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Size Effect in Fracture of Ceramics and Its Use To Determine
Fracture Energy and Effective Process Zone Length

Zdenék P. BaZant* and Mohammad T. Kazemi

Center for Advanced Cement-Based Materials, Northwestern University, Evanston, Illinois 60208

The paper shows that a previously proposed size effect law
can be used to identify nonlinear fracture properties solely
from measured maximum loads of geometrically similar ce-
ramic fracture specimens of sufficiently different sizes. This
law represents a first-order global approximation of the de-
viations from linear elastic fracture mechanics, independent
of the type of the toughening mechanism in the fracture
process zone. It provides a simple and unambiguous way to
determine the size- and shape-independent values of the
fracture energy, the effective length of the process zone, and
the effective crack-tip opening displacement. It also yields
the R curve, which is geometry (shape) dependent. The prox-
imity of response to linear elastic fracture mechanics is
characterized by a brittleness number, which is shape in-
dependent. [Key words: mechanical properties, fracture,
R curve, energy, modeling.]

1. Introduction

VARXOUS ceramics and ceramic composites exhibit toughen-
ing mechanisms such as transformation,'? microcrack-
ing,”™* crack deflection, and crack bridging.”*"'" These
mechanisms greatly elevate the effective fracture toughness
and endow the material with a pronounced R-curve behavior.
Fracture behavior of ceramics has been studied intensely;
however, one avenue of inquiry, which has met with great suc-
cess in global modeling of nonlinear fracture of other brittle
heterogeneous materials such as concrete, mortar, and rock,
has received little attention in the studies of ceramics. It is
the size effect in fracture which is most directly manifested in
the values of the nominal strength of geometrically similar
fracture specimens of different sizes. The size effect is the
main practical consequence of fracture mechanics. It must be
taken into account in design, and it can also be exploited for
determining material fracture parameters merely from maxi-
mum load measurements, which are easy to carry out.

The principal purpose of this paper is to apply to ceramics
the recent results on the size effect achieved in fracture stud-
ies of concrete and rock, and to demonstrate the usefulness of
a size effect law! giving a first-order global approximation to
the deviations from linear elastic fracture mechanics. For
readers’ convenience, the paper also gives a concise review of
the basic results on the size effect in fracture which appeared
in a number of recent papers.""® Furthermore, the existing
results are extended by presenting statistical estimates of
standard deviation and an effective method of regression of
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test data on apparent fracture toughness of similar specimens
of different sizes.

Although the effect of structure size as well as geometry on
the strength and fracture toughness of ceramics has already
been studied by a number of researchers,”"*" only one of the
existing data, namely that of McKinney and Rice,? appears
to have a sufficient size range for determining fracture prop-
erties. These data, pertaining to one kind of silicon dioxide
and two kinds of silicon carbide, are utilized in the present
study to illustrate the identification of fracture properties
and, in particular, the determination of the R curve. The fact
that the specimen size affects the measured (apparent) frac-
tureut_@sughness values of ceramics has already been pointed
out,” ~ but determination of fracture parameters and the
R curve from the size effect has apparently not yet been at-
tempted in the study of ceramics.

It has often been thought that the R-curve behavior is im-
portant only for the ceramics in which the fracture process
zone (including the frontal and crack bridging zones) extends
over many millimeters. But everything is relative. What mat-
ters is the ratio of the structure size to the inhomogeneity size
(or more precisely, to the process zone size, which is related
to the texture, size, and distribution of inhomogeneities).”
Thus, even an R curve whose range is much less than 1 mm
can be important if the specimen is small enough.

A secondary purpose of this paper, intended to highlight
the relativity of scale, is to call attention to the similarity of
fracture between ceramics and concrete. In the literature on
fracture of ceramics, only a few studies (e.g., Refs. 5, 6, and
10) have referred to the extensive and exploding literature on
the fracture of concrete. Yet many of the fracture problems of
brittle heterogeneous materials with a pronounced R-curve
behavior have already been successfully tackled in the litera-
ture on concrete. These advances have been driven princi-
pally by the needs of finite element analysis, which has been
widely practiced for concrete because of the forbidding costs
of real-size testing of certain structures.

The essential difference between fracture of concrete and
ceramics is merely that of scale. In normal concrete, the typi-
cal maximum aggregate size is 20 mm, in high-strength con-
crete 10 mm, and in dam concretes 80 mm or more (the
corresponding fracture process zone lengths are typically 100,
10, and 1000 mm, respectively). In ceramics, there are coarse-
grained microstructures with grain size larger than 1 mm as
well as fine-grained microstructures with grain size less than
5 um (the corresponding process zone lengths are roughly be-
tween 20 and 100 um). When the specimens of each material
have the same cross-section size, the degree of brittleness ob-
served in fracture behavior will be vastly different. What mat-
ters, however, is the ratio of the structure size to the fracture
process zone size. Thus, a concrete slab 400 mm in thickness
and a fine-grained ceramic wafer 1 mm in thickness are likely
to exhibit about the same type of fracture behavior, which is
nonlinear and transitional between linear elastic fracture
mechanics and plasticity. Practical applications necessitate
extrapolations of scale—in concrete often to much larger
structures, while in ceramics for electronic applications to
much smaller structures. For both, knowledge of the law gov-
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erning the size effect is essential, which is the principal focus
of this study.

The size effect that we are studying is caused by the differ-
ences between the energy release rates of small and large
structures. It is not a statistical size effect. The well-known
Weibull-type weakest-link statistics® governs the size effect
in unnotched structures failing at the initiation of the first
macrocrack from a microscopic flaw. But it plays only a
minor role in notched fracture specimens. So it does in un-
notched structures that fail only after a large stable crack or
cracking zone has already formed."? Designs that ensure such
a type of failure are enforced in concrete design codes by the
requirement that the maximum load must be much larger
than the crack initiation load. It may of course be appropriate
to apply a similar requirement for ceramics. Such a require-
ment can be met, for example, by providing proper steel re-
inforcement in concrete or fiber reinforcement in ceramics.

II. Size Effect Law and Its Consequences

The most important consequence of fracture mechanics
is the effect of size on the nominal stress at failure. To de-
scribe it, we consider geometrically similar structures or speci-
mens of different sizes (with geometrically similar notches
or initial cracks) and introduce for two-dimensional (2D) or
three-dimensional (3D) problems the nominal stress at maxi-
mum load

Pu
P (for 3D) (1)

P,
oOx = c,,b—d- (for 2D) or onx=c,

where P, is the maximum load (ultimate load), b is the thick-
ness of two-dimensionally similar structures or specimens
(same for all the sizes), d is a characteristic dimension of the
structure or specimen, and ¢, is a coefficient introduced for
convenience. For example, if 4 is the depth of a simply sup-
ported beam of span L, the elastic formula for the maximum
bending stress is ox = 1.5P,L/bd* = ¢, P, /bd with ¢, =
1.5L/d (a constant if the structures are geometrically similar).
Likewise, if the plastic bending formula, oy = P,L/bd* is
used, then ¢, = L/d (a constant).

