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We study singular integral equations of convolution type with cosecant kernels and periodic coefficients in class L*[~7, ). Such
equations are transformed into a discrete jump problem or a discrete system of linear algebraic equations by using discrete Fourier
transform. The conditions of Noethericity and the explicit solutions are obtained by means of the theory of classical boundary
value problem and of the Fourier analysis theory. This paper will be of great significance for the study of improving and developing
complex analysis, integral equations, and boundary value problems.

1. Introduction

It is well-known that the boundary value problems for
analytic functions have been widely used in many fields, such
as engineering mechanics, physics, engineering technology,
and fracture mechanics. Various types of boundary value
problems for analytic functions and singular integral equa-
tions have been deeply studied and widely applied to practical
problem (see [1-3]). In the theory of integral equations, the
convolution type integral equations and singular integral
equations are two important classes of equations, which had
been studied by many mathematical workers and there were
already rather complete theoretical systems (see [4, 5]). These
theories have been widely used in practical applications, such
as engineering mechanics, fracture mechanics, and elastic
mechanics (see [6, 7]).

The main aim of this paper is to extend further the
theory to singular integral equations of convolution type with
periodic coefficients and cosecant kernel in class L[-m, 7]
(see [8] for the definition of L*[-m,7]). By using discrete
Fourier transform, such equations are transformed into a
discrete jump problem or a discrete system of equations. The
explicit expressions of general solution and the conditions
of solvability are obtained in class L?[-m, 7). Therefore, this
paper generalizes some results for [1-5].

2. Definitions and Lemmas

In this section we present some definitions and lemmas.

Definition 1. Suppose ¢ = {o} = {..,0_1,9p@p,...} is
an infinite dimensional vector consisting of two-way infinite
sequence; thenall of Y, °°  |g; |? which satisfy Y, & | |P <
+00 constitute a linear space; we denote it as ¢ € I7.

Remark 2. From Definition 1, we know that if ¢ € 1P, then
cp € I? for any constant c. Moreover, if {g,} € 17, {y,} € 14,
then {p.y,} € I', where p™' +q' = 1 (p > 1,q > 1). In this
paper we mainly consider the case p = 2.

Definition 3. Let ®(0), ¥(0) be periodic functions with
period 27, and ©(0), ¥(0) € L2[-7, 7r]; then

T

((D*‘I’)(G):ij OO-»Y(W)dv, Oe€[-mnr] (1)

=7

is called the convolution of ®(0) and ¥(6).

Remark 4. With regard to the convolution (® * ¥)(0), we can
extend the value of 0 from [-7, 7] to R by Definition 3.
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Definition 5. Let ¢ = {g};° € I%; the transforms V and

=—00
V™! defined by

+00
Vo= ) g’ =00,

k=—c0

VD (0)] = % r ®(6)ed6 = g, @

k=0,+1,%2,...,

are called the discrete Fourier transform and the inverse
transform, respectively. For simplification, in (2), we denote
them as Vo = ®(0) and Vo) = @y respectively.

Definition 6. Let ¢ = {g; };2°  be a number sequence and M
and 7 be positive constants with 0 < 7 < 1. If [k' g, | < M
holds for any integer k, we say that ¢ = {¢;} belongs to class

{1}.
Definition 7. If ¢ = {(pk},:floo € {1}, then we say ®(0) € {0}.

The following lemma plays an important role, and it is
proposed firstly in this paper.

Lemﬂma 8. Let ®O) € L*[-m
) f_n D(v)csc(v — 0)dv,

n], S®O) = (1/

SO ©6) = 1 jn D (v) csc (v + 0) dy. 3)
T Jn
Then
Q) V(SDPWO) = 2g¢idsgnkp, V(SD®O) =
—2¢i sgnkpy;

(2) SO() € L [-m, 7], V H(SD(O)) € I*[-m, 7],

where SO(0), SO () are singular integrals with cosecant kernels

and
{ 1)
Pr =
O)

Proof. (1) Since

k=2n+1;
ne<z. (4)
k = 2n,

SO (0) = Jn O (v)csc(v—0)dv

20—

T 2i
j_ @ (v) oi0-0) _ g-ir-6) dv ©)

2i ei(0+v)
- J_ @) Q2iv _ g2i0°

2

by Definition 5, we have

V(8D (6))

(T S eiteDe (6)
=1- ; J_n (D('V)e |:J_n mde] dv.
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It follows from the extended Residue theorem (see [9]) that

n —i(k—1 -
J a0 = gilkr D)y Pk 581 k. @)

. eZW —e

This implies

1 At T 1 iv
|4 (S@(G))=l;ﬂpk sgnkLT l(kH)VCD(v)e dv )

= 2ig.p, sgn k.

