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Singularity-free interpretation of the thermodynamics of supercooled water.
Il. Thermal and volumetric behavior
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According to the singularity-free interpretation of the thermodynamics of supercooled water, the
isothermal compressibility, isobaric heat capacity, and the magnitude of the thermal expansion
coefficient increase sharply upon supercooling, but remain finite. No phase transition or critical
point occurs at low temperatures. Instead, there is a pronounced but continuous increase in volume
and a corresponding decrease in entropy at low temperatures, the sharpness of which becomes more
pronounced the lower the temperature and the higher the pressure. We investigate the behavior of
the response functions, equation of state, and entropy of a schematic waterlike model that exhibits
singularity-free behavior, and thereby illustrate the simplest thermodynamically consistent
interpretation that is in accord with existing experimental evidence on water’s low-temperature
anomalies. In spite of its simplicity, the model captures many nontrivial aspects of water’s
thermodynamics semiquantitatively. €98 American Institute of Physics.
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I. INTRODUCTION or disproved. Evidence in support of the two critical point
hypothesis includes thermal and volumetric measurements

glassy water that are not inconsistent with the existence of
a first-order transition between two distinct forfis??com-

though more than a quarter century has elapsed since anom%lqter simulations; ™4 anq theoretical calculatiorjr.§.:13.

lous increases in the response functions of liquid water upohow-temperature extrapolanns of pumerqus eqU|!|br|um
supercooling were first reportéd,a clear understanding of @nd transport properties are not inconsistent with the
the underlying phase behavior remains elusive. Three thegtability-limit conjecture!™>® Low-angle x-ray scattering
modynamically consistent interpretations have been progxperimenté’ and theoretical calculatiort$;' on the other
posed to explain the experimental observations. The stabilithand, support the singularity-free scenario.

limit conjecturé~2 posits the existence of a retracing spin- In a recent papef we proposed and examined the
odal curve bounding the superheated, stretched, and supeingularity-free scenario. Specifically, we showed that the
cooled states of metastable water, and attributes the anomimcrease in the isothermal compressibility upon supercooling
lous increases in the response functions to proximity to thés inseparable from the existence of a negatively sloped locus
spinodal curve. The two critical point hypoth€siS posits  of density maxima, such as water possesses over a broad
the existence of a line of first-order transitions between tWQ'ange of pressures and temperat&fleﬁurthermore, we
distinct forms of liquid water, terminating at a metastableshowed that large increases in compressibility can occur in
critical point. The anomalous increase in the response funGne apsence of any assumed low-temperature singularity, be
tions is here attributed to the presence of this critical point;; 5 spinodal curve or a critical point. Thus, from purely
In the singularity-free scenario the response functions rema'fhermodynamic arguments, we showed that the simplest in-

finite, and exh|p|t extrema b.Ut no d|v§rgen&éé. Thus, the terpretation of the experimental observations on the behavior
response functions are predicted to diverge in the former twg ) . ) .

; S of supercooled water is devoid of singularities. In that work
scenarios, but remain finite in the latter.

o . . . we also proposed a simple compressible lattice model in
Because of the difficulties associated with making mea-" " L . .
surements on a highly metastable liquid at extreme condihich molecules can form directional bonds, and which dis-

tions of temperature and pressdfé® the available experi- played singularity-free behavior. We used _the model to illus-
mental evidence is inconclusive, and none of the thredraté the simplest volumetrid,»,T) behavior that can ex-

scenarios mentioned before has been unambiguously provétfin water's low-temperature anomalies. Although we solve
the lattice model in the mean-field approximation, the ab-

sence of a second critical point is a feature of the model, and

dpermanent address: Departamento Quimica, Faculdade de Ciencias e Tec- if fth Iuti hni E]%
nologia, Universidade Nova de Lisboa, 2825 Monte da Caparica, Lisbon',qot an artitact ot the solution technigue.

