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1. Introduction

The prefix problem consists ‘of computing all the products of xpx, -+ x, (=0,

., N = 1), given a sequence X = (Xo, X1, - .., Xy—1) Of elements in a semigroup.
Prefix computations occur in the solution of several significant problems such as
carry-look-ahead addition [7, 21], the evolution of finite-state machines [19]. linear
recurrences [18], digital filtering [5], various graph problems [17], sorting in bit-
models of computation [3, 11], scheduling [13], and others.

The prefix problem has been extensively investigated in the circuit model, where
the computation is carried out by an acyclic network of gates. Various complexity
measures such as size, depth, width, and their trade-offs have been studied in [15],
[19], and [22] for circuits whose gates are semigroup multipliers, and in [8] and [9]
for circuits of Boolean gates. Algorithms for the EREW-PRAM model have been
proposed in [17]. Implementations on a ftree-connected network are discussed
in [13].

In this paper we study the complexity of computing prefixes with Boolean
networks, which are synchronized interconnections of Boolean gates and one-bit
storage devices. Relevant measures are computation time T and size S, defined as
the total number of components (combinational and sequential) in the network.
Our model of computation is essentially the same as the aggregate of [14], from
which it differs only in the input/output conventions. Both models afford the study
of the role of sequential logic in circuits, and allow the consideration of circuits of
size sublinear in the input size. Results in Boolean networks have also interesting
implications for other models of parallel computation such as fixed interconnec-
tions of processors and VLSI] circuits [23].

We have found that the size-time complexity of the prefix problem is determined
by two properties of the underlying semigroup, which we call cycle-freedom and
memory-induciveness. We call a semigroup cycle-free if its Cayley graph has no
cycle of length greater than one and non-cycle-free otherwise. We call a semigroup
memory-inducive if products of arbitrary length are true functions of all their
factors, and non-memory-inducive otherwise. Qur results, which completely char-
acterize the size-time complexity of the prefix problem, are encompassed by the
following theorem, which summarizes Theorems 4 to 9.

THEOREM 1. The size-time complexity of the prefix problem on a Boolean
network is S = O((N/T)log(N/T)), for memory-inducive non-cycle-free semigroups,
and is S = O(N/T), for all other semigroups. The bounds hold for T € [Q(log N),
O(N)] for all semigroups, with the exception of those whose recurrent subsemigroup
is a right-zero semigroup, for which T € [Q(1), O(N)].

For memory-inducive non-cycle-free semigroups, the upper bound can be
achieved by known constructions based on binary-tree networks [13], or twisted-
reflected-tree networks [3, 7, 19, 21], whereas the lower bound (Sect. 3.4,
Theorem 4) is less obvious, and is based on arguments of computational friction
[4]. We also give a nontrivial characterization of non-memory-inducive semigroups
(Sect. 3.3, Theorem 3).

For the remaining semigroups, the lower bound is based on a trivial input/output
argument, while the upper bound is achieved by nontrivial algorithms (Section 4,
Theorems 7 and 9) executed by tree-connected networks.

It may be interesting to contrast Theorem | with the result of [8] that there are
constant-depth, polynomial-size (unbounded fan-in) Boolean circuits to compute
prefixes for a semigroup, if and only if the semigroup is group-free, an attribute
weaker than cycle-free.
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In Section 5, we extend our results to the area-time complexity of the prefix
problem in the VLSI model of computation [23].
We conclude in Section 6 by considering some open problems.

2. Definitions and Problem Statement

A finite semigroup is a pair (A4, -) where A = {a,, a2, ..., a,} is a set of size s
and - is an associative binary operation on 4, which we call product. We denote
by xy the product of elements x, y € 4. A finite monoid is a finite semigroup with
a distinguished element e, called the identity, such that xe = ex = x, for all x € 4.
Any semigroup can be easily transformed into a monoid by the addition of an
element with the properties of the identity. Perhaps surprisingly, the addition of
the identity may increase the complexity of computing prefixes.

For a sequence x = (Xg, X1, ..., Xnv—1) € 4", the sequence of prefixes of x is
defined asy = (yo, V1, - - ., Yv—1 ), With ;= Xo Xy - - - X;. The prefix problem consists
in computing y from x.

In the study of the complexity of the prefix problem, an important role is played
by the Cayley graph G(4) = (A, E) of A, containing for each ordered pair (x, y) an
arc of the form (x, xy), labeled by y. It is easy to see that each node of G(4) has
out-degree s, that the labels of the self-loops of a given node form a subsemigroup
of A, and that G(A4) is transitively closed.

An element a of A4 is said to be recurrent if G(A) contains a self-loop at a, that
is, if there is an element b of 4, not necessarily distinct from a, such that ab = a.
We call recur(A) the set of recurrent elements of 4. It is easy to see that recur(4)
is a subsemigroup.

Two elements a and b of 4 are equivalent, if either a = b or there exist elements
¢ and d such that ac = b, and bd = a. We observe that the relation “equivalent” is
a true equivalence, and that its equivalence classes are the strongly connected
components of G(A).

We call a semigroup cycle-free (CF) if the only cycles in its Cayley graph are
self-loops, and non-cycle-free (NCF), otherwise. We shall see that cycle-freedom is
a crucial property of a semigroup in determining the complexity of the prefix
problem.

It is well known (and also easy to prove) that for each element a in a finite
semigroup there are two positive integers k and p such that a, a?, ..., a**""! are
all distinct, and a¢**” = g*. Moreover, if the period p of a is larger than 1, then {a¥,
a**t', ..., a**"'} from a group. If p = 1 for all the elements, then the semigroup
is called group-free [20].

We now give examples of semigroups that belong to the various classes intro-
duced above. If any element x & A4 different from the identity has an inverse x~'
such that xx™! = ¢, then (e, X, ¢) forms a nontrivial cycle in G(4) and 4 is NCF.
As a corollary, all groups are NCF, and cycle-freedom implies group-freedom.

An example of CF semigroup is the /efi-zero semigroup (L,, °), where L, =
{li, ..., L}and ;o [;=[;, for all /; and /;. An example of semigroup that is NCF
but group-free is the right-zero semigroup {R,, *), where R, = {r,, r2, ..., r,} and
g=2,and r; * r; = r;, for all r; and r;. This semigroup with ¢ = 2, and with the
adjunction of the identity, becomes the monoid that models the function “carry”
in binary addition (the identity representing carry propagation and the two zeros
representing carry setting and carry resetting, respectively).

Among CF semigroups, of particular interest are insertion semigroups, charac-
terized by the following property: For all x, y, z, w € 4,

Xyz = Xy = XWyzZ = XW). )]
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All abelian CF semigroups are also insertion semigroups. An instance of abelian
CF semigroup is given by aset 4 = {0, 1, ..., s — 1} with respect to the operation
threshold-(s — 1) addition defined as xy = min(x + y, s — 1). The prefix operation
on this semigroup represents the cumulative sum of the sequence x with the value
(s — 1) replacing each larger value.