The other equality can be proved similarly.

(2) By using Riesz’s theory (see [9]), we have [SD(9)], <
C ||d)(0)||22 where C is a constant. Therefore, it follows from
®(0) € L*[-m, 7] that SO(O) € L*[-m, 7).

It is also obvious for the second conclusion in (2). O

Lemma 9. If ¢ = {¢},2°, belongs to class {1}, then ®(0) =
Vo € H, where H is the class of Holder continuous function.

Proof. By Definition 6, we know that Zk ook#)(M/Ik|l+’7)

converges; therefore, Y} ¢ is convergent absolutely. For
any two points 0,, 0, € [-m, 7], we have

) (eikel _ eikez)
k=—0c0

[©(6,) - @ (6,)] =

o . . 9
Z |(Pk| (ezk91 _ ezkez) ( )
k=—0c0
<M|0, -6y,
where M = e o ol thus @(0) € H. O
Lemmal0. Let ®(0) = Y > o™ and @ € I'; then ®(0) €

L*[-m, 7] if and only if ¢ € I,

Proof. Since ®(0) € L*[-m, 7] and Q€ I', then Yo o Pi is
convergent absolutely and uniformly. It is easy to see that

_ J" Zq)keike Z(ije_ideG

f D (0)[> d6 = J" ® (6) D (B)do

e (10)
- J Y g de
- k,j=—00
. 2
=21 ) ol
k=—0c0
The proof of Lemma 10 is complete. O

Lemma 11 is an obvious fact.

Lemma 11 (convolution theorem). If ®(0) and Y(0) ¢
L*[-m, 7], then @ * ¥(0) € L*[-m, 7] and V1 [® * ¥(0)] =
PYi where gy = V7 [W(0)].
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3. Problem Presentation and
Methods of Solution

Consider the following singular integral equation of convo-
lution type with periodicity and cosecant kernels:

£, (6) [a® (6) + bS® (8) + K, * ® (8) + M, * S® (6)
—cG(O)] + &, (0) [a® (6) + bSD () + K, + D (O) (1)
+ M, x S®(0)-cG(0)] =0, 0€R,

where

mo

m6 .
&, (0) = ¢, cos - +d, sin B
& (0) = a, cos MTG + b, sin mTG, (12)

M % SO (6) = %f M (6= ) S () dv.

S®(0) is as in Lemma 8. a,b, ¢, a,, by, ¢;, d, are real constants
witha?+b* # 0, a,d,—b,c, # 0. The functions §;(0) (j=12)
are periodic coefficients; m is a positive integer. K j(0), M; 9),
®(0), SO(0), and G(0) are periodic functions with period 27.
Once ®(0) is obtained in [-7, 7], we can make the periodic
extension of ®(0) with period 2 and then obtain the solution
®,(0) in R. Therefore, in the following discussion we are
restricted to 0 € [—m, m].

Equation (11) is one important class of equations in the
theory of integral equations, and it has important applications
in physics, air dynamics, and electronic optical (e.g., see
[10-14]). Hence, the study of (11) is meaningful not only in
application but also in the method of solution.

Since e™ = cos m@ + i sin mb, we write (11) as

ATD (0) + B*SD () + BK, # D (6) + &' K, * © (6)
+BM, + ®(0) +a" M, « SO (0) - F G (0)
+e™[AD(0) + B SO (0) + f K, + D(H) (13)
+a K, « ®0) + M, * @) +a M, x S (6)

-FG@O]=0, -m<0<m,

where

B =qtidy,
A" =al(a, +¢)xi(b +d))], (14)
B*=b[(a, +¢)+i(b, +d,)],

F*=c[(a +q)xi(b +d,)],

3
and Ej(e) (j = 1,2) can be rewritten as
1 — _im —imi
El (9) = E (ﬁ e 0/2 +ﬁ+e 9/2))
: (15)
& 0) = 3 (oc_e’me/2 + oc+e_""9/2).