Portugal. Here, we extend our previous work by studying the mod-
YAuthor to whom correspondence should be addressed. Electronic maik|'g entropy, as well as its volumetric behavior, over wide
pdebene@pucc.princeton.edu ’ L .
9permanent address: Jawaharlal Nehru Center for Advanced Scientific Ref@N9€S of temp?rature a_'nd pressure. Wherea_s_l_n the previous
search, Bangalore 560064, India. Electronic mail: sastry@jncasr.ac.in paper we studied the isothermal compressibility, here we

Understanding the phase behavior of metastable water
low temperatures remains one of the most interesting an
important open questions in the physical scierfcésAl-
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also investigate the temperature and pressure dependenceabéd at a point belonging to the TMD locus; and the subscript
the isobaric heat capacity and the thermal expansion coeffifMD signifies that the derivative is evaluated along the di-
cient. We provide here, therefore, a thorough investigation ofection of the TMD locus, at the state point of interest. The
the thermal and volumetric implications of the singularity- numerator on the right-hand side of E@) is necessarily
free scenario. We use the idealized model descriptively, ngpositive at the TMD' Since Eq.(3) is also valid at any point
predictively. By this we mean that the simplifications built along the TMD, it follows that

into the model's formulation preclude its predictive use. Al- 1 (2] T2

though the model captures, semiquantitatively, many non- %) __ 10T )p at Tvp
trivial aspects of water's thermodynamics, our primary inter- P T,at TMD v (dP/dT)mmp

est is not in this numerical agreement, but in understandin@quation(s) shows that when the TMD has a negative slope

the overall topological features of a thermal and vqumetrlcap decreases upon isothermal decompression. Since in that

equation of state that is consistent with the experimentally.oco, is negative below the TMIi.e., for P< Pyp at the
. . p .C.,

observeq anomalogs be.haV|or.qpon supercooling, yet doﬁven T), this means that the magnitude of, increases
not require underlying singularities to produce the anomagqn jsothermal decompression in the vicinity of the TMD.
lies. . Conversely, when the TMD has positive slope, in which case

The paper is structured as follows. In Sec. Il we presenfne thermal expansion coefficient is negative above the
thermodynamic relations that provide consistency checks fo’fMD, a, increases upon isothermal decompression. Thus, if
the model calculations. In Sec. Il we summarize the micro{he TMD retraces in theR,T) plane, the magnitude af

. . 1 ) p
scopic model and present new expressions for the responggnipits a maximum &, exhibits a minimur with respect

functions and for the entropy. In Sec. IV we present the, ressure at constant temperature, for all temperatures
calculations on the model’s thermal and volumetric behav'o'iower than the “nose” of the TMD, wherd P/dT diverges.

over a wide range of temperatures and pressures. Finally, in Proceeding as in Eqél)—(3), one has the identities
Sec. V we summarize the main conclusions that follow from ’
the calculations, and discuss their consequences for future 1 (ﬁcp

®

[Py &g
T2 P_aTZaP’

experiments on supercooled and glassy water. T

aP ©

T

wherec, is the isobaric heat capacity,
Il. THERMODYNAMIC ANALYSIS

Js
We first consider the relationship between the pressure Cp:T(ﬁ)
dependence of the thermal expansion coefficigntand the P
temperature dependence of the isothermal compressibilitwith s, the molar entropy. Equatior{8)—(6) will be used to

Kr, interpret the thermal and volumetric behavior described in
1 ((9”) . 1 (av) Sec. IV.
ap=— R , =——\|==
v \dT b v \dP T
wherev is the molar volume. To this end, we start from the Nl MODEL
thermodynamic relations In Ref. 18 a microscopic waterlike model was formu-
#g #g lated and its equation of state was derived. This equation of
vap=—=5 vK= ~op2 (1) state displayed many nontrivial features characteristic of wa-
ter. These include negative thermal expansion, and a marked
whereg is the molar Gibbs energy. One then has increase of the isothermal compressibility upon supercool-
3 ing. In addition, the behavior of the compressibility upon
Ivay IvK+ 9°g . : ) .
=—|—] === 2) supercooling was found to conform with the singularity-free
P /s JT |p 9P%T scenario for the global phase behavior of supercooled water.