Further examples of insertion semigroups are all semilattices, where the semi-
group operation is commutative and idempotent. Examples of semilattices are the
set of the 0-1 vectors of length # with respect to component-wise OR (AND), and
the set of the first s nonnegative integers with the MINIMUM (MAXIMUM)
operation.

An interesting insertion semigroup that is not abelian is the set of the rankings
of #n items with respect to the operation of rank concatenation. The computation
of prefixes in this semigroup is used in the construction of optimal VLSI-sorting
circuits [3, 4, 11]. Identifying the » items with the integers from 1 to n, a

ranking is an ordered partition of the set {1, 2, ..., n}, that is, a sequence of
disjoint sets whose union equals {1, 2, ..., n}. Intuitively, all the elements in a
given set have the same rank, and have rank higher than those in the next set.
The concatenation of two rankings u = (1, Uy, ..., Up) and v= (v, v2, ..., V;)
is uv = (w;, wa, ..., w,) with w; equal to the subsequence of the nonempty
terms of(uj N v, U; Nvy, ..., U; N Vq).

3. Lower Bounds

3.1 MoDEL. A Boolean network is a directed graph with the following types of
nodes: (1) input nodes, with in-degree zero and out-degree one; (2) output nodes,
with in-degree one and out-degree zero; (3) combinational nodes, each labeled by
a Boolean function of one- or two-input variables, with in-degree equal to the
number of input variables, and out-degree one or two (to allow fan-out); (4) one-
bit storage nodes, with in-degree one and out-degree one or two.

The notions of computation of, and of function computed by, a Boolean network
can be formalized as done in [14]. Here we appeal to the intuitive meaning of these
notions, and just discuss the input/output protocol, since it differs slightly from
that of [14]. We assume that each input (output) variable of the problem is assigned
one input (output) node and one input (output) time. Two variables can be assigned
the same node, but only at different times. Only one node and one time are
assigned to a given variable (unilocal, semellective protocol), and this node and
time are independent of the input value (place-determinate, time-determinate
protocol).

Clearly, when solving the prefix problem by a Boolean network, a specific binary
encoding of the semigroup elements must be chosen. Since our present aim is to
study the dependence of the complexity of the prefix problem upon the length N
of the input sequence, and not its dependence on semigroup size or representation,
we assume that the bits that encode a given semigroup variable are input (output)
all at the same time. We call an input/output protocol with this property word-
instantaneous, in analogy with the term word-local introduced in [23].

3.2 COoMPUTATIONAL FRICTION. Our lower bound for the prefix problem is
based on the mechanism of computational friction developed in [4] as a generali-
zation of arguments previously applied to binary addition in [1] and [16]). Com-
putational friction, so denoted in the context of a fluidodynamic analogy for VLSI
computations, is a phenomenon that slows down the flow of information from
input to output nodes below the rate allowed by the number of I/O nodes, and
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therefore, when present, yields lower bounds stronger than the trivial ST = Q(V)
bound. As noted in [4], computational friction rests crucially on the property that
both fan-in and fan-out of logical elements are bounded, and it can be analyzed—
in perfectly symmetrical ways—with respect to either fan-in or fan-out. With
respect to fan-in, two phenomena contribute to the appearance of friction: (i) A
substantial fraction of the information carried by each wavefront of input variables
is transferred to the output variables, and (i) this information must be stored
within the network for a time logarithmic in the input wavefront size hence, for
bounded fan-in, functional dependence imposes a delay between reading the input
and computing an output depending upon that input. Symmetrically (with respect
to fan-out), we have: (i) each wavefront of output variables carries a substantial
fraction of the information contained in the input variables, and (ii) this informa-
tion must be stored within the network for a time logarithmic in the output
wavefront size since, for bounded fan-out, functional dependence imposes a delay
between reading an input and computing the outputs depending upon it. For the
sake of the ensuing discussion, we precisely analyze the latter phenomenon (fan-
out constraint) in Theorem 2 below, an earlier version of which is proved in [4].
We begin with the following definition of functional dependence:

Definition 1. let X = {xo, ..., Xo,—y} and Y = {y,, ..., Vn_1} be sets of input
and outpui variabies, respectively; each variabie ranges over a finite aiphabet. Ail
elements of X and Y are encoded in binary, and the binary encoding of a variable
will be referred to as a word. Let x = (xo, ..., Xp—1)and y = (y1, . . ., Vm—1) denote
vectors and let /> x — y be a function. We say that y; is functionally dependent
upon x; (and that x; functionally affects y;) if there exist two vectors x’ and x” that
differ only in their x;-component and such that f(x’) and f(x”) differ in their
y;-component.

Next, we introduce the notion of friction set, which formally captures the features
of computational friction intuitively described above.

Definition 2. Let f, X, and Y be as introduced in Definition 1. Let « and 8 be
nondecreasing functions. Set U C Y is called an («, 8)-friction set for fif for any
subset W of U there exists a subset V of X with the two following properties:

(1) Each variable of V functionally affects at least «(| ¥ |) variables of W.

(2) There is an assignment of values to the variables of X — V" such that, in the
resulting restriction of f, the variables in W assume at least 2°¢"D distinct
configurations.

The significance of friction sets rests on the following theorem.

THEOREM 2. Let f, X, and Y be as introduced in Definition 1, and let U C Y be
an (a, B)-friction set for f. Then for any time-determinate, semellective, word-
instantaneous Boolean network computing f, size S and time T satisfy the bound

o= {12

In the proof of Theorem 2 we shall use the simple combinatorial lemma stated
below without proof.

LEMMA 1. Let (1), Us, ..., ur) be a sequence of integers, and let m = (u, + u,
+ .-+ + ur)/T be their average. Then, for every integer v € [1, T, there are
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consecutive terms of the sequence whose average is at least m/2. More formally,
there is an integer to € [1, T — 7 + 1] such that (u,) + ey + -+ + Uypry)/7 =
mj2.

ProOF OF THEOREM 2. Let C be a Boolean network that computes f, and let

rmoin of time he chncen ¢n that tha camnutatinon takac nlace 1in the intarval

h
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[1, T). Since C is word-instantaneous, we can define the set U, of the variables
in U that are output exactly at time ¢ € [1, T]. (U, may be empty for some 1.)
Since C is time-determinate, U, is independent of the input values, and since C is
semellective (in the output), the U,’s are pairwise disjoint. Finally, the union of the
U,’s equals U.

From Lemma 1, with #, = | U,|, and m = | U| /T, we have that, for any 7 €
[1, T], there is a &, € [I, T — 7 + 1] such that (|U,| + [Uya:| + -+ +

Yy o femr Trr Al 1y +-r—1

| Ugsr—1 1) 2 71 U[/(2T). Then, the set W & U ™" U, satisfies the bound
Ul
2T '

| W] = (3)
Since W is a subset of a friction set, there is by hypothesis a subset } of X satisfying
properties (1) and (2) of Definition 2.

