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Single Step Galerkin Approximations
for Parabolic Problems

By Garth A. Baker, James H. Bramble and Vidar Thomée

Abstract. In this paper we construct and analyze ciasses of single step methods of
arbitrary order for homogeneous linear initial boundary value problems for parabolic
equations with time-independent coefficients. The spatial discretization is done by
means of general Galerkin-type methods.

1. Introduction. In this paper we shall consider the approximate solution of the
initial boundary value problem

Mo=—lu= 3% G 3 agu in Q x (0, t*],
k=1 %% k

(1.1)
ux, )=0 on 3 x (0, t*],
u(x, 0) =v(x) forx €.

Here  is a bounded domain in RY with sufficiently smooth boundary 3, a4 and a,
are sufficiently smooth functions which are independent of ¢, the matrix (a].k) is sym-
metic and uniformly positive definite and a,, is nonnegative on £2. All functions con-
sidered are real valued.

In Bramble, Schatz, Thomée and Wahlbin [3] the discretization of this problem
in the space variables was considered by means of Galerkin’s method, using a family
{S,} of finite element spaces with certain approximation properties, thus replacing (1.1)
by an approximating system of ordinary differential equations in time. Special empha-
sis was placed on deriving optimal order error estimates for time bounded away from
zero, under weak regularity assumptions on the initial data. This pursued a point of
view taken previously in Blair [1], Helfrich [8] and Thomée [12] (cf. [3] for further
references on semidiscrete Galerkin methods).

In the present paper the purpose is to study discretization also of the time vari-
able. In particular, we shall formulate single step (in time) completely discrete schemes
based on the above discretization in space and prove estimates analogous to those of
[3] for such schemes.

In order to describe our investigations, let {)\i}f’ and {gpj}‘;’ be the eigenvalues
(in nondecreasing order) and (L, orthonormal) eigenfunctions of the operator L (with
boundary values zero). For s real we let H* = H5(Q) denote the space of functions
w € L, for which (with ( -, - ) the inner product in L,(£2))
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SINGLE STEP GALERKIN APPROXIMATIONS 819

1/2
ol = (350m 92)"" <

i
Recall that for s > 0, in order that w € H®, it is required not only that w € H5(Q2) =
W3(€2) but also that certain boundary conditions be satisfied (cf. [4]). Fors =0 we
shall normally omit the subscript and denote the normin L, = L,(2) by Il - [I.
Now let T be the solution operator of the elliptic problem
Lw=f inQ, w=0 onoaf,
so that
Tf = 2571 w)ey
)
This operator is a bounded operator from H® into A°2. In terms of T we can write
the parabolic problem (1.1) as
DTu+u=0 forO0<zr<t* u(0) =y,
and its exact solution as

1.2) u)=y e t)\i(v, 0)¢; = exp(—tL).
)

For the purpose of discretizing this problem in space, let {S,} (7 small and
positive) be a family of finite dimensional subspaces of L,. As in [3] we shall assume
that we are given a corresponding family of operators T,: L, — S, with the proper-
ties:

() T, is selfadjoint, positive semidefinite on L, and positive definite on S,;

(iia) There is a positive integer > 2 and a constant C such that

KT, = Tl < CHI*2pll, for0<q<r-2,

or, in some cases, alternatively,
(iib) There is a positive integer r > 2 and a constant C such that

(T, = Twll_, <CHPHa+ 2|, for0<p, q<r-2.

We then consider the semidiscrete problem: Find u,(f) € S, such that
D, T, u, () +u,(t) =0 for 0 <1< r¥,

u,(0) = Ppu €S,

where P, denotes the projection onto S, in L,(2). Introducing the inverse L, = T;l
of T, on §,, this can also be written

D, (t) + Lyu, () =0 for0<t<t*,  u,(0)=Py.
In analogy to (1.2), its solution admits the representation
—tA:
13) u, () = 2 e "Viv, @), = exp(-tL,)Pyy,
i

where {A;} and {®;} are the eigenvalues and eigenfunctions of L,,. Notice that the
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820 GARTH A. BAKER, JAMES H. BRAMBLE AND VIDAR THOMEE

A, are the inverses of the positive eigenvalues of T,.

An important feature of this formulation is that it encompasses several different
procedures for dealing with the homogeneous boundary condition (cf. [3]).

In [3], assuming (i) and (iia) above, it was first proved, by the energy method,
that

(14) lle, (1) — u(l < CRolll,, O<s<r,
uniformly on (0, #*]. It was then shown by means of spectral representations that
(1.5) llue,, (£) — w(eM < Ch"t= "2yl

so that the error is in fact of optimal order in & for ¢ bounded away from zero, even
with v only in L,. After that, estimates also in maximum norm were derived provided
such estimates were known for the stationary problem. These results thus extended to
the present level of generality results known before in special cases (cf. the references
in [3]). Further, particular estimates were obtained for the case in which u, satisfies
the interior equation

(Dtuha X) + A(uh’ X) = 0’ VX € Sg(ﬂo),

where S(,’,(QO) denotes the elements of S, with supports in Q, and

(1.6) A, w) = fn<z A aale Z;)_xw,: + aovw> dx,

and where the elements of S, are assumed to satisfy a condition of translation invari-
ance on . Specifically, it was shown that arbitrary spatial derivatives of u can be
approximated to optimal order in the interior of , by difference quotients of u,, and
finally that by applying the averaging process of Bramble and Schatz [2], superconver-
gent O(h?"~?) approximations can be defined provided the assumption (iib) holds.

We now turn to the purpose of the present paper, the construction and analysis
of single step arbitrary order completely discrete schemes for the parabolic problem
(1.1).

The discrete approximations U”, n = 0, 1, ..., to the exact solution u(#) of the
parabolic problem at ¢t = nk, with k the step size in time, will be defined in terms of
a rational approximation (1) to the exponential e~ " by the recursion formula

Urtl = qkL,)U", n=0,1,...,nk<t*
(1.7)

U° = oU-
The rational functions employed will be assumed to satisfy, for some v = 1,
(1.8) ) =e "+ 0@ ) as7—0,

which will signify that the accuracy in the time discretization is of order v. In addition
they will be classified according to their behavior on the positive real line. In particu-
lar, r(kA) will have no pole for X an eigenvalue of L, so that (1.7) defines U" uniquely
as an element of §,.
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SINGLE STEP GALERKIN APPROXIMATIONS 821

Since T, rather than L, is considered given, it is sometimes convenient to express
r(kL,) as a rational function of T}, or equivalently, to consider the rational function
r(k/u) of u. Assuming that this function has the form

r(k/u) = Qg H(ﬂ - ﬁ,/[l(ll - 'Yj),
i i

the recursion formula (1.7) for U™ may be written

H(Th - '7/)Un+l = aOH(Th - BYU".
j i

Hence, in order to determine U"*! from U”, with T, given, it is sufficient to solve a
sequence of equations of the form

(1.9) T, + W = (0T, + )V,

for W, with V given. Here, although U" and U"*! are both real, @, §, v, & and hence
also ¥ and W may be complex valued, with T}, f defined for complex f by linearity. In

applications, T}, is often defined by means of a positive definite bilinear form (cf. [3,
Section 8}),

B, (T,f x)=(f x), VXES,.
In this case, (1.9) takes the form
a(W, x) + BB, (W, x) = v(V, X) + 8B, (V, x), VXES,,.