By this is meant behavior that is consistent with experimen-
tal observations and according to which the observed in-
_ <f7_KT) 3) creases in the response functions of supercooled water at low
coLaT )y temperaturés?52’gccur in the absence of a retracing spin-
odal curve bounding the supercooled and stretched states of

Equation(3) shows that the locus of temperature extrema Ofmetastable watérand in the absence, too, of a metastable

Ky along isobars coincides with the locus of pressure eXgyitical point® This is significant because thermodynamics

and, therefore,
aa
JP

H 5
trema ofay, along |sot_herm§. . L imposes constraints on the possible types of thermal and
In Ref. 18 we derived the following identity: volumetric behavior that are consistent with increases in
K+ 1 (?v1dTp 2 TvD compressibility, isobaric heat capacity, and in the magnitude
0T ) o s ¥ (APIADqup (4 of the (negative thermal expansion coefficient upon isobaric

cooling”® Thus, it has only been possible to propose a small
where TMD denotes the locus of density maxiqme tem-  number of thermodynamically consistent scenarios to ex-
perature of maximum densijtyin the (P,T) plane; the sub- plain the observed thermal and volumetric properties of su-
script “at TMD” signifies that the partial derivative is evalu- percooled water. The singularity-free scenario is one of
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them, the other two being the retracing spinodal conjecturevhere(i,j) denotes summation of nn pairs, and the volume
of Sgeed? and the two-critical point hypothesis of Poole associated with each pair is given by
et al.

In Ref. 18, only a few features of the singularity-free B
scenario were investigated. In particular, only the behavior i
of the compressibility, but not that of the isobaric heat ca-
pacity or the thermal expansion coefficient, were addressedn Eq. (13), HB denotes a hydrogen-bonded pair=1 if
The system’s volume, but not its entropy, was studied. HereSite i is occupied, and O if it is empty, and NHB denotes a
we extend our initial analysis by studying the entropy, equanon-hydrogen-bonded pair. The relationship betwieand
tion of state, isobaric heat capacity, and thermal expansioko iS given byv,=yb/2. The specific volume follows from
coefficient. The model is a lattice fluid in which pairs of differentiating the chemical potential,
molecules, in addition to interacting through the usual hard- ~
core(single-occupangyand van der Waalearest-neighbor p= (‘9_'““) _ —Zn( Je _2~6+ kT )((9_”) (14)
attraction forces, can form hydrogen bonds if correctly ori- P/ P/ P
ented. Furthermore, in order to incorporate the correlation
between local density and bonding energy that is a distinand the pressure dependence of the fractional occupancy is
guishing feature of wate(that is to say, the fact that regions Obtained from the equation of state,
with strong hydrogen bond interactions have lower density,

b NHB or (n; or n;=0)

b+éb HB. 3

energy, and entropy than regions with weaker bonded inter- o+ ‘76) 2

actiong, the volume associated with a pair of sites is greater an aP

if these sites are occupied by a bonded pair than either if the (p_p) KT (15
pair is not bonded, or if one or both sites are unoccupied. In T n—Zen

other words, the model uses the lattice geometry simply as a

reference topology for defining interacting neighbors, andt follows from Egs.(14) and (15) that

calls for the calculation of the system’s volume as the expec-

tation value of the volumes associated with pairs of neigh- 123 de Vg yéb

boring sites. A detailed derivation of the equation of state is ¥~ ”(ﬁ) = TN g AT a3)/kTl,
given in Ref. 18, and will not be repeated here. We merely T (16)

mention that the fact that the system’s volume is not fixed

requires that the model be formulated in the generalized erwhere use has been made of E(5—(11) to evaluate the
semble, whose independent variables &g, andT), and  pressure dependence ef In summary, the R,»,T) equa-
the relevant thermodynamic potential for whict,—TS tion of state is given by Eqg8) and(16), with the various
+PV—uN, is identically 0. The equation of state was ob- quantities defined as in Eq®)—(11). For any given P,T),
tained by solving the model in the mean-field approximationn is obtained from Eq(8) and» from Eq.(16). The model’'s
The chemical potential and equation of state are given by entropy is given by