We claim that any choice 7 < log a(] U|/2T) guarantees the separation of the
time interval [t, 1o + 7 — 1] (during which W is output) and the time interval
during which the set V of the variables affecting 1 is input.

Indeed, noting that = = 1, that « is nondecreasing, and that | W| satisfies (3), we
can write

U U
r < log a(l,)TI) < log “(\ﬂzrl) < log a(| W)).

\ &4

All variables of W are output no earlier than /o, and no later than ¢, + 7 — 1. Since,
by Property 1, each variable of V' functionally affects at least «(| W|) variables of
W, no variable of V can be input later than ({o + 7 — 1) —log a(| W|) = 1, — 1.
This establishes the claim.

We therefore choose 7 = Llog of| U}/27)). In order to use Property 2 of
Definition 1, the values of X — V are held fixed. This implies that the variables of
W become function solely of the variables in V. By the claim just established, the
values of the variables of W must be encoded in the network at time 7, — 1.
Property 2 ensures that the assignment of X — V' can be chosen so that W assumes
at least 277D distinct configurations by varying the values of V. Thus, the number

of binary storage devices in the network is at least 8(| W|). We conclude that

(1U\)

ﬁ(IWI)>ﬁ\2T \2TU

The latter bound implies (2). O

COROLLARY 1. [If, in Theorem 2, a(n) = Q(n), and B(n) = Q(n), then
[\ /i U{\\

5= (1 ool 7)) @

Tha alh~ ve Aigrricninn Az thnt tha WO al radiamta ~F A
The above discussion indic that the two crucial 1ug1cu 1CNts O1 Co ulputauuua}

friction are functional dependenc of the output upon the input and the transfer
of information from input to output (I/O transfer). In the next section we shall
investigate the dependence of semigroup products upon their factors.
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3.3 FUNCTIONAL DEPENDENCE IN SEMIGROUP PrODUCTS. We now specialize
the set X and Y introduced above so that each of their elements is a variable
ranging over a finite alphabet A, where (A, -) is a semigroup. Moreover, the
elements of Y are defined as semigroup products of elements of A, that is:

Vi= XoX; -0 X j=0,1,..., N—1. (5)

The term x;-factor denotes the value of the (i + 1)st term of product (5).
It is convenient to introduce the following notion.

Definition 3. A semigroup is called memory-inducive (MI) if, for every j = 0,
and for every 0 < i < j, y, = XoX, --- X; is functionally dependent upon x;. A
semigroup is called non-memory-inducive (NMI) otherwise.

We shall see that most semigroups are MI, and we shall give an exact character-
ization of those that are NMI. All proofs of memory-induciveness consider the
generic product y; and, for each i in [0, j ], exhibit two distinct selections of factors
differing exactly for their x;-factor and producing different values for y;. First we
need to define one important class of semigroups:

Definition 4. Let '( L,, o) be a left-zero semigroup and let (R,, *) be a right-
zero semigroup, as defined in Section 2. Define Z,, = (L, X R,, -) as the direct-
product semigroup [10] of L, and R,, that is, (/,, &) - (U, re) = (b, rir).

From this definition, it follows that (/, r&,) = (s 7%,) -+ (s 15) = (g 12))
Thus, y; = XX, - -+ X; = XoXx; depends only on the first and last factor, so that Z,,
is NMI. The significance of the semigroups Z, ,’s rests on the role they play in the
following theorem.

THEOREM 3. A semigroup (A, -) is NMI if and only if the subsemigroup
(recur(A), -y is isomorphic to Z,,, for some positive p and q.

Theorem 3 is crucial for obtaining a complete classification of semigroups based
on the complexity of the prefix problem. The proof is somewhat lengthy and
technical, and is given in the Appendix.

Theorem 3 has the following interesting consequence, which could also be derived
directly from the argument used to prove Claim 2 (see the Appendix).

COROLLARY 2. An NMI semigroup is monoid-free (none of its subsemigroups
is a monoid with at least two elements) and, a fortiori, group-free.

3.4 1/0O INFORMATION TRANSFER IN PREFIX COMPUTATIONS. We now apply
the general results embodied by Theorems 2 and 3 to the set of MI-NCF semigroups.

THEOREM 4. For any time-determinate, semellective, word-instantaneous
Boolean network that solves the prefix problem of size N for a MI-NCF semi-
group (A, -, size and time satisfy the bound

ool (o)

ProoOF. We show that Theorem 2 can be applied, with X = {xo, X/, ..., Xv—1},
Y = {¥vo, V1, ..., Vn-1}], and function f defined by (5). We select U = {y,, ys, ...,
Vaie1, - - .} € Y and claim that U is an (e, 8)-friction set for f, with a(n) = Q(n)

and g(n) = Q(n). Indeed, let W be an arbitrary set of U, and let J be such
that W = {y;:j € J}. Let I be the set of the L| W |/2] smallest indices in J, and
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select V as the set {x;, x;+,:{ € I}. We now observe:

(1) Since (A, -) is MI, each variable of V" affects each y; with j € (J — I), that is,
at least L | W| /21 variables of W. (This means that o(| W|) = L| W|/21.)

(2) Since (A, -) is NCF, then its Cayley diagram has a cycle of length =2, and
hence a cycle of length exactly 2, that is, there are four elements a, b, ¢, d € A
(not necessarily all distinct, but with a # b), such that ac = b and bd = a.
Consider the input sequences for which xo = @, and x; = (cd) for x, € (X ~ V)
and [ # O (this is the fixed assignment of the variables in X — V). For any
partition I = (I,, I,) of I, selecting the variables in V as x; = x;., = (cd), for
iel,and x,=cand x,, = d, fori € I, results in y, = g for i € I, and
y; = b for i € I,. Therefore, there are at least 2!/ = 2'1"1/2) putput configura-
tions for the variables of W. (This means that 8(| W)= L| W /2].)

Since both conditions of Definition 2 are met, Theorem 2 applies; moreover,
since both « and 8 are linear functions, Corollary 2 applies with | U| = LN/2],
thereby establishing (6). O

The previous argument cannot be extended to cover either CF or NMI-NCF
semigroups; in fact, in the next section we shall describe networks for prefix
computation for such semigroups that violate bound (6). To gain some intuition
on this phenomenon, we observe that a cycle in the Cayley diagram—as illustrated
in the proof of Theorem 4—is the machinery necessary for sustained information
transfer, while memory-induciveness forces temporary storage of this information
in the network. The absence of cycles drastically reduces the information that can
be transferred: Indeed the (generally nonsimple) path of G(A4) corresponding to a
sequence y = (), . . ., ¥v—1 ) of prefixes can be described with O(log N) bits, rather
than the Q(N) necessary for NCF semigroups. On the other hand, the absence of
memory-induciveness means that the semigroup (A, -) satisfies the condition in
the statement of Theorem 3. This means that the path corresponding to y reaches
recur(A) in at most m, steps, and thereafter each output variable becomes a
function of a fixed state and of a constant number of input variables, thus requiring
no essential temporary storage in the network.

