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❆❜str❛❝t✳ ❑♦r♥❡❧ ❙③❧❛❝❤á♥②✐ ❬✷✽❪ r❡❝❡♥t❧② ✉s❡❞ t❤❡ t❡r♠ s❦❡✇✲♠♦♥♦✐❞❛❧ ❝❛t❡❣♦r② ❢♦r
❛ ♣❛rt✐❝✉❧❛r ❧❛①✐✜❡❞ ✈❡rs✐♦♥ ♦❢ ♠♦♥♦✐❞❛❧ ❝❛t❡❣♦r②✳ ❍❡ s❤♦✇❡❞ t❤❛t ❜✐❛❧❣❡❜r♦✐❞s H ✇✐t❤
❜❛s❡ r✐♥❣ R ❝♦✉❧❞ ❜❡ ❝❤❛r❛❝t❡r✐③❡❞ ✐♥ t❡r♠s ♦❢ s❦❡✇✲♠♦♥♦✐❞❛❧ str✉❝t✉r❡s ♦♥ t❤❡ ❝❛t❡❣♦r②
♦❢ ♦♥❡✲s✐❞❡❞ R✲♠♦❞✉❧❡s ❢♦r ✇❤✐❝❤ t❤❡ ❧❛① ✉♥✐t ✇❛s R ✐ts❡❧❢✳ ❲❡ ❞❡✜♥❡ s❦❡✇ ♠♦♥♦✐❞❛❧❡s
✭♦r s❦❡✇ ♣s❡✉❞♦✲♠♦♥♦✐❞s✮ ✐♥ ❛♥② ♠♦♥♦✐❞❛❧ ❜✐❝❛t❡❣♦r② M ✳ ❚❤❡s❡ ❛r❡ s❦❡✇✲♠♦♥♦✐❞❛❧
❝❛t❡❣♦r✐❡s ✇❤❡♥ M ✐s Cat✳ ❖✉r ♠❛✐♥ r❡s✉❧ts ❛r❡ ♣r❡s❡♥t❡❞ ❛t t❤❡ ❧❡✈❡❧ ♦❢ ♠♦♥♦✐❞❛❧
❜✐❝❛t❡❣♦r✐❡s✳ ❍♦✇❡✈❡r✱ ❛ ❝♦♥s❡q✉❡♥❝❡ ✐s t❤❛t q✉❛♥t✉♠ ❝❛t❡❣♦r✐❡s ❬✶✵❪ ✇✐t❤ ❜❛s❡ ❝♦♠♦♥♦✐❞
C ✐♥ ❛ s✉✐t❛❜❧② ❝♦♠♣❧❡t❡ ❜r❛✐❞❡❞ ♠♦♥♦✐❞❛❧ ❝❛t❡❣♦r② V ❛r❡ ♣r❡❝✐s❡❧② s❦❡✇ ♠♦♥♦✐❞❛❧❡s ✐♥
Comod(V ) ✇✐t❤ ✉♥✐t ❝♦♠✐♥❣ ❢r♦♠ t❤❡ ❝♦✉♥✐t ♦❢ C✳ ◗✉❛♥t✉♠ ❣r♦✉♣♦✐❞s ✭✐♥ t❤❡ s❡♥s❡ ♦❢
❬✻❪ r❛t❤❡r t❤❛♥ ❬✶✵❪✮ ❛r❡ t❤♦s❡ s❦❡✇ ♠♦♥♦✐❞❛❧❡s ✇✐t❤ ✐♥✈❡rt✐❜❧❡ ❛ss♦❝✐❛t✐✈✐t② ❝♦♥str❛✐♥t✳
■♥ ❢❛❝t✱ ✇❡ ♣r♦✈✐❞❡ s♦♠❡ ✈❡r② ❣❡♥❡r❛❧ r❡s✉❧ts ❝♦♥♥❡❝t✐♥❣ ♦♣♠♦♥♦✐❞❛❧ ♠♦♥❛❞s ❛♥❞ s❦❡✇
♠♦♥♦✐❞❛❧❡s✳ ❲❡ ✉s❡ ❛ ❧❛① ✈❡rs✐♦♥ ♦❢ t❤❡ ❝♦♥❝❡♣t ♦❢ ✇❛r♣✐♥❣ ❞❡✜♥❡❞ ✐♥ ❬✸❪ t♦ ♠♦❞✐❢②
♠♦♥♦✐❞❛❧ str✉❝t✉r❡s✳

✶✳ ■♥tr♦❞✉❝t✐♦♥

❚♦ ♣r♦✈❡ ❝♦❤❡r❡♥❝❡ ❢♦r ♠♦♥♦✐❞❛❧ ❝❛t❡❣♦r✐❡s✱ ▼❛❝ ▲❛♥❡ ❬✷✶❪ ❢♦✉♥❞ t❤❛t ✜✈❡ ❛①✐♦♠s s✉✣❝❡❞✳
❑❡❧❧② ❬✶✻❪ r❡❞✉❝❡❞ t❤❡s❡ t♦ t✇♦ ❛①✐♦♠s✳ ❍♦✇❡✈❡r✱ t❤❡ r❡❞✉❝t✐♦♥ ❞❡♣❡♥❞s ❝r✐t✐❝❛❧❧② ♦♥
✐♥✈❡rt✐❜✐❧✐t② ♦❢ t❤❡ ❛ss♦❝✐❛t✐✈✐t② ❛♥❞ ✉♥✐t ❝♦♥str❛✐♥ts✳

❆ s❦❡✇✲♠♦♥♦✐❞❛❧ ❝❛t❡❣♦r② ✐♥ t❤❡ s❡♥s❡ ♦❢ ❙③❧❛❝❤á♥②✐ ❬✷✽❪ ✐s ❞❡✜♥❡❞ ✐♥ t❤❡ s❛♠❡ ✇❛②
❛s ❛ ♠♦♥♦✐❞❛❧ ❝❛t❡❣♦r② ✭s❡❡ ❬✶✶❪ ♦r ❬✷✷❪✮ ❡①❝❡♣t t❤❛t t❤❡ ❛ss♦❝✐❛t✐✈✐t② ❛♥❞ ✉♥✐t ❝♦♥str❛✐♥ts
♥❡❡❞ ♥♦t ❜❡ ✐♥✈❡rt✐❜❧❡✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❞✐r❡❝t✐♦♥s ♦❢ t❤❡s❡ ❝♦♥str❛✐♥ts ♠✉st ❜❡ s♣❡❝✐✜❡❞✳
❋♦r ❛ ❧❡❢t s❦❡✇✲♠♦♥♦✐❞❛❧ ❝❛t❡❣♦r② C ✇✐t❤ t❡♥s♦r ♣r♦❞✉❝t ❢✉♥❝t♦r ∗ : C × C −→ C ❛♥❞
✉♥✐t ♦❜❥❡❝t J ✱ t❤❡ ♥❛t✉r❛❧ ❢❛♠✐❧✐❡s ♦❢ ❧❛① ❝♦♥str❛✐♥ts ❤❛✈❡ t❤❡ ❞✐r❡❝t✐♦♥s

αXY Z : (X ∗ Y ) ∗ Z −→ X ∗ (Y ∗ Z) ✭✶✳✶✮

λX : J ∗X −→ X ✭✶✳✷✮

ρX : X −→ X ∗ J ✭✶✳✸✮

❇♦t❤ ❛✉t❤♦rs ❣r❛t❡❢✉❧❧② ❛❝❦♥♦✇❧❡❞❣❡ t❤❡ s✉♣♣♦rt ♦❢ ❆✉str❛❧✐❛♥ ❘❡s❡❛r❝❤ ❈♦✉♥❝✐❧ ❉✐s❝♦✈❡r② ●r❛♥t
❉P✶✵✾✹✽✽✸❀ ▲❛❝❦ ❛❝❦♥♦✇❧❡❞❣❡s ✇✐t❤ ❡q✉❛❧ ❣r❛t✐t✉❞❡ t❤❡ s✉♣♣♦rt ♦❢ ❛♥ ❆✉str❛❧✐❛♥ ❘❡s❡❛r❝❤ ❈♦✉♥❝✐❧
❋✉t✉r❡ ❋❡❧❧♦✇s❤✐♣✳

❘❡❝❡✐✈❡❞ ❜② t❤❡ ❡❞✐t♦rs ✷✵✶✷✲✵✺✲✷✺ ❛♥❞✱ ✐♥ r❡✈✐s❡❞ ❢♦r♠✱ ✷✵✶✷✲✵✽✲✸✵✳
❚r❛♥s♠✐tt❡❞ ❜② ❲❛❧t❡r ❚❤♦❧❡♥✳ P✉❜❧✐s❤❡❞ ♦♥ ✷✵✶✷✲✵✾✲✵✹✳
✷✵✵✵ ▼❛t❤❡♠❛t✐❝s ❙✉❜❥❡❝t ❈❧❛ss✐✜❝❛t✐♦♥✿ ✶✽❉✶✵❀ ✶✽❉✵✺❀ ✶✻❚✶✺❀ ✶✼❇✸✼❀ ✷✵●✹✷❀ ✽✶❘✺✵✳
❑❡② ✇♦r❞s ❛♥❞ ♣❤r❛s❡s✿ ❜✐❛❧❣❡❜r♦✐❞❀ ❢✉s✐♦♥ ♦♣❡r❛t♦r❀ q✉❛♥t✉♠ ❝❛t❡❣♦r②❀ ♠♦♥♦✐❞❛❧ ❜✐❝❛t❡❣♦r②❀