We will return below to convenient choices of such rational functions.

Under our different assumptions on the time discretization schemes, to which we
shall return presently, we shall derive error estimates corresponding to the ones quoted
above for the semidiscrete situation. The analysis relies on the fact that similarly to
u, (1), U" can be represented in terms of the discrete eigenfunctions and eigenvalues as

(1.10) U™ = HKL,)"Pov = 2 rkA)" (v, ©))®;.
j

Notice in particular that the scheme (1.7) will be stable in L, if maler(kAl-)l < 1; we
then immediately find by Parseval’s relation that

(1.11) NIl < NIPyull < Il

This condition will be satisfied for all schemes employed below.
We shall now describe our estimates. In Section 2, we derive such estimates in
L,. First we prove the analogue of (1.5) which reads

(1.12) U™ = w(nk)ll < COIt="1% + k)l 0 < r=nk <t

The proof of this estimate is based on the eigenfunction expansions (1.2) and (1.3).
After that we derive an analogue of (1.4) for smooth data,

(1.13) U™ = u(nilt < CE I, + KVlll,,)-
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822 GARTH A. BAKER, JAMES H. BRAMBLE AND VIDAR THOMEE

In contrast to the semidiscrete case this latter estimate is now a consequence of the
estimate for nonsmooth data and the following representation of smooth initial data,
namely

v—1 i

v= 3 THT-TOL* v + T2LM.

j=0
Section 2 also contains estimates for less smooth data which are uniform for small ¢
but not of the highest order O(h" + k"), as well as estimates for approximations to
time derivatives.

In Section 3 we derive the analogue in the completely discrete case to the maxi-
mum norm estimates of [3]. Section 4 is devoted to interior estimates on regular ele-
ments for difference quotients. It is shown here how arbitrary derivatives of u can be
approximated to optimal order O(h" + k) by difference quotients of U", and also that
(for T, satisfying (iib)) the effect of the Bramble-Schatz averaging operator is not
spoiled by time discretization so that 0(h2' -4 k”) approximations can also be
found.

After giving examples, in Section 5, of specific rational functions satisfying our
assumptions, we conclude the paper by deriving in Section 6, L, error estimates for
schemes using successively a finite number of different choices of rational functions,
time steps and approximating function spaces, and also for schemes using initial data
other than Pyv.

We now turn to the classification of the discretization in time. First, the rational
approximations to e~ " are said to be of types I, II, III or IV, respectively, if

L 1)l <1 for 0 <1 <a, for some a > 0;
II: (7))l <1 forr>0;

III: sup,5IM(7) <1 forall § > 0;

IV: In7) <1 for 7 >0 and lim_,_r(r) = 0.

Notice that these conditions are successively more restrictive.

The discretization scheme (1.7) is now classified by these conditions on r(7),
assuming always the conditions (i), (iia) placed previously on T} (when (iib) is needed
this will be explicitly stated). In certain cases, we shall need to impose, in addition,
restrictions on the relation between the parameters # and k occurring in (1.7). More
precisely, we shall say that the scheme is of type I', II' or III" if, with A_,, the maxi-
mal eigenvalue of L, ,

I': r(r)is of type L and kA,
II': A7) is of type Il and kA, ,, < &, for some a;, 0 < a; <o
II': A7) is of type Il and K°A,,,, < ¢, for some a, 0 <oy < oo,
and s 2 1.
A scheme of type I or IV will simply be one for which r(7) is of type IIl or IV,
respectively, with no restriction on the relation between k and A ...

Notice that for schemes of types I' and II', setting 7, = &, and a,, respectively,
we have 0 < kX < 7, for A in g, the spectrum of L, and hence |H{AN)| <1 for
A € 0y, so that, in fact,

< ag for some oy, 0< o <a
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SINGLE STEP GALERKIN APPROXIMATIONS 823

KNI < e=¢**  for X € g,,, with ¢ > 0.
This fact will be used repeatedly in the proofs.
In order that the condition kA, ,, < 7, be satisfied it is sufficient that

(114) A ax < Koh_2,

m

and that the mesh ratio condition k/h2 < 7y/Ko hold. For schemes of type I' this is
analogous to the mesh ratio restrictions necessary for explicit difference schemes
whereas for schemes of type II' this mesh ratio is only required to be bounded above.
For the standard Galerkin method, for example, (1.14) would follow from an inverse
assumption

Ixl, < lixlly, Vx € Sp-

The condition for schemes of type III' would be satisfied if A, < koh °© holds
and k/h°! is bounded, with 0o and o, arbitrary positive (s = g,/0,).

Of the results quoted above for nonsmooth data, the L, estimate (1.12) is proved
for schemes of types I', II' and III, the maximum-norm estimates for schemes of types
I', II', II" and 1V, and the interior estimates for difference quotients for types I', II'
and IV. The estimate (1.13) for smooth data holds for schemes of types I' and II.

Particular fully discrete Galerkin methods for parabolic problems have been
treated in the literature by various authors. For instance, using energy methods and
assuming a smooth solution, Douglas and Dupont [6], Dupont {[7] and Wheeler [14]
considered the Crank-Nicolson scheme, Zldmal [15] the so-called Calahan scheme (see
below) and Crouzeix [5] schemes based on implicit Runge-Kutta methods for ordinary
differential equations. Further, a theory for schemes employing general rational func-
tions, allowing also subspaces with elements not necessarily satisfying the boundary
conditions, was developed in Bramble and Thomée [4]. Except for the case of ratio-
nal functions with numerators and denominators at most linear, these schemes are dif-
ferent from the ones studied here. The case of nonsmooth data was considered in
Blair [1] for the simplest backward difference method in time and in Thomée [12],
where classifications of the above types and techniques similar to the ones of the pres-
ent paper were employed in one space dimension. The third author wishes to point
out that the proof of the main result concerning completely discrete schemes with
nonsmooth data in [12] (Theorem 4.2) is incorrect, in that the analysis relies on an
eigenfunction expansion of the form (1.10) and hence pertains to the appropriate
special case of the presently studied scheme (1.7), rather than to the scheme proposed
in {4].

Let us emphasize again that our formulation and analysis here only requires the
availability of an approximate solution operator T}, for the elliptic problem, with the
above properties, and that no further smoothness and other requirements are necessary
for the subspaces S, . This is in constrast to the investigations in Bramble and Thomée
[4] where higher accuracy in the time discretization necessitated higher smoothness
of the approximating functions.