As is well-known, plastic limit analysis, as well as elastic
analysis with an allowable stress criterion or any method of
analysis with a failure criterion based on stress or strain, ex-
hibits no size effect; i.e., geometrically similar structures of
different sizes fail at the same on. However, this is not true of
fracture mechanics. Because of the similarity of stress fields
in similar two-dimensional elastic structures of different
sizes, the total potential energy of the structure must have the
form U = (¢?/2E')bd*f(a) where o = c,P/bd, P is a load,
fla) is a function of the relative crack length and depends on
the shape of the structure, a = a/d (a is the crack length),
E' = E for plane stress, E' = E/(1 — v?) for plane strain, E
is Young’s modulus of elasticity, and v is Poisson’s ratio.
Therefore, the energy release rate is G = —(8U/da)/b =
—(8U/da)/bd = —d(o?/2E')f (@), from which

Pg(a) Pk(a)
E'bd’ ! GE BVa

(for 2D problems) (2)

where K is the stress intensity factor, f'(a) = df(a)/0a,
gla) = —f'(a)c2/2, and k(@) = [g(a)]'* It may be checked
that, for all structure shapes, the formulas for G or K, have the
form of Eq. (2). The values of k(@) can be obtained by linear
elastic analysis, such as finite element analysis, and for basic
specimen geometrles k{a) follows from the formulas for the
stress intensity factors found in handbooks (e.g., Tada et al.).”
For three-dimensional similarity, U d3(02/2E (@)
where o = ¢, P/d*, and Gpd = —dU/da = —(3U/da)/d =
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~d*(c*/2E")f (), where pd is the length of the perimeter of
the fracture front (p is a constant) and G is the average en-
ergy release rate per unit length of the perimeter. Therefore

P(e) Ph(e)
— K = ! —
Epa T EVEE =S

(for 3D problems) 3)

In linear elastic fracture mechanics (LEFM), the size effect
is very simple: oy x d7'? (from Egs. (1) to (3)). A de-
viation from this law is caused by the existence of a finite,
nonnegligible fracture process zone which surrounds the tip
of the macroscopic continuous crack (and is associated with
R-curve behavior).

The energy release rate, G, represents the energy flux into
the nonlinear zone at the crack tip from the surrounding ma-
terial which is in an elastic state. This definition of G co-
incides with Rice’s J integral but is less general than that. In
the line crack models with bridging stresses, the J integral, and
thus also G, are equal to the area under the curve of bridging
stress versus crack opening displacement (e.g., Refs. 4 and
30). The J integral gives the correct energy flux not only for
integration contours lying outside the nonlinear zone but also
for those lying in the hardening elasto-plastic part of the non-
linear zone, provided that (1) the contour does not pass
through the fracture process zone, defined as the softening
zone, and (2) that the unloading irreversibility is unimpor-
tant. The reason that the contours passing through the frac-
ture process zone must be barred from the J integral is that
microcracking and other damage in this zone dissipate en-
ergy. While in ductile fracture of metals the fracture process
zone (in which voids and microcracks nucleate, grow, and coa-
lesce) is negligible in size compared to the nonlinear plastic-
hardening zone, in ceramics, rock, and concrete the fracture
process zone is large while the plastic-hardening zone is negli-
gible (see Fig. 1, also Ref. 13).

In this study we consider only specimens or structures in
which g'(a) > 0. In such structures, said to be of positive ge-
ometry,” the process zone starts to evolve from zero size and
then grows as the load increases while remaining attached to
the notch tip. If the structure is not large, the process zone
length is significant compared to the length of the notch or
initial crack, ao, and the equivalent crack length a = ao + ¢
at failure must be distinguished from a, where c is the elasti-
cally equivalent length of the process zone. The crack length a
is understood to be the equivalent crack length in the sense of
LEFM. The equivalent process zone length ¢ (Fig. 2) is de-
fined as the distance from the tip of the notch or critical
crack to the tip of the equivalent crack which gives, according
to LEFM, the same unloading compliance. The value of G is
the energy release rate for the equivalent linearly elastic crack.

Let ¢; be the value of ¢ in an infinitely large structure
(d - =) at maximum load (which represents the limit of sta-
bility if the structure is under load control rather than dis-
placement control). Further, let G, be the corresponding value
of G required for crack growth at d — . In the limit of
d — «, one has c/d — 0 and a - ay = a¢/d. Thus, in an in-
flmtely large specimen, the fracture process zone occupies

{b) Metois

{u} Lineor Froclure

{c) Concrete

57

Fig. 1. Different extents of fracture process zone (L is a linearly
elastic zone, N a nonlinear zone, F a fracture process zone); see
also Ref. 13.
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Fig. 2. Process zone at different stages.
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only an infinitesimal volume fraction of the body. Therefore,
the entire body can be treated as elastic. Consequently, the
stress and displacement fields surrounding the process zone
are the asymptotic elastic fields. They are known to be the
same for any specimen geometry, and so the shape and size of
the fracture process zone must be the same. It follows that G,
and ¢, defined as the limits of G and ¢ for an infinitely large
specimen, are independent of the specimen shape. Therefore,
unambiguous definitions of Gy and ¢; as fundamental material
properties, independent of specimen size and shape, can be
given as follows: '

Gy and ¢y are the energy required for crack growth and the
elastically equivalent length of the fracture process zone, re-
spectively, in an infinitely large specimen.

This definition of fracture energy can be mathematically
stated as Gy = lim G, = lim (K}/E") for d — =, where G,
and K, are the values of G and K; (Eq. (2)), respectively,
calculated from the measured peak load P, and the initial
crack or notch length a, using LEFM equations. More gener-
ally, G can be defined as the limit of J integral for 4 — c.

The value of G required for fracture growth is basically
determined by the size of the process zone. Since the value of
¢ is also determined by this size, the value of G for a growing
crack may be assumed to be a function of the corresponding
value of ¢ (which serves as the basis of the R-curve approach).
The value of c at P = P, determines the value of « and conse-
quently the value of g(e) at failure, and so the ratio G/g(a) at
maximum load should be approximately equal to G/g(ay).
Therefore, G = G;g(a)/g(e;). Now we may substitute this ex-
pression into Eq. (2), make further the approximation g(a) =
g(ao) + g'(ao) (@ — ag) (from Taylor series expansion assum-
ing that g'(ao) > 0), denoting a; = ay + ¢;/d and g'(ap) =
dg(ao)/da, and further set (from Eq. 1) P2 = (oxbd/c,)* and
solve for gy. Thus we obtain the following approximate size
effect law:*

E'G 2
L ) @

oy = ¢p| ———F——
v (g'(aa)cf + glao)d

This law may alternatively be written as'®

Ele )1/2
= L 5
™ (C/ +d ( )
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where

_ ﬂ. [T - _ g(ao)
™= Ve (ag), d -g——-,(ao)d (6)

7w is the intrinsic (shape-independent) nominal stress at fail-
ure, and d is the intrinsic (shape-independent) size of the
structure,'® which was also introduced in a somewhat differ-
ent context by Planas and Elices.”

The quantity that makes d shape independent is the ratio
g(ao)/g' (at0)," which has also been introduced for similar
purposes by Planas and Elices® and for other purposes by
Horii et al.*? Since the factor g(a)/g'(a) in Eq. (6) takes the
specimen shape into account only in an approximate way, the
tests, whose results are used in regressions according to
Eq. (5), should preferably involve only geometrically similar
specimens.

