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SINGULAR TRAJECTORIES OF CONTROL-AFFINE SYSTEMS*

YACINE CHITOUR', FREDERIC JEAN}, AND EMMANUEL TRELATS

Abstract. When applying methods of optimal control to motion planning or stabilization prob-
lems, we see that some theoretical or numerical difficulties may arise, due to the presence of specific
trajectories, namely, minimizing singular trajectories of the underlying optimal control problem. In
this article, we provide characterizations for singular trajectories of control-affine systems. We prove
that, under generic assumptions, such trajectories share nice properties, related to computational
aspects; more precisely, we show that, for a generic system—with respect to the Whitney topology—
all nontrivial singular trajectories are of minimal order and of corank one. These results, established
both for driftless and for control-affine systems, extend results of [Y. Chitour, F. Jean, and E. Trélat,
Comptes Rendus Math., 337 (2003), pp. 49-52 (in French); Y. Chitour, F. Jean, and E. Trélat, J.
Differential Geom., 73 (2006), pp. 45-73]. As a consequence, for generic control-affine systems (with
or without drift) defined by more than two vector fields, and for a fixed cost, there do not exist
minimizing singular trajectories. Besides, we prove that, given a control-affine system satisfying
the Lie algebra rank condition (LARC), singular trajectories are strictly abnormal, generically with
respect to the cost. We then show how these results can be used to derive regularity results for the
value function and in the theory of Hamilton—Jacobi equations, which in turn have applications for
stabilization and motion planning, from both theoretical and implementational points of view.
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1. Introduction. When addressing standard issues of control theory such as
motion planning and stabilization, one may adopt an approach based on optimal
control, e.g., Hamilton-Jacobi type methods and shooting algorithms. One is then
immediately facing intrinsic difficulties due to the possible presence of singular tra-
jectories. It is therefore important to characterize these trajectories by studying,
in particular, their existence, their optimality status, and the related computational
aspects. In this paper, we provide solutions to the aforementioned difficulties for
control-affine systems, under generic assumptions, and then investigate consequences
in optimal control and its applications.

Let M be a smooth (i.e., C*°) manifold of dimension n. Consider the control-
affine system

(%) i?Zfo(l“)JrZUifi(%),

where € M, m is a positive integer, (fo,..., fm) is an (m + 1)-tuple of smooth
vector fields on M, and the control u = (uq,...,u,,) takes values in an open subset
Q of R™. For g € M and T > 0, a control u € L*°([0,T],?) is said to be admissible
if the trajectory x(-, xo,u) of (X) associated to u and starting at xg is well defined on
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[0,T]. On the set Uy, r of admissible controls, define the end-point mapping by
Eyor () = x(T, x0, u).

It is classical that Uy, 1 is an open subset of L°([0, T, Q2) and that E, v : Uy, — M
is a smooth map.

DEFINITION 1.1. A control w € Uy, T is said to be singular if u is a critical point
of the end-point mapping Eq, r; i.e., its differential at w, DE,, r(u), is not surjective.
A trajectory x(-,xo,u) is said to be singular if u is singular and of corank one if the
codimension in the tangent space of the range of Ey, 1(u) is equal to one.

In other words, a control w € Uy, r is singular if the linearized system along
the trajectory x(-, o, u) is not controllable on [0,T]. Singular trajectories appear as
singularities in the set of trajectories of (X) joining two given points, and hence, they
play a crucial role in variational problems associated to (X) and in optimal control,
as described next.

Let zg and z1 be two points of M, and let T > 0. Consider the following optimal
control problem: From among all the trajectories of () steering xg to x1, determine
a trajectory minimizing the cost

T

(1.1) Cta,g(T,u) = / <;u(t)TU(x(t))u(t) + afx(t) T u(t) + g(t,x(t))) dt,
0

where o = (aq,...,am) € C®°(M,R™), g € C*°(R x M), and U takes values in the

set of symmetric positive definite m x m matrices.

According to the Pontryagin maximum principle (see [21]), for every optimal
trajectory z(-) := z(-, 7o, u), there exists a nonzero pair (A\(-),\?), where A" is a
nonpositive real number and A(+) is an absolutely continuous function on [0, T] (called
adjoint vector) with A(t) € T}, M such that, almost everywhere on [0, 7],

. oH 0

I(t) = a(tv l‘(t), )‘(t)’ A vu(t))v
(1.2) At) = —aa—lj(t,x(t),)\(t),)\o,u(t)),

O (A, (1) =0,

where
H(t,x, A, X0, u) = Z ui (A, fi(x)) + N <;UTU(I’)U + a(:c)Tu + g(t, :z:))
i=1

is the Hamiltonian of the system. An extremal is a 4-tuple (z(-), A(+), A%, u(+)) solution
of the system of equations (1.2). The extremal is said to be normal if A’ # 0 and
abnormal if \° = 0.

The relevance of singular trajectories in optimal control lies in the fact that they
are exactly the projections of abnormal extremals. Note that a singular trajectory
may be the projection of several abnormal extremals, and also of a normal extremal.
A singular trajectory is said to be strictly abnormal if it is not the projection of a
normal extremal. Notice that a singular trajectory is of corank one if and only if
it admits a unique (up to scalar normalization) abnormal extremal lift; it is strictly
abnormal and of corank one if and only if it admits a unique extremal lift which is
abnormal.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



1080 YACINE CHITOUR, FREDERIC JEAN, AND EMMANUEL TRELAT

For a normal extremal, it is standard to adopt the normalization A\’ = —1 and to
derive the control u as the feedback function of (z, \),
wuy (t) ha(t) — aa(x(t))
(1.3) ut)=| 1 | =Un) : ;
U (t) hin (t) — am (2(1))

for every t € [0,T], where h;(t) := (A(t), fi(z(t))), for i = 1,...,m. In particular,
normal extremals are smooth on [0, 7.

For abnormal extremals, the situation is much more involved, since system (1.2)
does not provide directly an expression for abnormal controls. Abnormal extremals
may be nonsmooth, and it is not always possible to determine an explicit expression
for singular controls. Indeed, it follows from (1.2) that

(1.4) hi(-)=0o0n [0,T], i=1,...,m,

along every abnormal extremal. At that point, in order to compute the singular
control, one usually differentiates iteratively (1.4) with respect to ¢ until the control
appears explicitly (in an affine way). To recover the control, an invertibility property
is then required, which may not hold in general.