♠♦♥♦✐❞❛❧❡❀ s❦❡✇✲♠♦♥♦✐❞❛❧ ❝❛t❡❣♦r②❀ ❝♦♠♦♥♦✐❞❀ ❍♦♣❢ ♠♦♥❛❞✳
➞ ❙t❡♣❤❡♥ ▲❛❝❦ ❛♥❞ ❘♦ss ❙tr❡❡t✱ ✷✵✶✷✳ P❡r♠✐ss✐♦♥ t♦ ❝♦♣② ❢♦r ♣r✐✈❛t❡ ✉s❡ ❣r❛♥t❡❞✳

✸✽✺
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s✉❜❥❡❝t t♦ ✜✈❡ ❝♦♥❞✐t✐♦♥s✿ t❤❡ ♣❡♥t❛❣♦♥ ❢♦r α✱ ❛ ❝♦♥❞✐t✐♦♥ r❡❧❛t✐♥❣ αXJY ✱ λY ❛♥❞ ρX ✱
♦♥❡ r❡❧❛t✐♥❣ αJXY ❛♥❞ λ✱ ♦♥❡ r❡❧❛t✐♥❣ αXY J ❛♥❞ ρ✱ ❛♥❞ ♦♥❡ r❡❧❛t✐♥❣ λJ ❛♥❞ ρJ ✳ ❋♦r ❛
r✐❣❤t s❦❡✇✲♠♦♥♦✐❞❛❧ ❝❛t❡❣♦r②✱ t❤❡ ❝♦♥str❛✐♥ts ❤❛✈❡ t❤❡✐r ❞✐r❡❝t✐♦♥s r❡✈❡rs❡❞✳ ❆ ❧❡❢t s❦❡✇✲
♠♦♥♦✐❞❛❧ str✉❝t✉r❡ ♦♥ C ②✐❡❧❞s ❛ r✐❣❤t ♦♥❡ ❜♦t❤ ♦♥ C op ✭✐♥ ✇❤✐❝❤ ♠♦r♣❤✐s♠s ❛r❡ r❡✈❡rs❡❞✮
❛♥❞ ♦♥ C rev ✭✐♥ ✇❤✐❝❤ t❤❡ t❡♥s♦r ✐s s✇✐t❝❤❡❞✮✳

❆ ❧❡❢t s❦❡✇ ♠♦♥♦✐❞❛❧ ❝❛t❡❣♦r② ✇✐❧❧ ❜❡ ❝❛❧❧❡❞ ❍♦♣❢ ✇❤❡♥ t❤❡ ❛ss♦❝✐❛t✐✈✐t② ❝♦♥str❛✐♥t ✐s
✐♥✈❡rt✐❜❧❡✳ ❚❤❡ r❡❛s♦♥ ❢♦r t❤✐s t❡r♠ s❤♦✉❧❞ ❜❡❝♦♠❡ ❝❧❡❛r✳ ■t ✐s ❝❛❧❧❡❞ ❧❡❢t ❬r✐❣❤t❪ ♥♦r♠❛❧
✇❤❡♥ t❤❡ ❧❡❢t ❬r✐❣❤t❪ ✉♥✐t ❝♦♥str❛✐♥ts ❛r❡ ✐♥✈❡rt✐❜❧❡✳ ❙♦ ❛ ♠♦♥♦✐❞❛❧ ❝❛t❡❣♦r② ✐s ♣r❡❝✐s❡❧② ❛
❧❡❢t ❛♥❞ r✐❣❤t ♥♦r♠❛❧ ❍♦♣❢ ❧❡❢t s❦❡✇ ♠♦♥♦✐❞❛❧ ❝❛t❡❣♦r②✳

■t ✇❛s s❤♦✇♥ ✐♥ ❬✷✼❪ t❤❛t t❤❡ ❜✐❛❧❣❡❜r♦✐❞s ✭❛s ❝♦♥s✐❞❡r❡❞ ❜② ❬✷✾✱ ✷✵✱ ✸✵✱ ✶✺❪✮ ✇✐t❤
❜❛s❡ r✐♥❣ R ❛♠♦✉♥t t♦ ❝♦❝♦♥t✐♥✉♦✉s ♦♣♠♦♥♦✐❞❛❧ ♠♦♥❛❞s ♦♥ t❤❡ ❝❛t❡❣♦r② ♦❢ t✇♦✲s✐❞❡❞
R✲♠♦❞✉❧❡s✳ ❚❤✐s ✇❛s ♦♥❡ ♠♦t✐✈❛t✐♦♥ ❢♦r ❬✶✵❪ ✐♥ ❞❡✜♥✐♥❣ q✉❛♥t✉♠ ❝❛t❡❣♦r✐❡s ✐♥ ❛ ❜r❛✐❞❡❞
♠♦♥♦✐❞❛❧ ❝❛t❡❣♦r② V ❛s ♠♦♥♦✐❞❛❧ ❝♦♠♦♥❛❞s ✐♥ ❛♥ ❛♣♣r♦♣r✐❛t❡ ♣❧❛❝❡✳ ❲❤❡♥ V ✐s t❤❡ ❞✉❛❧
♦❢ t❤❡ ❝❛t❡❣♦r② ♦❢ ❛❜❡❧✐❛♥ ❣r♦✉♣s✱ q✉❛♥t✉♠ ❝❛t❡❣♦r✐❡s ❛r❡ ❜✐❛❧❣❡❜r♦✐❞s✳

❲❤❛t ✐s s❤♦✇♥ ✐♥ ❬✷✽❪ ✐s t❤❛t s✉❝❤ ❜✐❛❧❣❡❜r♦✐❞s ❛r❡ ❝❧♦s❡❞ ❧❡❢t s❦❡✇✲♠♦♥♦✐❞❛❧ str✉❝✲
t✉r❡s ♦♥ t❤❡ ❝❛t❡❣♦r② ♦❢ ❧❡❢t R✲♠♦❞✉❧❡s✳ ❚❤✐s ✐s t❤❡ ♠♦t✐✈❛t✐♦♥ ❢♦r t❤❡ ♣r❡s❡♥t ♣❛♣❡r
✇❤❡r❡ ✇❡ s❤♦✇ t❤❛t q✉❛♥t✉♠ ❝❛t❡❣♦r✐❡s ❛r❡ s❦❡✇✲♠♦♥♦✐❞❛❧ ♦❜❥❡❝ts✱ ✇✐t❤ ❛ ❝❡rt❛✐♥ ✉♥✐t✱
✐♥ ❛♥ ❛♣♣r♦♣r✐❛t❡ ♠♦♥♦✐❞❛❧ ❜✐❝❛t❡❣♦r②✳ ❚❤❡ ❍♦♣❢ s❦❡✇✲♠♦♥♦✐❞❛❧ ♦❜❥❡❝ts ❛r❡ q✉❛♥t✉♠
❣r♦✉♣♦✐❞s✳

❲❡ ♣r❡s❡♥t ♦✉r ♠❛✐♥ t❤❡♦r❡♠s ✐♥ ❙❡❝t✐♦♥ ✺ ❛t t❤❡ ❧❡✈❡❧ ♦❢ ♠♦♥♦✐❞❛❧ ❜✐❝❛t❡❣♦r✐❡s✳ ❲❡
❛❧s♦ r❡❧❛t❡ t❤❡ ✇♦r❦ t♦ t❤❡ ❢✉s✐♦♥ ♦♣❡r❛t♦rs ♦❢ ❬✷✹❪ ❛♥❞ t❤❡ ✇❛r♣✐♥❣s ♦❢ ♠♦♥♦✐❞❛❧ str✉❝t✉r❡s
♦❢ ❬✸❪✳

✷✳ ❋✉s✐♦♥ ♦♣❡r❛t♦rs✱ tr✐❝♦❝②❝❧♦✐❞s ❛♥❞ ❜✐♠♦♥♦✐❞s

▲❡t V ❜❡ ❛ ❜r❛✐❞❡❞ ♠♦♥♦✐❞❛❧ ❝❛t❡❣♦r② ❬✶✹❪✳ ❲❡ ✇r✐t❡ ❛s ✐❢ ✐t ✇❡r❡ str✐❝t ♠♦♥♦✐❞❛❧✳
❆ ❧❛① ❢✉s✐♦♥ ♦♣❡r❛t♦r ♦♥ ❛♥ ♦❜❥❡❝t A ✐♥ V ✐s ❛ ♠♦r♣❤✐s♠