The size effect law has also been derived in two other
ways: (1) by the method of energy release zones, and (2) by
dimensional analysis and similitude arguments'* (see Ap-
pendix A). The latter derivation, which is more general, is
based on the hypothesis that the total energy AU released
because of crack formation is a function of both the initial
crack length a4 and the size of the process zone in an in-
finitely large specimen, which is a material property. This
derivation yields the size effect law in the original form pro-
posed in Ref. 11:

oy = —2 ( =5) ™)
V1i+ 8 dy

where f, is an arbitrary measure of material strength, B and d,
are two empirical constants, and B is called the brittleness
number.'?"” Equation (7) is obtained both for two-dimensional
and three-dimensional similarity.”” Equation (7) is applicable
not only to notched specimens but also to unnotched struc-
tures provided that (1) a large stable crack develops before the
maximum load is reached, and (2) the cracks for similar speci-
mens of various sizes are geometrically similar (which has
been shown to be often true for concrete structures).

The size effect law in Eq. (7), giving the approximate rela-
tion of oy to B, is plotted in Fig. 3. For large Bsuch as 8 > 10,
Eq. (7) gives (with an error under 5%) the approximation
ox = Bf,B'?, which is the size effect exhibited by LEFM.
For small 8 such as 8 < 0.1, Eq. (7) yields (again with an
error under 5%) oy = Bf, = constant, that is, there is no size
effect and the failure load is proportional to the strength of
the material. For 0.1 < 8 < 10, the size effect is transitional

size effect law

3
S
RS
D -
Strength Nonlinear
or Yield Fracture
Criterion Mechanics LEFM
0.1 . A e
0.01 0.1 10

g= d/do
Brittleness Number

Fig. 3. Size effect law.
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between plastic limit analysis and LEFM. In this range, non-
linear fracture mechanics must be employed. Overall, the
choices of the method of analysis and the type of failure are
as follows:"

B <01 (plastic limit analysis) (8a)
01<B8=<10 (nonlinear fracture mechanics) (8b)
B>10 (LEFM) (8c)

As we see, the brittleness number (Eq. (7)) is capable of
characterizing the nature of failure regardless of structure
geometry, Other definitions of the brittleness number were
proposed by Hillerborg,” Carpinteri,* Gogotsi et al.,* and
Homeny et al., but they do not represent absolute (shape-
independent) measures of brittleness. Also it may be noted
that the basic shape of the transitional size effect curve
shown in Fig. 3 was known prior to the formulation of Eq. (7)
and was graphically sketched, without any formula, by various
investigators, e.g., Walsh.”’

Equation (7) has the same form as Eq. (4). But it should be
noted that, in the form of Eq. (4), both parameters are calcu-
lated solely from the limiting case of infinite size. In general,
this cannot be accurate for very small sizes. For most practi-
cal applications, the form of Eq. (4) can nevertheless be ac-
cepted. The values of G; and ¢; can be calculated from the
size effect law parameters dy and B in Eq. (7). Taking the
limit of Eq. (2) in which P = P, = bdoy/c,, expressing oy
from Eq. (7), and noting that lim a = a, ford — «, one gets
the formula'

202

Bf.
Gf f dog((!o) (9)

c:E'

Note that G; can be determined without calculating g'(ao).
Furthermore, from Eqs. (4) and (7)*

dog(ao)
¢ = 208@0) (10
"= g (a0 )
The brittleness number, 8, may now be expressed as'®
d _ glad
=== 11
# ¢ g'(ao)ey n

Note that the ratio d/c; is geometry dependent. Geometry in-
dependence is achieved by the factor g(ao)/g'(ao). Another
formula can be obtained by expressing d, from Eq. (9) and
substituting it into B = d/d, (Eq. (7). This yields'*"

B zg(ao) d d E IG,
B == eu =—
Cn eu dO f u

where ¢, is a material parameter with the dimension of length
and d, represents the transitional size which corresponds to
the intersection of the horizontal and inclined asymptotes in
Fig. 3 and depends on structure geometry. The ratio d/¢, is
geometry dependent, and geometry independence of B is
achieved by the factor (B/c,)’g(co).

Since Eq. (12) involves the value of B that characterizes the
limit load of a small structure, this equation is more accurate
when B is small. On the other hand, Eq. (11) is more accurate
when B is large since it ignores B (which characterizes small
structures) and is based solely on ¢; and the LEFM function
g(a) (see Appendix A).

In view of the approximate nature of the size effect law in
Eq. (7), the infinite size needed to define G, and ¢, must not
be interpreted literally. In practice, the infinite size should be
assumed as a size only 1 order of magnitude beyond the range
for which the size effect law has been calibrated by tests or
otherwise.

The size effect law in Eq. (7) has been shown to agree quite
well with tests on concrete fracture specimens of different
sizes and geometries, including three-point-bend specimens,

12)
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centric tension edge-notched specimens, eccentric compres-
sion specimcns,17 and compact tension spet:imens.38 Various
specimen shapes were shown to yield about the same value of
G according to Eq. (9). A good agreement was also demon-
strated for high-strength concrete,?® various rocks'®" and
aluminum alloys,”® and to some extent also ice.®® The size
effect law in Eq. (7) was shown to also apply for mode II*
and mode III* fractures, and for double-punch compression
fracture.® :

Some nonlinear fracture models utilize as a material
parameter the crack-tip opening displacement at the maxi-
mum load, .. Using the well-known LEFM expression for
crack opening width, 8 = (8K./E’")(s/2m)"? where s is the dis-
tance from the crack tip, and setting s = ¢;, K1 = Ky,
one gets, for an equivalent elastic crack in an infinitely large
specimen’®?!

- SKV
8 = grgm Ve (13)

This value can also be determined from the size effect law,
after obtaining from this law the values of ¢; and Ky;
Ky = (E' Gp)'* ( = the value of apparent fracture toughness
K, for an infinitely large specimen).

In conventional testing, the apparent fracture toughness,
K, is usually determined by methods of linear elastic frac-
ture mechanics without regard to the variations of the size of
the fracture process zone, as if @ = @, (@ = ao, ¢ = 0) at fail-
ure. For that case, one gets from Eq. (2) G. = Plg(ao)/E'b%d.
Substituting P2 = (onbd/c,)* = (Bf.bd/c,)'dys/(d + dy) and
expressing Bf, by means of G, from Eq. (9), one gets from
Egs. (5) to (7) and (11)

s d d B
G‘“T”d_G’d+d0'G’3+c,_G’3+1

14

Since Ki. = (EG.)"?, the apparent fracture toughness is found
to vary as”’

\/: d_ 12 ﬂ 1”2
Ke=1n “:K"(fhc,) =K.,(1+B) (15)

The size effect law in the form of Egs. (5), (7), or (15) has
the advantage that its parameters G; (or Ky) and ¢, can be
determined from the measured peak loads P, by linear regres-
sion,”"* provided that a sufficient range of sizes is used, of
course. Algebraic rearrangement of Eqs. (5) and (15) yields
the linear plots

Y=AX+C or Y =AX +(C (16)

in which
X=d, Y=14} A=1K} C=c/K§ an

X' =1/, Y' =1Ki, A =c/K} C =1/Kj
(18)

Linear regression in each plot yields the slope 4 or A’ (and
their coefficients of variation w, and w4) of the regression
line and its vertical intercept C or C' (and their coefficients of
variations ¢ and w¢), from which the values of ¢; and Ky (as
well as their coefficients of variation ws and wgy) follow. The
first plot (Eq. (17)), however, is preferable for calculation of
K, because its slope is independent of c;, and normally the
slope of a regression line is more accurate than the intercept.

