYYZ}, because XZ, ZX, YY are locally incompatible on a second and
third cluster qubit. Thus, if the settings are uniformly distributed
(with probability of 1/3), one can easily show that the probability
of success for individual clusters

.,Cy } the

(17)

P

Pprod

o= 1= () = (0, + W, +,) < a8

— 37

for all product states pproa=p1 ® ... ® pn. Furthermore, if the
input state is a product state, the local cost functions F; can be
seen as independent binary (0/1) random variables with (F;) < 2/3
for all s=1...L. The overall probability of success reads

2
Popod [FiN) = 1] = Po,y {ﬁ +.o A2 (§+ 6) L], (19)

and we recognize in the last equation the probability that the sum
of independent random variables F; + ... + F; exceeds the value of
(24 6)L. As (F;) < 2/3 we expect that the sum F; + ... + F, cannot
exceed 2/3L significantly. Similar to the previous example (of
singlet state), the Chernoff bound holds (see Appendix for the
proof), i.e.,

Poyey [Fiy = 1] < e 269B)E (20)

where D(x||y) is the Kullback-Leibler divergence. Furthermore, if
the bound holds for all product states, it also holds for their
mixtures, i.e., it holds for all separable states. Thus, as long as L
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grows with N (for example we can set L = [N/5], where [.] denotes
the integer part) the probability of success vanishes exponentially
fast, for all 6> 0. As before, we do not have to fix 6 in advance.
Once the experiment has been performed, we can calculate
directly from the experimental data F;, F;, ... how much the sum
of results deviates from 2L/3, i.e.,, we set 6= (F; +... + F)/L—2/3,
and consequently calculate the bound on probability of success
for separable states by using (20). For the case of cluster state
preparation |LCS), each local cost function F;=1 deterministically,
thus we get 6 = 1/3. The bound (20) reduces to

) L
Po, [Fry = 1] < (g) - @mn

If the number of qubits is sufficiently large, even a single-copy
of LCS suffices to certify presence of entanglement with high
probability. For example, if we want to have a detection
probability of at least 95% (i.e, we want to be sure that no
separable state has a probability of success more than 5%) in a
single-shot experiment, we get the minimal number of clusters
Lmin = 8. The lowest number of qubits with such support is N =24.
Nevertheless, in such a case the set of all partitions C; reduces to
three only, and for the reason explained bellow (see discussion at
the end of this section), one may want to have |C;| significantly
larger. For example, already N =25 has |C;| = 25, for N =26 we get
|CL| =117 etc. The scheme can be used not only to detect
entanglement, it can be also used to certify the presence of LCS.
To see this, note that P,[Fjy;=1]=Tr pll, where

1
n= ic > H (Q + W, +Ry,). (22)
t {et ey fe€ 5=

Clearly LCS is the eigenstate M|LCS) = 1|LCS) for the maximal
eigenvalue. Now, the operator M can be expanded in terms of
stabilizers Gg, .. 4, defined by the Eq. (11). If the set C; is
sufficiently Iarge the expansion will include all 2" stabilizers. Since
the LCS is the only state with Gg,  g,|LCS) = +1|LCS) for all
stabilizers, we conclude that LCS is a unique eigenstate of I for
eigenvalue 1. Thus, the LCS state is the only state with the
maximal probability of success, i.e., P[Fyy=11=1.