Specific examples of rational functions of types I, I and 1V are provided by the
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824 GARTH A. BAKER, JAMES H. BRAMBLE AND VIDAR THOMEE

above diagonal, diagonal and below diagonal entries of the Padé table for e~". Other
examples of completely discrete schemes and their computational implementation are
described in Section 5 below. In particular we consider some classes of schemes of
types III and IV where the rational functions are defined by taking appropriate trunca-
tions of a series expansion of the form

re1-3 P(b)( u >j+1 ith b > 0
e =1- | w1 ’
j=0 Y 1+ bt

where the coefficients P; are real polynomials associated with the Laguerre polynomials
of the first order. For given v, the rational function thus derived will have denominator
(1 + br)’~!. This, as follows from the discussion following the introduction of the
scheme (1.7), means that computationally, v — 1 systems, all with the same matrix will
have to be solved at each time step. Such a property should be desirable from a prac-
tical point of view. These rational functions were studied and used for stiff systems
of ordinary differential equations by Nersett [11]; the particular case » = 3 was ap-
plied by Zldmal [15] to parabolic problems and referred to as the Calahan scheme (cf.
also Makinson [9]).

Throughout this paper, C and ¢ will denote positive constants, not necessarily the
same at different occurrences.

2. Error Estimates in L,. Our first result in this section is an L, estimate for
the difference between the semidiscrete and completely discrete solutions, with initial
data only assumed to belong to L,(§2). Together with the estimates from [3] for the
error in the semidiscrete solution, this results in a complete error estimate for U". This
estimate has optimal order of accuracy for ¢ bounded away from zero, but contains a
negative power of ¢ on the right.

We now state this first result.

THEOREM 2.1. Let the discretization scheme be of type I', Il or IIl. Then for
0<t=nk<rt*

U™ = up, (nk)ll < Ck”t~ "l

Before giving the proof of this result we shall introduce some notation. For an
arbitrary function g(7) defined for 7 € 0,, the spectrum of L, = T;l, we set for

v € L,yQ),

2.1) gLy = 3 gA)v, )b, = g(L,)Poy.
A]‘EOh

In particular, with

(2:2) F(r)=r()" —e™ ",

we can write

2.3) U™ — u,(nk) = F, (kL.

By (2.1), L, is defined on all of L, and not just as the inverse of T}, on S;,. By
Parseval’s relation we have for the operator norm of g(L,) on L,,
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29 gL, = sup lg(7)l.
TEG,

In view of (2.3), Theorem 2.1 is a consequence of the following lemma:
LEMMA 2.1. Let the discretization scheme be of type I', Il' or 1Il. Then for
0<t=nk<t*%

IF, (KLl < Ck¥t™".

Proof. We have by (2.4),
WF, (kL) = sup IF, (kNI = sup |F,(7)I,
>\€0h

7/kE0y

and hence it suffices to show that
IF, (Dl < Ck/t) = Cn~" for 1/k € g,,.
Let 7, be a positive number such that

(2.5) Ml <1 for0<7<1,.
Then for 0 < 7 < 74 by (1.8),

) —e T < CrPHl,

and
(2.6) D)l <e °T with0<c< 1.
Hence

IF,()) = |(r(r) — ¢~ ’)"f Yttt
@.n =

< Cm.v+ le—c(n—l)r < Crle= "t < Cn V.

Since in cases I' and I, kA < 7, for all A € g,, if 7, is appropriately chosen,
this completes the proof for such schemes. For type III schemes we also have to con-
sider 7 large, 7 > 1, say. We then have

e <eT "< nY.
Further,
(2.8) sup [(r)l =e"¢ with ¢ >0,

721

so that similarly
(D <e "<Cn™¥ forr=1.

This completes the proof.
Combining Theorem 2.1 with the case j = 0 of Theorem 3.2 in [3], which states
that

29 N, (D) = u@ < CRZt*/?vll  for 0 < £ < r*,
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826 GARTH A. BAKER, JAMES H. BRAMBLE AND VIDAR THOMEE

we conclude immediately:
THEOREM 2.2. Let the discretization scheme be of type I', II' or IIl. Then for
0<t=nk<r*

U™ — u@nk)| < CH 712 + Kt P}l

We shall now turn to estimates which hold uniformly down to ¢t = 0. In this
case, in order to obtain optimal order results, smoothness has to be required of the
initial data. In Theorem 2.1 of [3], before proving the estimate (2.9), the energy
method was used to derive such an error estimate for the semidiscrete solution; in
particular

(2.10) ll, (1) — u(t) < CHSllull, for 0 <s<r,0<r<r*

In order to obtain now a similar result for the completely discrete situation we shall
combine Theorem 2.1 with the following representation of the initial data, namely
v—1
(2.11) v=7Y TI(T-T)L v+ T/L".
j=0
The following lemma will be needed.
LEMMA 2.2. Let the discretization scheme be of type ' or II. Then for 0 <;j <1

W} F, (KL < CK/.
Proof. By (2.4),

ITFu(kL)Il = sup INF, (kN = sup IK/T/F, (),
A€o, T/kEoy

and hence it suffices to show that
It /F (DI < C for 1/k € g,,.

As in the proof of Lemma 2.1, let 7, be a positive number such that |(7)| <1 for
0 <7< 7,. Then for such 7, by (1.8)
) —e "I<crt!,  0<j<v,

and (2.6) holds.
Hence

. . n— 1
[T /F () = {7/ (rn(r) —e™7) Z )t~ < Cnre~ (-7 L C.
1=0
For 7 > 7, the desired inequality follows trivially.
The result in the smooth data case is then the following:

THEOREM 2.3. Let the discretization scheme be of type 1' or 11. Then for 0 < t
= nk < r*,

W™ ~u(nk)ll < C(Iloll, + K¥lIvll,,).

Proof. We first note that if we set
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v = 2. ¢
k7\j< 1

(recalling that y; and A; are the eigenfunctions and eigenvalues of the differential opera-
tor L) then by the definition of the norms in H*,

(2.12) v = vl < K*lll,,,
(2.13) g lly, < Woll,,,
(2.14) gl 0y <K 70N, 7=0,1,... .

Applying the identity (2.11) to v, and setting for brevity F, = F, (kL,) as defined by
(2.1) and (2.2), we may write

v—-1 . X
Fu, = ZO F,TI(T - T)L* v, + F,TiL v,.
I=

Here, by Lemma 2.2 and (2.13),
WF,TpL v ll = ITRF, L¥v |
< CKPIL v = CRVllvglly, < CEVI0lly -
Further, using also (iia) and (2.14), we obtain for 0 <j<v -1,
IF, Ti(T = T, )L/t Yo ll < CKI(T — T, )L/ Yo,
S CHRN* ol = CHR gl o
< Ch'lll, < CHll,.
Together, these estimates imply
IF, v, 1l < C Il + ¥ ll,,,).
Since obviously, by stability (cf. (1.11)) and (2.12),
IF, (v = vl < 2llv — v, |l < CKVllvll,
we conclude that
U™ = uy, (i)l = IF,pll < CR"ll, + ¥l ).

By (2.10) (with s = r) this completes the proof.

It is also possible to prove estimates which are uniform in ¢ for less regular initial
data. We have for instance:

THEOREM 24. Let the discretization scheme be of type I' or 11 and let s > 0.
Then for 0 <t = nk < t*,

”Un _ u(nk)ll < C{hmin(r,s) + kmin(v,s/Z)}"v"s.

Proof. We first notice that in Theorem 2.3 and its proof we may replace r by any
s, with 2 <s, <7. Using also the fact that the function v, satisfies, for 0 <s, < 2,

s

12 —(v—
o= ol SE2Tolly ), loglly, < & C52/ D
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we obtain
U™ = uCekll < COB* ol |+ 2l 3.