The fact that the size effect law is amenable to linear re-
gression makes it easy to obtain the statistics characterizing
the uncertainty of G, ¢, Ky, and §.. To calculate the coeffi-
cient of variation of Ky and ¢, one may consider the regres-
sion of 1/7% vs d (Eq. (17)). Because Ky = A"V and ¢; = C/A,
we have the approximations

wl([; = wA/zy Wer = (w} + w(l:)lfl (19)
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where @, and w¢, representing the coefficients of variation of
slope A and intercept C, are obtained by standard formulas of
linear regression statistics. These formulas are asymptotically
exact if the distributions of A and C are normal and o, and
wc are very small. Similarly, if we consider Eq. (18), we have
the approximation

wi, = wc /2, g = (07 + wé)" (20

Also, since G; = K[,/E’, the coefficient of variation of the
fracture energy can be approximated as

wer = (dwk, + wi)"? (21)

These coefficients of variation characterize not only the ma-
terial uncertainty but also the model uncertainty. It should be
noted that they depend strongly on the range of sizes. By
increasing the range, one can decrease the coefficents of
variation.

For certain specimen geometries, for example, the double
cantilever specimen, the center-cracked panel loaded on the
crack, the chevron-notched specimens,? the indentation
test,** and the double-punch compression test,*? g'(a) can be
negative for a certain initial range of a-values. In this case,
which we so far excluded from consideration, g(a) exhibits a
minimum at a certain value, a,.,, of the relative crack length.
The peak load for ideally brittle materials (which have a zero-
size fracture process zone) occurs when a equals the value of
ap OF @min, Whichever is larger. When g'(a) is negative, the
crack propagation is more stable and easier to control than
the tests in which g'(a) is positive. These observations have
led various investigators to expect the toughness value ob-
tained from the peak load of a test where g'(a,) is initially
negative to be size independent, and therefore a true material
property. Later, however, several investigators observed from
this type of tests? that the calculated apparent fracture
toughness values are size dependent and that the equivalent
relative crack length at the peak load is also size dependent
and greater than both «,,, and ay.

An alternative, widely used approach to study the nonlinear
fracture properties is to test specimens of constant size but
with various crack or notch lengths.®?*?731% To get useful re-
sults, the size of the specimen should be large with respect to
microstructural inhomogeneities as well as crack size. Some
specimens with very small cracks (flaws) must also be included
in the test series. Cook er al.”* % studied the effects of crack
and grain sizes, using ceramic specimens with different fine
grain sizes and with flaws created by controlled indentation.
Their study® shows in a different way the transition from
strength plateau to the LEFM-type size effect as the flaw size
increases. They emphasize that nonlinear behavior should be
considered in extrapolating macroscopic crack test results to
structures with microscopic flaws. This is in a way similar to
using the present size effect law for extrapolating the results
from test-size specimens to smalier structures.

III. Geometry-Dependent R Curve

The size of the process zone initially grows as the load
increases. This causes an increase of the resistance R(c) to
fracture growth, representing the energy dissipated per unit
specimen width and unit length of advance of the equivalent
LEFM crack (whose tip lies roughly in the middle of the proc-
ess zone). The fracture propagation condition may be written
a5 G = R(c). In the early works,”* for the sake of simplicity,
the R curve was assumed to be a material property. Later,
however, it was established that the R curve depends on the
specimen shape (e.g., Ref. 17). As shown in Ref. 15 and re-
fined in Ref. 18, the R curve for a specimen of given geome-
try can be calculated from the material parameters obtained
by the size effect method

8@ ¢

R =
(©) G’g’(ao) Cr

22)
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in which

¢ _ g (ao) gla) )
+
c; glag) \g'(@) o @)
These equations define the R curve parametrically. After de-
termining Gy and ¢, from the size effect law, a series of values
of @ (which is here a dummy variable) may be chosen, and for
cach of them the length ¢ of an elastically equivalent (traction-
free) crack calculated from Eq. (23), and then R(c) determined
from Eq. (22). If ¢ is specified, a may be solved from Eq. (23)
by Newton iterations and subsequently R(c) computed. The de-
pendence of the R curve obtained according to Eq. (22) on the
specimen geometry is introduced by the LEFM function g(a).
For readers’ convenience, the derivation of Eqgs. (22)
and (23) is briefly as follows.” The energy balance at failure
requires that F(c, d) = G(a, d) — R(c) = 0 where a = a/d =
ao + c/d. If we change the size slightly from d to d + 8d but
keep the geometric shape (i.e., @y = constant), failure now
occurs at ¢ + dc, and since G = R or F = 0 must hold also
for ¢ + &c, we must have 0F/od = 0. Geometrically, the con-
dition dF/9d = 0 together with F(c,d) = 0 means that the
R curve is the envelope of the family of fracture equilibrium
curves F(c, d) = 0 for various sizes d. Because the R curve is
size independent, we have dR/dd = 0 and so 3G/ad = 0. Now
we may substitute P2 = (onbd/c,)* = (Bf.bd/c,)*/(1 + d/d)
where (Bf.)* = ¢ E'Gy/dog(eo) (according to Eq.(9))into G =
Plg(a)/E'b%d (Eq. (2)). We thus obtain for the critical states

o _d
glao) d + d

Setting 8G/ad = 0, and noting that da/dd = da,/dd +
dc/d)/dd = —c/d* = —(a — ag)/d (because dao/dd = 0 for
geometrically similar structures), we get

d g(a)

=52 ___ 25
dy (a - agjg'(@) @3

Gla, d) = Gy (24)

Furthermore, substituting this, along with the relations
(@ — aop)d = ¢ and dy = ¢;g'(ao)/g(ao) (from Eq. (10)) into
Egq. (25), and setting G(a, d) = R(c), Eq. (22) is proven. Fur-
thermore, elimination of d and G; from Egs. (25), (24),
and (22), with G = R, yields Eq. (23).

The dependence of the fracture toughness on ¢ (i.e., the
R curve of fracture toughness) can be determined from the
relation Kz = (E'R)¥*:

o Kok (@) \?
Kun = KV(W) 29

To get better insight, we can obtain from Egs. (22) and (23)
the initial and terminal slopes of the R curve

R] _Gg' (aw) [%] “o 2
[aC }c:ﬂ Cf g, (ao), ac c=cf ( )

Here a, represents the limiting value of a as d — 0, which
gives the following condition, from which «,, may be solved:

(28)

The R curve of Eq. (22) starts from zero, which means that
the process zone forms right at the beginning of loading and
that there is never any singularity at the crack tip. This type
of R curve also ensues from models in which crack bridging is
the only toughening mechanism.*

Some models for composite materials consider the R curve
to start from some initial nonzero value,’* interpreted as
some small-scale value of the fracture energy (or toughness)
of the material. This kind of R curve implies that the crack
tip can sustain, up to some value of K, a singular stress field
without showing any damage, which is unreasonable. Never-
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theless, for some composite materials (especially fiber com-
posites) with fine-grained matrix, in which fibers or coarse
particles create a relatively large bridging zone, a nonzero ini-
tial value of R curve may be practical and may be explained
by assuming that the matrix itself will, on a smaller scale,
exhibit a microscopic, relatively fast-rising R curve.