In this paper, we prove that, in a generic context, such an invertibility property
is obtained with a minimal number of differentiations (cf. Theorem 2.6). This is the
concept of minimal order, defined in Definition 2.5. Here, genericity means that the
(m + 1)-tuple (fo,..., fm) belongs to an open and dense subset of the set of vector
fields equipped with the Whitney topology. The corank one property is also proved
to hold generically. We obtain similar results in the driftless case for generic m-tuples
(f1,---y fm) (cf. Theorem 2.17).

Note that the latter result can be directly derived from [14] under the additional
assumption that the m-tuples (f1,..., fm) are everywhere linearly independent. Such
a geometric assumption is not adapted for control applications, e.g., whenever the
state space is a product of manifolds involving a sphere of even dimension. One of the
main novelties of this paper consists in dropping that assumption. As pointed out in
[12], this raises serious technical difficulties, which furthermore cannot be treated by
the methods of [14].

In a preliminary step for deriving the above theorems, we establish two results of
independent interest, asserting that any trajectory of a generic control-affine system
satisfies £ = 0 almost everywhere on the set where the vector fields are linearly
dependent (cf. Theorems 2.1 and 2.13).

When considering optimal control problems, we see that minimizing singular tra-
jectories may exist, and play a major role, since they are not dependent on the spe-
cific minimization problem. The issue of such minimizing trajectories was already
well known in the classical theory of calculus of variations (see, for instance, [9, 32])
and proved to be a major focus, during the 1940s, when the whole domain eventually
developed into optimal control theory (cf. [10]). The optimality status of singular
trajectories was chiefly investigated in [11, 30] in relation to control-affine systems
with m = 1, in [1, 18, 19, 30] regarding driftless systems with m = 2, and in [2, 27]
for general nonlinear control systems.

In this paper, we prove that, for generic systems with m > 2 (and m > 3 in the
driftless case) and for a fixed cost Cpq, 4, there does not exist minimizing singular
trajectories (cf. Corollaries 2.9 and 2.20). We also prove that, given a fixed system
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(X), singular trajectories are strictly abnormal, generically with respect to the cost
(1.1) (cf. Propositions 2.12 and 2.22). We then show how the above mentioned results
can be used to derive regularity results for the value function and in the theory
of Hamilton—Jacobi equations, which in turn have applications for stabilization and
motion planning.

This paper is organized as follows. Section 2 is devoted to the statement of the
main results, first in the control-affine case, and second in the driftless case. The
consequences are detailed in section 3, and proofs are provided in section 4.

2. Statement of the main results. Let M be a smooth, n-dimensional man-
ifold. Throughout the paper, VF(M) denotes the set of smooth vector fields on M,
endowed with the C'>°> Whitney topology.

2.1. Trajectories of control-affine systems. Let T be a positive real number.
Consider the control-affine system

(2.1) (1) = fo(x(t)) + Y wi(t) fi(z (1)),
i=1

where (fo,..., fm) is an (m + 1)-tuple of smooth vector fields on M, and the set of
admissible controls u = (uq,...,uy) is an open subset of L ([0, T7], 2).

For every trajectory z(-) := z(-,xo,u) of (2.1), define Iqep(x(-)) as the closed
subset of [0, T,

(2.2) Liep(z(+)) :=={t € [0,T] | rank{ fo(z(¢)),..., fm(z(t))} <m + 1}

Note that, on the open subset of R™, where rank{fo,..., fin} = m + 1, there
is a one-to-one correspondence between trajectories and controls. In contrast, on
Tgep(z(+)), there is no uniqueness of the control associated to z(-); in particular, z(-)
may be associated to both singular and nonsingular controls. This fact emphasizes
the following result, which describes, in a generic context, trajectories on the subset
of R™, where rank{fo,..., fm} <m+ 1.

THEOREM 2.1. Let m < n be a nonnegative integer. There exists an open and
dense subset O,, 11 of VE(M)™ %! so that, if the (m+1)-tuple (fo,. .., fm) belongs to

NO, this theorem, as Theorem 2.13, is
wrong in general (see the mistake in the

roof).
Om+1, then every trajectory x(-) of the associated control-affine system & = fo(x) + proch
Yot ui fi(x) verifies However, the result holds true for m=1
(see [12, Lemma 1]), with a weaker
(2.3) &(t) =0, for almost every t € Ijep(x(+)). conclusion (finite codimension of the

if n>h(m) complement of the set O_{m+1}).
In addition, for every integer N, the set O,,+1 can be chosen so that its complement

has codimension greater than N. Following t_he proof of [12, Lemma 1], we
Remark 2.2. In light of the previous result, one can choose the admissible con- an establish that Theorem 2.1 holds true

trol u on Iqep(z(+)) such that, for every ¢ € Igep(x(-)), u(t) consists of any m-tuple :/fv;:e; h(m)
(ai1,...,0am,) so that h(m) = 2m-1 + 2(2m-1) / ((m+1)(m+2)-4m).
- For instance: m=2, n>4, m=3, n>6,
fow(®) + > asfiw() = 0. o, s, ” ”
i=1

In particular, on any subinterval of I4ep(x(+)), the trajectory z(-) is constant, and the
control can be chosen constant as well.

Remark 2.3. A trajectory z(-) is said to be trivial if it reduces to a point;
otherwise it is said to be nontrivial. It is clear that, if Ijep(z(-)) # [0,T], then
#(t) # 0 for t ¢ Igep(x(-)) and x(-) is nontrivial.
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Let z(-) be a trajectory of a control-affine system associated to an (m + 1)-tuple
of Opq1. As a consequence of Theorem 2.1, x(-) is trivial if and only if Iqep(2(+)) =
[0,7].

2.2. Singular trajectories. Recall that a singular trajectory z(-) is the pro-
jection of an abnormal extremal (z(-),A(-)). For t € [0,7] and i,5 € {0,...,m}, we
define

hi(t) := (), fi(z(8))),  hij(t) := (AD), [fa, f5](2 (1))
Along an abnormal extremal, we have for every ¢ € [0, T,
(2.4) ho(t) = constant, h;(t) =0, i=1,...,m.