Let
A"®(0)+B SO (0) + f K, * D (0)+a K, * D(O)
+B M, *SD(O) +a M, *SO@O)-F G (16)
=T(9),
then,
AT® (0) + B'S® (0) + BTK, * ® (0) + &' K, * © (6)
+B M, * SO (0) +a"M, * SO(0) - F'G®O) (17)
= =" (6);

Applying V! to both sides of (16) and (17), respectively, by
Lemma 8 we have

T = (A’ + 2B isgnkp, + ,BfB,(cl) + o(B,(f)
+ Z,B_Cl(cl)i sgnkpy + Zoc_C,(cz)i sgn kpk) o —F g
(18)
— Tji = (A+ +2BYisgnkp, + ﬁ+B,(<1) + <x+B,((2)
+ 2ﬁ+C,(cl)i sgnkpy + 2a+C,((2)i sgn kpk) o — Frgp
where
7, =V T,
P = V71®,
6)) -1
B =V'K,
(19)
(3 _ 1
Cl =V M,
(j=12),
gi = V_IG.
Denote
m; = A* + 2B isgnkp, + ﬁiB,(cl) + (xiB,((z)
(20)
+ 2/3iC,((1)i sgnkpy + ZociC,(f)i sgn kpy.
Then (18) can be reduced as

TP — F gi =7
(21)
+ +
TP = F Gk = T

Since {Blij)}ii’foo el {C,((j)}zifoo el? (j = 1,2), then B,((j) —
0, C,((j) — 0, andn,f — AT +2iB*#0 orﬂ,fr — A* # 0 when



|k| — co. Therefore there exists k, (|k| > k) such that In,fl >
p when |k| > k for certain positive constant ¢ (0 < p < 1).
Consider first the case |k| < k.
(1) When 7 = 0 for k = ny,n,,..

on, (kg < nj <
ky, 1 <j < py), by (21) we know that

]

Tnj =-F gnj’

(22)

must be fulfilled. Now ¢, (1 < j < p,) take arbitrary
constants.

(2) When 7} = 0, 7; # 0fork = n),n),...,n, (<k, <
n; < ky 1<j<p,), by (21) we have

F_gnl_ + T,
_ j j
§0n§ = T > (23)
1
where
Tn; = F+gn;+m' (24)

(3) When 7 # 0,7, = 0fork = n,n),....,n) (=kq <

n;.’ < ky 1< j< p;), by (21) we get

F+gn}/ - Tn}’—m
gDn;.’ = , > (25)
"
where
Tn;l = _F_gn;’- (26)

(4) When 7 # 0 (=k, < k < k), ¢, are given by (21) and
this situation is similar to the situation |k| > k.

Next we consider the case |k| > k. Since In,fl > u for
|k| > k,, then 7T;f # 0. By (21) we obtain

1 _ 1
oo=—(m+F g)= = (Tt Fg); (27)
un T
thus
T + RiTiy = HieGpoo (28)
where
s
Rk = —0>
e
2i(biey —aydy) 1) L) (29)
H = — [(Bk - By )
k

+2 (Cf) - C,(cl)) isgn kpk] .
Assume that
5
B (30)
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where
y, - 2ib (blcllg_— a,d,)

1) (2) ; (1) (2)
‘ B, — B, + 2isgnkp, [Ck -Cy ]

"
T

Therefore, (28) can be written as the following discrete
jump problem:

Ty +6 (1 + Yk) Tem = Hkgk‘ (32)

Thus, we should only study (32) in place of (11). Since {H,} €
%, {gi} € I, then {Hyg;} € I%, {1} € I. Once Ty is obtained,
then ¢, can be given by (21). To solve (32), we first need to
analyze the structure of 1 + Y;. Assume that 1 + T, can be
factorized; we can choose r;, such that

"k

1+Y, = — (33)
—m

where p < |r| < 4”"; p is as the above. Provided that y takes
sufficiently small value, we can choose ;. satisfying the above
requirement (33). We now give an expression of r;, taking
logarithms for both sides of (33) and denoting

wy =Inr
(34)
U, = ln(l +Yk);
then, by (33) and (34) we obtain
wk — wk_m = I/lk. (35)

Note that we have taken a continuous branch of In(1 + Y;)
such that In(1 +Y.) € I>. Applying Fourier transform to both
sides of (35), we can obtain

(1-"Yw@©)=U ), (36)

where W(0) = Vw, U(0) = Vu, w = {w ;2 ,and u =

{Uk};::.ioo-
From the above discussions, the following conditions of
solvability U (0 j) = 0 follow and that is,

1 %0, 1
D (ln 5Rk> e =0, {111 5Rk} el (37)
where 9]- = 2j/mm (j = 0,%1,...,£[m/2]; [m/2] is the
integer part of m/2). Therefore,

U (0)

W(e) = 1- eime

(6+6, lil<2

%] +1>. (38)

From (38), we obtain w;, = V"'W(0) and thus r, = exp w.
Note (33) and denote

€, = E,
T
(39)
= Hi g

Tk
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Then (32) can be rewritten as
e+ Sek_m = l)l/k’ (40)

