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1 Introduction

Gluon saturation [1, 2] at small x as encoded in the Color Glass Condensate (CGC) for-
malism [3–7] has been the subject of intense theoretical studies and experimental searches.
Theoretical work based on leading order (LO) or leading log (LL) approximations to gluon
saturation have successfully described structure functions, suppression of the single in-
clusive hadron transverse momentum spectrum and disappearance of the away side peak
in dihadron angular correlations in high energy proton(deuteron)-gold/lead collisions at
RHIC and the LHC [8–24, 24–54]. Nevertheless firmly establishing gluon saturation as
the QCD dynamics responsible for these experimental observations requires more precise
theoretical calculations. The ongoing work on improving the accuracy of leading order
CGC calculations can be broadly put into three categories; higher order in αs corrections
to leading order results [55–80], sub-eikonal corrections which aim to relax the infinite
energy assumption inherent to eikonal approximation [81–92], and inclusion of intermedi-
ate/large x dynamics into CGC in order to generalize CGC to include DGLAP evolution
and collinear factorization and high pt physics [93–101]. Here we will focus on next to
leading order corrections to single inclusive hadron production in Deep Inelastic Scattering
(DIS) at small x in the forward rapidity region [102] (virtual photon going direction) for
the case when the virtual photon is longitudinal. We note that leading order results for
single inclusive hadron production in DIS in the midrapidity region were obtained in [103].

The ideal environment in which to investigate gluon saturation and CGC is DIS ex-
periments at high energy as the incoming virtual photon does not interact strongly. Single
inclusive hadron production in DIS (SIDIS) at small x is one of the most attractive chan-
nels for gluon saturation studies as it is not sensitive to Sudakov effects which can obscure
saturation dynamics in dihadron production and angular correlations. Furthermore, it is
more discriminatory than the total cross section (structure functions) so that it contains
more information about the QCD dynamics of the target. While there exists leading order
calculations of single inclusive hadron production in DIS at small x in the CGC frame-
work [102, 103] it is highly desirable and in fact urgently needed to perform a next to
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leading order calculation which can then be used for quantitative studies of the transverse
momentum spectra of produced hadrons in DIS with proton and nuclear targets at the
proposed Electron Ion Collider (EIC).

Here we calculate the next to leading order corrections to single inclusive hadron pro-
duction in DIS at small x in the forward rapidity region using the Color Glass Condensate
formalism. To do so we use our recent results for next to leading order corrections to
dihadron production [80] in DIS and integrate out one of the final state partons. As ex-
pected we encounter various divergences which appear when we integrate over the phase
space of the final state parton. We show that UV and soft divergences cancel among each
other while the collinear divergences associated with radiation of a massless parton are
absorbed into the parton-hadron fragmentation function. We show that all quadrupole
terms appearing in the intermediate steps of the calculation cancel among various terms
and one is left with dipoles (and squared dipoles) only. The rapidity divergences arising
from integrating over longitudinal phase space of the final state parton are absorbed into
evolution of the dipoles describing the target dynamics and lead to JIMWLK evolution of
the leading order cross section. The remaining terms are finite and constitute the O(αs)
corrections to leading order single inclusive hadron production in DIS at small x.

2 Leading order cross section

To get the leading order single inclusive hadron production in DIS at small x we start with
the quark antiquark production cross section in DIS given by

dσγ∗A→qq̄X

d2p d2q dy1 dy2
= e2Q2(z1z2)2Nc

(2π)7 δ(1− z1 − z2)
∫

d8x [S122′1′ − S12 − S1′2′ + 1]

×eip·(x′1−x1)eiq·(x
′
2−x2)

[
4z1z2K0(|x12|Q1)K0(|x1′2′ |Q1)

+(z2
1 + z2

2) x12 · x1′2′

|x12||x1′2′ |
K1(|x12|Q1)K1(|x1′2′ |Q1)

]
. (2.1)

where (p, y1) and (q, y2) are the transverse momentum and rapidity of the produced quark
and antiquark, respectively, and Q2 is the virtuality of the incoming photon. We have
made the following definitions and short hand notations,

Qi = Q
√
zi(1− zi), xij = xi − xj , d8x = d2x1 d2x2 d2x1′ d2x2′ . (2.2)

We have also defined z1 ≡ p+

l+ , z2 ≡ q+

l+ as the momentum fractions carried by the final
state quark and antiquark relative to the photon’s longitudinal momentum l+. In terms of
these momentum fractions the rapidity is related via dyi = dzi

zi
. All the dynamics of the

strong interactions and gluon saturation are contained in the dipoles Sij and quadrupoles
Sijkl, normalized correlation functions of two and four Wilson lines

Sij = 1
Nc

tr
〈
ViV

†
j

〉
, Sijkl = 1

Nc
tr
〈
ViV

†
j VkV

†
l

〉
, (2.3)
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where the index i refers to the transverse coordinate xi and the following notation is used
for Wilson lines,

Vi = P̂ exp
(
ig

∫
dx+A−(x+,xi)

)
. (2.4)

The Wilson lines efficiently resum the multiple scatterings of the quark and antiquark from
the target hadron or nucleus. The angle brackets in eq. (2.3) signify color averaging.1 It
is important to keep in mind that as this is a classical result the cross section has no non-
trivial x (or rapidity/energy) dependence. It is also easy to check that if one integrates
over the phase space of the quark and antiquark one recovers the standard expressions for
the virtual photon-target total cross section at small x.