Thus, Theorem 4 precisely partitions the semigroups into two classes: the MI-
NCF semigroups, briefly referred to as friction semigroups, form one class, while
the CF and the NMI-NCF form the other, correspondingly referred to as frictionless
Semigroups.

3.5 CoMPUTATION TIME. Based on the results of Section 3.4, we derive the
following lower bound on computation time of prefix networks.

THEOREM 5. Let (A, -) be a semigroup such that recur(A4) is not a right-zero
semigroup. Then, the computation time of any Boolean network that solves the
prefix problem of size N satisfies the bound T = Q(log N).

PrROOF. A simple consequence of bounded fan-out is that, if a given input
variable functionally affects N output variables, then 7 = Q(log N).

If recur(A) is not a right-zero semigroup, then either (A4, -) is Ml, or recur(4) is
isomorphic to some Z,.,, with p = 2. We claim that in either case xy functionaily
affects yo, 1, ..., Ya—1. If (A4, -) is MI, the claim is an obvious consequence of
Definition 3. If, on the other hand, recur(A) has at least two strongly connected
components, there are two elements a and b that belong to different components.
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To see that xo affects y;, for all j = 0, we need only to consider that b = bb’ # ab’,
since ab’ belongs to the same component as a. [

4. Upper Bounds

In this section we present size~time optimal network implementations of prefix
algorithms. A network for general semigroups, with size .S = O(N/T log(N/T)), is
considered in Section 4.1. This network is optimal for MI-NCF (friction) semi-
groups. More efficient networks, with size S = O(N/T), are possible for both CF
and NMI semigroups.

For CF semigroups, the reduction in size is achieved by reducing the amount of
information relative to the input that the network stores while computing the
output. The details of the design are presented in Section 4.2. In the same section
we present an alternative scheme suited for CF insertion semigroups, which
represents a simplification of the network for general semigroups.

For NMI semigroups, the reduction in size is achieved by reducing the delay
between the input time of a variable x;, and the output time of the corresponding
output y;. The network for NMI semigroups is illustrated in Section 4.3.

The constructions of both Section 4.2 and Section 4.3 apply to NMI-CF semi-
groups. Indeed, the prefix problem for these semigroups degenerates: for j = m,,
output y; is guaranteed to be constant with j, and equal to some left-zero of A.

4.1 GENERAL SEMIGROUPS. The algorithms are executed by a network having
the structure of a binary tree K with w leaves. Tree realizations of prefix circuits
were reported earlier in [13], and can be viewed as emulations of the well-known
prefix network described in [5], [71, [19], and [21] and called twisted-reflected-tree
in [5].

In tree K, leaf nodes perform input/output operations, while internal nodes
perform data processing. Each node is bidirectionally connected to its parent and
its offsprings.

The input sequence x = (xo, ..., Xnv—) is segmented into N/w wavefronts of
width w, where 1 < w = N/log N (for ease of discussion, we assume that N is a
power of two). The ith wavefront is denoted X; = (Xie, Xiwt15 - -+ » X+ 1w—1), Where
i=0,1,..., N/w— 1. The wavefronts are sequentially fed to the network, with
Xn+; input at the jth leaf (see Figure 1). A fixed wavefront is processed by the
network in two phases: an ascending phase (consisting of one input step and log w
processing steps), when information flows from leaves to root, and a descending
phase (consisting of log w processing steps and one output step), when the direction
of the flow is reversed.

Let the level of a node V, denoted level(V'), be the number of edges on the path
between V and the root of K. For each of the algorithms described below, a step
takes time O(1) (independent of N). Moreover, a given step on a given wavefront
is carried out by a single level of nodes, so that the network can be pipelined at a
constant rate. Clearly, processing of the N-term sequence is completed in N/w + 2
log w + 2 steps, and hence in 7= O(N/w).

More subtle is the use of storage at each node, which determines the global size
of the network. A fixed wavefront is processed by a given level twice: once during
the ascending phase, and then again—2 level(V') + 1 steps later—during the
descending phase. (For uniformity of presentation, we assume that the root too
processes a wavefront in two (contiguous) steps, although these actions are ob-
viously combinable into a single step.) In the interval of time between the two steps
(one in the ascending phase, the other in the descending phase) performed by nodes
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Ay
X T . T

/ Prw-1

aN/w -1
IN-w IN-w+1 IN-1
FiG. 1. Input protocol for prefix computation on a binary-tree network.

of a given level on the same wavefront, some information relative to that wavefront
must be stored at the nodes. '

A given internal node V of K determines a segmentation of the input sequence
XasX = agBoa; B+ Ansu—1 Bayw—1 Ay Where Bo 8, - - - is a subsequence of x that
is input by the successive wavefronts to the leaves of the subtree rooted at V (g
and ay,, may be empty). For a given sequence x, let x denote the product of its
terms. Each g; is further segmented as 8, = §;8;, where 8 and 8, are input at the
left and right subtrees of V, respectively. For convenience, we adjoin to (4, -) an
identity e, if (A4, -) is not a monoid. This is simply a technical device to initialize
the states of the processing modules, and in no way affects the input/output
transformation.

Referring to the jth wavefront, during the ascending phase internal node V
computes §; = /8 from the values 8/ and B/ received from its offsprings. In
addition, the root (for which all the a’s are empty) maintains a state ¢ initialized
to e (the identity introduced above) and updated as ¢ : = 68;. During the descending
phase, nonroot node ¥ must receive from its parent the prefix v = a8, ---
a1 Bj=1 a;; if V has stored g j', then it can provide the correct prefixes v and 83 j’
to its offsprings.

Below we describe in detail the actions of each node. We use a comma to
separate concurrently executable actions, and a semicolon to separate actions to
be sequentially executed. The ascending phase substep below is thought
of as preceding the descending phase substep, although various degrees of
concurrency are realizable. Note that, for correct synchronization, each internal
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node V uses a queue (called 8 '-queue) capable of storing 2 level(V') + 1 semigroup
elements (the 8 j’ ). In addition, each nonroot node has cells to store the elements
to be forwarded in the next step; note that, for the root, one of these elements, §;,
is “forwarded” to the root itself. The content of all cells are initialized to the
identity e. In summary, the generic step runs as follows:

Generic Step

ASCENDING PHASE
begin forward 8 to parent, [root: o := ¢f3]
8’ := term received from left child,
B8” := term received from right child;
insert 3’ into 8’-queue;
B:=8'8";

end

DESCENDING PHASE
begin forward v to left child and 4’ to right child;
v := term received from parent; [root: v := a;]
extract 6’ from 8 '-queue;
compute v6”;
end

The algorithm is readily implemented by endowing the module of a node with
a semigroup multiplier and a queue capable to store (2 level/(V) + 1) = O(log w)
semigroup elements. Thus, the total size of the network is S = O(w log w) (ignoring
the dependence upon the semigroup size and operation). Therefore we have:

THEOREM 6. The size-time complexity of the prefix problem on a Boolean
network is S = O((N/T)log(N/T)), for T € [Q(log N), O(N)].