I
" (ﬁ)

Pvg=—"en?—kT In(1—n), (8)

uw=—9kT In g—2en+KkT In

1-n/’

de
=k In q+2n 7T
wherevy is the coordination numbeg, is the number of dis-
tinguishable orientations of a given molecule with respect to
a given nearest neighbon, is the fraction of sites that is
occupied, and

- 1
+ 26—kT

an
) a7
p

Again, dn/dT follows from Eq.(8),

e=vy(e+ 8p)12, (9
an K In(1—n)+(Je/dT) n?
83p=KT In[ 1+g (e T-1)], (10 (ﬁ) =- KT : (18
P —+2€n
Jp,=3—Pob. (12) -1

whereupon the entropy per molecule becomes

1-n
n

In the above equationg, is the van der Waals interaction
strength between two occupied nearest-neigliboy sites;J 1
is the hydrogen-bonded interaction strength between two s/k=vIn g——In(1—n)+In
correctly oriented nn molecules, and the system’s volume is n

given by .
2kT 163p—q " exd (Jp— 8Jp)/kT]}. (19
V= 2 bij 12 . . _
{0 Finally, the response functions are obtained as follows:
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FIG. 1. General behavior predicted by the compressible lattice médé=0.953,J/e=0.25,q= 100, y=4. TMD is the locus of density maxima, sp is the
spinodal for the superheated liquid. The lines labeigd c,, andK are extrema loci for the respective response functions, with thin lines denoting minima,
and thick lines denoting maxima. (a) the extrema are with respect to temperative, the figure must be “read” along isobarén (b) the extrema are with

respect to pressurghe figure must be “read” along isotherms

+$In(1—n) , (20

vo de . 9%e
n2 " \oP/_ N oToP |’

(21)

9%€
+HW , (22

Vo JE
2"'(

K 1(01/) 1{(an>
=== =] =={|{=—= _
v (9PT v ﬁPTn P

T

where the temperature and pressure first derivativesaofd

n are obtained from Eqg9) to (11), and the second deriva-

tives of e also follow from Egs.(9) to (11), and are given
below,

%€\ y(oh)?
W Zm exp{(Jp—ﬁJp)/kT]
T

x{1—q * exd (J,— 83,)/KT]}, (23
9%€ Y Jp
(?_TZ Pzzq—_l_z k_T exp[(Jp— 5Jp)/kT]

X{1—q~* exf (J,— 83,)/KTI}, (24)

e ydb I, ]
atap  2qT kT HUp

x{1—q~* exd (J,— 83,)/kTI}.

— 53,)IKT]
(29

IV. RESULTS AND DISCUSSION

Figure 1 shows the general behavior predicted by the
model. In Fig. 1a) are shown the TMD locus, the spinodal
curve for the superheated liquid, and the locus of extrema of
the isothermal compressibility, isobaric heat capacity, and
thermal expansion coefficient. The distinguishing feature is
the retracing TMD locus. The existence of this feature in
water was first proposed by Poole and co-worRers.