Integrating over the quark’s momentum then sets z1 = 1− z2 and x′1 = x1 and gives

dσγ∗A→q̄X

d2q dy2
= e2Q2z2

2(1− z2)Nc

(2π)5

∫
d6x [S22′ − S12 − S12′ + 1]

×eiq·(x′2−x2)
[
4z2(1− z2)K0(|x12|Q2)K0(|x12′ |Q2)

+
[
z2

2 + (1− z2)2
] x12 · x12′

|x12||x12′ |
K1(|x12|Q2)K1(|x12′ |Q2)

]
(2.5)

where the first (second) term inside the big square bracket corresponds to contribution of
longitudinal (transverse) photons. To get the full single inclusive production cross section
one must also consider the case when one integrates out the antiquark. It can however be
shown that the two results are identical so that we will only integrate out the quark and
multiple our final results by a factor of 2. This can also be shown to be true when we
calculate the next to leading order corrections. Therefore we will consider only the case
when the quark is integrated out. Furthermore and as before we will consider only the case
of longitudinal photons in this paper.

3 One-loop corrections

To calculate the next to leading order corrections to single inclusive hadron production
we start with our next to leading order results for dihadron production computed in [80].
The real corrections labeled dσi×j come from squaring the diagrams in figure 1 (these
were first calculated in [104, 105]) and the virtual corrections dσi from multiplying the
diagrams in figure 2 with the leading order amplitude. These must then be multiplied
by their corresponding phase space differentials dΦ(n). The explicit details are shown in
eq. (3.1) where we have also defined iMa

i via iAai = 2πδ(l+ − p+ − q+ − k+)iMa
i and

iMi via iAi = 2πδ(l+ − p+ − q+)iMi. We take the flux factor F to be 2l+. This gives
the NLO corrections to quark antiquark production, and so we then integrate out the
quark (i.e.: perform the integral over p and y1 in each expression) as before to obtain
the single inclusive results in eq. (3.2)–(3.17). We note that obtaining the complete result

1Throughout the paper we assume that these dipoles and quadrupoles are real, nevertheless both can
have imaginary parts which however do not contribute here.

– 3 –



J
H
E
P
0
1
(
2
0
2
3
)
0
9
5

l

p

q

k1

l − k1

a

k

iAa
1

l

p

kk1

l − k1

q

a

iAa
2

l

p

q

k1

l − k1
a

kk2

k1 − k2

iAa
3

l

l − k1

k1

k2

k1 − k2

k

a

p

q

iAa
4

Figure 1. The real corrections iAa
1 , . . . , iAa

4 . The arrows on Fermion lines indicate Fermion number
flow, all momenta flow to the right. The thick solid line indicates interaction with the target.
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Figure 2. The ten virtual NLO diagrams iA5, . . . , iA14. All momenta flow to the right, except for
gluon momenta.
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for single inclusive hadron production starting from our original expressions for one loop
corrections to dihadron production would require going back and integrating out any two
of the three partons in the final state (in real corrections). As our main goal here is to
demonstrate factorization of the cross section and cancellation/absorption of all divergences
it is enough to focus on the case when the radiated gluon was first integrated out to get
the NLO corrections to dihadron production.

dσLNLO=
4∑

i,j=1
dσLi×j+2Re

14∑
i=5

dσLi ,

dσLi×j=
1
F

∫
z,k

[
(iMa

i )(iMa
j )∗L

]
dΦ(3),dσLi = 1

F

[
(iMi)(iM)∗,L

]
dΦ(2),

dΦ(3)=2l+ d2pd2qd2kdy1dy2dz
(2π)8(4l+)2z

δ(1−z1−z2−z),

dΦ(2)=2l+ d2pd2qdy1dy2
2(2π)5(2l+)2 δ(1−z1−z2). (3.1)

dσL2×2
d2qdy2

= 2e2g2Q2N2
c

(2π)8z2

∫ 1−z2

0

dz
z

(1−z2−z)2(z+z2)2
[
z2

2+(z+z2)2
]

×
∫

d8xK0(|x12|Q1)K0(|x12′ |Q1)∆(3)
22′

×[S22′−S12−S12′+1]eiq·(x′2−x2)e
i z
z2

q·(x′2−x2) (3.2)
dσL1×2
d2qdy2

=−2e2g2Q2N2
c z2

(2π)8

∫ 1−z2

0

dz
z

(1−z2−z)(z2+z)[z2(1−z2)+(1−z2−z)(z2+z)]