Differentiating (2.4), one gets, almost everywhere on [0, T,
(2.5) hio(t) + > hij(Bu;(t) =0, i€ {0,...,m}.
j=1

DEFINITION 2.4. Along an abnormal extremal (x(-), A(+),u(+)) of the system (2.1),
the Goh matrix G(t) at time t € [0,T] is the m x m skew-symmetric matriz given by

(2.6) G(t) == (hij(t))lgi,jgm'

Since G(t) is skew-symmetric, rank G(t) is even, and (2.5) is rewritten as, almost
everywhere on [0, T,

(2.7) G(tult) = b(t),

with b(t) := —(hio(t))1<i<m-

Note that, if G(t) is invertible, then u(t) is uniquely determined by (2.7). This
only occurs for m even.

If m is odd, G(t) is never invertible. However, a similar construction is derived
as follows. Define
(2.8) G(t) = (hij(t))mjgm.

X

Since G(t) is skew-symmetric, the determinant of G(t) is the square of a polyno-
mial P(t) in the h;;(t) with degree (m + 1)/2, called the Pfaffian of G(t) (see [6]).
From (2.5), G(t) is not invertible, and thus, along the extremal, P(t) = 0. After
differentiation, one gets, almost everywhere on [0, 7],

(2.9) {P,ho}(t) + Y wy(){P, h;}(t) = 0.
i=1
Define the (m+1)xm matrix G(t) as G(t) augmented with the row ({P, hi}(t))1<i<ms

and the (m + 1)-dimensional vector b(t) as b(t) augmented with the coefficient
—{P, ho}(t). Then, from (2.7) and (2.9), there holds, almost everywhere on [0, T,

(2.10) G(t)u(t) = b(t).
If G(t) is of rank m, then u(t) is uniquely determined by (2.10).
These facts, combined with Remark 2.2, motivate the following definition.
DEFINITION 2.5. If m is even (resp., odd), a singular trajectory x(-) is said to be
of minimal order if

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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(i) #(t) = 0 for almost every t € Ijep(z(-));  (onlyif n>h(m))

(ii) it admits an abnormal extremal lift such that, for almost everyt € [0, T)\ Iqep,

rank G(t) = m if m is even, resp., rank G(t) = m if m is odd.

On the opposite side, for arbitrary m, a singular trajectory is said to be a Goh tra-
jectory if it admits an abnormal extremal lift along which the Goh matrix is identically
equal to 0.

THEOREM 2.6. Let m < n be a positive integer. There exists an open and dense
subset Opy i1 of VE(M)™ L s0 that, if the (m~+1)-tuple (fo, ..., fm) belongs to Op i1,
then every nontrivial singular trajectory of the associated control-affine system &(t) =
Jo(z() + Y00 wi(t) fi(z(t)) is of minimal order and of corank one. In additidw?o(p)
every integer N, the set Op,41 can be chosen so that its complement has codimension
greater than N.

COROLLARY 2.7. With the notation of Theorem 2.6 and if m > 2, there exists an
open and dense subset Op, 1 of VE(M)™T! so that every control-affine system defined
with an (m + 1)-tuple of Oy11 does not admit nontrivial Goh singular trajectories.

2.3. Minimizing singular trajectories. We keep here the notation of the
previous sections. Consider the control-affine system

(2.11) () = fo(w(t) + Y uilt) filx(t)),
i=1
and the quadratic cost given by

1 T
(2.12) Cug(Tou) = 5 / (wt) U lt))ut) + gt (1)) ) i,
0
where U € S (M) and g € C®°(R x M). Here, S;;(M) denotes the set of smooth
mappings  — U(x) on M, taking values in the set S}, of m x m real positive definite
matrices.

For xqg € M and T > 0, define the optimal control problem

(2.13) inf{Cy 4(T,u) | Ez,r(u) =z}

We next state two sets of genericity results, which depend, resp., on whether the cost
or the control system is fixed.

2.3.1. Genericity with respect to the control system, with a fixed cost.

PROPOSITION 2.8. Fiz U € S, (M) and g € C°(R x M). There exists an open
and dense subset O, i1 of VE(M)™ L such that every nontrivial singular trajectory
of a control-affine system defined by an (m + 1)-tuple of On11 is strictly abnormal
for the optimal control problem (2.13).

Corollary 2.7, together with Proposition 2.8, yields the next corollary.

COROLLARY 2.9. Fiz U € S (M) and g € C°(R x M). Let m > 2 be an
integer. There exists an open and dense subset Op,.1 of VF(M)™! so that the
optimal control problem (2.13) defined with an (m + 1)-tuple of Op41 does not admit
nontrivial minimizing singular trajectories.

Remark 2.10. In both previous results, the set O,,+1 can be chosen so that its
complement has an arbitrary codimension.

2.3.2. Genericity with respect to the cost, with a fixed control system.
We endow S\ (M) with the Whitney topology. An (m + 1)-tuple (fo,..., fm) of

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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VF(M)™*! is said to verify the Lie algebra rank condition (LARC) if the Lie algebra
generated by fg,..., fm is of dimension n at every point of M.

PROPOSITION 2.11. Fiz (fo,..., fm) € VF(M)™! so that the LARC is satisfied
and the zero control u = 0 is not singular. Let g € C°(R x M). Then, there exists
an open and dense subset Ay, of S5 (M) such that every nontrivial singular trajectory
of the control-affine system associated to the (m + 1)-tuple (fo,..., fm) is strictly
abnormal for the optimal control problem (2.13) defined with U € A,, and g.

Assuming that the zero control v = 0 is not singular is a necessary hypothesis.
Indeed, the fact that a control u is singular is a property of the sole (m + 1)-tuple
(fo,- -, fm) and is independent of the cost. On the other hand, every trajectory
x := x(-,x0,0) associated to the zero control is always the projection of the normal
extremal (z(-),0,—1,0) of any optimal control problem (2.13). As a consequence, if
the zero control is singular, such a trajectory z(-, zo,0) cannot be strictly abnormal.

In order to handle the case of a singular zero control, it is therefore necessary to
consider more general quadratic costs such as

(2.14) C,a,g(T,u) = /0 (;u(t)TU(:E(t))u(t) + oz () u(t) + g(t, m(t))) dt,

where U € §;F (M), a € C*°(M,R™) and g € C*°(R x M).