V : A⊗ A −→ A⊗ A

s❛t✐s❢②✐♥❣ t❤❡ ❢✉s✐♦♥ ❡q✉❛t✐♦♥
V23V12 = V12V13V23 ✭✷✳✹✮

✇❤❡r❡ V12 = V ⊗ 1A✱ V23 = 1A ⊗ V ❛♥❞ V13 = (cA,A ⊗ 1A)(1A ⊗ V )(cA,A ⊗ 1A)
−1✳ ■t ✐s ❛

❢✉s✐♦♥ ♦♣❡r❛t♦r ✭❛s ❞❡✜♥❡❞ ✐♥ ❬✷✹❪✮ ✇❤❡♥ V ✐s ✐♥✈❡rt✐❜❧❡✳
■❢ ✇❡ ♣✉t v = cA,AV ✱ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✳✶ ♦❢ ❬✷✹❪ s❤♦✇s t❤❛t V s❛t✐s✜❡s ✭✷✳✹✮

✐❢ ❛♥❞ ♦♥❧② ✐❢ v s❛t✐s✜❡s t❤❡ ✸✲❝♦❝②❝❧❡ ❝♦♥❞✐t✐♦♥

(v ⊗ 1A)(1A ⊗ cA,A)(v ⊗ 1A) = (1A ⊗ v)(v ⊗ 1A)(1A ⊗ v) . ✭✷✳✺✮

❆ ❧❛① tr✐❝♦❝②❝❧♦✐❞ ✐♥ V ✐s ❞❡✜♥❡❞ t♦ ❜❡ ❛♥ ♦❜❥❡❝t A ❡q✉✐♣♣❡❞ ✇✐t❤ ❛ ♠♦r♣❤✐s♠ v :
A ⊗ A −→ A ⊗ A s❛t✐s❢②✐♥❣ ✭✷✳✺✮✳ ❚❤❡ ❧❛① tr✐❝♦❝②❝❧♦✐❞ (A, v) ✐s ❛✉❣♠❡♥t❡❞ ✇❤❡♥ ✐t ✐s
❡q✉✐♣♣❡❞ ✇✐t❤ ❛ ✉♥✐t η : I −→ A ❛♥❞ ❛ ❝♦✉♥✐t ε : A −→ I s❛t✐s❢②✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦✉r
❝♦♥❞✐t✐♦♥s✿

(A
1A⊗η
−→ A⊗ A

v
−→ A⊗ A

1A⊗ε
−→ A) = (A

1A
−→ A) ✭✷✳✻✮
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(A⊗ A
v
−→ A⊗ A

ε⊗1A
−→ A) = (A⊗ A

1A⊗ε
−→ A) ✭✷✳✼✮

(A
η⊗1A
−→ A⊗ A

v
−→ A⊗ A) = (A

1A⊗η
−→ A⊗ A) ✭✷✳✽✮

(I
η
−→ A

ε
−→ I) = (I

1I
−→ I) . ✭✷✳✾✮

✷✳✶✳ Pr♦♣♦s✐t✐♦♥✳ ▲❡t V ❜❡ ❛ ❜r❛✐❞❡❞ ♠♦♥♦✐❞❛❧ ❝❛t❡❣♦r② ❛♥❞ ❧❡t A ❜❡ ❛♥ ❛✉❣♠❡♥t❡❞ ❧❛①
tr✐❝♦❝②❝❧♦✐❞✳ ❆ ❧❡❢t s❦❡✇ ♠♦♥♦✐❞❛❧ str✉❝t✉r❡ ♦♥ V ✇✐t❤ t❤❡ s❛♠❡ ✉♥✐t ♦❜❥❡❝t I ✐s ❞❡✜♥❡❞
❛s ❢♦❧❧♦✇s✳ ❚❤❡ ♥❡✇ t❡♥s♦r ♣r♦❞✉❝t ✐s

X ∗ Y = A⊗X ⊗ Y ,

t❤❡ ❛ss♦❝✐❛t✐✈✐t② ❝♦♥str❛✐♥t αXY Z : (X ∗ Y ) ∗ Z −→ X ∗ (Y ∗ Z) ✐s

αXY Z = (1A ⊗ cA,X ⊗ 1Y ⊗ 1Z)(v ⊗ 1X ⊗ 1Y ⊗ 1Z) ,

t❤❡ ❧❡❢t ✉♥✐t ❝♦♥str❛✐♥t λX : I ∗X −→ X ✐s

ε⊗ 1X : A⊗X −→ X ,

❛♥❞ t❤❡ r✐❣❤t ✉♥✐t ❝♦♥str❛✐♥t ρX : X −→ X ∗ I ✐s

η ⊗ 1X : X −→ A⊗X .

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳✶ ♦❢ ❬✷✹❪ s❤♦✇s t❤❛t α s❛t✐s✜❡s t❤❡ ♣❡♥t❛❣♦♥✳ ❚❤❡
♦t❤❡r ❛①✐♦♠s ❢♦❧❧♦✇✱ ♦♥❡ ❜② ♦♥❡✱ ❢r♦♠ t❤❡ ❢♦✉r ❛①✐♦♠s ♦♥ ❛♥ ❛✉❣♠❡♥t❛t✐♦♥✳

✷✳✷✳ ❘❡♠❛r❦✳ ■♥ t❤❡ t❡r♠✐♥♦❧♦❣② t♦ ❜❡ ✐♥tr♦❞✉❝❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✱ ❛♥ ❛✉❣♠❡♥t❡❞ ❧❛① tr✐❝♦✲
❝②❝❧♦✐❞ ✐s ♣r❡❝✐s❡❧② ❛ ❧❡❢t s❦❡✇ ♠♦♥♦✐❞❛❧ str✉❝t✉r❡ ♦♥ t❤❡ ✉♥✐t ♠♦♥♦✐❞ I✱ ✐♥ t❤❡ ♠♦♥♦✐❞❛❧
❜✐❝❛t❡❣♦r② Mod(V ) ♦❢ ♠♦♥♦✐❞s ✐♥ V ❛♥❞ t✇♦✲s✐❞❡❞ ♠♦❞✉❧❡s ❜❡t✇❡❡♥ t❤❡♠✱ ✇❤❡r❡ t❤❡
✉♥✐t ✐s I ❛❝t✐♥❣ ♦♥ ✐ts❡❧❢ ♦♥ ❜♦t❤ s✐❞❡s✳ ❍♦✇❡✈❡r✱ ✇❡ ✇✐❧❧ ♥♦✇ s❡❡ t❤❛t ✐t ✐s ❛❧s♦ s♦♠❡t❤✐♥❣
♣❡r❤❛♣s ♠♦r❡ ❢❛♠✐❧✐❛r✳

✷✳✸✳ Pr♦♣♦s✐t✐♦♥✳ ▲❡t V ❜❡ ❛ ❜r❛✐❞❡❞ ♠♦♥♦✐❞❛❧ ❝❛t❡❣♦r②✳ ❚❤❡r❡ ✐s ❛ ❜✐❥❡❝t✐♦♥ ❜❡t✇❡❡♥
❜✐♠♦♥♦✐❞ str✉❝t✉r❡s ♦♥ ❛♥ ♦❜❥❡❝t A✱ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✐♥✈❡rs❡ ❜r❛✐❞✐♥❣✱ ❛♥❞ ❛✉❣♠❡♥t❡❞
❧❛① tr✐❝♦❝②❝❧♦✐❞ str✉❝t✉r❡s ♦♥ A✳ ❚❤❡ ❜✐❥❡❝t✐♦♥ ✐s ❞❡✜♥❡❞ ❜②

v = (A⊗ A
δ⊗1A
−→ A⊗ A⊗ A

1A⊗µ
−→ A⊗ A

cA,A

−→ A⊗ A)

❛♥❞ t❤❡ ✐♥✈❡rs❡ ✐s ❞❡✜♥❡❞ ❜②

µ = (A⊗ A
v
−→ A⊗ A

1A⊗ε
−→ A)

δ = (A
1A⊗η
−→ A⊗ A

v
−→ A⊗ A

c−1

A,A

−→ A⊗ A) ,

✇❤❡r❡✱ ♦❢ ❝♦✉rs❡✱ t❤❡ ✉♥✐t ❛♥❞ ❝♦✉♥✐t ♦❢ t❤❡ ❜✐♠♦♥♦✐❞ ❣✐✈❡ t❤❡ ❛✉❣♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ❧❛①
tr✐❝♦❝②❝❧♦✐❞✳ ❚❤❡ ❜✐♠♦♥♦✐❞ ✐s ❍♦♣❢ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ♦♣❡r❛t♦r v ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❧❛①
tr✐❝♦❝②❝❧♦✐❞ ✐s ✐♥✈❡rt✐❜❧❡✳