We shall briefly comment on the type of entanglement certified
by the single-copy detection scheme. Firstly, if we are willing to
detect multipartite entanglement, it is very important that the set
C, is large in size. Recall, that the bound (20) holds for arbitrary
partition from the set C; for all separable states. Therefore, if the
partition {c;,, ... ,¢ } is fixed and known in advance, the bound
(20) still holds. Nevertheless, for such a case, the following 4-
producible state [¢) = [),]¥), ... |@),, where |p), is the common
eigenstate for all three projectors Q;,, W;, and Ry, (for eigenvalue
1), reveals F;=1 deterministically for every cluster. Consequently
we have P[Fjp=1]=1 for |¢) being the input state. Such a state
contains localized entanglement on individual clusters (blocks of
entanglement). To prevent |¢) maximizing the probability of
success, a random choice of partition from a large set C; is
necessary. For example, already including additional partition
{¢t;+1, ... ,C, 11} obtained by shifting one qubit to the right,
prevents |¢) to be the common eigenstate of Q, W, R, and
Qi 41, Wii1, Ri11. On the other hand, if we want Fp=1
deterministically for both partitions, entanglement between
neighbouring clusters is needed. Thus, if all partitions of large C;
are included, the only way to have non-trivial probability of
success is to input delocalized entanglement.

Finally, let us briefly explain the generalization to the higher
dimensional case. Take an example of a 2D cluster state (known to
be universal for quantum computation). Here, one can introduce
partitions into 4x4 qubit clusters with the corresponding
stabilizer projectors (in analogy to Q;, W; and R;, for LCS) and
define the local cost functions. In complete analogy to the 1D
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npj

case, the 2D detection scheme consists of drawing a random
partition followed by a random measurement of local projectors
on individual clusters. The separable bound similar to (20) can be
derived. On the other hand, if the 2D cluster state has been
prepared, the probability of success is 1.

Ground states of local Hamiltonians

One of the reasons that single-copy entanglement detection
works for cluster states can be associated to the robustness of
entanglement with respect to local perturbations. For example, if
we measure one or even a group of localized qubits in cluster
state, entanglement remains present between the rest qubits.
Ground states of local Hamiltonians are believed to share this
property (robustness of entanglement),*® therefore we can expect
that they are also amendable to single-copy verification. Here we
show that indeed this is the case.

ConS|der a L local Hamiltonian on some graph of N particles
H =3}, H®, where H¥ acts on at most L subsystems (L is fixed
and mdependent of N) For simplicity reason, we assume the
number of local terms H® to match the number of particles N (this
is common for many physical situations, see for example®°). One
may consider a more general case where the number of local
terms grows as a polynomial function of N. Nevertheless, the
detection scheme shall work the same way. Let |g,) is the ground
state H|y,) = Neo|p), where Eq = Neg is the ground-state energy.
We are interested in Hamiltonians that exhibit the so-called
entanglement gap ge =€, — €0 > 0,'* where ¢ = ymin,  Tr Hp,,, is
the minimal achievable energy (per particle) by a separable state.
Furthermore, we assume g to be finite and non-zero in the
thermodynamical limit, i.e., 0</imy_ . ge< + co. To summarize, we
are interested in Hamiltonians where the mean energy (H) can
serve as the entanglement witness, i.e., (H) > Ne; for all separable
states, whereas at least the ground state violates this bound.

We shall develop a general scheme that works for arbitrary local
Hamiltonian. For that reason we introduce a set of tomographi-
cally complete measurements for each particle. For example, in
the case of qubits, a natural choice are the three complementary
measurements defined by X, Y, and Z Pauli operators. Thus, the set
of measurement operators £,/ forms a complete basis in the
space of observables, i.e, any observable A® acting on kth
subsystem can be decomposed as AK) =3~ am,En’,(, Here m=
1...Mandi=1...D, where M is the number of settings and D is the
number of outcomes. Furthermore, in order to simplify the
notation, we introduce a new variable x, = (my, i) which labels a
pair of measurement settlng and outcome, hence E,’ refers to
EW. . Note that 3, Ey) = M1(%),

For a given local Hamiltonian H = Zkf H®), operator H® acts
on at most L neighbouring subsystems (neighbours of k including
k itself). It is convenient to introduce the N XL “neighbouring”
matrix ng;, where ny 1, ... n, is a sequence of integers labeling all
the neighbours of kth subsystem (including kth subsystem itself)
on which the local operator H* acts. The “neighbouring” matrix
can be seen as the list of neighbourhoods (N (1), ... ,N(N)),
where N (k) denotes the set of all neighbours of k. For example
the notation {ns3;, N3 n33}={2, 3, 4} means that H® acts on
subsystems 2,3 and 4. Because the set of measurement operators
is tomographically complete, each H® can be decomposed into
the sum of products of local measurement operators