PROPOSITION 2.12. Fiz (fo,..., fm) € VF(M)™*! satisfying the LARC and g €
C>®(RxM). Then, there exists an open and dense subset By, of S, (M) x C*°(M,R™)
such that every montrivial singular trajectory of the control-affine system associated
to the (m + 1)-tuple (fo, ..., fm) is strictly abnormal for the optimal control problem
(2.11)—(2.14) defined with (U, ) € B,, and g.

2.4. Driftless control-affine systems. Let 7" be a positive real number. Con-
sider the driftless control-affine system

(2.15) i) = 3w fil@(®)),

where (f1,..., fm) is an m-tuple of smooth vector fields on M, and the set of admis-
sible controls u = (u1, ..., uy) is an open subset of L>([0,T], ).

For every trajectory z(-) := z(-,xo,u) of (2.1), define Iyep(x(-)) as the closed
subset of [0, T,

Laep(x(+)) = {t € [0, T] | rank{f1 (z(t)), .., fm(x(t))} < m}.

THEOREM 2.13. Let m < n be a positive integer. There exists an open and
dense subset O, of VF(M)™ so that, if the m-tuple (f1,..., fm) belongs to O, then
every trajectory x(-) of the associated driftless control-affine system & = ;- u; f;(x)
verifies

&(t) = 0 for almost every t € Igep(x(-)).
if n>h(m-1)
In addition, for every integer N, the set O, can be chosen so that its complement has
codimension greater than N.
Remark 2.14. As a consequence, one can simply choose the admissible control
u on Iqep(z(-)) such that, for every ¢t € Iqep(x(-)), u(t) = 0. This choice induces a
one-to-one correspondence between trajectories and controls.

For a counterexample to Theorem 2.13 in the case n=m=3, see the construction in Theorem 3 in the paper:

outside of the singular locus if n>h(m)

Same comments as for Theorem 2.1.

U. Boscain, G. Charlot, M. Gaye, P. Mason, "Local properties of almost-Riemannian structures in dimension 3", Discrete Cont. Dynam. Syst. (2015).
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2.4.1. Singular trajectories. Let z(-) be a singular trajectory; it is the projec-
tion of an abnormal extremal (x(-), A(-)). Similarly to the previous section, we define,
fort €10,7] and 4,5 € {1,...,m},

hi(t) == (M), fi(x(8)),  hij(E) == (A(D), [fa, f5)(2 (1))
For every t € [0, 7],
(2.16) hi(t) =0, i=1,...,m.

Differentiating (2.16), one gets, almost everywhere on [0, T,

m

(2.17) > hi(tus(t) =0, i€ {1,...,m}.

Jj=1

DEFINITION 2.15. Along an abnormal extremal (x(-), A(+),u(:)) of the system
(2.1), the Goh matrix G(t) at time t € [0,T] is the m x m skew-symmetric matriz
given by

(2.18) G(t) = (hij (1) 1< jm

Since G(t) is skew-symmetric, rank G(¢) is even, and (2.17) is rewritten, almost
everywhere on [0, 7], as

(2.19) G(t)u(t) = 0.

Note that, if rank G(t) = m — 1, one can deduce from (2.19) an expression for
u(t), up to time reparameterization. This only occurs for m odd.

If m is even, rank G(t) is always smaller than m — 1. However, a similar construc-
tion is derived as follows. The determinant of G(¢) is the square of the Pfaffian P(t),
and, along the extremal, P(¢) = 0. After differentiation, one gets, almost everywhere
on [0,77,

m

(2.20) > ui(H{P, by} (t) = 0.

=1

Define the (m-1)xm matrix G(t) as G(t) augmented with the row ({P, h;}(t))1<;<m-
Then, from (2.19) and (2.20), there holds, almost everywhere on [0, T,

(2.21) G(t)u(t) = 0.

If G(t) is of rank m — 1, one can deduce from (2.21) an expression for u(t), up to time
reparameterization.
DEFINITION 2.16. If m is odd (resp., even), a singular trajectory x(-) is said to
be of minimal order if
(i) #(t) = 0 for almost every t € Igep(z(-)); (only if n>h(m-1))
(ii) it admits an abnormal extremal lift such that, for almost everyt € [0, T)\ Iqep,
rank G(t) = m — 1 if m is odd, resp., rank G(t) = m — 1 if m is even.

In order to keep the following results true, in Definition 2.16 (minimal order), remove (i) if n\leq h(m-1).
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On the opposite side, for arbitrary m, a singular trajectory is said to be a Goh tra-
jectory if it admits an abnormal extremal lift along which the Goh matrix is identically
equal to 0.

THEOREM 2.17. Let m be an integer such that 2 < m < n. There exists an
open and dense subset O, of VF(M)™ so that, if the m-tuple (f1,..., fm) belongs to
O, then every nontrivial singular trajectory of the associated driftless control-affine
system &(t) = Y0 u(t) fi(x(t)) is of minimal order and of corank one. In addition, if n>h(m-1)
for every integer N, the set Oy, can be chosen so that its complement has codimension
greater than N.

COROLLARY 2.18. With the notation of Theorem 2.17 and if m > 3, there exists
an open and dense subset O, of VEF(M)™ so that every driftless control-affine system
defined with an m-tuple of O, does not admit nontrivial Goh singular trajectories.

2.4.2. Minimizing singular trajectories. Consider the optimal control prob-
lem associated to the driftless control-affine system

(2.22) B(t) =Y wilt) fix(1)),
i=1
with the quadratic cost given by

(2.23) Cug(Tu) = /0 () U(t)u(t) + o(t,2(1)) ) dr,

where U € §;F (M) and g € C*°(R x M).
For xp € M and T > 0, define the optimal control problem

(2.24) inf{Cy 4(T,u) | Ez,r(u) =z}

We next state genericity results with respect to the control system, with a fixed cost.

PROPOSITION 2.19. Fiz U € S,;,(M) and g € C*®°(R x M). There exists an_open .
and dense subset O, of VF(M)™ such that every nontrivial singular tmjec%trs@'/d% fghe singular locus if n>h(m-1)
driftless control-affine system defined by an m-tuple of O,, is strictly abnormal for the
optimal control problem (2.24).