For friction semigroups the bound of Theorem 6 is optimal, as shown by
Theorem 4. Since the recurrent subsemigroup of a friction semigroup is not a right-
zero semigroup, by Theorem 5 we have T = Q(log N). For T = O(N), the obvious
S = Q(1) lower bound is achieved.

4.2 CyCLE-FREE SEMIGROUPS. As we have already noted in the concluding
remarks of Section 3.4, the information content of a sequence of prefixes in a CF
semigroup is only logarithmic in the length of the sequence. This fact indicates the
possibility of reducing the amount of information relative to a given wavefront
that the network must process.

We shall represent a sequence y = (Yo, Vi, - .., Ym—1) € A™ of semigroup
elements by the sequence of pairs ((a,, m,), (a2, M2), . . ., (a,, m,)) that is uniquely
determined by the conditions: a;# @iy, i=1,...,p~ 1) y,=a,, for0 = j < m,

and y; = aq; for m;_y, = j < m;, (i = 2, ..., p). This representation is particularly
efficient when y is a prefix sequence for a CF semigroup since p < /,, where /; is
the length of the longest simple path in the Cayley graph G(A4).

We then consider a recursive scheme for the prefix problem whereby:

(1) The input sequence (whose length N is assumed to be a power of two) is split
into a left and a right half of identical size.

(2) The prefix sequences of the two halves are recursively computed (in parallel),
and

(3) The results are combined to form the prefix sequence of the entire input.



Size-Time Complexity of Boolean Networks 373

With the selected representation, let the two sequences computed by Step (2) be

<(a1, Wl1), ey <a[,, m, = .]21/>>
<(b1, I’ll), e, (bq, n, = g)),

where both p and ¢ are no greater than /,. The representation of the output
sequence to be produced by Step (3) is obtained by first forming the sequence of
pairs

and

((al: ’nl)’ ety (ap, mp): (apbl: mﬂ + ml)’ e (apbrp m, + m(/))’

and by subsequently deleting all but the last pair from any maximal run of pairs
with identical first term. At the bottom of the recursion, an individual element
X € A is represented as the pair (x, 1).

The outlined scheme is naturally implemented by a tree-connected network K
whose generic node is designed to perform the concatenation of two prefix se-
quences. Such node will be equipped with a storage array of 2/, cells, a semigroup
multiplier, and some other simple logic. A cell of the array will be used to store a
pair of type (a;, m;). To determine the bit capacity of a cell, we note that:

(i) The term g, can always be encoded by llog s1 bits, (where s = | 4|).

(ii) For a node V of K with w leaves, the term m; has value at most w/2/*/%") 5o
that log w — level/(V') + 1 bits are sufficient to represent it. Thus, the capacity
of a cell at node Visllog s1+ log w — level(V) + 1.

The basic operation of node V consists of loading into the first and last /, cells
of the array the representations of the prefix sequences produced by the left and
right children, respectively (some of the cells may actually be unused). The steps
required to concatenate the two representations are fairly straightforward if the
rows of the array are organized as shift registers. The update of the second term of
each pair is done by appending a single bit, which is O for the pairs originating
from the left child and 1 for those originating from the right child, since m, is a
power of 2. Notice that, since llog s1+ log w — level(V') is the number of bits for
the pairs of the children, the array at } has the correct capacity.

We now describe how to obtain the ordinary form of the prefix sequence from
its representation as a sequence of pairs ((a,, m,), . . ., (a,, m,)). Again, a recursive
approach is appropriate. Indeed the first and the second half of Y have respective

representations
m
<(a|, m), ..., (a,-, -2—’>>

((a,'/’ m,,)’ et (aI” m,,)),

where 7 is such that m,_, <m,/2 =m,and i’ =iif m;#my/2and i’ =i+ |if
m; = m,/2. (Note that / can be determined in time O(/,).)

The conversion of representation is again performed by tree K, with each
wavefront starting at the root and propagating toward the leaves. Pair (y;, j) is
correctly delivered at leaf .

and
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The preceding description indicates that, referring to a single wavefront x, tree
K is used in an ascending phase to compute the pair representation of the prefix
sequence y of x, and that a subsequent descending phase obtains the ordinary form
of the latter. Note, however, that in marked contrast to the interaction between
ascending and descending phases of the general algorithm of Section 4.1, the two
phases are now completely decoupled. It is also simple to see that the operation of
tree K can be pipelined by just combining at the root the results of successive
wavefronts.

Finally we note that K consists of log w levels, and that the 2/ modules at level j
have each [, X (log w — j + Tlog s1) bits of storage and fixed-size Boolean circuitry.
Thus, the total size of K is given by O( X 1%~ 2/ (log w — j)) = O(w). Computation
is completed after O(N/w) steps both for the input phase and the output phase,
and again, the time used by each step is independent of N. The above construction
yields:

THEOREM 7.  For a CF semigroup, the prefix computation for an N-term sequence
can be done in time T and size S, with § = O(N/T), for T € [Q(log N), O(N)].

Remark. The above result holds for any CF semigroup and is clearly optimal.
However, for the very important case of insertion monoids, there exists an alter-
native method of the same flavor as the general technique outlined in Section 4.1,
Each internal node V of K still contains a semigroup multiplier, and a queue with
21/, cells, each capable of storing a semigroup element; an additional cell stores the
node state state(V).

Initially, for each V in K, state(V) := e. Nonroot internal node V performs the
following actions:

Generic Step

ASCENDING PHASE
begin forward 3 to parent,
B’ := term received from left child,
B8” :=term received from right child;
if state(V)3 # state(V) then
begin state(V) := state(V) 8,
insert (87, 8”) into queue
end;
= 6 /6 ”
end
DESCENDING PHASE
begin forward (v,, 8.) to left child and (vx, 8r) to right child,
(v, B) := term received from parent;
(B', B”) := next pair in queue;
ifyB8',8" =+8
begin (v,, 8:) := (v, 8"), (v« Br) := (v8', 8”);
extract (87, 8”) from queue
end
else (v., 6.) := (v&, Br) := (v, €)
end

LEMMA 2. The above scheme correctly computes the prefix sequence for insertion
monoids.

Proor. We say that §; is a local transition of 8o8; * -+ B;-18; # BoBi - -+ Bj=1,
and a global transition if apfBo -+ o # aoBo -+ «a;. Let e denote the monoid
identity.
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CLAM 1. A global transition is also a local transition. Indeed By - -+ B;-18; =
Bo -+« Bj-1 implies Boay -+ - Bi—1a;B;= Booy « -+ Bi—1c,eB; = Foay - -+ Bi-1je = Boa

- Bi-1a; by the insemon property (1), and zherefore aolBo - =By - .
This means that the global transitions form a subset of the pairs of the form
(8', B") inserted into the queues of the nodes of the network during the ascending
phase.