In particular, this proves the desired result for s 2 2. Interpolation between the result
for s = 2 and the stability estimate

U™ = u(nk)ll < 2iwll,

now completes the proof.
We shall conclude this section by considering a finite difference approximation for
a time derivative Diu of the solution of the parabolic problem, of the form

4, U" = kK 'q(E)U",
where
jl . .
q(E) = z: qu], E]Un — Un+i-
f=i0
Notice that this approximation will be defined only for n + j, = 0. Recall that the
operator g, is an approximation of order » to D: if

/1
(2.15) ae™ = 3 g =1 + 0@*Y) asr—o0.
J=ig
Notice that then, by (1.7),
(2.16). q(r(0) = 1) + 0('*") as1—0.

We then have the following optimal order error estimate for ¢+ bounded away from
zero and initial data in L,.

THEOREM 2.5. Assume that q, is an approximation of order v to Df and that
the scheme is of type I', 1I' or I1l. Then for 0 <t = nk < t*, withn + j, >0,

llg U™ = Diu(nk)ll < Ch"t= "2 =1+ Kr= "~ Hyjwll.
Proof. By Theorem 3.2 of [3] we have
WDy (8) = u(eDI < Ch't =2,
and so it remains to prove

g, U™ = Dlu,, (nkoll < Ck”t= >~ ol

By the spectral representation we have
4 U" = Dy (nk) = 3k~ 'q(kADMRAY" = A e i), @),
j
so that setting

$p(1) = q(r(Tr(r)" — (1) "7,

our result would follow from
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sup |k~ 's, (kM) < Ck¥t V!
AEay

or

(2.17) ls, (] < Cn~*! for 7/k € 0,

Now let 7, be as in the proof of Lemma 2.1 (cf. (2.5)) and write
$p(0) = (@) = D" + o (rry — e ™).

Using (2.16) and (2.6) we obtain for 7 < 7,

(2.18) I@(r(m) = D"l < e e enT < oI,
and by (2.7),

(2.19) (Y — ="y < CrHe—enT < op1-v,

so that

s, < Cn'=" for 7 < 1.

This completes the proof of (2.17) for schemes of types I' and II'. In the case of type
III we also consider 7 2 1, say. For such 7,

Tle—nr < Tl+ue—-n1' < Cn""’,
and

lg(r(r)r(r)*| < Ce™ " < Cn~ 7.
This completes the proof of (2.17) for r > 1 and hence of the theorem.

3. Error Estimates in the Maximum Norm. In this section we shall derive maxi-
mum norm estimates, analogous to those of Section 4 of [3] for the semidiscrete prob-
lem, for our completely discrete approximations. In [3] it was shown that if certain
maximum norm error estimates were available for the associated elliptic problem, then
corresponding maximum norm error estimates could be derived for ¢ bounded away
from zero for the parabolic problem.

The assumption about the elliptic problem, which will also be made here, was that
there is a function y(h) such that

G IT,wl < ATwly,  IT,wll < CITwWl;,
(i)’ (T, — Twl < y(B)ITwl,,
where | - | and | - |, denote the norms in () and C"(82), respectively. The conclusion

for our semidiscrete problem was [3, Theorem 4.2] that
3.1 luy, (£) — u(@®)| < C{y(h) + A}HIvll for 0 <1, <t <t*.

In special cases discussed in Section 8 of [3], y(h) = Ch" for r > 2 and y(h) =
Ch? log h™! for r = 2.
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To obtain our error estimate for the completely discrete problem we shall again
use the spectral representation
(3.2) U" - u,(nk) = F,(kL, W = Z.Fn(k/\j)(v, 0)®;.
i

The technique will now be to derive first a maximum norm estimate for 9p> and then
an estimate for Fn(kAi).

We first have:

LEMMA 3.1.  Under the above assumptions (i), (ii)’ on T,, there exists a J de-
pending only on N such that

J
1®;| < CA;.
Proof. By Lemma 4.1 of [3] we have for 2 <p <, 0<1/q - 1/p <1/N,

T, < wll, -
{ ,,WIILp al "Lq
In particular, then
IBll, = AIT, @, <CAliRy .
Hence, by repeated application, using a suitable decreasing sequence {pi}{, with p, = o,
p;=2, 1/P,~+1 - 1/p,~ < 1/N we obtain
J — A
@1 < AT, = CAY,

which proves the lemma.

The next lemma, which we shall also use in the next section, contains the needed
estimate for F, (kA;).

LEMMA 3.2. Let the scheme be of type I', II', III' or IV. Then for 0 <t =
nk<t*andj=0,

”Lli.an(kLh)" = sup |)\iFn(k)\)| < Ckvt—p_pj
NS
where p = 1 for types U', II' and IV and p = s for type II' (with parameter s).

Proof. Let 1, be as in (2.5) and consider first 7 = kA < 7. We want to show
that then

(3) INF, (kM) = [k~ /rTF, ()] < CKr /7.
But, applying (2.7) with j = 0, we obtain at once
lTan(T)I < CTj+V€_ch < Cn_i_” = ij+vt_j_v,

which proves (3.3). This completes the proof for schemes of types I' and II'.
For schemes of types III' and IV we also have, as usual, to consider T = kA > 1,
for A € 0,,. In both cases we have, by obvious estimates,

Ne™"T = k~irle™n" < Ck~In~le= "™ < CtIn~Y = Ck¥ri~".

Now, in case III' we have by definition and (2.8), for A € 0y,

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use




SINGLE STEP GALERKIN APPROXIMATIONS 831

INF(r)'| < Ck™ e " < Ck~5In™ "~ = Ck*1~ V=%,

Since s > 1, the above estimates complete the proof for case III'.
Finally, for type IV, the degree of the numerator of /{7) is less than that of the
denominator and it follows that there is a ¢ > 0 such that

Il <

= 1.
T +or forr>1

Hence for these 7,

G4 ki) < kI + en)) (L + ey~ (D
3.4 _ _ .
SCk i1+ ey P<Ckin~ VT =Ck't V.

This completes the proof in case IV and hence the lemma is proved.

In order to state and prove our main result of this section we shall make the
additional assumption that the eigenvalues A of L, tend to infinity fast enough that
for some Jj, uniformly for small A,

~=J
(iii) DA TS C< e,
J
For instance, if we consider the standard Galerkin method, with the elements of S,
vanishing on 982 (cf. Section 8.1 of [3]), it is well known that A; 2 N, and (iii) then
follows from known estimates for the spectrum of the elliptic operator L.