Corollary 2.18, together with Proposition 2.19, yields the next corollary.

COROLLARY 2.20. FizU € S,\,(M) and g € C*°(RxM). Letm > 3 be an integer.
There exists an open and densee subset O, of VEF(M)™ so that the optimal control
problem (2.24) defined with an m-tuple of O,, does not admit nontrivial minimizing
singular trajectories.outside of the singular locus if n>h(m-1)

Remark 2.21. In both previous results, the set O,, can be chosen so that its
complement has an arbitrary codimension.

We also have a genericity result with respect to the cost, with a fixed control
system.

PROPOSITION 2.22. Fiz (f1,..., fm) € VE(M)™ so that the LARC is satisfied.
Let g € C®°(Rx M). Then, there exists an open and dense subset Ay, of S;. (M) such
that every nontrivial singular trajectory of the driftless control-affine system associated
to the m-tuple (f1,..., fm) is strictly abnormal for the optimal control problem (2.24)
defined with U € A,, and g.

Remark 2.23. In the driftless case, the control v = 0 is always singular but
corresponds to a trivial trajectory. Therefore, in opposition to the control-affine case,
it is not necessary to add the linear term a(z)%u in the cost.
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3. Consequences.

3.1. Regularity of the value function. Consider the optimal control problem
(2.13), associated to the control-affine system (2.11) and the cost (2.12). The value
function is defined by

(3.1) Seo,r(x) == nf{Cy ¢(T,u) | By, r(u) =z}

for every z € R™ (with, as usual, inf ) := —o0). We assume in what follows that all
data are analytic.

The regularity of S, 7 is closely related to the existence of nontrivial minimizing
singular trajectories starting from xg. It is proved in [29] that, in the absence of
minimizing singular trajectories, the value function is continuous and subanalytic
(see, e.g., [16] for a definition of a subanalytic function). For driftless control-affine
systems and g = 0, the value function coincides with the square of a sub-Riemannian
distance (see [7] for an introduction to sub-Riemannian geometry). In particular, in
this case, the value function is always continuous, but the trivial trajectory z(-) = xq
is always minimizing and singular. Moreover, if there is no nontrivial minimizing
singular trajectories, then the value function is subanalytic outside o (see [3, 4]).
This situation holds for generic distributions of rank greater than or equal to three
(see [5, 14]).

The results of section 2.3 have the following consequence on the regularity of
Seo,T-

COROLLARY 3.1. With the notation of Corollary 2.9, and if in addition the
functions g, U and the vector fields of the (m + 1)-tuple in Op,+1 are analytic, then
the associated value function Sy, 1 is continuous and subanalytic on its domain of
definition.

Remark 3.2. If there exists a nontrivial minimizing singular trajectory, the value
function may fail to be subanalytic or even continuous. For example, consider the
control-affine system in R? given by

B(t) =1+y(t)* 9(t) = u(t),

and the cost C(T,u) = fOTu(t)zdt. The trajectory (z(t) = t,y(t) = 0), associated
to the control v = 0, is a nontrivial minimizing singular trajectory, and the value
function S( )7 has the asymptotic expansion, near the point (7’,0),

1 Y y Y2 Y y?
S(O’O)’T(fv’y)_Zx—T—’_z—TeXp z—T +o :c—TeXp z—T

(see [29] for details). Hence, it is neither continuous nor subanalytic at the point
(T,0).

In the driftless control-affine case, by using the results of section 2.4.2, we derive
the following similar consequence.

COROLLARY 3.3. With the notation of Corollary 2.20, and if in addition the
functions g, U and the vector fields of the m-tuple in O,, are analytic, then the
associated value function Sy, T is subanalytic outside xy.

3.2. Regularity of viscosity solutions of Hamilton—Jacobi equations.
Assume that the assumptions of the previous subsection hold. It is standard (see
[15, 17]) that the value function v(t,x) = Sy, (x) is a viscosity solution of the
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Hamilton—Jacobi equation
v v
2 — — )=
(3.2) 5 T (z ax) g9(t, @),

where H(z.p) = (p, fo(@) + £ X0, (U= @))i; (b fi(@)) . ().

Conversely, the viscosity solution of (3.2) with analytic Dirichlet-type conditions
is subanalytic, as soon as the corresponding optimal control problem does not admit
minimizing singular trajectories (see [31]). Using the results of the previous sections,
this situation holds generically if m > 2 (and, similarly for driftless control-affine
systems, if m > 3).

As a consequence, the analytic singular set Sing(v) of the viscosity solution v,
i.e., the subset of R™ where v is not analytic, is a (subanalytic) stratified manifold of
codimension greater than or equal to one (see [28] for more details on the subject).
Since Sing(v) is also the locus where characteristic curves intersect, the above men-
tioned property turns out to be instrumental for the global convergence of numerical
schemes for (3.2) (see [15]). Indeed, the analytic singular set must be as “nice” as
possible in order to integrate energy functions on the set of characteristic curves.

3.3. Applications to stabilization and motion planning. For a driftless
control-affine system verifying the LARC, there exist general stabilizing strategies
stemming from dynamic programming. As usual, the stabilizing feedback is computed
using the gradient of the value function S for a suitable optimal control problem.
Of course this is only possible outside the singular set Sing(S), and one must devise
another construction for the feedback on Sing(S). Let us mention two such strategies,
the first one providing a hybrid feedback (see [22]) and the second one a smooth
repulsive stabilizing (SRS) feedback (see [23, 24]). Both strategies crucially rely on
the fact that Sing(S) is a stratified manifold of codimension greater than or equal to
one.

As seen before, the latter fact holds generically in the analytic category for m > 3.

On the other hand, the absence of minimizing singular trajectories is the basic
requirement for the convergence of usual algorithms in optimal control (such as direct
or indirect methods; see, e.g., [8, 20]). We have proved that this situation holds
generically for control-affine systems if m > 2 and for driftless control-affine systems
ifm > 3.