A local transition 3; is not global because we may have agfy -+ ;8 =
aofo -+ - Bj_laj, even lfﬁo s ;6’/# 60 -« - Bo=i. Let Y = Oloﬁ() LR 4 (’Y is called the
prefix associated with §;).

CLAM 2. If v,8; = v\ for a left factor v, of v, then vB8;, = ~. Indeed, let v =
Y1v2. Then, v,8; = v, trivially implies v,eB; = v, e, which in turn, by (1), implies
Y1v268; = v1v20, whence vB; = .

Suppose now that (8, 8;") is a local transition at the head of the queue at V.
When V receives the pair (v, 8), with 8 = 3;, we have v = v and 7/6 ,8” = v8,
that is, (B s ﬂ ) is correctly eliminated from the queue and the pairs (76 ) and
(v8/,8 j.”) are passed on to the left and right children of V. This is correct, since
v8/ = v and ¥B/ 8] = ~. Thus, (8, ;") is certainly eliminated from the queue
upon arrival of its associated prefix, but it may be eliminated sooner by a left factor
vi of it such that v,8/8" = v,. This shows that a local transition is always
eliminated before any subsequent global transition residing in the queue, which is
correctly detected by the condition (y8 87" = v8) of the algorithm, In the m';njnrlfv
of cases the action (v., 8.) = (7R, ,8R) : (7, ¢) occurs, corresponding to no
transition, either local or global. O

We can therefore conclude:

THEOREM 8. For an insertion monoid A, the prefix computation for an N-term
sequence can be done in time T and size S with S = O(N/T) for T € [Q(log N),
O(N)). The memory used by each nonroot module is O(sl, - log ) bits, where
s=|A| and L, is the height of the Cayley graph of A.

ProoF. Indeed, the result S = O(N/T) follows from Theorem 7. Each nonroot
module has a queue of 2/, cells, each with Mog s1 bits. [J

4.3 NON-MEMORY-INDUCIVE SEMIGROUPS. As we noted earlier, for this class

Af commigraTimo A
Ul bCllllElUupD wo uavc

p = Xo * o X for 0<j=<2m, — 1,
Yi= i ;
[XO s Xop= 1 Xm0 X for 2WZA =/ = N -1

We assume, without loss of generality, that m,, is a power of 2 (else, we replace m1,
with 2Me&27uT) Note, also, that for j = 2m,y; = Xo +* + Xu,—1 Xy - -+ X; for any m, <
h=<j—m,

As usual, the sequence x is supplied in N/w wavefronts each of width w, a divisor
of N and therefore a power of 2. We assume, for simplicity, that w = m,, and leave
to the reader the simple task of developing the details for the opposite case.

The network consists of a hlnqry tree K of ripnth ]nn w. The lower lr\o m; levels

A LIV HIVULYWUIL A LUIIO1S

realize a collection of w/m,, prefix trees as those descrlbed in Section 4. 1, whereas
the upper log w — log m, levels realize a straightforward semigroup multiplier tree.
The root of each of the lower prefix trees, except the rightmost one, has an arc to
the root of the adjacent tree on the right.
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The operation of this network is as follows: The first wavefront, (xo, ..., Xu_1)
is supplied in an isolated fashion and stored at the leaves, while in time O(log w)
the tree computes the prefix y,,,-; and broadcasts it to all leaves, where it is stored
(broadcast to the leaves with indices O, . . ., 2m,, — 1 is in reality redundant).

Once this initial step is completed, the usual pipeline operation takes place,

starting with the first wavefront that was temporarily stored earlier. The delay
between the first wavefront and the subsequent ones is in compliance with the
stated /O protocol. During this phase only the lower trees are active, and each
nonroot node operates as described in Section 4.1. A slight modification is in
order for the operation of the root. Referring to the Generic Step algorithm of
Section 4.1 (ASCENDING PHASE), 8 is now passed the root of the tree ad-
jacent to the right. The term simultaneously received from the root of the tree
adjacent on the left is called %, and the root state is updated as ¢ := §*.

Note that this implementation actually computes prefix y;, as xo
X1 Xii=tym,, * = * Xim,—1Xim, +++ X; where [ = L j/m, 1, for j = m,,. This is obviously
correct since (i — Dm,; <j— m, + 1.

It is easily realized that K consist of O(w) modules, each independent of N, and
that computation is compieied in 2 log w + 2 log m, + N/w + 4 sieps, that is, in
time T = O(N/w). Thus we have:

........ AAT oo Py AP PP S

thUKl:M 7 ['Ul ar IVlVll b(’_’”ilglUl.l[} \1‘1, ), e [}’Ejl./‘ LUY’I[JMI,ULIUH jUf an
N-term sequence can be done in time T and size S, with S = ON/T), for T €
[2(log N), O(N)].

Note that if recur{A, -) is a right-zero semigroup, then for j = m,, y; =
Xj—m,+1 *+- X;. This shows that the broadcast of y,,,—, is no longer necessary and
that the network becomes a collection of w combinational machines each comput-

ing a product of at most m,, terms. In this case, the time range in Theorem 9 can
he avtanded ac T TQM1Y NNV

UL CAWLIGULU QS & 8 [send gy ALY ).

5. Area-Time Complexity

The results of the preceding sections have some consequences on the area-time
complexity of synchronous VLSI circuits for the preﬁx problem These conse-
quences are summarized below L‘)'y Theorem 10 for nunuuunuary circuits quSc‘: for
which the position of the I/O ports is unconstrained), and by Theorem 11 for
boundary circuits (those for which 1/0 ports are constrained to lie on the boundary

of a convex chip).

THEOREM 10. The area-time complexity of nonboundary VLSI circuits for the
prefix problem is A = O((N/Tlog(N/T)), for MI-NCF semigroups, and is A =
O(N/T), for all other semigroups. The bounds hold for T € [Q(log N), O(N)] for

all semigroups, with the exception of those whose recurrent subsemigroup is a right-

§5, ¥ EALELE LEAT (CA Ly f ot 05 % [RALH

zero semigroup, for which T € [Q(l), O(N)HY].

ProOOF. A VLSI circuit is the layout of a Boolean network. Since our prefix
networks are balanced trees, they can be laid out (according to the H-scheme [6])
in area proportional to the number of nodes times the area of a node, that is, in
area proportional to their size. Thus, Theorem i0 foliows from Theorem I, and
from the fact that size is a lower bound for area. [J

£ont tlant srefix net J DU VU IR TSNS S AT
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proportional to the size is accidental. In general, layout area is larger
owing to the space occupied by wires.

se area is
han size,
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We now consider boundary layouts. We begin by establishing the following
lemma:

LEMMA 3. Let (A, -) be such that recur(A) is not a right-zero semigroup. Any
boundary circuit C that solves the prefix problem of size N for A in time T (where
T = Q(log N)) contains a binary tree of height O(T) with Q(N/T) leaves on the
boundary.