Since {Hy g} € P, {r,} € Pyand u < |r| < u', we have
{ex} € I? and {up} € 2. By taking Fourier transform V for
both sides of (40), we have

(1+0¢™)E(6) =¥ (6), (41)

where E(6) = Ve, Y(0) =

Since |8] = 1, we know that 1 + 8¢ has finite number of
zero points 0,,6,...,0! in [-m,7].
Therefore the conditions of solvability ‘P(G;.) = 0, that is,

H
{k—g"}elz (j=12...
Tk

= {ek};cr:?oo’ and V/ =

H, ol
N Ik ) g, ), (42)

Tk
must be augmented. In view of (41) we get

Y (0)

E@0) = ———
O = T 5eme

! .
(0#6, j=12,...,n).  (43)
If (37) and (42) are satisfied, then by (43) we obtain

e, =V'E@®) (k=0,%1,...). (44)

Thus 7, (k = 0,+1,...) can be also obtained by (39).
Now we state our main result.

Theorem 12. Under (37) and (42), (11) has a solution. When

m #0 (k=0,%1,...), ¢ is given by (21). Whenrri =0(j=
L2,...,p1) P, take arbitrary constants. When 7'[ w = 0,
717 #0(=12...,p) Pl Ty T given by (23) and (24),

respectzvely When | ! #0,7m, y = 0 (j=1,2,..., p3), Prlt> Tl
are given by (25) and (26) respectzvely Butin (23) and (25) Tl
and T, v are constants determined by (24) and (26), respectwely
When k #n;, n n'! i
of (11) is oftheform

@y is given by (21). Therefore, the solution

OO =Vp=Y ¢, (45)

k=—c0
and then ®(0) € L*[-m, 7).

Proof. From the above discussion, we only need to prove
that the function ®(0) obtained by (45) belongs to L[-m, 7.
Obviously, (11), (13), and (21) are equivalent to each other.
Since {g}, {1} € 12, then {n,f} € >and n,f # 0. It follows from
(27) that {g;} € I* is a bounded sequence, and Y ;> @e™
is convergent. Thus, by Lemma 10, (11) has a unique solution

®(0) = Vg in class L [-m, 7. O

According to Theorem 12, Definition 5, and Lemma 9, we
obtain the following.

Theorem 13. In (11), if K;(6), M;(0) (j = 1,2), G(6) € {0},

then (11) is solvable in class {0} and all conditions of solvability
and its solutions are similar to those in Theorem 12.

In order to illustrate that (11) has an explicit solution, we
present an example and satisfy the above conditions (37) and
(42). For example, suppose that

a=b=c=1,

by=¢ =0,

a,=d; #0, (46)
K, =K,,

M, = M,;

then &,(0) = g, sin (m/2)0, &,(6) = a, cos (m/2)6, and (11)
can be transformed into

O+SP+K; D+ M, SO =G; (47)

it is easy to prove that (47) satisfies conditions (37) and (42),
and the solution of (47) was obtained in the literature [1].
Therefore, we can conclude that a solution set of (11) is not
empty.

Remark 14. If a,d, — bc; = 0, &,(0)/&,(0) is a constant. This
case is simple, and we do not discuss it here.

4. Results and Discussion

In this paper, we first proposed one class of singular integral
equations of convolution type with cosecant kernels and
periodic coefficients. By applying discrete Fourier transform
and its properties, such equation can be transformed into
a discrete jump problem depending on some parameter.
Here, our method is different from the ones of the classical
boundary value problem, and it is novel and simple. The
exact solution, denoted by series, of (11) and the conditions
of solvability are obtained in L?[~7, 77]. We remark that our
approach is also effective in other classes of equations, such
as the equations of dual type with periodicity and cosecant
kernel and Wiener-Hopf type equations. Thus, this paper
generalizes the classical theory of boundary value problems
and singular integral equations.

In this paper, we solved (11) in L2[-7, 7r]. Indeed, this class
of equations can be also solved in Clifford analysis, which is
similar to that in [15-18]. Further discussion is omitted here.

5. Conclusions

Equation (11) has important applications in practical prob-
lems, such as elastic mechanics, heat conduction, and electro-
statics. Many problems, such as piezoelectric material, voltage
magnetic materials, and functional gradient materials, can
often attribute the problem to finding their solutions to (11).
For the study of such equations, the present result is still rare
due to lack of effective approaches. Our approach of solving



the equations is novel, different from the ones in classical
cases, and it is converted by using discrete Fourier transform
into a discrete boundary value problem depending on some
parameter; here we call it “a discrete jump problem.” The
exact solutions of (11) and the conditions of solvability are
obtained in class L*[-7, 7t].
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