Equation (22) or (26) applies only as long as the fracture
process zone grows and remains attached to the notch tip,
which is approximately up to the peak load. For the postpeak
regime, in which the fracture process zone gets detached from
the notch tip,”® the value of R does not follow the R curve
(Eq. (22)) but must be kept constant and equal to the value of
R at the peak load. This behavior was first introduced as a
hypothesis and was subsequently verified by comparisons of
predicted load deflection curves with measurements.'®?
Without keeping the postpeak value of R constant, close
agreement could not be obtained.

Based on fracture tests, various investigators have found
the R curves to depend on the size and geometry of the speci-
men as well as the notch length.**'6*2 Our preceding calcu-
lation of the R curve indicates that this phenomenon has
principally two sources: (1) the effect of g'(a) and g(a) which
depend on specimen geometry,'® and (2) the fact that R devi-
ates from Eq. (22) after the peak load, as just explained.
Other minor effects, however, may also contribute.

It may also be noted that, according to some tests on ce-
ramic specimens,®® interaction of the process zone and the
specimen boundary can even lead to a falling R curve after a
plateau is passed. The declining end of the R curve may cor-
respond to shrinking of the process zone as the end of liga-
ment is approached; this would be significant for specimens
with very small uncracked ligaments and would affect only
the final part of the postpeak response.

IV. Application of the Size Effect Method to Ceramics

To demonstrate applicability of the size effect method, the
test results of McKinney and Rice? on slip-cast fused silicon
dioxide (SiO;) and on two types of silicon carbide (SiC) re-
fractories have been analyzed. The slip-cast fused silica used
in these tests is a material consisting of 99% SiO,, with a
relatively large porosity (12%). It has the density 1900 kg/m’,
grain size 10 to 20 pum, and modulus of elasticity E =
57.9 GPa. The silicon carbides used in these tests had the
porosity of 15%, density 2600 kg/m’, and maximum grain size
2000 um. So these ceramics, because of their grain structure,
have a heterogeneity which may be significant for small sizes.
One of the silicon carbides tested, of the type CN-137, con-
sisted of 78% SiC and 20% Si3N,, with modulus of elasticity
E = 130 GPa. The other silicon carbide tested, of type
CN-163, consisted of 85% SiC and 13% Si,ON,, and had a
modulus of elasticity £ = 140 GPa.

-+ All the test specimens were three-point-bend beams (see
Fig. 4). Their dimensions and failure loads are given in
Table I, in which L is the beam span, d is the beam depth
(chosen as the characteristic dimension), b the width, a, the
length of the notch cut at midspan, and P, the failure load.
The specimens were not geometrically similar exactly, but the
length of all the specimens was nearly four times their depth.

Fig. 4. Three-point-bend specimen.
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Table 1. Test Data of McKinney and Rice (1981)

d b L ag P,
(mm) (mm) (mm) (mm) (N)
SiO,
31.7 25.2 127.0 7.2 489.3
31.7 254 1270 6.3 627.2
25.6 255 101.6 4.0 609.4
253 255 101.6 48 582.7
14.9 12.0 59.4 35 193.5
15.0 12.0 59.4 3.6 175.3
15.0 12.4 59.4 35 196.2
15.0 12.2 59.4 33 195.7
11.6 11.7 46.7 1.9 200.2
11.6 11.7 46.7 1.9 173.9
11.7 11.7 46.7 2.2 1779
11.7 11.7 46.7 20 207.3
4.8 4.8 19.3 1.3 31.6
4.8 4.8 19.3 0.9 4.0
4.8 4.9 19.3 14 285
4.8 4.8 19.3 1.1 34.7
4.8 4.8 19.3 14 36.0
4.8 4.8 19.3 1.2 34.2
48 4.8 19.3 1.8 26.2
4.8 4.8 19.3 1.1 27.1
SiC CN-137
36.8 36.6 149.4 4.8 6316.2
373 37.6 149.4 4.8 9429.8
17.1 17.1 69.1 2.3 1610.2
17.1 17.2 69.1 2.5 2090.6
173 17.3 69.1 2.3 19349
7.2 7.2 28.7 1.3 282.4
7.2 7.2 28.7 1.5 342.5
7.2 7.2 28.7 1.6 275.8
7.2 7.2 28.7 1.5 291.3
SiC CN-163
36.6 37.3 149.4 4.8 3602.9
373 37.1 149.4 4.8 3958.7
17.4 17.5 67.6 2.4 1178.7
17.0 16.5 67.6 2.4 1014.1
16.3 17.5 67.6 3.4 902.9
7.2 7.2 28.7 1.6 202.4
6.7 6.7 28.7 1.4 160.1
7.2 7.2 28.7 1.6 224.6
7.2 7.2 28.7 1.6 197.9

As reported by the authors,” the maximum loads of the
slip-cast fused silica specimens of sizes d = 5.1 and 6.5 mm
exhibited an unexplained drop, and therefore these results
have been deleted from the data base. It should also be men-
tioned that the successive groups of smaller specimens were
cut from the broken halves of the larger specimens after their
fracture. Since the larger specimens had only small stresses at
the crack location in the smaller, subsequently cut specimens,
the results should not have been affected appreciably.

The three-point-bend beam results may be analyzed on the
basis of Srawley’s” approximation of function k(a):

1.5IVa 1.99 — a(l - a)(215 — 3.93a + 2.7a%)
d 1+ 2a)(1 — a)*?

k(a) =
29

The linear regression plots based on Eq. (17) are shown in
Fig. 5. From the linear regressions based on Egs. (17) and (18),
the values of Ky and ¢, have been calculated and are listed in
Table II. Aside from the linear regression, the values of Ky
and ¢; have also been obtained by direct nonlinear optimum
fitting of Egs. (5) and (15) to the test data, which was accom-
plished by a standard library subroutine using the Levenberg-
Marquardt algorithm for nonlinear optimization.

Table II also gives the coefficients of variation w. and wg
of the vertical deviations of the test data from the regression
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Fig. 5. Linear regression plots.

where n is the total number of specimens and subscripts e and
p refer to the experimental values (Eqgs. (6) and (2)) and the
corresponding predicted values (Egs. (5) and (15)), respec-
tively. The coefficients of variation for the deviations (w. or
wg) in the corresponding nonlinear regression based on
Egs. (5) or (15) are, in all the cases, smaller. The reason is that
the objective functions of the optimization are different.