PrROOF. In order to generate N output symbols in time 7, circuit C must contain
w = (N/T) output ports, Since each output y;, 0 < j = N — 1, is functionally
dependent upon input x, (see proof of Theorem 5), there must be a path in C from
the input port reading x, to each output port, The union of the w paths can be
viewed as an undirected graph G, whose edges are wires each carrying a semigroup
symbol. Since each output port is connected to the exterior by one such wire, we
may correctly assume that the output port is itself on the boundary of the layout
(by transplanting it on the boundary if necessary). Moreover, we may assume that
each output port is a degree-1 node of G; otherwise, we create one such node on
the layout boundary and connect it to the port, with an insignificant increase in
wire area. Let H be a minimum-height spanning tree of G rooted at the input port
of x,. Owing to the hypothesis of bounded fan-in and fan-out, we may assume
without loss of generality that H is a rooted binary tree. Tree H has w, that is,
Q(N/T), leaves. Since T is the computation time of C, the height of H is O(T). O

Lemma 3 establishes a crucial connection between binary trees and prefix
circuits. Our problem is then reduced to the boundary layout of binary trees, a
topic that has been adequately investigated [6, 12, 24]. The results most relevant
to our discussion are expressed by the following three lemmas:

LEMMA 4 [6]. A complete binary tree with w leaves can be laid out with the
leaves on the boundary of a rectangular region of height O(log w) and width O(w).
The resulting O(w log w) area is optimal.

The constructive proof of this lemma yields a layout of a complete binary tree
with w leaves in a rectangular region consisting of 2w — 1 vertical tracks (one per
node) and log w + 1 horizontal tracks (one per level of nodes in the tree). More
specifically, nodes appear from left to right according to the in-order traversal of
the tree, and consecutive levels appear in consecutive horizontal tracks, with the
root at the top, and the leaves at the bottom.

LEMMA 5 [24]).  Any layout of a binary tree of height h with w leaves placed on
the boundary has area A = Q((w log w)/log(2h/log w)).

LEmMA 6 [12].  There exist binary trees with w leaves, height h, and boundary
layout area A = O((w log w)/log(2h/log w)), which can emulate a balanced binary
tree of w leaves in time O(h).

With these premises, we can now give tight area-time bounds for boundary
prefix circuits.

THEOREM 1. For boundary VLSI circuits for the prefix problem we have the
Jollowing area~time complexity results.

(1) MI-NCF Semigroups: A = O((N/T)log(N/T)), with T € [Q(log N), O(N)];

(2) CF Semigroups: A = O(N/T)log(N/T)), and A = QUN/T log(N/T))
/log(T/log N)), with T € [Q(log N), O(N)];



378 G. BILARDI AND F. P. PREPARATA

(3) CF-Insertion and NMI Semigroups, Except for Those with Right-Zero Recur-
rent Subsemigroup: A = O(N/T log(N/T))/log(T/log N)), with T €&
[Q(log N), O(N)];

(4) Semigroups with Right-Zero Recurrent Subsemigroup: A = O(N/T), with T €
[e(1), o(N)].

ProoOF. First of all we note that the bounds on computation time are not
affected by layout issues, and hence are as in Theorem 1. As regards the wire area,
we distinguish the following four cases:

(1) MI-NCF Semigroups. These semigroups are processed by the networks of
Section 4.1, which are complete binary trees with w = O(N/T) leaves, where each
node is equipped with a queue of size O(log w) and logic circuitry of constant size.
These networks can be laid out in area 4 = O(w log w) according to the scheme
provided by Lemma 4. The queue of each node can be easily accommodated in
the vertical track of that node. In conclusion, we obtain 4 = O((N/T)log(N/T)).
The area is of the same order as the optimal size, and is therefore optimal.

(2) CF Semigroups. The upper bound for this case is obtained, as in case (1),
by the network of Section 4.1. It turns out that the obvious layout for the network
given in Section 4.2 for CF semigroups (a balanced binary tree with edges of
bandwidth proportional to their height) would result in a larger area, in spite of a
smaller size. The boundary layout of this network needs further investigation. The
lower bound follows from Lemmas 3 and 5, with w= Q(N/T) and h = O(T).

(3) CF-Insertion and NMI Semigroups, Except for Those with Right-Zero Re-
current Subsemigroup. These semigroups (see Remark at the end of Section 4.2
and Section 4.3) are processed by complete binary trees with constant-size nodes
and w = ©O(N/T) leaves. The upper bounds stated in the theorem can be achieved
by emulating the complete binary trees of our prefix networks with the trees of
Lemma 6 with & = ©(T). The lower bound follows from Lemmas 3 and 5, with
w=Q(N/T)and h = O(T).

(4) Semigroups with Right-Zero Recurrent Subsemigroup. As observed in Sec-
tion 4.3, the prefix networks for these semigroups consist of w = O(N/T) combi-
national circuits of constant size. A simple layout having the shape of an array of
constant height and O(w) width yields a boundary circuit of area 4 = O(N/T),
which is trivially optimal. [

6. Remarks and Open Problems

In this paper, we have considered the computation of the prefixes of an N-rerm
sequence of semigroup elements on Boolean networks. We have completely char-
acterized the size~time and the area-time complexity of the networks as a function
of N, under some assumptions on the network’s 1/O protocol.

A problem intimately related to the computation of prefixes is the computation
of suffixes z; = x;X;4, -+ Xy, forj=0, 1, ..., N — 1. It is readily observed that
the suffixes for a semigroup (A, - ) are the prefixes of its reverse semigroup (A4, =),
where x * y = y - x. It must be noted, however, that a semigroup and its reverse
are not necessarily in the same class, as characterized in this paper. A notable case
in point is the semigroup of the carry function in binary addition mentioned in
Section 2, which is a friction semigroup, where its reverse semigroup (a left-zero
two-element semigroup with adjoined identity) is frictionless because it is CF. The
latter is easily seen to model the comparison-exchange operation of two binary
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integers. Nevertheless, the operation of comparison-exchange exhibits computa-
tional friction for reasons unrelated to the underlying prefix computation (see [2]).

It would be interesting to investigate to which extent the results of this paper
depend on the [/O protocol assumptions.

In this direction, it is appropriate to observe that, for some semigroups, non-
word-instantaneous circuits are more efficient than word-instantaneous ones. A
simple example is provided by the direct product of the OR semigroup ({0, 1},
OR)) (which is CF) with the right-zero semigroup of two elements R, (which is
NMI). It is straightforward to verify that this direct product is a friction semigroup.
Now let C, be the network of Section 4.2 specialized for the OR semigroup, and
let C, be the network of Section 4.3 specialized for R,. Both C, and C, have size .S
= O(N/T). Taken as a pair, they clearly compute the direct product of their
respective semigroups with size S = O(N/T), seemingly contradicting Theorem 4.
A closer look at C; and C; reveals the delay between the input time of x; and the
output time of y;, is constant in the latter and is logarithmic in the former. There is
simply no way to combine the two networks so that the protocol of the result is
word-instantaneous both in the input and in the output. Therefore, Theorem 4
does not apply to the pair (C,, (), and there is no contradiction.