As a final application, consider a driftless control-affine system verifying the
LARC. According to Proposition 2.22, it is possible to choose a (generic) cost function
Cy,q such that all singular trajectories are strictly abnormal. Combining that fact
with [25, Theorem 1.1], we deduce that there exists a dense subset N of R™ such that
every point of N is reached by a unique minimizing trajectory, which is, moreover,
nonsingular. As a consequence, a shooting method with a target in N will converge.
That fact may be used for solving (at least approximately) motion planning problems.

4. Proofs of the results.

4.1. Proofs of Theorems 2.1 and 2.13. Every trajectory of the control-affine
system & = fo(z) + Yo, wifi(z) is also a trajectory of the driftless control system
&= 2" uifi(z), with ug = 1. Therefore, Theorem 2.1 follows from Theorem 2.13,
whose proof is provided next.

Let z() = z(-,xo,u) be a trajectory of the driftless control system & =
S uifi(x), with 2 < m < n. Consider the set Igep(z(+)) defined by (2.2). We
argue by contraposition and assume that Igep(2(+)) contains a subset I of positive
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measure such that &(t) # 0 for ¢ € I. Since Lebesgue points of u are of full Lebesgue
measure, we assume that u is continuous on 1.

Up to considering a subset of I, and relabeling the f;’s, we assume that, for every
t € I, that

(i) there exists 1 < k < m such that

rank{f1(z(t)), ..., fm(2(t))} = k;

(i) fi(z(t)),..., fu(x(t)) are linearly independent, and thus, there exist real num-
bers o (t),i=1,...,k, j=k+1,...,m, such that
k

fi@®) => ol fi(x(t), j=k+1,....m.

i=1

Therefore, &(t) = Zf;l 6i(t) fi(2(t)), where 8;(t) := w; () +>"7L 51y o (t)u;(t);
(iii) 61(t) # 0.
Remark 4.1. Up to reducing I, we furthermore assume that I is contained in an
open interval 7 on which rank{fi(x(t)),..., fe(z(t))} = k.
Set ad’g(h) = h, where g,h € VF(M), and ad®g(h) = [g,ad* " g(h)] for k > 1.

The length of the iterated Lie bracket [f;,, [fi,, [ - 5 fir] - - -] of f1,..., fm is the integer
k.
PROPOSITION 4.2. Let N be a positive integer. There exists a subset Jy C I of

positive measure such that, for every t € Jn and every £ € {1,...,N},
(4.1) 81(8) ad ™ f1 (fn) (2 (1)) = hE (2 (1)) + Ri(x(1)),
where

i hf(l’(t)) € Span{fl (ﬂ;‘(t)), AR fk(x(t))}f

e R! is a linear combination of iterated Lie brackets of fi,..., fm, of length

smaller than £ —1, and of iterated Lie brackets of f1,..., fx, of length smaller
than or equal to .

Proof. For t € I, let Fy € VF(M) be the vector field defined by

k

Fy(z) := Z 0i(t) fi(x).

=1

Notice that @(t) = F(z(t)) for t € I. For the argument of Proposition 4.2, we need
the following lemma.

LEMMA 4.3. Consider a set J C I of positive measure and h € VF(M) so that
h(z(t)) € Span{fi(x(t)),..., fu(x(t)} on J; i.e., for every t € J, there exist real
numbers 3;(t), i =1,...,k, such that

k
(4.2) h(z(t)) = Zﬁi(t)fi(x(t))~
Fort € J, define g € VF(M) by
k
() = ()~ 3 B0 )
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Then, there exists a set J' C J of positive measure such that

(4.3) [Fy, g](x(t)) € Span{ f1(x(t)), ..., fu(z(t))} on J'.
Proof of Lemma 4.3. Using Remark 4.1, we see that there exist e; € VF (M),
k41 < j < n, so that, for every ¢ € Z, the vectors fi(x(t)), ..., fu(z(t)), ext1(x(t)),

.oy en(z(t)) span Ty M. Thus, there exist n smooth functions b;, 1 < i < n, defined
on M, such that

h(z) = sz(x)fz(x) + Z bi(w)e;(x),
i=1 i=k+1
for x in an open neighborhood of z(Z). For i = 1,...,n, define 5;(t) := b;(z(t)) for
t € 7 (this notation is consistent with (4.2)). The §.s are absolutely continuous on Z
and differentiable everywhere on J. For i = k+1,...,n, there holds 5; = 0 on J and
therefore, it follows that 3; = 0 on a subset J' C J of full measure (cf. [26, Lemma
p. 177]).
For t € J, using that g:(x(t)) = 0 and Fy(z(t)) = &(¢), it holds that

[F1, 9:)(2(t)) = dgi o Fi(x(t))
k n

S (i@ () E () filw®) + S (dbia(t))-i(t)ei (1))

i=k+1

Bi) fix() + Y Bit)ei(x(t).

i=k+1

I
A

g

|
.Mk

Il
_

(2

On J’, the second sum of the right-hand side of the last equation vanishes, and the
lemma follows. d
Applying Lemma 4.3 to h = f,,, and J = I, we get

[y, 9¢)((t)) € Span{fi(x(t)), ..., fu(z(t)} on Ji,

where J; C I and g} := f, — Ele a™(t) fi.

Set h} = [F}, gt]- We next iterate the above procedure for 1 < £ < N. Assume
that the vector fields hf, gf and the set .J; of positive measure are defined such that
hY(x(t)) € Span{fi(x(t)),..., fe(z(t))} on Jo. For every t € Jy, let B{(t),i=1,...,k,
be the real numbers such that

k
hi(@(t)) =Y B (0) filx(t)),
i=1

and define g/ € VF(M) by gttt = h¢ — Zle BE(t) fi Set hit = [Fy, it
Applying Lemma 4.3, there exists a subset Jy41 C Jy of positive measure such that
B (2(t)) € Span{ f1 ((2)). .. .. fu(@(t)} on Jesr.

For t € Jy, and for £ =1,..., N, we express h{(z(t)) using iterated Lie brackets
of fi,..., fm, and an easy induction yields (4.1). |

Combining Proposition 4.2 with routine transversality arguments (see, for in-
stance, [12] and [14]), it follows that the (m+1)-tuple (fo, ..., fm) belongs to a closed
subset of VF(M)™*t1 of codimension greater than or equal to N. Theorem 2.13
follows.