= 2 MBS L), (23)

The operator H¥ can be completely identified with the tensor

At = hi’f)___XL. Similarly, the full Hamiltonian H reads
H= )" Hy xED .. EY, (24)

where we set MVLH, . = h< (the factor MMt

k=1 Xnk X”ksL
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comes because of the normalization ", E, = M1). Now we can
set-up the detection procedure. Firstly, we pick measurement
settings for individual subsystems randomly (i.e., with probability
1/M) and generate the sequence {m;, ..., mp}. The measurements
are executed on local subsystems and the set of outcomes {i;, ...,
in} is obtained. Equivalently, we say that the sequence of random
variables {x;, ..., xn} is generated, where x; = (my, ix). Now, we shall
define the cost function Fpy. It is convenient to define
Hy = MVHy, . = M* Sv, hK). A straightforward inspection
shows <H[N]> = TrpH = (H), thus the classical random variable
Hiyy can serve to extract the mean value of Hamiltonian (H). Since
(H) > Ne; holds for all separable states, it is natural to chose the
following cost function

1, H[N] S N(é‘s — (S)
v =

2
0, H[N]>N(€s -9), (5)

where 0< 6 < ¢; — €9 = gg is constant we keep at the moment as a
free parameter. Since the random variable Hpy completely
captures properties of Hamiltonian, we expect Hyy; not to precede
the separable bound Ne; significantly in a single-shot experiment
(provided that N is large). Indeed, in the Appendix we show that
for all separable states p,ep the following bound holds

Po., [Finy = 1] < exp[-Nk*6°], (26)

where k>0 is constant. Thus, the probability of success vanishes
exponentially fast with N for all separable inputs. On the other
hand, if the ground state |y,) is prepared, we show in the
Appendix that the probability of success reaches 1 in the
thermodynamical limit, i.e.,

BZ
N(ge — 6)*’

where 3> 0 is constant. In other words, if N is sufficiently large, the
probability of success is close to 1.

There are several points worth of mentioning here. Firstly, the
previous example of cluster states can be incorporated in the
present scheme, since cluster states can be seen as unique
ground-states of local Hamiltonians.%” Nevertheless, the detection
scheme introduced in the previous section is more resource-
efficient for cluster states for the following reasons: a) the bound
(20) is more tight than (26), and b) the probability of success
evaluates to 1 (for the cluster-state input), in contrast to (27) which
reaches 1 asymptotically. On the other hand, the ground-state
detection method has certain practical advantages. Namely, one
of the crucial elements for detection is the use of tomographically
complete set of measurements. In principle, they can be
substituted by a single informationally complete POVM
(ICPOVM).%? More precisely, instead of a set of tomographically
complete measurements, a single POVM with the measurement
operators E; forming a complete basis in the space of observables,
can be used. Thus, an N-partite Hamiltonian can be expressed as
H= me,N:1 h,»w_;NE,(]]),.. E,%V where j,=1...D labels the mea-
surement outcome. The properties of Hamiltonian are fully
captured by the classical random variable Hjy = hj, ., (function
of the measurement outcomes iy, ..., iy). Now, there is no random
sampling of measurement settings, there is only one measure-
ment (ICPOVM) for each particle. The variable Hyy; is calculated
from the set of measurement outcomes {i;, ..., ix}. The cost
function is defined as (25), and derivation of bounds (20) and (26)
is essentially the same as before. Formally, both methods are
equivalent. Nevertheless, practical advantage of using ICPOVM
compared to random sampling of measurement settings can be
significant in certain cases, conditioned on the physical imple-
mentation of POVM. For example, if ICPOVM is implemented by
using additional degrees of freedom (e.g., for the case of single-
photons by combining the path and polarization degree of
freedom®), than, the same, single measurement setting is applied

Py [Fy =1] 21— (27)
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on every local subsystem. This is very convenient when dealing
with large-scale quantum systems, for which full manipulation and
addressability of individual particles is demanding to achieve.