The major outstanding problem is the investigation of the dependence of network
complexity upon semigroup size and operation. For example, in Theorem § we
have shown that, for the important case of insertion semigroups, the upper bounds
of Theorem 7 can be considerably improved. However, the construction of prefix
Boolean networks that are optimal also with reference to semigroup size remains
an open problem.

Appendix. Proof of Theorem 3

Sufficiency. (If {recur(A4), -} is isomorphic to Z,,, then (A4, -) is NML) We
begin by observing that every & € A has a recurrent power b'. In fact, each
nonrecurrent element may appear at most once in the sequence b, b2, b3, . . ..

Next, we claim that if @ € recur(A), then (ab) € recur(A4), for any b € A. Let |
be such that b’ € recur(4). By the isomorphism between recur(A4) and Z,,, ab’
and a belong to the same strongly connected component of G(A4). Therefore, for
some z, ab'z = a, whence (ab)(b'~'zb) = (ab), which implies that (ab) is recurrent.

Each nonrecurrent element may appear at most once in any sequence of prefixes
and, by the preceding claim, if prefix y; is recurrent then y; will also be recurrent
for every j > i. We conclude that there is a (minimum) integer #, such that (xx;

* Xim,—1) € recur(A) for any choice of xo, xi, ..., Xun,—i. It follows that for j =
2m, — 1 both{(xo - -+ X,,,—1) and (X;—,n,+1 - - - X;) belong to recur(A4). Since recur(A)
is isomorphic to some Z, ,, by Definition 4, y; = Xo -+ + X, —1 Xjmpm,+1 - -+ X; for any
Jj = 2m, — 1. This shows that for j > 2m, — 1, y; does not functionally depend
upon X, , Xm,+1s - - - » Xj—m,, and therefore (A4, - ) is NMI.

Necessity. (If (A, -y is NMI, then (recur(A),- ) is isomorphic to Z, ,.) This part
of the proof is based on a number of claims stated and proved below. Let recur(A)
be the union of strongly connected components Cy, C,, . .., C,.

CrLamM Al.  The components C,, C, . .., C, of recur(A) have no outgoing arcs
in G(A), that is, if a € C,, then (ac) € C, for all c € A.

ProOOF OF CLAIM Al. Assume, for a contradiction, that ¢ € C, and that,
for some ¢ € A4, ac € C, with s # r. Since a € recur(A), there is a b € 4 such
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that ab = a. We now show that y; functionally depends upon x; fori =0, ..., J,
that is, (4, -) is MIL. To see that y; depends upon x,, consider the products ab’
and (ac)b’ that differ only for the xo-factor. Clearly, ab’ = a. On the other hand,
since ac € C,, then (ab)b’ & C,, otherwise C, and C, would not be distinct strongly
connected components of recur(A); thus (ac)b’ # a. To see that y; depends
on x; for 1 =i < j, consider the products ab™™'bb’~" = ab’ = a and ab™'cb’/™" =
(ac)b’~! & C, which differ only in the x;-factor and have different values. We have
a contradiction, which establishes Claim Al. O

CLamM A2, If{A, -) is NMI, then each element of A has period 1.

PrROOF OF CLAIM A2, Assume, for a contradiction, that there is an element a
with period =2. Then (A, -) has a subsemigroup A’ with an identity ¢ and at least
another element, say . Then, forevery j = 0,and 0 </ < j, e = ¢/ = ¢'ee/™ #
e'ae’~" = a. Thus (A, -) is MI, a contradiction. [J

Below, we make use of the following notation: If C C 4 and a € A are such that,
for u € C, ua is independent of u, then uq is denoted by Ca.

CLamM A3, Forr=1,2,...,p,ifaand b are in C,, then ba = a. Thus, each
C, is a right-zero subsemigroup, and for a € C,, we can write C.a = a.

PrROOF OF CLAIM A3. Let u € C,. Since (4, -) is not MI, by Claim A2, u has
period 1 and hence, for some &, u**' = u*. Let a = u*. Clearly, a € C,, and
a® = a. Thus, if C, = {a}, then Claim A3 is established. Assume then that C,
contains also b, with b # a. By definition of strongly connected component, there
is a ¢ € A such that ac = b. We claim that ba = a. We prove the claim by
contradiction by showing that if ba # a, then for j = 0 and 0 = i <, y; functionally
depends upon x;, and therefore (A4, -) is ML

We consider four cases. For j = 0, y; = X, obviously depends upon x,. For
J =1, yi = xox, depends upon both factors as shown by the inequalities ba # aa
and aa # ac. For j = 2 and i < j, the dependence is established considering the
products @ = a’*! = qa'aa’~, and a’ca’~’ = aca = ba. For i = j, the dependence
follows from the fact that a’ = a’“'a # a’"'c.

Summarizing, for every b € C,, ba = a, that is, C,a = a. Moreover, b’ =
b(ac) = (ba)c = ac = b, so that all the elements of C, are idempotent. Since the
argument to show that C,a = a is based solely on the idempotence of 4, it can be
extended to all elements of C,, yielding the desired conclusion. []

CrLamMm Ad. Ifa € recur(A) and b € C,, then ba is independent of b, and can be
written as C,a.

Proor oF CLAIM A4. For a contradiction, let b, and b, be elements of C, such
that b,a # b,a. Since a € recur(A), then a” = a for any p = 1. Then, for j = 2 and
i <j, bya = bbya’" # b b,a’™' = bya, so that y; depends upon x;, and the
semigroup is ML. O

CLAIM AS. Leta&€ C,and b€ C,, withr# 5. If Ca= b, then C.b = a, and for
no other ¢ € C, we have C,c = b.

ProOF OF CLAIM AS, Since, by hypothesis, C,a = b, then in particular ba = b.
Then C.b = C,(ba) = (C,b)a. But C.b € C,, and, by Claim A3, (C,b)a = a. This
establishes C,b = a. Assume now, for a contradiction, that for some ¢ € C,, ¢ # 4,
C,c = b. This implies C,b = ¢, a contradiction. O
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Claim A5 shows that, for any r and sin {1, ..., p}, there is a bijection between
C, and C,. Thus, C,, (,, ..., C, have identical cardinality ¢q. If we let C, =
{a,, aa, ..., a,}, then an arbitrary element of C), can be written in a unique way

as Cyay. Therefore recur(A) = {Crar:1 = h=p, 1 <k =g}

To establish that recur(4) is isomorphic to Z,,, it remains to show that
(CrarXC ar) = Chg,.. Indeed, (Chrar N Cyrar) = CylarCy)ay. Since a, € C;, by
Claim Al, a,C), € C,, whence, by Claim A3, (. C,)a, = a-. O
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