THEOREM 3.1.  Assume that (i)', (i)' and (i) hold and let the discretization
scheme be of type I', II', IIl' or IV. Then for 0 < t, <t = nk < t¥,

[U" = u(nk)l < Cly(h) + 1" + &)\l

Proof. By (3.1) it suffices to show that for ¢t = nk bounded away from zero and
infinity,

(3.9) U™ = u, (nk)l < CK”|lvll.
But by (3.2) and Lemma 3.1,

(3.6) U™ = u,(nk)l < (Z IFn(kA,-)IICIJjI>||v|| < C(Z /\fIFn(kAj)|> ol
J j

In view of (iii) it therefore suffices to notice that by Lemma 3.2,
—v—p(J+Jg)A—(J+Jg)
\F,(kKADI < CK"t~ ¥~ P 0’A; o)

This completes the proof of the lemma.
Notice that we actually have the somewhat stronger statement than (3.5), namely

U™ — u,(nk)| < Ck”llelLl(m.
For, instead of (3.6) we can similarly derive

U™ = u, (k)| < (z;lF,,(kA,.n |q>,.|2> ol g
J

—v—p(Jg+2J)
< C(Z AP Fn(k/\,-)l> ol cqy < K2 °"lly (a)-
7
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4. Interior Estimates for Difference Quotients. In this section we shall derive L,
error estimates for difference quotients of U” — u, (nk) on some interior subdomain
Q, of Q, under certain additional assumptions on S, and T,. We shall then apply
these estimates to extend to the completely discrete case the study of Sections 6 and
7 of [3] concerning approximation in the maximum norm of derivatives of the solution
of the continuous problem, including approximations of superconvergent order O(h%"~2).

Here, in addition to the norms in A5(Q2) we shall use for s > 0 the norm || ||s’ 2
on H%(R,) = W;(,) (denoted | - lig, o when s = 0) and the norm of negative order
s,

Iwll_gq, = sup (w, ¢)

m 7 :
pECH (R4) v %o

Further, | - | 0 and | - |g 0 will be used to denote the norms in C(,) and C5(Q,),
respectively.
The first of our additional assumptions is that T, satisfies the “interior” equation

4.1 AT, f, %) = (f %), VX ESh(),

where Sg(Qo) is the set of functions in §, with supports in £, and A( -, - ) is the
bilinear form (1.6). This implies that the solution u,, of the semidiscrete problem sat-
isfies the interior parabolic Galerkin equation

Dy, x) + Ay, x) =0, ¥X € SH(Q,), t > 0.

We shall further require that on §2, the functions in S, be piecewise polynomials
on a uniform partition. The precise conditions needed, which will be referred to as r-
regularity of {S,} on §,, are stated in Section 6 of [3], and rather than restating
them here, we shall quote only the consequences needed for our present purposes.

In particular, setting

oy = azfl <. a‘;fyv with 9, w(x) = R Y (w(x + he;) — w(x)),

where ¢; is the unit vector in the direction of x;, it follows under these assumptions

from Lemma 6.4 and Theorem 3.2 of [3] that for Q, CC Q, and for 0 <17, <t <1t*,

(4.2) 105D, (1) = u(@®ll | < CH .

Using also a discrete Sobolev inequality this could be seen to imply (cf. [3, Lemma
6.5]) that for 2, CC Qg and 0 <1, <7< t*,

(4.3) 185, DY(uy (1) — u(lg | < Chlvll-

Similarly, using Lemma 7.3 and Theorems 3.1 and 3.2 of {3] we find for Q, CC Q,,
0<te <ts<r¥,

4.4) 195Dty (1) = w(_(_2y,0, < Cr2 2|l _,.

Such estimates were the basis for deriving the maximum norm and superconvergent
order error estimates in [3] referred to above. These estimates will be stated more
precisely below.
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In the technical work we shall need the following special case of Theorem 5.2,
(5.6) in Nitsche and Schatz [10].

LemMA 4.1.  Let {S,} be r-regular on 2, C Q and let Q, CC Q; CC .
Assume that v, € S, satisfies

A@,, X) = £,(X), VX ESa(Q),

where f,, is a linear functional on H(l)(SZ]). Then

||vhl|1,92 < C{”fh“—l,ﬂl + "vhunl}’

where

|fh(‘P)|

= su -
"fh"—l,ﬂl p ||'~P"1

PECY (24)
The subsequent proofs of the present analogues of (4.2) and (4.3) depend on the
following lemma.
LEMMA 4.2.  Assume that {S,} is r-regular in Qy C S and that T, satisfies the
interior equation (4.1). Then for la| < 2m, Q; CC §,,

4.5) I8nxllq, < ALE X, VX €S,
Proof. As a first step we shall show that if Q, CC Q, CC £, and n >0, then

forlal <n +1,

(4.6) 5T, 0, <C{ Z 18§71, +I|T,,f|1912.

Bl<n

Set v, = T, f and let 0y CC 4. We have for x € Sg(Q;,) and small A,
A@Rvy, X) fQ<Z ik ax (ahuh) X + Can”hx> dx
Ik
o 0 0 o i

4.7 = fﬂ(ZBh %k 3 Vn 5;; x + 05(cvy,) - x ) ax + £,00

ik i

= 14, 350 + F,00,

where for v € Cg (), with Q) CC , (cf. [10, (6.7)]),

(4.8) @I <C 2 15u,ll 0, " lelly g1
18!1<jal

(For the case of constant coefficients, fh =0.) Since 33X € 52(2,) for x € S2(%)
and small #,we have

(49) A(vh, a‘;:X) (f a X)s

and since Ja| <n + 1, for p €Cy (Q ),
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(4.10) I, 3o <€ 2 1351l llelly -

1Bl1<n

Together, (4.7), (4.8), (4.9) and (4.10) show by Lemma 4.1,

losv,lly ., < i 2 19} nfllg, + 2 9 vhlll,szl%-

Bl<n 181<lel

Hence by repeated application, for any 2, CC Q, CC Q,,

150,11 0, < g > 104flg, +”v”""“‘§'

Bl1<n

Using Lemma 4.1 once more to estimate the last term we conclude for 2, CC Q,,

195v4ll1 0,

C{ 2 15flg + Iulg

Bl<n

which is (4.6).
As a consequence of (4.6), we have also, now for lal < n + 2, again with 2, CC
Q, CC Q,,

4.11) 1857, fllg, < C%.BE o3 fllg | + ||T,,fngli :
n

We are now in a position to prove (4.5) by induction over m. The statement
being obvious for m = 0 we consider the step from m tom + 1. For ol <2m + 2 we
then obtain by (4.11) for x €S, ,

19% X”Q = ”aaTthX”Q < g Z "aﬁLhX"g2 + "X”in ,
iBl<2m
and hence by the induction assumption and the boundedness of T, ,
o5 Xllg SC{LFL X+ X} < QLT * ',

which completes the proof.

We can now state and prove the present analogues of (4.2) and (4.3).

THEOREM 4.1. Assume that {S,} is r-regular in Q, C Q and that (4.1) holds.
Let q; = k~'q(E) approximate D: with accuracy v in the sense of (2.15). Then for

for completely discrete schemes of types I, II' and 1V, we have for any o, &, CC §,
and 0 <t = nk < t*,

(4.12) 135:(q,. U — D (kg | < Ch¥r~* =11l
and with Ny = [N/2] + 1,
(4.13) la%(qun —Diu(”k))lnl < Ckvt_v_l_([a|+NO)/2|IU||.