Tolerance to noise

Here we analyze the effects of noise on probabilistic entangle-
ment detection. Consider an N-partite target state py with the
probability of success py >0, i.e., there is a chance of py to get
success (detect entanglement) in a single experimental run (if the
state po has been prepared). This means that in practice, one
needs in average 1/p, copies of py in order to detect entangle-
ment (if the probability of success is po than 1/py experiential runs
are needed in average to get “success”). Furthermore, let the
separable bound (1) hold, i.e., the probability of success is
exponentially small in N for all separable inputs. Now, consider a
mixture p =Apsep + (1 —A)po, Where psp is an arbitrary separable
state and 0 <A < 1 quantifies the amount of noise. For example, in
many cases the noise can be modeled via the white noise psep =1/
d" (here d is the dimension of local Hilbert space) or the product
colored noise psep=p1 ® ... on.2*®° The probability of success for
such a state is a mixture of probabilities, i.e.,
Po = APy, + (1 = APy, = (1 —A)po, as long as (1-A)po is sig-
nificantly larger than P, = O(exp[—Nc]). This means that noise
affects detection by suppressing the probability of success by the
factor 1-A, for any type of separable noise (i.e, modeled by a
separable state). Therefore, one needs in average #0 experi-
mental runs in order to verify the presence of entanglement. This
a strong resistance to noise, as if (1-A)pg is not exponentially small
in N (for example, we consider (1-A)po>0 constant and
independent of N), entanglement can be verified with the
constant cost in terms of resources (number of copies). On the
other hand, the situation with standard detection methods is very
different. Typically, a witness tolerates noise bellow a certain
critical point, i.e,, A<A. Thus, if noise passes the threshold, the
scheme does not work even if an infinite number of resources is
available.

To illustrate our findings, let us examine the example of a linear
cluster state mixed with the white noise
Prcs = A1/2N + (1 — A)|LCS)(LCS|, where |LCS) is the linear cluster
state defined by the Eq. (11). The presence of entanglement can
be detected via the following set of witness operators®®

Wi =1 — G — Gy, (28)

where the generators G, are defined by the Eqg. (11). One can
easily show that (Wk>sep2 0 for all separable states. In contrast, for
the linear cluster state preparation we have <Wk>ég5: —1, there-
fore the witness detects entanglement for A < 1/2.°° On the other
and, if our scheme is applied (see section “Example of cluster
states”), the separable bound is given by the Eq. (20), where § >0
is a free parameter. As before, we set §=1/3 and we get the
probability of seccess Py, < (%)L (see Eq. (21)), where L is the size
of partitions. For N (and consequently L) being sufficiently large,
Psep = 0 is negligible. On the contrary, if the state p cs is prepared,
the probability of success is lower bounded by
Po = APyjov + (1 = A)Piiesy > 1 — A, where we used Pjc5) = 1. This
means that 1/(1-A) copies are sufficient in average in order to get
success. For example, if we set A =1/3, we need three copies (in
average) to detect entanglement, whereas in such a case, the
witness (28) will fail to detect entanglement even if an infinite
number of copies is supplied.

DISCUSSION

We introduced a probabilistic technique for resource-efficient
entanglement detection in large-scale multiparticle quantum
systems. We have shown that for variety of quantum states,
probability to detect entanglement (as quantified by the
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probability of success) approaches one exponentially fast with the
size of system, implying that even a single copy suffices to verify
entanglement with high probability. Our method promises a
dramatic reduction of the resource needed for reliable entangle-
ment verification, therefore it has great potential for practical
applications in current and near future experiments aiming at
generation and manipulation of massive entanglement.
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