×
∫

d8xK0(|x1′2′ |Q2)

×K0(|x12|Q1)∆(3)
12 [S12S1′2′−S12−S1′2′+1]eiq·(x′2−x2)e

−i z
z2

q·(x2−x3) (3.3)
dσL3×3
d2qdy2

= 2e2g2Q2N2
c z

3
2

(2π)8

∫ 1−z2

0

dz
z

[
(1−z2−z)2+(1−z2)2

]∫
d8xK0(QX)K0(QX ′1) 1

x2
31

×[S22′−S13S23−S13S2′3+1]eiq·(x′2−x2) (3.4)
dσL4×4
d2qdy2

= 2e2g2Q2N2
c z2

(2π)8

∫ 1−z2

0

dz
z

(1−z2−z)2
[
z2

2+(z+z2)2
]∫

d8xK0(QX)K0(QX ′1)∆(3)
22′

×[S22′−S13S23−S13S2′3+1]eiq·(x′2−x2) (3.5)
dσL3×4
d2qdy2

=−2e2g2Q2N2
c z

2
2

(2π)8

∫ 1−z2

0

dz
z

(1−z2−z)[z2(1−z2)+(1−z2−z)(z2+z)]

×
∫

d8xK0(QX)K0(QX ′1)∆(3)
12′

×[S22′−S13S23−S13S2′3+1]eiq·(x′2−x2) (3.6)
dσL2×3
d2qdy2

= 2e2g2Q2N2
c z2

(2π)8

∫ 1−z2

0

dz
z

(1−z2−z)(z2+z)[(1−z2−z)(z2+z)+z2(1−z2)]

×
∫

d8xK0(|x12|Q1)K0(QX ′1)∆(3)
21

×[S23S2′3−S13S2′3−S12+1]eiq·(x′2−x2)e
i z
z2

q·(x3−x2) (3.7)
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dσL2×4
d2qdy2

=−2e2g2Q2N2
c

(2π)8

∫ 1−z2

0

dz
z

(1−z2−z)2(z2+z)
[
z2

2+(z2+z)2
]

×
∫

d8xK0(|x12|Q1)K0(QX ′1)∆(3)
22′

×[S23S2′3−S13S2′3−S12+1]eiq·(x′2−x2)e
i z
z2

q·(x3−x2) (3.8)
dσL6

d2qdy2
= 2e2g2Q2N2

c z2(1−z2)2

(2π)8

∫ z2

0

dz
z

∫
d8x[S32′S23−S13S23−S12′+1]

[
z2

2+(z2−z)2
]

×K0(QX6)K0(|x12′ |Q2)
x2

32
eiq·(x

′
2−x2)e

−i z
z2

q·(x3−x2) (3.9)

dσL8
d2qdy2

=−2e2g2Q2N2
c z2(1−z2)

(2π)8

∫ z2

0

dz(z2−z)
z

×
∫

d8x[S32′S23−S13S23−S12′+1][z2(1−z2)+(z2−z)(1−z2+z)]

×K0(QX6)K0(|x12′ |Q2)∆(3)
12 e

iq·(x′2−x2)e
−i z

z2
q·(x3−x2) (3.10)

dσL10
d2qdy2

=−e
2g2Q2N2

c z2(1−z2)2

(2π)6

×
∫

d6x
[
S22′−S12−S12′+1

]
K0(|x12|Q2)K0(|x12′ |Q2)eiq·(x′2−x2)

×
∫ z2

0

dz
z

[
z2

2+(z2−z)2
]∫ d2k

(2π)2
1(

k− z
z2

q
)2 (3.11)

dσL11
d2qdy2

=−2e2g2Q2N2
c z

3
2

(2π)5

∫
d6x

[
S22′−S12−S12′+1

]
K0(|x12′ |Q2)eiq·(x′2−x2)

×
∫ 1−z2

0

dz
z

[(1−z2)2+(1−z2−z)2]
∫ d2k2

(2π)2

∫ d2k1
(2π)2

× eik1·(x1−x2)[
k2

1+Q2
2
][(

k2− z
1−z2

k1
)2

+ z(1−z2−z)
(1−z2)2z2

k2
1+ z

1−z2
(1−z2−z)Q2

] (3.12)

dσL12
d2qdy2

=−2e2g2Q2N2
c z2(1−z2)2

(2π)5

∫
d6x

[
S22′−S12−S12′+1

]
K0(|x12′ |Q2)eiq·(x′2−x2)