Proof. We first show (4.12) for « of even order, |a| = 2m. We obtain by Lemma
4.2 and (2.4),
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135(a, U™ - Djuy(niDllg < CULY (U™ =~ Dy, (k)

= sup (k™ lq(r(kN)HEN)" —(=NYe™ "F)] [l
AEo h

=Ck~ =™ sup |5, (il
r/kth

where as in the proof of Theorem 2.5,
$,(1) = qU()r(a)" = (-1e .
It therefore suffices to show that
(4.18) 75, (D < Cn~?~1="  for 1/k € o,
Now let 7, be as in (2.5). Then by (2.18) and (2.19),
17, (1) < Crm ¥ ve=enT < =P for 1 <1,

This completes the proof of (4.14) for schemes of types I' and II'.  For schemes of
type IV we also need to consider 7 = 1, say. For such 7,

Tl+me—n'r < 7.l+v+me—n‘r < Cn—l—v—m’

and, appealing now to (3.4),

ITl+mq(r(T))r(T)n| < aTl-f-mr(T)"“iol < Cn_”_l_m,
which implies (4.14). This concludes the proof of (4.12) for |o] even. Notice that it is

at the last step that we have to use type IV rather than type II, as was the case in
Theorem 2.5.

In order to show (4.12) for |a| odd, we choose j such that a; > 0 and apply sum-
mation by parts to obtain the inequality

ate;

a—e; .1 )
IB5Xlg, < 13y XIG 10, G, Ry CC 9y CC Q.

With x = ¢q,U" - D:uh(nk) the result for lal even hence implies the result for |of odd.
This concludes the proof of (4.12).
The maximum norm estimate (4.13) now follows at once by the Sobolev inequality

|X|92 <c X Ilaf,xllg1 for x €S,, 2, CC Q,,
IBISN

since q, U" — Diuh(nk) € §,. This completes the proof of the theorem.
We now turn to the maximum norm approximation of derivatives of the solution
u(r). We recall that the finite difference operator

0 W(x) = 2 qg,dpwlx — nh)
b

approximates the derivative D*w of order lal = m with accuracy r if for Q, CC Q,,

IQ,w — D"‘wlQz < CHWlim.a .
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Combining this for w = Dﬁu(t) with (4.3) we concluded in [3] (cf. Theorem 6.2) that
under the above assumptions on S, and T, for Q; CC Q, and 0 <, <t < 1%,

(4.15) 10, Dl (1) = DIDu(D)lg | < CHIvl.

The following is the corresponding result for our completely discrete approxima-
tion.

THEOREM 4.2. Under the assumptions of Theorem 4.1, with Q, approximating
D* with accuracy r we have for any Q, CC Q, 0 <ty <t = nk < t*,

10,4, U" - D‘;pju(nk)lQl < (R + KDl
Proof. We have by Theorem 4.1, with &, CC Q, CC Q,
10,0, U" = @Dty (nk)lg, < C 3. 105(q; U" ~ Doy (k) , < CK” Il
181< ol
In view of (4.15) this proves the theorem.

We now turn to the superconvergence estimates. For the semidiscrete case this
was done in Section 7 of [3] for the approximation of the continuous solution itself.
Here we shall generalize this to cover also derivatives. For this purpose, we will use
the following lemma which is a special case of Theorem 3 in Thomée [13]. Here we
denote by { the N-dimensional analogue of the B-spline of order r — 2, that is, the
convolution x * - - - % x with r — 2 factors, where x is the characteristic function of
the cube [, 1/z]N.

LeEMMA 43. Let o be a given multi-index. Then there exists a function K, =
Kf,"‘) of the form

Ky () = =N L kgb(n™'x = ),
8
with kg = O when |8l > r — 1 such that if , CC @, CC Q and w € C?~2*1*}(Q,)),
w, € AQ2),
K, * 3wy, — D*wlg_

2r-2 +
SO AWy, * 2 18, — W _2y.a,
18I<r—2+N,

TR 19w, ~wlg -
Bl<r—2 1

Applying this to w, = D:uh and w = Diu we obtain by the negative norm esti-
mate (4.4) and the maximum norm estimate (4.3) that for Q; CC §,, 0 <1, <t <r¥,
(4.16) Ky * 33Dy, =~ DiDpilg < CH* 2ol _,.

For & = I = 0 this was Theorem 7.2 of [3].

We can now show that this high order estimate in space is not spoiled by discret-
izing in time.

THEOREM 4.3. Under the assumptions of Theorem 4.1, with K, = K}f‘) as in
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Lemma 4.3, we have for any &, CC Q,, 0 <ty <t =nk <t*,
Ky, * 954, U" = DiDu(nb)lq < CTH?™=2llvll,_, + Kol
Proof We have by Theorem 4.1, with Q, CC Q] CC Q,,
IK), * 33(q, U" ~ Dy (k)| < Co3(a, U™ — Dy (nk))lg < CR Mol
In view of (4.16) this proves the theorem.

5. Examples. In this section we present examples of schemes defined by the
four classes of rational functions I, II, IIl and IV and discuss their computational im-
plementation, in particular in the case when T, is defined by means of a bilinear form
(cf. [3, Section 8]),

(5.1) B, (T, f, x)=(f, X), VXES,.

As was pointed out in the introduction, since T, rather than L, = T;l is given in
applications, it is now natural to study AkL,) as a rational function of T}, or equiva-
lently, to consider the rational function r(k/u) of u.

Padé Schemes. Examples of rational functions of-types I, II and IV are provided
by the above diagonal, diagonal and below diagonal entries of the Padé table for e~ 7,
respectively. In fact, the general entry in this Padé table is given by

Tp,q(T) = 1y, o (D[, ((7),

where
& pta-PNq i
(5.2) np,q(T) - lgo(p + q)']|(q __])|( 1)]1"3
and
_ & _(ptqa-pp
(5-3) 9p,q(1) = ,-‘;, ®+r e -

By the definition of the Padé approximant,
(54) Ty =e T +0@PTI*Y) asr—0,

so that (1.7) holds with » = p + gq. It is well known and obvious from (5.2) and (5.3)
that r,, _ is of type II and IV for p = q and p > ¢, respectively, and clearly, by (5.4),

Tp,q i of type I for p <gq.

In particular, we have r, (1) = 1 — 7, which is a rational function of type I with
a = 1. This defines
Uttt = Ut - kL, U",
and with (5.1),
(U™, ) = (U", X) ~ kB,(U", X), VX ES,.

If B, is bounded in H'(Q) and the inverse assumption
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Il ch X, VX ES,,

<
HY(Q)
holds, then we have

_ 2

C,h2lIxI%,
so that for the maximum eigenvalue of L,
Amax < Coh™2.
Hence, a type I' scheme is defined here for
k/h? < ay/C, with ay < 1.

The subdiagonal and diagonal Padé approximants with linear denominators are

1 1 - %r
noM=7- and r (1) = ,
1+7 1+ %t

which are of types IV and II, respectively. They correspond respectively to the purely
implicit scheme

U™, %) + kB (U™, x) = (U™, X), VXES,,

and the trapezoidal (Crank-Nicolson) scheme

U™, x) + BB, (U™, x) = (U™, x) - %kB,(U", x), VX ES,.