The values of wg, and w. (Egs. (19) and 20)) are also
shown in Table II. We see that although the values of fracture
toughness Ky for all optimization procedures are close,.the
results for the effective fracture process zone length c; show
much greater dispersion and are indicative only of the order
of magnitude of c;. Also it is seen that w, is generally much
larger than wg,,. So the effective length of the fracture proc-
ess zone is much more uncertain than the fracture toughness.
This is probably not just due to the modeling but is a natural
property. Evidently, c; is more sensitive to the range and scat-
ter of the test results than is Ky, or Gy, same as observed pre-
viously for concrete and rock. However, a broader range of
specimen sizes could be used to determine ¢, more accurately.
For the rest of the present paper, the results of the nonlinear
regression based on Eq. (5) will be used.

The ratio of ¢, (Table II) to the grain size is found here to
be a relatively large number (30 to 60) for SiO,. Swanson et al.’
have measured the crack bridging zone length for alumina
(with mean grain size of 20 um, about the same as SiO,), and
found it to be about 100 times the grain size. The spacing of
the bridging grains was about 2 to 5 times the grain size.
Based on this observation, and considering that the fracture
process zone length is roughly 2¢;, the present value ¢; =
0.6 mm seems reasonable for SiO,. Also note that the slip-
cast fused silicon dioxide used has a significant amount of
porosity,” which could help in toughening by shielding of the
crack tip.

The effective critical crack-tip opening displacements, &,
as calculated from Eg. (13) for SiO,, SiC (CN-137), and SiC
(CN-163), are 0.97, 34.54, and 53.12 um, respectively.

Figure 6 gives the normalized values of the nominal stress
at failure as a function of the brittleness number, B, in loga-
rithmic scales. These plots indicate that the largest specimens
of SiO, which were tested may be considered to be suffi-
ciently large for their behavior to approach linear elastic frac-

Table II. Results for Data of McKinney and Rice (1981)
KV (43 @, wx wx,, Wef
Material Objective function (MPa-m'?) (mm) (%) (%) (%) (%)
SiO, 7, Eq. (5) 0.71 0.61 12.1 10.6
Ky, Eq. (15) 0.68 0.45 12.2 10.4
l/‘rﬁ, Eq. (17) 0.63 0.12 13.8 115 41 200
l/Klzc, Eq. (18) 0.70 0.63 12.3 10.7 8.9 42.0
SiC CN-137 ™ 9.64 21.33 13.9 16.1
K, 8.48 15.81 14.0 16.1
1/1'17;, 7.61 13.04 14.3 16.5 49.6 102
l/Klzc 11.71 34.71 14.2 16.3 178 360
SiC CN-163 ™ 2.33 1.36 53 4.7
K 2.29 1.26 53 4.7
l/nzv 2.26 1.18 54 4.7 37 21.1
I/KIZc 233 1.39 53 4.7 7.0 23.0
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Fig. 6. Size effect plots in logarithmic scale.

-1.0

ture mechanics (this is also revealed by the brittleness num-
ber range 8 = 1.5 to 10). For SiC (CN-137) specimens, on the
other hand, the response is far from linear elastic fracture
mechanics and is actually closer to plastic limit analysis, as is
clear from Fig. 6(B) as well as the range of the brittleness
number, which was 8 = 0.06 to 0.25. The brittieness number
range for SiC (CN-163) specimens was 8 = 0.9 to 3.9, which is
in a nonlinear zone. In this regard it should be noted that the
actual specimen sizes for both SiC materials CN-137 and
CN-163 were almost the same, although the ranges of their
brittleness numbers are very different. This illustrates that
one cannot really compare the apparent fracture toughness
values measured on identical specimens of different materials.
Such comparisons should be based only on the asymptotic
values for the size approaching infinity, which can be obtained
only if the size effect law is known.

Figure 7 shows the values of the apparent fracture tough-
ness K. of these ceramics as a function of the brittleness
number, B, based on Eq. (15). A trend similar to Eq. (15) can
be observed in various other experimental results. > From
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Fig. 7. Size effect on apparent fracture toughness.

Fig. 7 one can observe that, in contrast to the nominal
strength values, the fracture toughness of the CN-137 type of
SiC is more size dependent than it is for the other two ceram-
ics tested, for the present size range. It means that, for this
size range, the behavior of the CN-137 type of SiC is farther
from linear elastic fracture mechanics than it is for the other
two ceramics. By comparing Figs. 6 and 7 with Table II, it can
be seen that, for the case when 8 > 1 for all the specimens,
linear regression based on Eq. (17) is not suitable (the case of
SiO,). The best test data are those which, similar to the case
of SiC of the type CN-163, include values for both 8 < 1 and
B> 1.

The foregoing results highlight the dependence of the con-
ventional values of fracture energy, fracture toughness, and
effective process zone length on the microstructure of ma-
terials, as already emphasized by some researchers.?®*% ]t
should be noted that, in order to allow meaningful compari-
sons of fracture properties of ceramics with different grain
sizes and different microstructures, the specimens used
should have the same range of brittleness number rather than
the same sizes. The size effect tests based on the size effect
law make such comparisons possible.

Figure 8 shows the effect of the notch length on the appar-
ent fracture toughness of the three-point-bend specimens of
different sizes, as calculated on the basis of Eq. (15) for the
present geometry. It may be noticed from this figure that, for
large sizes and for 0.15 < a¢ < 0.80, the apparent fracture
toughness appears to be nearly independent of the notch
length. In this kind of test, in which all the specimens have
the same size but various notch lengths, it is important that
the range of aq values include values below 0.15; otherwise it
is hardly possible to detect the nonlinearity of fracture,*
Figure 8 also shows the importance of the choice of specimen
size in this kind of experiments.

Figure 9 shows the R curves calculated from the size effect
law according to Egs. (22) and (23) for the present three-point-
bend specimen geometry and for different relative notch
lengths. For each different notch length, the R curve is differ-
ent; however the differences are insignificant for notch lengths
exceeding 0.33 of the beam depth. It should be pointed out that
for different types of fracture specimens, such as eccentric
compression specimens, tensile edge-notched specimens, and
compact tension specimens, the size effect method yields very
different R curves.’®
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The equivalent length of the fracture process zone can be
compared with the ligament length

c a — Qg

a, =

= 32
d - ap 1- Qap ( )
Aside from a,, (Eq. (28)), the limiting values of a, ford — 0,
denoted as a,., are plotted in Fig. 10 as a function of a,. We
see that, for ay > 0.15, a,» = 0.24, and that the plot of a., vs
a is a straight line.

V. Calculation of Load-Deflection Curve from Size Effect

Knowing the R curve, one can easily calculate the load-
point displacement, u.>" The complementary potential energy
of the structure is [I* = C(a)P?/2 where C(a) is the compli-
ance at crack length a. The energy release rate at constant P is
G = (dlI*da)/b = PH{dC(a)/da]/2b. Substituting Eq. (2) for
G, one gets a differential equation for C(a). Integration at

1.0
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O : T T T T
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Fig. 9. R curves for three-point-bend specimens with different
notches,
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Fig. 10. Relative effective length, «,,, and ratio of effective proc-
ess zone to ligament size, a.. = ¢/¢, both ford — 0, as a function
of relative notch length.

constant P (C, is compliance at no crack) furnishes
2 a
Cla) = Cy + J ! ' 33
(@) ot iE ), gla') da (33)

At the same time, from Eq. (2) for G = R (Eq. (22))

P = b\/-E——,gR(c), u = Cla)P (34)
gla)

Choosing various values of a, one can calculate the corre-
sponding values of P, C(a), and u. (For an alternative deriva-
tion based on Castigliano’s theorem, which is not as simple
but is more instructive, see Ref. 47.)