×
∫ z2

0

dz
z

[
z2

2+(z2−z)2
]∫ d2k2

(2π)2

×
∫ d2k1

(2π)2
eik1·(x1−x2)[

k2
1+Q2

2
][(

k2− z
z2

k1
)2

+ z(z2−z)
(1−z2)z2

2
k2

1+ z
z2

(z2−z)Q2
] (3.13)

dσL13(1)
d2qdy2

= 2e2g2Q2N2
c z

2
2(1−z2)

(2π)6

∫ z2

0
dz(1−z2+z)(z2−z)

×
∫

d8x[S12S1′2′−S12−S1′2′+1]eiq·x2′2

×K0

(
|x12|Q

√
(1−z2+z)(z2−z)

)
K0(|x1′2′ |Q2)

∫ d2k
(2π)2 e

ik·x21

– 6 –
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×
∫ d2p

(2π)2

[
z2(z2−z)

z

(z2k−zq)2 (3.14)

+z2z

(
k−q+ (z2−z)

1−z2
p
)
·
(
k+p− (1−z2+z)

z2
q
)

(1−z2+z)(z2k−(1−z2)q)2)
[

(z2k−(1−z2)q)2

z2(z2−z) − ((1−z2)k−zp)2

(1−z2)(1−z2+z)

]]eip·x1′1

dσL13(2)
d2qdy2

= 2e2g2Q2N2
c z

2
2(1−z2)

(2π)6

∫ 1−z2

0
dz(1−z2−z)(z2+z)

×
∫

d8x[S12S1′2′−S12−S1′2′+1]eiq·x2′2

×K0(|x12|Q1)K0(|x1′2′ |Q2)
∫ d2k

(2π)2 e
ik·x12

×
∫ d2p

(2π)2

[ (1−z2)(1−z2−z)
z

((1−z2)k−zp)2 (3.15)

+(1−z2)z

(
k−p+ (1−z2−z)

z2
q
)
·
(
k+q− (z2+z)

1−z2
p
)

(z2+z)((1−z2)k−zp)2
[

((1−z2)k−zp)2

(1−z2)(1−z2−z)−
(z2k−zq)2

z2(z2+z)

]]eip·x1′1 .

dσL14(1)
d2qdy2

= e2g2Q2N2
c z

2
2(1−z2)

(2π)5

∫
d6x[S22′−S12−S12′+1]K0(|x12′ |Q2)eiq·(x′2−x2)

×
∫ 1−z2

0

dz
z

d2k1
(2π)2

d2k2
(2π)2 e

ik2·x12

×
[

z2(1−z2)+(1−z2−z)(z2+z)[
k2

2+Q2
2

][(
k1−1−z2−z

1−z2
k2
)2

+ z(1−z2−z)
z2(1−z2)2 k2

2+ z
1−z2

(1−z2−z)Q2
]

+
(1−z2−z)(z2+z)

z2(1−z2) ((z2+z)(1−z2−z)+z2(1−z2)))[
k2

1+(1−z2−z)(z2+z)Q2
][(

k1−1−z2−z
1−z2

k2
)2

+ z(1−z2−z)
z2(1−z2)2 k2

2+ z
1−z2

(1−z2−z)Q2
]

−
z(1−z2−z)

1−z2
[z2(1−z2)+(1−z2−z)(z2+z)]Q2[

k2
1+(1−z2−z)(z2+z)Q2

][
k2

2+Q2
2

][(
k1−1−z2−z

1−z2
k2
)2

+ z(1−z2−z)
z2(1−z2)2 k2

2+ z
1−z2

(1−z2−z)Q2
]

− z[(1−z2)(1−z2−z)+z2(z2+z)][
k2

1+(1−z2−z)(z2+z)Q2
][

k2
2+Q2

2

]] (3.16)

dσL14(2)
d2qdy2

= e2g2Q2N2
c z

2
2(1−z2)

(2π)5

∫
d6x[S22′−S12−S12′+1]K0(|x12′ |Q2)eiq·(x′2−x2)

×
∫ z2

0

dz
z

d2k1
(2π)2

d2k2
(2π)2 e

ik2·x12

×
[

z2(1−z2)+(1−z2+z)(z2−z)[
k2

2+Q2
2

][(
k1− z2−z

z2
k2
)2

+ z(z2−z)
(1−z2)z2

2
k2

2+ z
z2

(z2−z)Q2
]

– 7 –



J
H
E
P
0
1
(
2
0
2
3
)
0
9
5

+
(1−z2+z)(z2−z)

z2(1−z2) [z2(1−z2)+(1−z2+z)(z2−z)][
k2

1+(1−z2+z)(z2−z)Q2
][(

k1− z2−z
z2

k2
)2

+ z(z2−z)
(1−z2)z2

2
k2

2+ z
z2

(z2−z)Q2
]

−
z(z2−z)
z2

[z2(1−z2)+(1−z2+z)(z2−z)]Q2[
k2

1+(1−z2+z)(z2−z)Q2
][

k2
2+Q2

2

][(
k1− z2−z

z2
k2
)2

+ z(z2−z)
(1−z2)z2

2
k2

2+ z
z2

(z2−z)Q2
]

− z[z2(z2−z)+(1−z2)(1−z2+z)][
k2

1+(1−z2+z)(z2−z)Q2
][

k2
2+Q2

2

]] (3.17)

where we have x′1 ≡ x1 + z
1−z2

(x3 − x1) in σ1×2. Here we have also defined

∆(3)
ij = x3i · x3j

x2
3ix2

3j
. (3.18)

We also note that since we have integrated over z1 the definition of Q2 remains the same
but Q1 (which is still used in some expressions) has now changed.