The extrema in Fig. () are with respect to temperature,
which means that this figure must be “read” along isobars.
The locus of compressibility and heat capacity extrema in-
cludes minima(thin lineg and maximagthick lines. The
locus of @, extrema gives the pressure-dependent tempera-
ture at which the negative thermal expansion reaches a mini-
mum (absolute value reaches a maximurAnother salient
feature of Fig. 1a) is the fact that the three response func-
tions show low-temperature extrema with respect to tempera-
ture, the loci of which are very close to each other. Physi-
cally, this corresponds to a marked increase in the magnitude
of the three response functions upon isobaric supercooling.
In agreement with the experimental behavior of water, one
finds along isobars a pair of compressibility and heat capac-
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FIG. 2. Model predictions withe(=5.353<10° Jmol'Y) andvo(=4.721 @ TIK
x107% m®* mol™?) fitted to water’s critical temperature and pressure; and 10
Sb/b=1.5,J/e=0.5,q=100, y=4. The line labeled TEC, PET is the locus
of temperatures of compressibility extrerfar, equivalently, pressures of /)
extrema of the thermal expansion coefficjent 0

-500 bar

ity extrema(maxima at low temperature; minima at high
temperaturg but only a single thermal expansion extremum.

Figure Xb), which must be “read” along isotherms,
shows the corresponding pressure extrema. As demanded |
thermodynamic consistend¥g. (3)], the locus of tempera-
ture extrema oKy coincides with that of pressure extrema of
a,. As in Fig. 1@, minima are denoted by thin lines, and
maxima by thick ones. Note, once again, the proximity of the
low-temperature extrema loci. These correspond to -
temperature-dependent pressures along which the respon() oo e e e
functions exhibit maxima upon decompression. In the case o
a,, which is negative at temperatures lower than the TMD
at any given pressure, this extremum is a locus of maxima ir
the absolute value of the thermal expansion coefficient.

Figure 2 shows the superheated liquid spinodal, TMD, @
and the locus of temperatures of compressibility extremes
(TEC) (or, equivalently, pressures of extrema of the thermal
expansion coefficient, PBTActual pressures and tempera- g |
tures were obtained by fitting and v to match the critical
temperature and pressure of wate47.1 K and 220.55 bar
The calculated temperature along the TMD at 1 bar, 278.7¢
K, is very close to the actual value for watér®277.13 K.
According to this choice of parameters, the “nose” of the
TMD occurs at—271 bar and 283.7 K, and the slope of the
TMD at 1 bar is—27.03 bar K. The experimental value 0

60 120 180 240 300 360 420
for the latter quantit§®?°is —50 bar K™%, © "

In Figs. 1 and 2 the loci of response function extrema
and the TMD meet at a common limiting high-pressure point~!C- 3. Temperature dependence of the isobaric heat capagitthermal

A . expansion coefficient), and isothermal compressibilitg) at three differ-
alo_ng_th_e_ pressure_ axie.g., Pro/€~0.5,T=0 in Elg. D. ent pressures. Model parameters as in Fig. 2.
This limiting behavior of the TMD occurs at fractional oc-
cupancies ) extremely close to unity. Thus, isothermal
compression starting from any state point whepe<0 leads Figures 3a)—3(c) show the calculated temperature de-
eventually to crossing of the TMD and reversion to positivependence of the three response functions upon isobaric su-
thermal expansion. The low-pressure behavior of the TMDpercooling, at three different pressures. The increase along
on the other hand, is different. Within the range of param-the —500 bar line at higher temperatures occurs as the su-
eters studied, the TMD closely parallels, but does not interperheated liquid spinodal is approached. The three response
sect, the superheated liquid spinodal under tension, as shovianctions increase sharply upon isobaric cooling. The iso-
in Figs. 1 and 2. thermal compressibility and the isobaric heat capacity exhibit

0px10° (K

-20

-30

500

40

4

Downloaded 22 Aug 2001 to 128.112.35.162. Redistribution subject to AIP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp



J. Chem. Phys., Vol. 109, No. 2, 8 July 1998

¢
e
3
[} 0.5 1 1.5
p/kbar
1.4
1.2 +
200 K
15
%
AN
—~ AN
Toos b %
5 O %
2 A
o \\~
2 Ry
) i A
g 0.6 N
S
N
N
NS
L.
0.4 N
250\\': .
6.2 - N
o380
0 ORGSO —
0 0.5 1 1.5
p/kbar
5
4
3 F
X
‘5
£
2
S
4
P T s e