Pr♦♦❢✳ ❚❤✐s ✐s q✉✐t❡ ❛♥ ❡♥❥♦②❛❜❧❡ ❡①❡r❝✐s❡ ✇✐t❤ t❤❡ str✐♥❣ ❞✐❛❣r❛♠s ♦❢ ❬✶✸❪✳ P❛rt ♦❢ ✐t ✐s
❞♦♥❡ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✳✷ ♦❢ ❬✷✹❪✳ ❚❤❡ ❧❛st s❡♥t❡♥❝❡ ♦❢ t❤❡ Pr♦♣♦s✐t✐♦♥✱ ✇✐t❤
str✐♥❣ ❞✐❛❣r❛♠♠❛t✐❝ ♣r♦♦❢✱ ❝❛♥ ❜❡ ❢♦✉♥❞ ❛s Pr♦♣♦s✐t✐♦♥ ✶✵ ♦❢ ❬✷❪✳
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✸✳ ❙❦❡✇ ✇❛r♣✐♥❣s

❚❤❡ ❝♦♥❝❡♣t ♦❢ ✇❛r♣✐♥❣ ❢♦r ❛ ♠♦♥♦✐❞❛❧ ❝❛t❡❣♦r② ✇❛s ✐♥tr♦❞✉❝❡❞ ❛t t❤❡ ❡♥❞ ♦❢ ❬✸❪ ❛s ❛
✇❛② ♦❢ ♠♦❞✐❢②✐♥❣ t❤❡ ♠♦♥♦✐❞❛❧ str✉❝t✉r❡✳ ❲❡ ♥♦✇ ❛❞❛♣t t❤❛t ✐❞❡❛ t♦ s❦❡✇ ♠♦♥♦✐❞❛❧
❝❛t❡❣♦r✐❡s✳ ❆ ♣♦ss✐❜❧❡ ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ ✇❛r♣✐♥❣s ❛♥❞ s❦❡✇ ♠♦♥♦✐❞❛❧ ❝❛t❡❣♦r✐❡s ✇❛s
♠❡♥t✐♦♥❡❞ ❛❧r❡❛❞② ❜② ❙③❧❛❝❤á♥②✐ ❬✷✽❪✳

▲❡t A ❞❡♥♦t❡ ❛ ❧❡❢t s❦❡✇ ♠♦♥♦✐❞❛❧ ❝❛t❡❣♦r②✳ ❆ s❦❡✇ ❧❡❢t ✇❛r♣✐♥❣ ♦❢ A ❝♦♥s✐sts ♦❢ t❤❡
❢♦❧❧♦✇✐♥❣ ❞❛t❛✿

✭❛✮ ❛ ❢✉♥❝t♦r T : A −→ A ❀

✭❜✮ ❛♥ ♦❜❥❡❝t K ♦❢ A ❀

✭❝✮ ❛ ♥❛t✉r❛❧ ❢❛♠✐❧② ♦❢ ♠♦r♣❤✐s♠s vA,B : T (TA⊗ B) −→ TA⊗ TB ✐♥ A ❀

✭❞✮ ❛ ♠♦r♣❤✐s♠ v0 : TK −→ I❀ ❛♥❞✱

✭❡✮ ❛ ♥❛t✉r❛❧ ❢❛♠✐❧② ♦❢ ♠♦r♣❤✐s♠s kA : A −→ TA⊗K❀

s✉❝❤ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ✜✈❡ ❞✐❛❣r❛♠s ❝♦♠♠✉t❡✳

T (TA⊗ B)⊗ TC
vA,B⊗1

// (TA⊗ TB)⊗ TC

αTA,TB,TC

��
T (T (TA⊗ B)⊗ C)

vTA⊗B,C

OO

T (vA,B⊗1)

��

TA⊗ (TB ⊗ TC)

T ((TA⊗ TB)⊗ C)

TαTA,TB,C **UUUUUUUUUUUUUUUU
TA⊗ T (TB ⊗ C)

1⊗vB,C

OO

T (TA⊗ (TB ⊗ C))

vA,TB⊗C

44jjjjjjjjjjjjjjjj

✭✸✳✶✵✮

TK ⊗ TB
v0⊗1TB

&&NNNNNNNNNNN

T (TK ⊗ B)

vK,B

77nnnnnnnnnnnn

T (v0⊗1B)
��

I ⊗ TB

λTB

��
T (I ⊗ B)

TλB

// TB

✭✸✳✶✶✮

T (TA⊗K)
vA,K // TA⊗ TK

1⊗v0
��

TA

TkA

OO

ρTA

// TA⊗ I

✭✸✳✶✷✮
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T (TA⊗ B)⊗K
vA,B⊗1K // (TA⊗ TB)⊗K

αTA,TB,K

��
TA⊗ B

kTA⊗B

OO

1TA⊗kB

// TA⊗ (TB ⊗K)

✭✸✳✶✸✮

TK ⊗K
v0⊗1K // I ⊗K

λK
��

K
1K

//

kK

OO

K

✭✸✳✶✹✮

❆ s❦❡✇ ❧❡❢t ✇❛r♣✐♥❣ ✐s ❝❛❧❧❡❞ ❍♦♣❢ ✇❤❡♥ ❡❛❝❤ vA,B ✐s ✐♥✈❡rt✐❜❧❡✳

✸✳✶✳ ❊①❛♠♣❧❡✳ ❆♥ ❛✉❣♠❡♥t❡❞ ❧❛① tr✐❝♦❝②❝❧♦✐❞ (A, v, η, ε) ✐♥ ❛ ❜r❛✐❞❡❞ ♠♦♥♦✐❞❛❧ ❝❛t❡❣♦r②
V ❞❡t❡r♠✐♥❡s ❛ s❦❡✇ ❧❡❢t ✇❛r♣✐♥❣ ♦♥ V ✇✐t❤ TX = A⊗X✱ K = I✱

vX,Y = (A⊗ A⊗X ⊗ Y
v⊗1X⊗1Y
−→ A⊗ A⊗X ⊗ Y

1A⊗cA,X⊗1Y
−→ A⊗X ⊗ A⊗ Y ) ,

v0 = ε : A −→ I, ❛♥❞ kX = η ⊗ 1X : X −→ A⊗X.

✸✳✷✳ ❊①❛♠♣❧❡✳ ❙✉♣♣♦s❡ A ✐s ❛ ♠♦♥♦✐❞❛❧ ❝❛t❡❣♦r② ❛♥❞ K ✐s ❛♥ ♦❜❥❡❝t ✐♥ ✐t ✇❤✐❝❤ ❤❛s
❛ r✐❣❤t ❞✉❛❧ R ✇✐t❤ ✉♥✐t η : I −→ R ⊗ K ❛♥❞ ❝♦✉♥✐t ε : K ⊗ R −→ I✳ ❆ ❍♦♣❢ s❦❡✇
❧❡❢t ✇❛r♣✐♥❣ ♦♥ A ✐s ❞❡✜♥❡❞ ❜② TA = A ⊗ R✱ K = K✱ vA,B = 1A⊗R⊗B⊗R✱ v0 = ε ❛♥❞
kA = 1A ⊗ η✳

❚❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ ♠♦♥♦✐❞❛❧ ❢✉♥❝t♦r✱ ♦♣♠♦♥♦✐❞❛❧ ❢✉♥❝t♦r✱ ♠♦♥♦✐❞❛❧ ♥❛t✉r❛❧ tr❛♥s✲
❢♦r♠❛t✐♦♥ ❛♥❞ ♦♣♠♦♥♦✐❞❛❧ ♥❛t✉r❛❧ tr❛♥s❢♦r♠❛t✐♦♥ ❝❛♥ ❜❡ ♠❛❞❡ ✈❡r❜❛t✐♠ ❢♦r ❧❡❢t s❦❡✇
♠♦♥♦✐❞❛❧ ❝❛t❡❣♦r✐❡s✳ ❋♦r ❡①❛♠♣❧❡✱ ✐❢ A ❛♥❞ X ❛r❡ ❧❡❢t s❦❡✇ ♠♦♥♦✐❞❛❧ ❝❛t❡❣♦r✐❡s✱ ❛♥
♦♣♠♦♥♦✐❞❛❧ ❢✉♥❝t♦r T : A −→ X ✐s ❡q✉✐♣♣❡❞ ✇✐t❤ ❛ ♥❛t✉r❛❧ ❢❛♠✐❧② ♦❢ ♠♦r♣❤✐s♠s
ψA,B : T (A⊗ B) −→ TA⊗ TB ❛♥❞ ❛ ♠♦r♣❤✐s♠ ψ0 : TI −→ I s❛t✐s❢②✐♥❣ t❤❡ ✉s✉❛❧ t❤r❡❡
❛①✐♦♠s ❜✉t ❦❡❡♣✐♥❣ ✐♥ ♠✐♥❞ t❤❛t t❤❡ ❝♦♥str❛✐♥ts ✐♥ A ❛♥❞ X ❛r❡ ♥♦t ♥❡❝❡ss❛r✐❧② ✐♥✈❡rt✲
✐❜❧❡✳ ❚❤❡ ❝♦♥❝❡♣t ♦❢ ♦♣♠♦♥♦✐❞❛❧ ♠♦♥❛❞ ♦♥ ❛ ❧❡❢t s❦❡✇✲♠♦♥♦✐❞❛❧ ❝❛t❡❣♦r② ✐s t❤❡r❡❢♦r❡
❝❧❡❛r✳