Q2 = Q
√
z2(1− z2), Q1 = Q

√
(1− z2 − z)(z2 + z). (3.19)

We have also used a shorthand notation for the coordinate dependence in some of the
Bessel functions.

X =
√

(1− z2 − z)z2x2
12 + (1− z2 − z)zx2

13 + z2zx2
23,

X6 =
√

(1− z2)(z2 − z)x2
12 + (1− z2)z x2

13 + z(z2 − z)x2
23. (3.20)

X ′ is the same as X but with primed coordinates (except for x3 which is never primed).
X ′1 is the same as X ′ but x′1 has become unprimed.

These expressions provide the formal results for the one-loop corrections to single
inclusive hadron production. Looking at the results (eq. (3.2)–(3.17)) one can see that some
corrections appear to be missing. In particular, we have not written σ1×1, σ1×3, σ1×4, σ5, σ7,

and σ9. This is because σ1×1 exactly cancels σ9 (σ9 gets an extra factor of 2 due to it being a
cross term). Similarly, σ1×3 cancels σ5, and also σ1×4 cancels σ7. We include the expressions
for these in appendix A for completeness. To understand this cancellation, one can draw
these corrections in cut diagram notation. In figure 3 we show that σ1×1 and σ9 become
diagrammatically identical when one integrates the final state quark. Similarly, one finds
that σ1×3 becomes the same diagram as σ5, and σ1×4 becomes the same as σ7 (see figure 4).

Therefore since the expressions corresponding to these diagrams differ mathematically
only by a sign, they all cancel each other completely.

dσ1×1 + 2dσ9 = 0,
dσ1×3 + dσ5 = 0,
dσ1×4 + dσ7 = 0. (3.21)

Note that the factor of 2 on dσ9 comes due to the fact that it’s a cross term and therefore
gets double counted relative to dσ1×1. So it is justified to ignore these corrections (see
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dσ1×1

dσ9

×

××

××

××

××

×

Figure 3. When one integrates out the final state quark, the real correction σ1×1 and the virtual
correction σ9 become the same diagram. Here the ‘x’ at the end of a solid line indicates produced
quarks and antiquarks.

× × × ×

Figure 4. Here the left diagram is σ1×3 and σ5, and the right diagram is σ1×4 and σ7. The ‘x’
indicates the produced antiquark.

appendix A for the expressions). In the remaining terms, one finds divergences which must
either be canceled or absorbed into the renormalization of physical parameters. This is the
topic of the next section.

4 Divergences

As in the case of dihadron production in [80] there are four categories of divergences;
UV, soft, rapidity and collinear. The cancellation of UV and soft divergences proceeds as
follows. UV divergences appear as x3 → x2 in σ6, as x3 → x1 in σ3×3, as k → ∞ in σ10,
as k2 → ∞ in σ11 and σ12, and as k1 → ∞ in σ14(1) and σ14(2). We find that these UV
divergences all cancel according to eq. (4.1). Note that all other UV divergent terms were
already canceled in the first two lines of eq. (3.21).

[dσ6 + dσ12]UV = 0,[
dσ3×3 + dσ11 + dσ10 + dσ14(1) + dσ14(2)

]
UV

= 0. (4.1)

Soft divergences occur when k and z both go to zero (in coordinate space this becomes
x3 →∞ and z → 0). The cancellation of soft divergences in all remaining terms proceeds
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identically to that in dihadron production [80] with

[dσ2×2 + 2 dσ10]soft = 0,[
dσ1×2 + dσ13(1) + dσ13(2)

]
soft

= 0,

[dσ3×3 + dσ4×4 + 2 dσ3×4]soft = 0,
[dσ2×3 + dσ2×4]soft = 0,

[dσ6 + dσ8]soft = 0,[
dσ11 + dσ14(1)

]
soft

= 0,[
dσ12 + dσ14(2)

]
soft

= 0. (4.2)

Rapidity divergences appear when z → 0 at finite (non-zero) transverse momentum.
To isolate those it is customary to introduce a rapidity factorization scale zf and write the
z integral as