We consider also the subdiagonal and diagonal Padé approximants with quadratic

denominators,
-1,
_ 1 _ 3
r2,00 = Ty ¥ %2 ’2,1(7)‘1+2 R
37T e
and
l—l'r+L'r2
AT
ry (1) = 1 1
1+§T+ET

In all of these cases the poles are complex. Hence in the use of these functions to
obtain the time stepping procedure it is convenient to use complex matrices even
though the approximations U” will be real. We shall see now that it is sufficient to
solve one complex system at each time.

Consider first r, ;. Setting

8, =1<1+i\/_—2>, - -2

3 2

we have
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1
p? - 3ku .
ry 1 (k) = 5 1. =1 —kRe< ),
R R wt Bk

and hence, with 4, = T, + kB,1, (1.7) reduces to

U™t = U" - k Re(y,4; ' U™,

where A;l exists since Re §; > 0. Note that in order to compute W = k'ylA;lU"
we solve the complex elliptic problem

(W, x) + kB, B,(W, x) = kv, B,(U", X), VX ES,,

which amounts to solving a nondegenerate complex linear system of equations.
The analogous statements for r, ¢ and r, , follow from

/ v !
ryokj) =—F——=1-% Re(—-)
W kA Tt Bok
and
2_1 1,2
Wk gkt 72
ry,2(kfu) = o1 1 2—1—kReu—_|'_37,
u+ Euk + 'lak
where

1 . 1 ) .
Bo =51 +1), By =41 +i/3/3), v, =1-i/3.

We shall now turn to the schemes of type III and IV mentioned in the introduc-
tion, for which the rational functions employed have denominators a power of (1 + b7)
with b positive. For their analysis we shall use some simple properties of Laguerre
polynomials.

Recall that the Laguerre polynomials {L5} of order a, a > —1,

n _1)ixi
afp) = ' (
L) = (4 ! 2 GG+ ot
are the polynomials which are orthogonal with respect to the weight function x*e™*
on (0, ). For their generating function we have

(5.5 1 - t)_l—ae_xt/(l—') = 2 L))" forltt<1,x>0.

n=0

We recall also the three term recursion formula

(5.6) nLe(x) = (~x + 2n + a— DL (x) — (n + a = DLE_, ),
and finally the relation

(5.7) Ly = x L) - (2 + LG, G, n 1.

Some Type 11l Schemes. Setting r = xt/(1 — ¢) in (5.5) with & = 1 we obtain
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“T=(01-1) i L},(x)t",
n=0

and hence, using also the recursion relation (5.6),

ro £ e £ )
n=0 n=0
Consequently, with b = 1/x any positive number, we have
oo T n+1
(5.8) e T=1- ngo P,,(b)<1 ¥ b7> for >0,

where P, is the polynomial of degree n defined by
P,(b) = (n+ 1)"'p"L (1/b).
Note that since L:, has its zeros positive and distinct the same holds for P, .

Now let b, = 1/B, denote the largest zero of P, (so that g, is the smallest zero
of L:,). We define for v 2> 2 the rational function

r j+1
r(m=1- Z P(bv l)(m) .

j=0
In view of (5.8) and the choice of b,_, it is obvious that

r(n)=e "+ 0@t as7—0.

In order to see that these rational functions are of type III for v 2 3 we shall establish
that for those v,

(5.9) sup lr,(MI <1 forany § > 0.

Since r,(7) is decreasing it suffices to show
lim r (1) > —1.
T—>00

But, with Bi = 1/b. we have

lim () =1- Z P(b, )b, 5V

j=0
v—2L.(ﬁ_)
j\Yv—-17
= —ﬁl}—l igo ]-+1 — Jps

and we shall prove that forv>2,f,,, > f,. Since f, =1 -8, =1-2 =—1, this
will complete the proof. Set

B =1-4 z—;ﬁ)

so that
fp =f(ﬁy-1)) fy+] =f(ﬁy)'
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Since Bj_l > 6]. it suffices to show that f{B) is decreasing in (0, 8,_,). But, using (5.7)
with @ = 1| we obtain

r®=-1- z LB~ L}, @) =-L,_,6),
=
which is negative in (0, 8, ;). This completes the proof of (5.9).
We shall now consider the computational implementation of the scheme corre-
sponding to these rational functions. We have

v—2
i 1
r(kju)=1- Ktip(p _—
V( W Jgo l( V—l)(ﬂ+kbv_l)’+l’

so that with A, = T, + kb,_,I, (1.7) reduces to
n+1 'S i+ 1
—_ n -
yrtl =y - Zo K P, _ A, U Dun,
]:
Setting
Ug=U" U, =k4;'U}
we find
v—2
yrtt = yr - Z Pj(bv—l) ]."H,
=5
Hence U”*! can be obtained from U™ by solving » — 1 linear systems, all with the
same matrix A,. When T, is defined by (5.1) this system takes the form

(U1 X) + kb,_ B, (U}, X) = kB,(U", ), VX ES,.

For v = 2 we obtain

T _1-%7
2 =1 1+%r 14 %r°

which defines the trapezoidal type Il scheme discussed above. For v = 3, we have

2
— T \/§ T 1 \/3-
2 IL+b,7 6 <1 + b2"'> > b 2<1 3 >

which corresponds to the Calahan scheme analyzed by Zlamal [15]. In the appendix
we have listed the coefficients for the schemes with v < 10.

Some Type IV Schemes. In a way analogous to the derivation of the type III
schemes above we can generate a class of type IV schemes. By taking & = 0 in (5.5)
and making the same subsequent change of variables as above, we have that for b > 0,

i
e T = 1+bT§:Q()< > forr >0,

+
where Q) (b) = b’L°(1/b) Deﬁnmg now for v > 1,

i
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where b, is the largest zero of Q,, we clearly have
r,M=eT+0F"*) asr—0.

In order to show that r,(7) induces a type IV scheme it remains only to establish
that

0<r(mM<1 forr>0,

since clearly lim__, .r, (1) = 0. Setting, as above, ﬁ =1 /b we have

1 %' b, Y
W0 =1, & LeN T, )

and hence, with 7b,/(1 + 7b,) = X it is enough to prove that for each X in (0, 1),

0<AN)=(1-n vf_l LYBIN < 1.
j=0

Since f{l0) = 1 and f(1) = 0 it suffices to show that f is decreasing in (0, 1). But, using
(5.7) in the last step we obtain

v—-1 . v—1
f:()\) = Z ]'L](.)(ﬁv))\l—l - Z G+ I)L;)(ﬁv))\i
j=1 j=0
Z LB,y ~ LY @BIN- —vL®_ (BN

v—1
= T B e LPENT oL G
£

Since L]‘-) is nonincreasing in (0, {3,-) and Lg_l(ﬁu) is positive, the result follows.
We have here

r(k/#)““_,_bkz Q(b)m,

so that now with 4, = T, + kb_/, (1.6) reduces to

v—1

+1 —
Ut =% Q)T

j=0

where the U]’."s are defined by
Ug=4;'T,U" U, =k4;'U, j=0,...,v-2.
When T, is defined by (5.1), this is
U, X) + kb, B, (UG, ) = (U™, ), VXES,,

(U ]+15X)+kb,,Bh( j+1° )=th(U;1,X)a j=0,...,p-2.