✸✳✸✳ ❘❡♠❛r❦✳ ❆ ♠♦♥♦✐❞❛❧ ❝❛t❡❣♦r② A ✐s ❜♦t❤ ❧❡❢t ❛♥❞ r✐❣❤t s❦❡✇✲♠♦♥♦✐❞❛❧ ❜② t❛❦✐♥❣
t❤❡ ✐♥✈❡rs❡ ❝♦♥str❛✐♥ts✳ ❆♥ ♦♣♠♦♥♦✐❞❛❧ ♠♦♥❛❞ T ♦♥ A ✐s t❤❡ s❛♠❡ ❛s ❛♥ ♦♣♠♦♥♦✐❞❛❧
♠♦♥❛❞ ♦♥ t❤❡ ♠♦♥♦✐❞❛❧ ❝❛t❡❣♦r② A rev ✭✇❤✐❝❤ ✐s A ✇✐t❤ r❡✈❡rs❡❞ t❡♥s♦r ♣r♦❞✉❝t✮✳

✸✳✹✳ ❊①❛♠♣❧❡✳ ❙✉♣♣♦s❡ T ✐s ❛♥ ♦♣♠♦♥♦✐❞❛❧ ♠♦♥❛❞ ♦♥ ❛ ❧❡❢t s❦❡✇ ♠♦♥♦✐❞❛❧ ❝❛t❡❣♦r② A ✳
❆ s❦❡✇ ❧❡❢t ✇❛r♣✐♥❣ ♦♥ A ✐s ❞❡✜♥❡❞ ❜② T = T ✱ K = I✱

vA,B = (T (TA⊗ B)
ψTA,B

−→ TTA⊗ TB
µA⊗1TB
−→ TA⊗ TB) ,

v0 = ψ0 : TI −→ I

❛♥❞
kA = (A

ηA
−→ TA

ρTA
−→ TA⊗ I) .
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❚❤✐s ❡①❛♠♣❧❡ ❤❛s ❛ ❝♦♥✈❡rs❡ ❛s ❡①♣r❡ss❡❞ ❜② Pr♦♣♦s✐t✐♦♥ ✸✳✺ ❜❡❧♦✇✳

❚❤❡ ♥❡①t Pr♦♣♦s✐t✐♦♥ ❝♦♥t❛✐♥s ❘❡♠❛r❦ ✷✳✼ ♦❢ ❬✹❪ ❝♦♥❝❡r♥✐♥❣ t❤❡ s♣❡❝✐❛❧ ❝❛s❡ ✇❤❡r❡ A

✐s ♠♦♥♦✐❞❛❧❀ ❛❧s♦ s❡❡ ❬✷✺❪✳

✸✳✺✳ Pr♦♣♦s✐t✐♦♥✳ ❙✉♣♣♦s❡ t❤❡ ❧❡❢t s❦❡✇ ♠♦♥♦✐❞❛❧ ❝❛t❡❣♦r② A ✐s r✐❣❤t ♥♦r♠❛❧✳ ❚❤❡♥
t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❊①❛♠♣❧❡ ✸✳✹ ❞❡t❡r♠✐♥❡s ❛ ❜✐❥❡❝t✐♦♥ ❜❡t✇❡❡♥ ♦♣♠♦♥♦✐❞❛❧ ♠♦♥❛❞s ♦♥
A ❛♥❞ s❦❡✇ ❧❡❢t ✇❛r♣✐♥❣s ♦♥ A ❢♦r ✇❤✐❝❤ K = I✳

Pr♦♦❢✳ ●✐✈❡♥ ❛ s❦❡✇ ❧❡❢t ✇❛r♣✐♥❣ ✇✐t❤ K = I✱ ✇❡ ♦❜t❛✐♥ ❛ ♠♦♥❛❞ str✉❝t✉r❡ ♦♥ T ❜②
t❛❦✐♥❣ t❤❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ µ t♦ ❜❡ t❤❡ ❝♦♠♣♦s✐t❡

TTA
TρTA
−→ T (TA⊗ I)

vA,I

−→ TA⊗ TI
1TA⊗v0
−→ TA⊗ I

ρ−1

TA
−→ TA

❛♥❞ t❤❡ ✉♥✐t ηA t♦ ❜❡

A
kA
−→ TA⊗ I

ρ−1

TA
−→ TA .

❋♦r t❤❡ ♦♣♠♦♥♦✐❞❛❧ str✉❝t✉r❡✱ ✇❡ t❛❦❡ ψA,B t♦ ❜❡

T (A⊗ B)
T (ηA⊗1B)
−→ T (TA⊗ B)

vA,B

−→ TA⊗ TB

❛♥❞ ψ0 t♦ ❜❡ v0 : TI −→ I✳

❚❤❡ ♥❡①t r❡s✉❧t ✐s ❡❛s✐❧② ♣r♦✈❡❞✳

✸✳✻✳ Pr♦♣♦s✐t✐♦♥✳ ❆ s❦❡✇ ❧❡❢t ✇❛r♣✐♥❣ ♦❢ ❛ ❧❡❢t s❦❡✇ ♠♦♥♦✐❞❛❧ ❝❛t❡❣♦r② A ❞❡t❡r♠✐♥❡s
❛♥♦t❤❡r ❧❡❢t s❦❡✇ ♠♦♥♦✐❞❛❧ str✉❝t✉r❡ ♦♥ A ❛s ❢♦❧❧♦✇s✿

✭❛✮ t❡♥s♦r ♣r♦❞✉❝t ❢✉♥❝t♦r A ∗B = TA⊗ B❀

✭❜✮ ✉♥✐t K❀

✭❝✮ ❛ss♦❝✐❛t✐✈✐t② ❝♦♥str❛✐♥t

T (TA⊗ B)⊗ C
vA,B⊗1C
−→ (TA⊗ TB)⊗ C

αTA,TB,C

−→ TA⊗ (TB ⊗ C) ;

✭❞✮ ❧❡❢t ✉♥✐t ❝♦♥str❛✐♥t

TK ⊗ B
v0⊗1B
−→ I ⊗ B

λB
−→ B ;

✭❡✮ r✐❣❤t ✉♥✐t ❝♦♥str❛✐♥t

A
kA
−→ TA⊗K .

❚❤❡r❡ ✐s ❛♥ ♦♣♠♦♥♦✐❞❛❧ ❢✉♥❝t♦r (T, v0, vA,B) : (A , ∗, K) −→ (A ,⊗, I)✳

✸✳✼✳ ❊①❛♠♣❧❡✳ ❆♣♣❧②✐♥❣ Pr♦♣♦s✐t✐♦♥ ✸✳✻ t♦ ❊①❛♠♣❧❡ ✸✳✷✱ ✇❡ ♦❜t❛✐♥ ❛ ❍♦♣❢ ❧❡❢t s❦❡✇✲
♠♦♥♦✐❞❛❧ str✉❝t✉r❡ ♦♥ ❛♥② ♠♦♥♦✐❞❛❧ ❝❛t❡❣♦r② A ❢r♦♠ ❛ ❞✉❛❧✐t② K ⊣ R✳ ❚❤❡ ♥❡✇ t❡♥s♦r
♣r♦❞✉❝t ✐s ❞❡✜♥❡❞ ❜② A ∗ B = A ⊗ R ⊗ B✳ ❲❡ ❞❡♥♦t❡ A ❡q✉✐♣♣❡❞ ✇✐t❤ t❤✐s ❧❡❢t s❦❡✇✲
♠♦♥♦✐❞❛❧ str✉❝t✉r❡ ❜② AK ✳ ❆ ❜✐❝❛t❡❣♦r✐❝❛❧ ✈❡rs✐♦♥ ♦❢ t❤✐s s✐♠♣❧❡ ✐❞❡❛ ✇✐❧❧ ❜❡ ♦❢ s♦♠❡
✐♥t❡r❡st ❜❡❧♦✇✳
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✸✳✽✳ ❊①❛♠♣❧❡✳❇② ❘❡♠❛r❦ ✸✳✸✱ ✇❡ s❡❡ t❤❛t ❛♥ ♦♣♠♦♥♦✐❞❛❧ ♠♦♥❛❞ ♦♥ ❛ ♠♦♥♦✐❞❛❧ ❝❛t❡❣♦r②
A ❣✐✈❡s r✐s❡ t♦ ❜♦t❤ ❛ ❧❡❢t ❛♥❞ r✐❣❤t s❦❡✇✲♠♦♥♦✐❞❛❧ str✉❝t✉r❡ ♦♥ A ❀ t❤❡ ❧❡❢t t❡♥s♦r ♣r♦❞✉❝t
♦❢ A ❛♥❞ B ✐s TA⊗ B ✇❤✐❧❡ t❤❡ r✐❣❤t ✐s A⊗ TB❀ t❤❡ ✉♥✐t ✐s I ❛s ✐♥ A ✐♥ ❜♦t❤ ❝❛s❡s✳