∫ 1

0

dz
z
f(z) =

{∫ zf

0

dz
z

+
∫ 1

zf

dz
z

}
f(z). (4.3)

so that the rapidity divergences will come from the first integral while the cross section in
the second integral will contain no rapidity divergence. Therefore we first focus on the first
integration region containing the rapidity divergence. As all soft divergences have already
been canceled only terms of the form x2

ij

x2
3ix

2
3j

with i 6= j remain (see [80] for the explicit
expressions). These can be added to give

dσL

d2qdy2
= 4e2Q2Ncz

3
2(1−z2)2

(2π)7

∫
d6xK0(|x12|Q1)K0(|x12′ |Q1)

×
{
Ncαs
2π2

∫ zf

0

dz
z

∫
d2x3 (4.4)

×
[ x2

22′

x2
32x2

32′
(S23S2′3−S22′)−

x2
12

x2
31x2

32
(S13S32−S12)− x2

12′

x2
31x2

32′
(S13S2′3−S12′)

]}
.

Comparing this to the LO result in eq. (2.5) it is clear that the terms inside the curly bracket
correspond to the BK/JIMWLK evolution [106–110] of the dipoles that appear in the LO
cross section. As the contribution of the second term in the z integral contains no rapidity
divergence this shows that all rapidity divergences can be absorbed into BK/JIMWLK
evolution of the LO cross section. The contribution of the

∫ 1
zf

dz region is now free of
divergences (after absorbing the collinear divergences into scale dependent fragmentation
functions done in the following pages) and constitute the NLO correction to the LO result.

Collinear divergences are identical to the case of dihadrons and were treated in full
detail in [80], therefore here we will skip some details. When we integrate out quarks there
remains collinear divergences involving the antiquark when its transverse momentum q
becomes parallel to the loop transverse momentum k (θ → 0 with cos θ ≡ q·k

|q||k| at finite
transverse momenta). One can write the hadronic cross section in terms of the partonic
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cross section as follows,

dσγ∗A→hX

d2qh dy2
= 2

∫ 1

0

dzh
z2
h

dσγ∗A→q̄X

d2q dy2
Dh/q̄(zh). (4.5)

Here we have included only the case where the quark is integrated out and the antiquark
with momentum q fragments into a hadron h with momentum zhq. As mentioned earlier,
the opposite case (antiquark integrated out and the quark fragments into a hadron) is
mathematically the same after a relabeling of some variables. Therefore we account for the
opposite case with the overall factor of 2 above. The renormalized fragmentation function
Dh/q̄(zh, µ2) can be written in terms of the bare fragmentation function D0

h/q̄ and higher
order corrections.

Dh/q̄(zh, µ2) = D0
h/q̄(zh) +O(αs) (4.6)

The O(αs) corrections are expected to come from σ2×2 (eq. (3.2)) and σ10 (eq. (3.11)).
Using eq. (4.5) with the leading order partonic cross section (longitudinal part of eq. (2.5))
and the two relevant corrections (in momentum space), we can write

dσγ
∗A→hX

LO+2×2+10
d2qh dy2

=
∫ 1

0

dzh
z2
h

D0
h/q̄(zh)2e2Q2Nc

(2π)5

×
∫

d6x[S22′ − S12 − S12′ + 1]eiq·x2′2K0(|x12|Q2)K0(|x12′ |Q2)

×
[
4z3

2(1− z2)2 + 2g2Nc

(2π)

∫ dz
z

(1− z2 − z)2(z2 + z)2[z2
2 + (z2 + z)2]

z2

×
∫ d2k

(2π)2
eik·x2′2(

k− z
z2

q
)2

− 2g2Nc

(2π)

∫ z2

0

dz
z
z2(1− z2)2[z2

2 + (z2 − z)2]
∫ d2k

(2π)2
1(

k− z
z2

q
)2

]
. (4.7)

Here the first term in the square brackets is the leading order contribution, the second term
is the real correction σ2×2, and the last term is the virtual correction σ10 (doubled here
since it’s a cross term). Next we follow identical steps to what was done for dihadrons and
rewrite this expression using g2 = 4παs and relax the large-Nc approximation inside the
square brackets taking Nc → 2CF . We also define a new variable ξ for the z integration in
both the real and virtual corrections. For the real correction ξ = z2/(z2 + z) and for the
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virtual correction ξ = (z2 − z)/z2.

dσγ
∗A→hX

LO+2×2+10
d2qh dy2

=
∫ 1

0

dzh
z2
h

D0
h/q̄(zh)8e2Q2Ncz

3
2

(2π)5

×
∫

d6x[S22′ − S12 − S12′ + 1]eiq·x2′2K0(|x12|Q2)K0(|x12′ |Q2)

×
[
(1− z2)2 + 2αsCF

∫ dξ
ξ5

(1− z2/ξ)2(1 + ξ2)
(1− ξ)

∫ d2k
(2π)2

eik·x2′2(
k− (1−ξ)

ξ q
)2

− 2(1− z2)2αsCF

∫ 1

0
dξ (1 + ξ2)