Remark 4.4. The fact that fi(x(t)) # 0 is essential in order to derive, from (4.1),
an infinite number of independent relations, and then to apply the above mentioned
transversality arguments.

The flaw is at the very end of the proof: we cannot exactly use the transversality arguments of [14] where all vector fields were assumed to be linearly
independent. Actually, it suffices to follow the proof of Lemma 1 in [12] and to compute appropriate codimensions.
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4.2. Proof of Theorem 2.6. The minimal order and corank one properties are
proved separately in the following lemmas.

LEMMA 4.5. There exists an open and dense subset O}, of VF(M)™ ! so that,
if the (m + 1)-tuple (fo, ..., fm) belongs to O} 1, then every singular trajectory of
the associated control-affine system i(t) = fo(z(t))+ > iy ui(t) fi(x(t)) is of minimal
order. In addition, for every integer N, the set O,ln+1 can be chosen so that its
complement has codimension greater than N.

LEMMA 4.6. There exists an open and dense subset Op11 of 071n+1 so that, if
the (m+1)-tuple (fo,- .., fm) belongs to Op,1, then every nontrivial singular trajec-
tory of the associated control-affine system &(t) = fo(x(t)) + >oiey ui(t) fi(x(t)) is of
corank one. In addition, for every integer N, the set Op,4+1 can be chosen so that its
complement has codimension greater than N.

The conclusion of Theorem 2.6 follows.

4.2.1. Proof of Lemma 4.5. From Theorem 2.1, there exists an open and dense

subset Opl, | of VF(M)™%! such that, if (fo,..., fm) € OfL,,, then every trajectory
z(:) of & = fo(x) + Yi~, wifi(x) verifies item (i) of Definition 2.5.

It is therefore enough to show the existence of an open and dense subset O}2,,
of VF(M)™*! such that, if (fo,..., fm) € OpZyq, then every singular trajectory (-)
of & = fo(z) +Y1" -1 uzf,( ) verifies item (ii) of Definition 2.5. Then, by choosing
O}, 41 := 0L, N0 | the conclusion of Lemma 4.5 follows.

Consider a singular trajectory z(-) := z(-, o, u) of & = fo(z) + D iv, u; fi(x),
admitting an abnormal extremal (x(-),A(-)). Assume that there exists J C [0,7] \
Iyep(z(+)) of positive measure such that G(¢) is not of rank m if m is even, resp., G(t)
is not of rank m if m is odd. We will show that the (m+1)-tuple (fo, ..., fm) belongs
to a subset of arbitrary codimension in V F(M)™*! whose complement contains an
open and dense subset.

Note that, on [0,77] \ Iaep(z(+)), the vector fields fo(z(t)),..., fm(z(t)) are lin-
early independent. The remaining part of the argument consists of reformulating
the problem in order to follow the chain of arguments in the proof of [14, Theorem
2.4] concerning the case of everywhere linearly independent vector fields. For that
purpose, we distinguish the cases m even and m odd.

Assume first that m is even. Asin (2.8), define, for t € J, G(t) :== (hij(t))0<i,j<m'

From (2.7), we have, for ¢t € J,

(0 (t)u(t)
G“"(—Gu)u(t) . Gt>)>'

Since the ranks of both G(¢) and G(t) are even, they must be equal, for t € J, and
hence, the rank of G(t) is smaller than m on J. This is exactly the starting point of the
proof of [14, Lemma 3.8]. The machinery of [14] then applies and we deduce that the
(m++1)-tuple (fo, ..., fm) belongs to a subset of arbitrary codimension in V F(M)™*1
whose complement contains an open and dense subset 02, | of VEF(M )m“.

Assume next that m is odd. Define the (m + 2) x (m + 1) matrix G(t) as G(t)
augmented in the last row with ({P, h;}(¢ ))0<]<m

LEMMA 4.7. With the notation above, rank G( ) < rank G(t) +

Proof. It amounts to showing that ¢ € ker G(t) implies (0,¢) € ker @(t) This
follows from the fact that if é(t){ = 0, then G(¢)¢ = 0, and thus ¢ is orthogonal to
the range of G(t) since G(t) is skew-symmetric. |
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Using Lemma 4.7, we see that the rank of G(t) is less than m + 1 on J. This
is exactly the starting point of the proof of [14, Lemma 3.9]. The machinery of [14]
then applies and we deduce that the (m + 1)-tuple (fo,..., fim) belongs to a subset of
arbitrary codimension in V F(M)™*! whose complement contains an open and dense
subset O}, | of VF(M)™*!.

4.2.2. Proof of Lemma 4.6. We argue by contraposition. Consider a nontrivial
singular trajectory z(-) := z(-,zg,u) of & = fo(z)+ > e, wifi(z), with (fo,..., fm) €
O}, 1. Assume z(-) admits two abnormal extremal lifts (z(-), AP () and (z(-), AP)(-))
such that, for some ty € [0,7], AM(ty) and A?(ty) are linearly independent. By
linearity, AM(-) and APPI(-) are linearly independent everywhere on [0,T]. Since z(-)
is nontrivial, it follows from Remark 2.3 that there exists a nonempty subinterval J
of [0, 7]\ Igep(x(+)). We are now in a position to exactly follow the arguments of [14]
corresponding to the corank one property, i.e., [14, Lemma 4.4].

4.3. Proof of Theorem 2.17. We start with the proof of the statement dealing
with the minimal order property.

From Theorem 2.13, there exists an open and dense subset O} of VF(M)™ such
that, if (f1,...,fm) € OL,, then every trajectory x(:) of & = > /" u;f;(z) verifies
item (i) of Definition 2.16.

It is therefore enough to show the existence of an open and dense subset O2, of
VE(M)™ such that, if (f1,..., fm) € O2,, then every singular trajectory x(-) of & =
S wifi(x) verifies item (ii) of Definition 2.16. Then, by choosing O,, := O}, N 02,
the statement dealing with the minimal order property in Theorem 2.17 follows.

Consider a singular trajectory z(-) := z(-,x9,u) of & = Y ;" u;f;(x) admitting
an abnormal extremal (z(-), A(-)). Assume that there exists J C [0,T] \ Iqep(2z(-)) of
positive measure such that G(t) is not of rank m — 1 if m is odd, resp., G(t) is not of
rank m — 1 if m is even. Following exactly the proofs of Lemmas 3.8 and 3.9 in [14],
the m~tuple (f1,..., fm) belongs to a subset of arbitrary codimension in VF(M)™
whose complement contains an open and dense subset.