✹✳ ❙❦❡✇ ♠♦♥♦✐❞❛❧❡s

▲❡t M ❜❡ ❛ ♠♦♥♦✐❞❛❧ ❜✐❝❛t❡❣♦r② ❬✾❪✱ ✇❤✐❝❤ ✐s t❤❡ ♥❛t✉r❛❧ ❝♦♥t❡①t ✐♥ ✇❤✐❝❤ ♠♦♥♦✐❞❛❧❡s ✭♦r
♣s❡✉❞♦♠♦♥♦✐❞s✮ ❝❛♥ ❜❡ st✉❞✐❡❞ ❬✶✷✱ ✾✱ ✶✾❪✳ ▼♦st❧②✱ ✇❡ ✇r✐t❡ ❛s ✐❢ ✐t ✇❡r❡ ❛ ●r❛② ♠♦♥♦✐❞
❬✶✷✱ ✾❪✳

❆ ❧❡❢t s❦❡✇✲♠♦♥♦✐❞❛❧ str✉❝t✉r❡ ♦♥ ❛♥ ♦❜❥❡❝t C ✐♥ M ❝♦♥s✐sts ♦❢ ♠♦r♣❤✐s♠s p : C ⊗ C −→ C✱
j : I −→ C✱ r❡s♣❡❝t✐✈❡❧② ❝❛❧❧❡❞ t❤❡ t❡♥s♦r ♣r♦❞✉❝t ❛♥❞ ✉♥✐t✱ ❛♥❞ ✷✲❝❡❧❧s

C ⊗ (C ⊗ C)
1⊗p // C ⊗ C

p

""FFFFFFFFF

(C ⊗ C)⊗ C

aC,C,C

66mmmmmmmmmmmmm

p⊗1
//

KS
α� �

� �
� �
� �

C ⊗ C p
// C

✭✹✳✶✺✮

C ⊗ C

p
##GGGGGGGGG I ⊗ C
j⊗1oo

ℓ{{xxxxxxxxxλ +3

C

✭✹✳✶✻✮

C

1
��

r // C ⊗ I

1⊗j

��

ρ +3

C C ⊗ Cp
oo ,

✭✹✳✶✼✮

r❡s♣❡❝t✐✈❡❧② ❝❛❧❧❡❞ t❤❡ ❛ss♦❝✐❛t✐✈✐t②✱ ❧❡❢t ✉♥✐t ❛♥❞ r✐❣❤t ✉♥✐t ❝♦♥str❛✐♥ts✱ s❛t✐s❢②✐♥❣ t❤❡
❢♦❧❧♦✇✐♥❣ ✜✈❡ ❝♦♥❞✐t✐♦♥s✳

p(p⊗ 1)(1⊗ p⊗ 1)
α(1⊗p⊗1)

**TTTTTTTTTTTTTTTT

p(p⊗ 1)(p⊗ 1⊗ 1)

p(α⊗1)
44jjjjjjjjjjjjjjjj

α(p⊗1⊗1)
��

p(1⊗ p)(1⊗ p⊗ 1)

p(1⊗α)
��

p(1⊗ p)(p⊗ 1⊗ 1)

∼= **TTTTTTTTTTTTTTTT
p(1⊗ p)(1⊗ 1⊗ p)

p(p⊗ 1)(1⊗ 1⊗ p)
α(1⊗1⊗p)

44jjjjjjjjjjjjjjjj

✭✹✳✶✽✮

p(p⊗ 1)(1⊗ j ⊗ 1)
α(1⊗j⊗1) // p(1⊗ p)(1⊗ j ⊗ 1)

p(1⊗λ)
��

p
1

//

p(ρ⊗1)

OO

p

✭✹✳✶✾✮
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p(p⊗ 1)(j ⊗ 1⊗ 1)
p(λ⊗1) //

α(j⊗1⊗1)
��

p

p(1⊗ p)(j ⊗ 1⊗ 1)
∼=

// p(j ⊗ 1)p

λp

OO

✭✹✳✷✵✮

p
p(1⊗ρ) //

ρp

��

p(1⊗ p)(1⊗ 1⊗ j)

p(1⊗ j)p
∼=

// p(p⊗ 1)(1⊗ 1⊗ j)

α(1⊗1⊗j)

OO

✭✹✳✷✶✮

p(1⊗ j)j
∼= // p(j ⊗ 1)j

λj

��
j

1
//

ρj

OO

j

✭✹✳✷✷✮

❆♥ ♦❜❥❡❝t C ♦❢ M ❡q✉✐♣♣❡❞ ✇✐t❤ ❛ ❧❡❢t s❦❡✇✲♠♦♥♦✐❞❛❧ str✉❝t✉r❡ ✐s ❝❛❧❧❡❞ ❛ ❧❡❢t s❦❡✇
♠♦♥♦✐❞❛❧❡ ✐♥ M ✳

✹✳✶✳ ❘❡♠❛r❦✳ ❚❤❡ ♠✐❝r♦❝♦s♠ ♣r✐♥❝✐♣❧❡ ❛♣♣❧✐❡s ❤❡r❡✳ ❚❤❡r❡ ✐s ❛ ❝♦♥❝❡♣t ♦❢ ❧❡❢t s❦❡✇✲
♠♦♥♦✐❞❛❧ ❜✐❝❛t❡❣♦r②✳ ■♥❞❡❡❞✱ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ tr✐❝❛t❡❣♦r② ✐♥ ❬✶✷❪ ❤❛s t❤❡ ❝♦♥str❛✐♥ts
♣r❡❝✐s❡❧② ✐♥ t❤❡ r❡q✉✐r❡❞ ❞✐r❡❝t✐♦♥s✳ ❲❤❛t ✇❡ ✇❛♥t ❤❡r❡ ✐s t❤❡ ♦♥❡ ♦❜❥❡❝t ❝❛s❡✳ ❙♦ ❛ ❧❡❢t
s❦❡✇✲♠♦♥♦✐❞❛❧ str✉❝t✉r❡ ♦♥ ❛ ❜✐❝❛t❡❣♦r② M ❤❛s ❛ ♣s❡✉❞♦❢✉♥❝t♦r ⊗ : M ×M −→ M

❛♥❞ ✉♥✐t ♦❜❥❡❝t I ✇✐t❤ ♣s❡✉❞♦♥❛t✉r❛❧ ❝♦♥str❛✐♥ts

aXY Z : (X ⊗ Y )⊗ Z −→ X ⊗ (Y ⊗ Z)

ℓX : I ⊗X −→ X

rX : X −→ X ⊗ I .

❲❤❡r❡ t❤❡r❡ ✇❡r❡ ✜✈❡ ❛①✐♦♠s ❢♦r ❛ ❧❡❢t s❦❡✇✲♠♦♥♦✐❞❛❧ ❝❛t❡❣♦r②✱ t❤❡r❡ ❛r❡ ♥♦✇ ❤✐❣❤❡r✲
♦r❞❡r ❝♦♥str❛✐♥ts ✇❤✐❝❤ ✇❡ t❛❦❡ t♦ ❜❡ ✐♥✈❡rt✐❜❧❡ ♠♦❞✐✜❝❛t✐♦♥s ✐♥ t❤❡ ❞✐❛❣r❛♠s ❢♦r t❤♦s❡
❛①✐♦♠s✳ ❚❤❡r❡ ❛r❡ ❛①✐♦♠s ♦♥ t❤❡s❡ ♠♦❞✐✜❝❛t✐♦♥s ❡ss❡♥t✐❛❧❧② ❛s s❡t ♦✉t ✐♥ ❬✶✷❪✳ ✭❚❤❡r❡ ✐s
♣r❡s✉♠❛❜❧② ❛♥ ❡✈❡♥ ♠♦r❡ s❦❡✇ ✈❡rs✐♦♥ ♦❢ ♠♦♥♦✐❞❛❧ ❜✐❝❛t❡❣♦r② ✇❤❡r❡ t❤❡s❡ ♠♦❞✐✜❝❛t✐♦♥s
❛r❡ ♥♦t r❡q✉✐r❡❞ t♦ ❜❡ ✐♥✈❡rt✐❜❧❡ ❜✉t ❛s ②❡t ✇❡ ❤❛✈❡ ♥♦ ♥❡❡❞ ❢♦r t❤❛t ❣❡♥❡r❛❧✐t②✳✮