The values of b, and Q/(b,) for 0 <j < v -1 and v < 10 are given in the appendix.
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6. Variations. In this section we shall briefly focus our attention first on schemes
in which both the time and space discretizations are allowed to change a finite number
of times and then where initial data other than Pyv are chosen.

We consider thus a finite set of rational functions {r].(‘r)}Ilw , a corresponding set
of time steps {k]-}Il"I and a finite set of finite dimensional subspaces {s; hi}jlw of L,(R2)
with corresponding operators T; ni and L; nj = T]”hll Denoting the L, projection onto
S; nj by P; o we then define a discretization scheme by successively applying the jth
scheme n; times with time step k;, forj=1,..., M More precisely, setting U]'.' S

f jZink, + nk; =ty + nk; (with
to = 0), we define

Sipan=0,..., n;, the approximation at ¢ = Tz

Ur = ri(k].L].’hi)"Pl.,oU;'j‘ll forn=0,...,n,
0 _
Uy =P, oV
We then have the following L, error estimates:
THEOREM 6.1. Assume that each of the schemes is of type I or 11. Then

forO<t=3ink +nk;<rn=1,....n,j=1,...,M,

M
(6.1) WUF - u@ll < C 3 {h;fllvu,], + k].”illvllz,,j}.
=1

Further, if t, =n,k; 2 t,and 0<¢t, <t = Zf.;in,k, + nkf < t* then

62) 17 = wl < Qe) 3° (1 + KDl
j=1

Proof. We denote by T/;' the fully discrete Galerkin approximation at time ¢ =

iyt nk]. with initial values u(t]._l) for n = 0, that is

U =rk;Lyp 'Pyoulti_y),  n=0,....n;

We then have, by Theorem 2.2, forn =1, . .. . nj,

W07 = u(t,_, + nk)ll < C{AJNu(;_ Ol + kel Dllzy b
In particular, setting j = 1 this shows (6.1) for ¢ < t,. Fort>t,, on the other hand,
using the stability of the scheme (cf. (1.11)),
U7 = OF < U750 = ue;_ I,
so that
n _
WUT —ult;_, + nkll

(63) SWUHTY = u(t,_ I+ C{rilu(e,_ O, + kil D, }
=Y j—1 i i=170r; i j-1M2v 0

Now, since the solution operator of the continuous problem is bounded in H*, we

obtain
IIU]’.' - u(tj~1 + nk]-)ll

<NOGITH = ult DIl + CT, + KTl 3.

The first result (6.1) now follows at once by recursion.
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In order to prove (6.2) we use the fact that for any s = 0, and ¢ > t,,

llu(ll, < Ct=2 |l < Celvll,

so that (6.3) implies forj=2,..., M,
NUT - u(t;_y + nk)l
< WUTRY = u(t;_ )| + Ch + KDl

Since now by Theorem 2.1,
WU = u(t Il < Cle ) + KD,

the result (6.2) also follows by recursion. This completes the proof.
Let us notice that if only the time discretization varies and not the spaces {S]-’ hj}
then with T, and L, = Th‘1 corresponding to S, , we have

j—1
Ut = 1 kL) rk L) Pov,
=1

where now the operators in the product commute. Consequently, the order in which
the time discretizations have been applied is insignificant. It follows, for instance, that
the finitely many different time discretizations can be applied cyclically, to give the
analogues of the results of (6.1) and (6.2), the latter for any time bounded away from
zero and infinity.

We now return to the completely discrete problem (1.7), but with initial data v,
other than Py, so that

U™ = HkL,)"v,,.

Following the lines of the proof of Theorem 3.3 in [3] we then have the following L,
error estimate:

THEOREM 6.2. Assume that the scheme is of type I', II' or IIl. Then for each
j = 0and for 0 < t = nk < t*,

U™ = ulnk) < CO't™"72 + Kt~ "), |l + €7 llw = v, 0.

Proof. Let u be the solution of the continuous problem with initial data v,,.
Then by Theorem 2.2,

U™ = alnk)ll < CTR"E"12 + K1Y,

On the other hand, since u — u is the solution of the continuous problem with initial
data v — v, we have

lu(®) = uO < Ciw =~ v, .

Together these estimates prove the theorem.

In particular, if v, is chosen boundedly in L, and approximating v to order
O(h") in some negative norm, the error is O(h" + k”) for ¢ positive. Recall from [3]
that this is satisfied, for example, for v, the elliptic projection Pyjv = T},Lv of v € H?
if (iib) (or (iia) if r = 2) holds.
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Appendix

Z/ZgPb,_ )r/(1 + b,_ 7)Y, v <10, rounded to eight figures.

Py, =
b, =
b,

It

i

1.
5
78867513

P(b,)

.28867513
1.0685790

P(b;)

.56857902
.23994877

1.3453664

PAb,)

by =

]

84536642

63131105

.35112809
1.6206645

Bibs)

BN

o
o
I

1.1206645

1.1725556

1.0855973
75003511

1.8951306

P(b,)

N oA W N -

(b) Tables of constants associated with the rational functions r,(r) =
(11 + b,DIZ}25 0i(b,X7/(1 + b, 7)Y, v < 10, rounded to eight figures.

1.3951306
1.8630560
2.3250180
2.5702151
2.1228872

b, = 2.1690834

]
1
2
3
4
5
6

B(b,)

1.6690834
2.7025062
4.1908611
6.0773015
7.8122875
7.5096538

bg = 2.4426969

]

~N NN R W N —

Pibs)

1.9426969
3.6907381
6.8045360
12.020296
19.865792
29.119416
31.936476

by = 2.7160742

I

Pyb,)

O 3 AN h W =

22160742
4.8276516
10.287422
21.280435
42.191381
78.287509
128.88852
158.83591
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Q, = 1. b = 4.4873917 by = 6.5650300
b, =1 j Qj(bs) j Qj(bg)
b, = 17071068 1 | 3.4873917 1 |5.5650300
i | 0by) 2 | 11.661901 2 130.469559
3 | 36.515558 3 [163.33232
1| .70710678 4 | 101.50142 4 |850.73985
b, = 2.4051496 5 | 211.31583 Z Tz;(l);mn
841
b, = 5.1801749
0/b3) 7 7 |82793.242
) @
1 | 1.4051496 i | @y 8 |258096.14
2 11.4744453 1 | 4.1801749 by o = 7.2572379
9738 )
2 | 16.973862 i |0by0)
3 | 66.106869
4 | 241.14213 1 16.2572379
1 121003167 5 | 781.1 é6li ; 38;‘653026
1.9113304 6 | 1895.681 ; 23493728
3 | 5.4480493 1398.1894
bg = 5.8726930 5 18086.1025
bs = 3.7941979 i |Qbs) 6 |44871.439
. 7 |233319.27
] Q‘(bs)
! 1 14.8726930 8 |1077827.0
1| 2.7941979 2 123.243137 9 [3732247.5
2 | 73075442 3 1107.71731
3 16.957853 4 [478.88829
4 | 29.458888 5 [1994.4686
6 |7377.7839
7 120451.648
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