Since there exist no pertinent size effect test data for ce-
ramics, we illustrate the application of Egs. (33) and (34) by
showing in Fig. 11 the results for limestone,” which behaves
similarly to ceramics. We see that the measured load-
displacement curve in Fig. 11(b) has been predicted quite
closely. The prediction was based solely on the measured
maximum loads of geometrically similar three-point-bend
specimens whose sizes ranged as 1:4. The size effect plot
from which the material parameters were determined is
shown in Fig. 11(a). An equally close agreement has been
achieved for high-strength concrete with fine aggregate,”
which also behaves similarly to ceramics.

Note that, conversely, by fitting the measured P(u) curve
according to Eqgs. (33) and (34), one can obtain estimates of
the values of E', G, and cl/.

The work of fracture,”* W}, can be obtained from the
area under the P(u), curve, as well as from the area under the
R(c) curve’ It may be noted that the value of average frac-
ture energy Gy = W;/€ where ¢ is the length of ligament (for
three-point-bend specimens ¢ = (1 — ag)d) is in this manner
found to be strongly size dependent as well as shape depen-
dent.'""23%% Thijs shows that the work-of-fracture method
does not yield unambiguous information on fracture energy,
except if the results are extrapolated to infinite size, as pro-
posed by Planas et al.*

VI. Sensitivity of Fracture Properties to
Micromechanics of Process Zone

As the foregoing theory illustrates, the size effect law
yields, for a given structure geometry, a certain unique shape
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Fig. 11. Size effect plot for Indiana limestone and prediction of
load-displacement relation from size effect data.

of the R curve. Vice versa, from a measured R curve, one
can calculate the size effect curve oy(d).”* Furthermore, from
either the size effect law or from the R curve, one can calcu-
late the corresponding relation o,(8) of bridging traction o, vs
crack opening § in softening Dugdale-Barenblatt type models.
Vice versa, from ¢,(8) one can calculate both the R curve and
the size effect curve for a given geometry.>* Thus, the size
effect law, the R curve, and the o,(8) curve, each of which
can completely characterize the fracture properties, are
uniquely related to each other.

All the aforementioned characterizations are sensitive to
specimen or structure geometry. However, the sensitivity of
the size effect law appears to be the least, and much less
than those of the R curve and 0,(8) curve. This transpired
from the experimental results for concrete and rock,’
which revealed that Eq. (7) works about equally well for very
different specimen geometries.

From the viewpoints of micromechanics and development
of new, tougher materials, there are of course great differ-
ences between various toughening mechanisms in ceramics,
such as crack bridging, the dilatant transformation toughen-
ing, or crack-tip shielding by a microcracking zone induced by
material heterogeneity. The details of such mechanisms and
the microstructure properties which govern them influence,
as is well-known, the effective o,(8) relation for crack bridg-
ing. Likewise, they do influence the shape of the size effect
curve at least to some extent.
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However, they are likely to influence the shape of the size
effect curve only insignificantly because the size effect law
has by now been shown to be applicable to materials of very
different microstructures and toughening mechanisms. The
present approximate, two-parameter form of the size effect
law in Eq. (7) suffices only for a global, first-order approxima-
tion to deviations from linear elastic fracture mechanics,
which is the sole object of interest here. The various possible
mechanisms will probably influence only the additional
parameters of a more complicated size effect law (see
Appendix A). The only significant property which matters
from the present viewpoint of macroscopic nonlinear fracture
characterization is that there exists at the crack tip a process
zone of a finite, nonnegligible size, and that the maximum
possible effective size ¢, of this zone is, in fracture situations,
approximately a material property. Knowledge of ¢, cannot be
used to distinguish between various toughening mechanisms
such as crack bridging or microcracking; rather, ¢, lumps their
effects together.

The type of microstructure and the precise form of the
toughening mechanism in the process zone decide, of course,
the values of Gy (or Ky) and c;. They will have to be consid-
ered if the values of G, and ¢, should be predicted from
microstructure properties, rather than just determined empiri-
cally, by the fitting of test data, as already explained.

By various more detailed assumptions about the micro-
mechanics of the process zone, further information can be
extracted from size effect tests. Planas and Elices® computed
the relation between ¢y and certain other characteristics of the
fracture process zone for crack bridging models with various
softening o,(8) relations. For example, for a linearly softening
0,(8) relation, which is widely used because of its simplicity
and has the form of o, = f(1 — 6/8;) where 0,(6;) = 0 and
G; = f5;/2, Planas and Elices obtained ¢, = 0.420¢,, where
¢ = E'G//f}. For the same relation, Horii et al.** calculated
the maximum length (for d — =) of the fracture process zone
to be ¢, = 0.732 €, from which, according to the linear soft-
ening model, ¢; = 0.573 ¢, For ¢},(8) curves with a long tail,
the ratio ¢;/c;is larger, while the bridging stresses closer to the
initial notch are smaller.

By estimating €, from ¢, for an assumed ¢,(8) relation, one
can calculate the local tensile strength as f, = (E'G;/¢)"2 1t
should be noted that f, could also be estimated by proper plas-
tic analysis of the structure for 4 — 0, which does not depend
on the form of the o,(8) relation. These two values for f,
should be the same, which gives a constraint that can help in
identifying a realistic function for 0,(8) from a generalized
size effect law with three parameters (see Eqs. (A-5) and
(A-6) in Appendix A).

VII. Conclusions

(1) The size effect law in Eqgs. (4), (5), and (7) gives a
global characterization of nonlinear fracture properties of ce-
ramics with toughening mechanics. It represents a first-order
approximation to the deviations from linear elastic fracture
mechanism. Its form is independent of the detailed toughen-
ing mechanism, but knowledge of this mechanism will be
needed for predicting the size effect law parameters rather
than measuring them.

(2) The size effect law provides a simple and unambigu-
ous way to determine from the maximum load data on geo-
metrically similar specimens of different sizes the values of
(1) the fracture energy, G, (or fracture toughness, Ky), and (2)
the effective length of the fracture process zone, ¢;. From
these, one can also further obtain other parameters of the
process zone such as the effective critical crack-tip opening
displacement, 8., as well as the R curve, which is geometry
dependent. The material parameters can be identified by non-
linear optimization as well as by linear regression. Knowing
¢y, one can determine for the given structural geometry the
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prittieness number, which characterizes the type of fracture
pehavior of any specimen or structure.

(3) Silicon carbide (SiC (CN-137)) beam specimens of
cross-section depths from 7 to 37 mm exhibit behavior that is
closer to plastic limit analysis than to linear elastic fracture
mechanics (LEFM). On the other hand, fracture behavior of
the SiC (CN-163) specimens of the same sizes is transitional
petween plastic limit analysis and LEFM. The behavior of
slip-cast fused silica beam specimens of depths from 5 to
12 mm is closer to LEFM.