(1− ξ)

∫ d2k
(2π)2

1
(k− (1− ξ)q)2

]
. (4.8)

Now, we want to regulate the divergences in the two integrals over k. To do so we follow [80]
and write

∫ d2k
(2π)2

eik·(x
′
2−x2)(

k− (1−ξ)
ξ q

)2 →
e
i

(1−ξ)
ξ

q·(x′2−x2)

2π

[1
ε
− log

(
πeγEµ|x′2 − x2|

)]
+O(ε),

ε = d− 2 > 0. (4.9)[∫ d2k
(2π)2

1
k2

]
IR

= 1
2π

[
− 1
εIR
− log

(
eγEπµ|x′2 − x2|

)]
+O(ε). (4.10)[∫ d2k

(2π)2
1
k2

]
UV

= 1
2π

[ 1
εUV

+ log
(
eγEπµ|x′2 − x2|

)]
+O(ε). (4.11)

Here eq. (4.9) is used for the real integral. We also make the approximation ξ ≈ 1 inside
the exponential on the right side to ignore it, this we motivate by noting that there is a
1 − ξ in the denominator so the integral is dominated by the region ξ ≈ 1. Eq. (4.10)
and (4.11) are used for the virtual correction, after a shift on the k integral. This shift
makes the collinear divergence look infrared, but this is distinct from the soft divergences
discussed earlier and is in fact the collinear divergence. The UV divergence is canceled
against other virtual corrections (eq. (4.1)). Therefore what remains here is the finite part
of eq. (4.11) which remains as part of the finite NLO corrections, and eq. (4.10) which can
now be added to the real correction by setting εIR = −ε.

dσγ
∗A→hX

LO+2×2+10
d2qhdy2

=
∫ 1

0

dzh
z2
h

D0
h/q̄(zh)8e2Q2Ncz

3
2

(2π)5

×
∫

d6x[S22′−S12−S12′+1]eiq·x2′2K0(|x12|Q2)K0(|x12′ |Q2)

×
[
(1−z2)2+

{
αsCF
π

∫ dξ
ξ5

(1−z2/ξ)2(1+ξ2)
(1−ξ) −(1−z2)2αsCF

π

∫ 1

0
dξ (1+ξ2)

(1−ξ)

}

×
[1
ε
−log

(
πeγEµ|x′2−x2|

)]]
(4.12)
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Next, let’s note that z2 is no longer an independent variable, it can be written in terms of
zh using

z2 = q+
h

zhl+
. (4.13)

Writing all the z2’s this way, and rearranging the result we have

dσγ
∗A→hX

LO+2×2+10
d2qh dy2

=
∫ 1

0
dzh

8e2Q2Nc(q+
h )3

(2π)5(l+)3

×
∫

d6x[S22′ − S12 − S12′ + 1]eiq·x2′2K0(|x12|Q2)K0(|x12′ |Q2)

×
[(1− q+

h
zhl+

)2

z5
h

D0
h/q̄(zh) +

{
αsCF
π

∫ dξ
ξ5

(1− q+
h

zhl+ξ
)2(1 + ξ2)

(1− ξ)
D0
h/q̄(zh)
z5
h

−
(1− q+

h
zhl+

)2αsCF

π

∫ 1

0
dξ (1 + ξ2)

(1− ξ)
D0
h/q̄(zh)
z5
h

}

×
[1
ε
− log

(
πeγEµ|x′2 − x2|

)] ]
. (4.14)

Now that all the zh dependence is explicit, let’s perform a substitution on the zh integral
only in the real correction term (first term in the curly brackets). We’ll define z′h = ξzh,
and once the substitution is complete we’ll remove the prime. This yields

dσγ
∗A→hX

LO+2×2+10
d2qh dy2

=
∫ 1

0

dzh
z2
h

8e2Q2Ncz
3
2(1− z2)2

(2π)5

×
∫

d6x[S22′ − S12 − S12′ + 1]eiq·x2′2K0(|x12|Q2)K0(|x12′ |Q2)

×
[
D0
h/q̄(zh) +

{
αsCF
π

∫ 1

zh

dξ
ξ

(1 + ξ2)
(1− ξ) D

0
h/q̄(zh/ξ)

− αsCF
π

∫ 1

0
dξ (1 + ξ2)

(1− ξ) D
0
h/q̄(zh)

}

×
[1
ε
− log

(
πeγEµ|x′2 − x2|

)] ]
. (4.15)

Here we have written things back in terms of z2 for aesthetics. Finally, the real and virtual
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corrections can be combined using the antiquark-antiquark splitting function Pq̄q̄ defined as

Pq̄q̄(ξ) = CF

[
(1 + ξ2)
(1− ξ)+

+ 3
2δ(1− ξ)

]
(4.16)

dσγ
∗A→hX

LO+2×2+10
d2qh dy2

=
∫ 1

0

dzh
z2
h

8e2Q2Ncz
3
2(1− z2)2

(2π)5 (4.17)

×
∫

d6x[S22′ − S12 − S12′ + 1]eiq·x2′2K0(|x12|Q2)K0(|x12′ |Q2)

×
∫ 1

zh

dξ
ξ
D0
h/q̄(zh/ξ)

[
δ(1− ξ) + αs

π
Pq̄q̄(ξ)

[1
ε
− log

(
πeγEµ|x′2 − x2|

)] ]
.