❚❤❡ ♣♦✐♥t ✇❡ ✇✐s❤ t♦ ♠❛❦❡ ✐s t❤❛t ❧❡❢t s❦❡✇ ♠♦♥♦✐❞❛❧❡ ♠❛❦❡s s❡♥s❡ ✐♥ ❛♥② ❧❡❢t s❦❡✇✲
♠♦♥♦✐❞❛❧ ❜✐❝❛t❡❣♦r②✳ ■♥❞❡❡❞✱ t❤❡ r❡❛s♦♥ ❢♦r ✇r✐t✐♥❣ t❤❡ str✉❝t✉r❡s ✭✹✳✶✺✮✱ ✭✹✳✶✻✮ ❛♥❞ ✭✹✳✶✼✮
t❤❡ ✇❛② ✇❡ ❤❛✈❡ ✐s t♦ s❤♦✇ t❤✐s ❧❡✈❡❧ ♦❢ ❣❡♥❡r❛❧✐t②✳ ❍♦✇❡✈❡r✱ t❤❡ ❛①✐♦♠s ✭✹✳✶✽✮ t♦ ✭✹✳✷✷✮
♠✉st ❜❡ r❡❞r❛✇♥ ♠♦r❡ ❢✉❧❧② ✉s✐♥❣ ♣❛st✐♥❣ ❞✐❛❣r❛♠s s✐♥❝❡ t❤❡② ❝✉rr❡♥t❧② ❛r❡ ❛♣♣r♦♣r✐❛t❡
♦♥❧② ❢♦r ❛ ●r❛② ♠♦♥♦✐❞✳

❚♦ ❝♦♠♣❧❡t❡ t❤✐s r❡♠❛r❦✱ ♥♦t✐❝❡ t❤❛t r✐❣❤t s❦❡✇ ♠♦♥♦✐❞❛❧❡ ❛❧s♦ ♠❛❦❡s s❡♥s❡ ✐♥ ❛♥②
❧❡❢t s❦❡✇✲♠♦♥♦✐❞❛❧ ❜✐❝❛t❡❣♦r②✳ ❚❤✐s ✐s ❜❡❝❛✉s❡ r❡✈❡rs✐♥❣ ✷✲❝❡❧❧s ✐♥ M ②✐❡❧❞s ❛ ❧❡❢t s❦❡✇✲
♠♦♥♦✐❞❛❧ str✉❝t✉r❡ ♦♥ M co❀ t❤❡♥ ❛ r✐❣❤t s❦❡✇ ♠♦♥♦✐❞❛❧❡ ✐♥ M ❝❛♥ ❜❡ ❞❡✜♥❡❞ t♦ ❜❡ ❛
❧❡❢t s❦❡✇ ♠♦♥♦✐❞❛❧❡ ✐♥ M co✳
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✹✳✷✳ ❊①❛♠♣❧❡✳ ❆ ❧❡❢t s❦❡✇ ♠♦♥♦✐❞❛❧❡ ✐♥ t❤❡ ❝❛rt❡s✐❛♥ ♠♦♥♦✐❞❛❧ ✷✲❝❛t❡❣♦r② Cat ♦❢ ❝❛t✲
❡❣♦r✐❡s✱ ❢✉♥❝t♦rs ❛♥❞ ♥❛t✉r❛❧ tr❛♥s❢♦r♠❛t✐♦♥s ✐s ❛ ❧❡❢t s❦❡✇✲♠♦♥♦✐❞❛❧ ❝❛t❡❣♦r② ❛s ✐♥ ❙❡❝✲
t✐♦♥ ✶✳

✹✳✸✳ ❊①❛♠♣❧❡✳ ▼♦r❡ ❣❡♥❡r❛❧❧②✱ ❢♦r ❜r❛✐❞❡❞ ♠♦♥♦✐❞❛❧ ❝❛t❡❣♦r② V ✱ ❛ ❧❡❢t s❦❡✇ ♠♦♥♦✐❞❛❧❡
C ✐♥ t❤❡ ♠♦♥♦✐❞❛❧ ✷✲❝❛t❡❣♦r② V ✲Cat ♦❢ V ✲❝❛t❡❣♦r✐❡s✱ V ✲❢✉♥❝t♦rs ❛♥❞ V ✲♥❛t✉r❛❧ tr❛♥s✲
❢♦r♠❛t✐♦♥s ✐s ❞❡✜♥❡❞ t♦ ❜❡ ❛ ❧❡❢t s❦❡✇✲♠♦♥♦✐❞❛❧ V ✲❝❛t❡❣♦r②✳

✹✳✹✳ ❊①❛♠♣❧❡✳ ❋♦r ❛ s②♠♠❡tr✐❝ ❝❧♦s❡❞ ♠♦♥♦✐❞❛❧ ❝❛t❡❣♦r② V ✇❤✐❝❤ ✐s ❝♦♠♣❧❡t❡ ❛♥❞
❝♦❝♦♠♣❧❡t❡✱ ❛ ❧❡❢t s❦❡✇ ♠♦♥♦✐❞❛❧❡ C ✐♥ t❤❡ ♠♦♥♦✐❞❛❧ ❜✐❝❛t❡❣♦r② V ✲Mod ♦❢ V ✲❝❛t❡❣♦r✐❡s✱
t✇♦✲s✐❞❡❞ V ✲♠♦❞✉❧❡s ❛♥❞ V ✲♠♦❞✉❧❡ ♠♦r♣❤✐s♠s ✐s ❞❡✜♥❡❞ t♦ ❜❡ ❛ ❧❡❢t s❦❡✇✲♣r♦♠♦♥♦✐❞❛❧
V ✲❝❛t❡❣♦r②✳ ❆s ❢♦r t❤❡ ❝❛s❡ ♦❢ ❛ ♣r♦♠♦♥♦✐❞❛❧ V ✲❝❛t❡❣♦r② ✐♥ ❇r✐❛♥ ❉❛②✬s ❞♦❝t♦r❛❧ t❤❡s✐s
✭s❡❡ ❬✼❪✮✱ t❤❡ s❛♠❡ ❝♦♥✈♦❧✉t✐♦♥ ❢♦r♠✉❧❛s ❣✐✈❡ ❛ ❝❧♦s❡❞ ❧❡❢t s❦❡✇✲♠♦♥♦✐❞❛❧ V ✲❝❛t❡❣♦r②
[C op,V ]✳

✹✳✺✳ ❊①❛♠♣❧❡✳ ❆s ❛ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢ ❊①❛♠♣❧❡ ✹✳✹ ✭❛❝t✉❛❧❧②✱ ✇✐t❤ ❢❛r ❢❡✇❡r ❝♦♥❞✐t✐♦♥s
♦♥ V ❛♥❞ ❝❛r❡ ✇✐t❤ t❤❡ ❜r❛✐❞✐♥❣✮✱ ✇❡ s❡❡ ❢r♦♠ ❙❡❝t✐♦♥ ✷ t❤❛t ❡❛❝❤ ❜✐♠♦♥♦✐❞ ✐♥ V ②✐❡❧❞s
❛ ❧❡❢t s❦❡✇✲♣r♦♠♦♥♦✐❞❛❧ str✉❝t✉r❡ ♦♥ t❤❡ ✉♥✐t V ✲❝❛t❡❣♦r② I ✳

■t ✐s ♣♦ss✐❜❧❡ t♦ ❧✐❢t ♠♦st ♦❢ ✇❤❛t ✇❡ ❤❛✈❡ s❛✐❞ ❛❜♦✉t s❦❡✇✲♠♦♥♦✐❞❛❧ ❝❛t❡❣♦r✐❡s t♦ s❦❡✇
♠♦♥♦✐❞❛❧❡s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ♥♦t✐♦♥ ♦❢ s❦❡✇ ❧❡❢t ✇❛r♣✐♥❣ ♦♥ ❛ ♠♦♥♦✐❞❛❧❡ A ♠❛❦❡s s❡♥s❡✿
❥✉st ❛❞❛♣t ✐♥ t❤❡ ♦❜✈✐♦✉s ✇❛② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ✇❛r♣✐♥❣ ♦♥ A ❛s ❣✐✈❡♥ ✐♥ ❙❡❝t✐♦♥ ✽ ♦❢ ❬✸❪❀
t❤❡ ❞❛t❛ ❛r❡✿

✭❛✮ ❛ ♠♦r♣❤✐s♠ t : A −→ A❀

✭❜✮ ❛ ♠♦r♣❤✐s♠ k : I −→ A❀

✭❝✮ ❛ 2✲❝❡❧❧

A⊗ A
p // A

t

  AAAAAAAA

A⊗ A

t⊗1
99ssssssssss

t⊗t
//

v
��

  
 

  
 

A⊗ A p
// A ;

✭❞✮ ❛ 2✲❝❡❧❧

A
t

&&NNNNNNNNNNNNN

I

k

88rrrrrrrrrrrrr
j

//

v0
��

!!!
!!!