APPENDIX A
Derivation of Size Effect Law by Dimensional Analysis

The size effect law for geometrically similar structures
(Eq. (7)) can be derived most generally by dimensional analy-
sis and similitude arguments™ on the basis of the following hy-
potheses: (I) The energy release of the structure is a function
- of both (a) the length of fracture, a, and (b) the characteristic
size of the fracture process zone, c;. (II) The length a at maxi-
mum load is not negligible compared to structure size d.

The total energy release due to fracture must be expressible
in the form

2 2
w =2 55,9

e =Y B
25 (m-d, D23 ) (A-1)

d
where oy = ¢, P,/bd; 9, and ¢, are independent nondimen-
sional parameters (their number follows from Buckingham’s
theorem of dimensional analysis), and f is a certain function
which may be expected to be smooth. From the crack propa-
gation condition dW/da = bG, we get
2E'Gy [af(al,az)]-‘

ok = (A-2)

d at
We now choose the state 9, = 0 (which corresponds tod — «)
as the reference state, and expand 3f/a9; into Taylor
series about this state; i.e., 3ffath = fo + f1% + f2095 +
393 + ... where fy, fi, ... are constants if geometrically sim-
ilar shapes (same ;) are considered. Substitution of this
series into Eq. (A-2) and truncation of the series after the
linear term provides

N 2Ele 172
o= (f\cf ¥ fod) (8-

This yields Eq. (7) if one denotes dq = fics/fo and Bf, =
(QE Gy/fic)"™

It may be noted that a more general size effect law, oy =
Bf,(1 + B0V, with an additional parameter r,'* can be
derived under some less-restrictive assumptions. However,
fitting of test data for concrete specimens of various ge-
ometries indicates the optimum value to be r = 1.

Energy Explanation of Size Effect Law

It is instructive to give also a simple energy explanation of
the size effect. Consider the uniformly stressed specimen of
width d in Fig. A.l, in which a crack of length ay, with a
fracture process zone of width 4, propagates from the left.
The width & is a material property; & = xc; where « =
Constant. It may be imagined that the formation of a crack
bn'gnd of thickness 4 reduces to zero the strain energy density
o5/2E’ in the cross-hatched area. When the crack extends by
Aa, the additional strain energy that is reduced comes from
the densely cross-hatched strip of horizontal dimension Aa
(Fig. Al). If the failure modes are geometrically similar, then
the larger the panel, the larger is the crack band at failure.
Consequently, the area of the densely cross-hatched strip is
also larger; it equals 4 Aa + 2ka Aa where k is a constant de-
pending on the shape of the structure. This illustrates that, for
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Fig. Al. Crack band propagation.

the same o, a larger structure releases more stored energy
into the same extension Aa of the crack. But since the energy
that can be dissipated by the crack extension Aa is indepen-
dent of the structure size, the oy value for a longer specimen
must be smaller; hence the size effect. To quantify this argu-
ment, the energy released from the densely cross-hatched
strip (per unit thickness) is

1 W 1 oy
=2 _ 2 + TN -4
G PRrvialyy (hAa ZkaoAa)ZE, G; (A-4)
Solving for oy, one gets Eq. (7) with the notationdy = h/2kay,
Bf, = (2E'G;/h)'* where aq = ao/d = constant.

Generalization of Size Effect Law

Some test results” indicate deviations from the size effect
law for very small sizes. That there might be some discrepan-
cies for very small sizes is suggested by the fact that there
are two formulas for the brittleness number (Egs. (11) and
(12)) and two ways to get size effect parameters. One uses
both the LEFM characteristic G (pertinent to d — «) and
the plastic characteristic Bf, (d — 0). The other one uses only
crack characteristics, Gy and ¢; (d — «). A simple empirical
generalization, which makes an appreciable difference only
for sufficiently small sizes, can be introduced by replacing
Eq. (5) with

E’Gf 2 (__ J+C0)
T‘”—(c‘+2) CTYT¥ (4-5)

in which rv and d are defined by Egq. (6), and its three
parameters (E'Gy, ¢y, ¢g) can be obtained by nonlinear regres-
sion analysis of the test data. The extra parameter, c,, deter-
mines the location of the horizontal asymptote (Fig. A2),
which is given by v = (E'G/co)". Considering this horizon-
tal asymptote and Eq. (6), and writing the plastic limit load as
P, = c,bdf,, one obtains

E'G 12

fi= (7—’) (€ = c}g’(a)cn) (A-6)
0

where ¢, depends on geometry and the material model used in

plastic analysis. Equation (A-6) enables estimating €, and f,

only from size effect test data. A broader range of test data

would be needed to determine all three parameters by regres-
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Fig. A2. Generalized size effect law with three material param-
eters: E'Gy, ¢y, and f,.

sion. Short of that, ¢ can be determined if the tensile strength,
fi, in the fracture process zone, representing the maximum
value of bridging stresses, is known or determined separately
from other types of tests (which is not an easy task).

Consider for example a very small three-point bend speci-
men (Fig. 4), to which plastic limit analysis can be applied.
Since the compression strength (in the brittle materials) is
much larger than f,, the stress throughout the ligament is uni-
form and equal to f;, except at the top face which can sustain
a large compression force. Thus, as d — , the bending mo-
ment in the ligament is M, = f,b(d — a,)*/2, which yields
P, = 4M,/L = 2f,(1 — ao)’bd*/L; then c, = P,/bdf, =
2(1 — ag)’d/L. (Note that the value of ¢, is twice* the value
obtained by plastic analysis of a beam with equal yield
stresses in tension and compression.)

By assuming a crack-bridging model with a specific form
for o,(8), f: can be related to ¢, (see Section V1), which means
the three parameters (E'Gy, ¢y, and cy) in Eq. (A-5) cannot be
independent. By accepting E'G; as an independent param-
eter, ¢o and ¢y can be related as ¢y = pcy where p will depend
on the form of 0,(8) and the geometry of the structure. As an
example, for the linear softening curve o,(8) for which
cr = 0.4206,,” we obtain u = cofc; = 2.384/c2g’(ay) using
Eq. (A-6). Figure A2 is plotted for u = 0.211 which corre-
sponds, for example, to a three-point bend specimen with a
linear softening curve, and with L/d = 4 and a, = 1/3 (from
which ¢, = 2/9 and g'(ag) = 229).

APPENDIX B
Basic Notations

a,a, Effective and initial crack lengths

Width of specimen

Effective process zone length, c = a — a,

Limit of ¢ as d — «, a material parameter

Characteristic size (dimension) of specimen

Intrinsic size of structure, Eq. (6)

Modulus of elasticity

fi Local tensile strength in softening models, a ma-
terial parameter

fu Arbitrary measure of strength

G.  Apparent fracture energy

G;  Fracture energy (limit of G, as size approaches infin-
ity, a material parameter)
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K.  Apparent fracture toughness

Ky  Limit of K, as d — o, a material parameter
L Span of the beam

¢ Ligament length

o =E'G,/f?, a material length parameter

& Length of process zone

P, Maximum load

R(c) Resistance to crack growth (critical energy release
rate)

u Load-point displacement

a, @y Relative effective and initial crack lengths (=a/d,
ao/d)

B Brittleness number

on Nominal stress at maximum load, Eq. (1)
™ Intrinsic nominal stress at maximum load, Eq. (6)
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