For more details on these calculations, see [80]. So, we are now able to define the DGLAP
evolved fragmentation function

Dh/q̄(zh, µ2) =
∫ 1

zh

dξ
ξ
D0
h/q̄(zh/ξ)

[
δ(1−ξ)+ αs

π
Pq̄q̄(ξ)

[1
ε
− log

(
πeγEµ|x′2 − x2|

)] ]
, (4.18)

in terms of which our result becomes

dσγ
∗A→hX

LO+2×2+10
d2qh dy2

=
∫ 1

0

dzh
z2
h

8e2Q2Ncz
3
2(1− z2)2

(2π)5 (4.19)

×
∫

d6x[S22′ − S12 − S12′ + 1]eiq·x2′2K0(|x12|Q2)K0(|x12′ |Q2)Dh/q̄(zh).

Thus we have shown that all divergences appearing in our next-to-leading order results
are either canceled or absorbed into evolution of dipoles and fragmentation functions. The
full result for the single inclusive cross section at next-to-leading order can be written
schematically as

dσγ∗A→hX = dσLO ⊗ JIMWLK + dσLO ⊗Dh/q̄(zh, µ2) + dσfiniteNLO. (4.20)

Here we imply the presence of a bare fragmentation function D0
h/q̄(zh) in the first and last

terms.
In summary we have derived the next to leading order corrections to single inclusive

hadron production in the forward rapidity region in DIS at small x. We have shown that
all divergences either cancel among various terms or can be absorbed into BK/JIMWLK
evolution of dipoles and DGLAP evolution of the parton-hadron fragmentation function.
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A Cancellations

Here we list the corrections that all cancel each other exactly according to eq. (3.21) and
can therefore be neglected from the results.

dσL1×1
d2q dy2

= 2e2g2Q2N2
c z

3
2

(2π)8

∫ 1−z2

0

dz
z

[
(1− z2 − z)2 + (1− z2)2

]
×
∫

d8xK0(|x12|Q2)K0(|x12′ |Q2) 1
x2

31

× [S22′ − S12 − S12′ + 1] eiq·(x′2−x2) (A.1)
dσL1×3

d2q dy2
= −2e2g2Q2N2

c z
3
2

(2π)8

∫ 1−z2

0

dz
z

×
∫

d8x [S322′1′S13 − S13S23 − S1′2′ + 1]
[
(1− z2)2 + (1− z2 − z)2

]
× K0(QX)K0(|x1′2′ |Q2)

x2
31

eiq·(x
′
2−x2) (A.2)

dσL1×4
d2q dy2

= 2e2g2Q2N2
c z

2
2

(2π)8

∫ 1−z2

0

dz (1− z2 − z)
z

×
∫

d8x [S322′1′S13 − S13S23 − S1′2′ + 1] [(1− z2)z2 + (1− z2 − z)(z2 + z)]

×K0(QX)K0(|x1′2′ |Q2)∆(3)
12 e

iq·(x′2−x2) (A.3)
dσL5

d2qdy2
= 2e2g2Q2N2

c z
3
2

(2π)8

∫ 1−z2

0

dz
z

×
∫

d8x [S322′1′S13 − S13S23 − S1′2′ + 1]
[
(1− z2)2 + (1− z2 − z)2

]
× K0(QX)K0(|x1′2′ |Q2)

x2
31

eiq·(x
′
2−x2) (A.4)

dσL7
d2q dy2

= −2e2g2Q2N2
c z

2
2

(2π)8

∫ 1−z2

0

dz (1− z2 − z)
z

×
∫

d8x [S322′1′S13 − S13S23 − S1′2′ + 1] [(1− z2)z2 + (1− z2 − z)(z2 + z)]

×K0(QX)K0(|x1′2′ |Q2)∆(3)
12 e

iq·(x′2−x2) (A.5)
dσL9

d2q dy2
= −e

2g2Q2N2
c z

3
2

(2π)8

∫
d8x

[
S22′ − S12 − S12′ + 1

]
K0(|x12|Q2)K0(|x12′ |Q2)eiq·(x′2−x2)

×
∫ 1−z2

0

dz
z

[(1− z2)2 + (1− z2 − z)2] 1
x2

31
(A.6)

Here x′1 ≡ x1 + z
1−z2

(x3 − x1) in these expressions.
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