0 0.5 1 1.5
p/kbar
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FIG. 5. Low-temperature behavior of the molar volume along three different
isobars. Note the pronounced increase in volume upon cooling, which be-
comes sharper the lower the temperature and the higher the pressure. Model
parameters as in Fig. 2.

ing experimental valué$*® are 319 and 311 K. The distin-
guishing feature of Fig. 3 is the fact that the increase in the
response functions upon cooling is finite. There are, in other
words, no low-temperature singularities. This is in accord
with the small-angle x-ray scattering measurements of the
structure factor of supercooled water by Xé¢ al.?® and
with the theoretical predictions of Stanley and TeixéftAn
interesting prediction of the model is the relative constancy
of the value of the heat capacity maxima, in contrast with the
other two response functions, the extrema values of which
show a marked increase in absolute value as the pressure is
increased.

Figure 4 shows, in detail, the isothermal pressure depen-
dence of the response functions. In accord with experiment,
both the compressibilif} and the heat capacity are sup-
pressed by the application of pressure. In contrast, the ther-
mal expansion coefficient increases upon pressurization at
low temperaturdi.e., it becomes less negative, and, eventu-
ally, positive, and decreases upon pressurization at high
enough temperatures. This is also in accord with experimen-
tal observations®3?

The corresponding behavior of the volume and the en-
tropy at low temperatures is shown in Figs. 5 and 6, respec-
tively. Consistent with the sharp increases in the isothermal
compressibility and the isobaric heat capacity, the model pre-
dicts that water will undergo a sharp increase in specific

folume and a corresponding decrease in entropy upon iso-
baric cooling. The higher the pressure, the more abrupt the
change in volume and entropy, and the lower the temperature
at which this sudden change occurs. Experimentally, this

minima at higher temperatures, but the thermal expansiotype of behavior would be very difficult to distinguish from a
coefficient shows only the low-temperature extremum. Attrue first-order phase transition between glassy phéséth

the experimentally accessible temperattifesy.,>228 K at

a negatively sloped coexistence locus in tigT) plane.

1 bayp, the three response functions decrease sharply in magus, in the singularity-free scenario, there is no phase tran-
nitude upon isothermal compression. All of these trends arsition between different forms of liquitbr glassy water, as

in accord with experimental observatioh§he minima in

has been proposed to exist® Rather, at low enough tem-

the isothermal compressibility and isobaric heat capacity at peratures and high enough pressures, water is predicted to
bar occur at 293.8 and 229.5 K, respectively; the correspondindergo an abrupt but continuous change toward a condition
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160 sure. The main point that we wish to make in connection
with experiments is that such abrupt changes in density and
500 entropy as are shown in Figs. 5 and 6 may be very difficult to
distinguish experimentally from a true first-order transitton,

! because at the very low temperatures involved noncrystalline

~ 120} water is a glas$® Thus, an unambiguous resolution of the
£ 7500 bar question whether water has a second critical pbimay

5 require experiments specifically designed to probe critical
7 oot phenomena, rather than simply changes in enthalpy or

entropy'®?122 The important recent work of Mishima and
Stanley’ on the decompression-induced melting of ice IV
and its relation to a phase transition between two distinct
forms of amorphous water illustrate the difficulty of proving
60 ‘ . ‘ . . (or disproving experimentally the coexistence between

60 120 180 T 240 300 360 420 g|a58y phase3a8.

80

FIG. 6. Low-temperature behavior of the molar entropy along three differ-
ent isobars. Note the pronounced decrease in entropy upon cooling, WhicRCKNOWLEDGMENTS
becomes sharper the lower the temperature and the higher the pressure.
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