We proceed similarly for an argument of the statement dealing with the corank
one property.

4.4. Proofs of Propositions 2.8 and 2.19. We only treat the control-affine
case, as the argument for the driftless control-affine case is identical. We argue by
contraposition. Consider a nontrivial singular trajectory z(:) := z(-,x0,u) of & =
Jo(z) + X% wifi(x), with (fo,..., fm) € VE(M)™*. Assume that z(-) admits on
the one part a normal extremal lift (z(-), All(-)) and on the other part an abnormal
extremal lift (z(-), Aldl(-)).

Let us introduce some notation. For k € N, let L = [y ---[; be a multi-index of
{0,...,m}. The length of L is |L| = k and fy, is the vector field defined by

fo=1Afus fiols 1 fud:

A multi-index L = jl-- -1 with k consecutive occurrences of the index [ is denoted as
L = ji*.
For every multi-index L of {0,...,m} and ¢ € [0, T}, set

Yy = (), fo(a(8)) and Y () = (Al (1), fr (2 (1))
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After time differentiation, we have on [0,T],

(14) Lhe) =S whEo),
=1
(45) Lh ) =3 wonleh).

~

1

Recall that, according to the Pontryagin maximum principle, there holds

w(?) nle)
(46) w=| ¢ | =veoyt| : |
U (1) wil ()
and, for every t € [0, 7],
(4.7) h () = constant, hga] (t) =0,
for every | € {1,...,m}, and ¢t € [0,T]. Since the trajectory z(-) is nontrivial, there

exists an open interval J C [0,7] and ¢ € {0,...,m} such that u;(-)f;(z(-)) is never
vanishing (with the convention uy = 1). Fix j € {0,...,m} \ {i}. Differentiating s
times (with s > 1) the relation h[ja] (t) = constant with respect to ¢t € J, one gets, by

using (4.4), (4.5), and (4.6), that

(48) 0= L) = (a0 B () + R0,

where R(t) is polynomial in hg-?] (t) and h[;;] (t), |L| < s, | K| < s+1, with K different
from ji® and iji*~1. Fixt € J. Since u;(t) # 0 and f;(x(t)) # 0, we are in a position to
apply routine transversality arguments. It follows that the (m + 1)-tuple (fo,. .., fm)
belongs to a closed subset of VF(M)™*! of arbitrary codimension. Proposition 2.8
follows.

4.5. Proofs of Propositions 2.11, 2.12, and 2.22. We first prove Proposition
2.12 and argue by contraposition. Consider a nontrivial singular trajectory z() :=
z(-, o, u) of & = fo(x) + Y iv, uifi(x). Assume that z(-) admits on the one part a
normal extremal lift (z(-), /\t”]()) and on the other part an abnormal extremal lift
(2(-), A1 ().

From the Pontryagin maximum principle, there holds, for [ =1,...,m,
w(t) =Y QWw(®)By(x(t),  Bp(x(t) := hlJ(t) — ap(a(t)),
p=1

where the Q'P(z) and the a,(z) are, resp., the coefficients of U~1(z) and of a(x).
Note that the u;’s are smooth functions of the time.

Since the trajectory z(-) is nontrivial, there exists an open interval J C [0, 7] such
that & is never vanishing on J and one of the two following cases holds.

Casel. u=0on J.
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In that case, ©(t) = fo(x(t)) for ¢t € J, and fo(x(:)) is never vanishing on J.
Moreover, for p = 1,...,m, 8, = 0 on J, ie., ap(z(t)) = hg,"](t) for t € J. By
differentiating the latter relation with respect to the time, we deduce that, for all
N>20,teJ,andp=1,...,m,

LY o (x(t)) = LY th] (z(1)),

where Ly, denotes the Lie derivative with respect to the vector field fo. Apply-
ing routine transversality arguments, it follows that a belongs to a closed subset of
C*(M,R™) of arbitrary codimension.

Case 2. u is never vanishing on J.

Using (2.4) and the LARC, there exist a multi-index L, an index jo € {0, ..., m},
and a subinterval of J (still denoted J), such that

h[g] (t) = constant and h[il;O (t) #0

for every t € J. Differentiating h[La] on J, one gets

0= S hledt) = gy + 3 wieynlel o)
(4.9) =t
=his+ D0 ap®Q((t),

1<I<p<m

where ey () := ()R} (), and e, () = Bp(O)RE](£) + Ai(E)RY (2) if 1 < p.

LEMMA 4.8. Up to reducing the interval J, there exist indices j andl in {1,...,m}
such that c1;(t) or c;i(t) is never vanishing on J.

Proof. 1f jo = 0, then h[La(])(t) # 0, and it follows from (4.9) that there exist
l,7 € {1,...,m} such that ¢;;(t) # 0. Otherwise, take j := jo. In that case, one
of the §,’s does not vanish on J since u is not zero. First, assume that §;(¢) is not
identically equal to zero on J; then, up to reducing J, ¢;;(t) is never vanishing on J.
Otherwise, there exists [ # j such that, up to reducing J, §; is never vanishing on J

and thus similarly for ¢;; (or ¢j;). |
For t € J, let Fy, € VF(M) be the vector field defined by

Fy(z) == fo(z) + Zuz(t)fz(fc)

Notice that Fy(z(t)) = @(t) # 0. For all N > 0 and ¢t € J, we get, by taking the
(N + 1)th time derivative of h[La] on J,

AV N ol
0= Lo hl ) = ey (OLEQ (1) + B(0)
where Ry (t) is a linear combination of L§, QP (x(t)) with s < N, p <4 in {1,...,m},

and s < N if (p,i) = (4,1), and of L;TQpi(x(t)) with s < N, p <4 in {1,...,m},
and r € {0,...,m}. Applying routine transversality arguments, it follows that (U, «)
belongs to a closed subset of S;F (M) x C°°(M,R™) of arbitrary codimension. Propo-
sition 2.12 is proved.

To show Propositions 2.11 and 2.22, we simply note that the argument of Case 2
with a = 0 applies with suitable modifications.
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