A ;

✭❡✮ ❛ 2✲❝❡❧❧

A⊗ A
p

''PPPPPPPPPPPPP

A

t⊗k

77ooooooooooooo
1A

//

KS
κ

��
�

��
�

A ;

s✉❜❥❡❝t t♦ ✜✈❡ ❛①✐♦♠s✳ ❲❡ ❤❛✈❡ ♠♦r❡ ❣❡♥❡r❛❧ ❢♦r♠s ♦❢ Pr♦♣♦s✐t✐♦♥s ✸✳✺ ❛♥❞ ✸✳✻✳
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✹✳✻✳ Pr♦♣♦s✐t✐♦♥✳ ❙✉♣♣♦s❡ t❤❡ ❧❡❢t s❦❡✇ ♠♦♥♦✐❞❛❧❡ A ✐s r✐❣❤t ♥♦r♠❛❧✳ ❚❤❡♥ t❤❡r❡ ✐s ❛
❜✐❥❡❝t✐♦♥ ❜❡t✇❡❡♥ ♦♣♠♦♥♦✐❞❛❧ ♠♦♥❛❞s ♦♥ A ❛♥❞ s❦❡✇ ❧❡❢t ✇❛r♣✐♥❣s ♦♥ A ❢♦r ✇❤✐❝❤ k = j✳

✹✳✼✳ Pr♦♣♦s✐t✐♦♥✳ ❆ s❦❡✇ ❧❡❢t ✇❛r♣✐♥❣ ♦❢ ❛ ❧❡❢t s❦❡✇ ♠♦♥♦✐❞❛❧❡ A ❞❡t❡r♠✐♥❡s ❛♥♦t❤❡r
❧❡❢t s❦❡✇ ♠♦♥♦✐❞❛❧ str✉❝t✉r❡ ♦♥ A ❛s ❢♦❧❧♦✇s✿

✭❛✮ t❡♥s♦r ♣r♦❞✉❝t ❢✉♥❝t♦r pt = p(t⊗ 1A) : A⊗ A −→ A❀

✭❜✮ ✉♥✐t k : I −→ A❀

✭❝✮ ❛ss♦❝✐❛t✐✈✐t② ❝♦♥str❛✐♥t

p(t⊗ 1)(p⊗ 1)(t⊗ 1⊗ 1)
p(v⊗1)
=⇒ p(p⊗ 1)(t⊗ t⊗ 1)

α(t⊗t⊗1)
=⇒ p(1⊗ p)(t⊗ t⊗ 1) ;

✭❞✮ ❧❡❢t ✉♥✐t ❝♦♥str❛✐♥t

p(tk ⊗ 1)
p(v0⊗1)
=⇒ p(j ⊗ 1)

λ
=⇒ 1A ;

✭❡✮ r✐❣❤t ✉♥✐t ❝♦♥str❛✐♥t
1A

κ
=⇒ p(t⊗ k) .

❚❤❡r❡ ✐s ❛♥ ♦♣♠♦♥♦✐❞❛❧ ♠♦r♣❤✐s♠ (t, v0, v) : (A, k, pt) −→ (A, p, j)✳

✹✳✽✳ ❊①❛♠♣❧❡✳ ❙✉♣♣♦s❡ K ✐s ❛♥ ♦❜❥❡❝t ✇✐t❤ ❛ r✐❣❤t ❜✐❞✉❛❧ R ✐♥ t❤❡ ♠♦♥♦✐❞❛❧ ❜✐❝❛t❡❣♦r②
M ✱ s♦ t❤❛t ✇❡ ❤❛✈❡ ❛ ✉♥✐t n : I −→ R ⊗ K ❛♥❞ ❝♦✉♥✐t e : K ⊗ R −→ I✳ ❲❡ ❝❛♥
❣❡♥❡r❛t❡ t❤❡ ♠♦♥♦✐❞❛❧❡ Ke = R ⊗K ✇✐t❤ t❡♥s♦r ♣r♦❞✉❝t p = 1 ⊗ e ⊗ 1 ❛♥❞ ✉♥✐t j = n✳
❈♦♥s✐❞❡r❛t✐♦♥ ♦❢ ❜✐❛❧❣❡❜r♦✐❞s ♠♦t✐✈❛t❡s ✉s t♦ ❝♦♥s✐❞❡r ♦♣♠♦♥♦✐❞❛❧ ♠♦♥❛❞s t ♦♥ Ke✳ ❇②
Pr♦♣♦s✐t✐♦♥ ✹✳✻✱ t❤❡s❡ ❛r❡ ✐♥ ❜✐❥❡❝t✐♦♥ ✇✐t❤ s❦❡✇ ❧❡❢t ✇❛r♣✐♥❣s t ♦♥ Ke ✇✐t❤ k = n✳ ◆♦✇
❜② Pr♦♣♦s✐t✐♦♥ ✹✳✼✱ ❛♥② s✉❝❤ ❞❡t❡r♠✐♥❡s ❛ ♥❡✇ ❧❡❢t s❦❡✇ ♠♦♥♦✐❞❛❧ str✉❝t✉r❡ pt ♦♥ K

e✳

✺✳ ❚✇♦ ❜✐❝❛t❡❣♦r✐❝❛❧ t❤❡♦r❡♠s

▲❡t M ❜❡ ❛ ♠♦♥♦✐❞❛❧ ❜✐❝❛t❡❣♦r② ❝♦♥t❛✐♥✐♥❣ ❛♥ ♦❜❥❡❝t K ✇✐t❤ ❛ r✐❣❤t ❜✐❞✉❛❧ R✳ ❆ ❍♦♣❢
❧❡❢t s❦❡✇✲♠♦♥♦✐❞❛❧ ❜✐❝❛t❡❣♦r② MK ✐s ❞❡✜♥❡❞ ❜② ❜✉♠♣✐♥❣ ❊①❛♠♣❧❡ ✸✳✼ ✉♣ ❛ ❞✐♠❡♥s✐♦♥✳
❚❤❡ t❡♥s♦r ♣r♦❞✉❝t ✐s A ∗ B = A ⊗ R ⊗ B ✇✐t❤ ✉♥✐t K✳ ▲❡t Ke ❞❡♥♦t❡ t❤❡ ♠♦♥♦✐❞❛❧❡
R⊗K ✇✐t❤ t❡♥s♦r ♣r♦❞✉❝t

p = 1⊗ e⊗ 1 : R⊗K ⊗R⊗K −→ R⊗K

❛♥❞ ✉♥✐t
j = n : I −→ R⊗K .

❖✉r ♣✉r♣♦s❡ ✐♥ t❤✐s s❡❝t✐♦♥ ✐s t♦ ❣✐✈❡ t✇♦ r❡✐♥t❡r♣r❡t❛t✐♦♥s ♦❢ ♦♣♠♦♥♦✐❞❛❧ ♠♦♥❛❞s
♦♥ Ke ❛s r✐❣❤t s❦❡✇ ♠♦♥♦✐❞❛❧❡s✳ ❚❤❡ ✜rst ✐s q✉✐t❡ ❣❡♥❡r❛❧ ✇❤✐❧❡ t❤❡ s❡❝♦♥❞ r❡q✉✐r❡s ❛
♠♦♥❛❞✐❝✐t② ❝♦♥❞✐t✐♦♥ s❛t✐s✜❡❞ ✐♥ ❡①❛♠♣❧❡s ♦❢ ✐♥t❡r❡st✳
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❚❤❡ ❜✐❞✉❛❧✐t② K ⊣b R ❣✐✈❡s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ ❝❛t❡❣♦r✐❡s

M (Ke, Ke) ≃M (K ∗K,K) ✭✺✳✷✸✮

t❛❦✐♥❣ t : R⊗K −→ R⊗K t♦ t̂ : K ⊗R⊗K
1⊗t
−→ K ⊗R⊗K

e⊗1
−→ K✳ ❙✐♠✐❧❛r❧②✱ ✇❡ ❤❛✈❡

❡q✉✐✈❛❧❡♥❝❡s ♦❢ ❝❛t❡❣♦r✐❡s

M (Ke
⊗Ke, Ke) ≃M (K ∗K ∗K,K) ✭✺✳✷✹✮

❛♥❞
M (I,Ke) ≃M (K,K) . ✭✺✳✷✺✮

✺✳✶✳ ❚❤❡♦r❡♠✳ ❚❤❡ ❡q✉✐✈❛❧❡♥❝❡ ✭✺✳✷✸✮ ✐♥❞✉❝❡s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ ❝❛t❡❣♦r✐❡s ❜❡t✇❡❡♥ ♦♣✲
♠♦♥♦✐❞❛❧ ♠♦♥❛❞s t ♦♥ Ke ✐♥ t❤❡ ♠♦♥♦✐❞❛❧ ❜✐❝❛t❡❣♦r② M ❛♥❞ r✐❣❤t s❦❡✇✲♠♦♥♦✐❞❛❧ str✉❝✲
t✉r❡s ♦♥ K ✇✐t❤ ✉♥✐t 1K ✐♥ t❤❡ ❍♦♣❢ ❧❡❢t s❦❡✇✲♠♦♥♦✐❞❛❧ ❜✐❝❛t❡❣♦r② MK✳

Pr♦♦❢✳ ❇② Pr♦♣♦s✐t✐♦♥ ✹✳✻✱ ❛♥ ♦♣♠♦♥♦✐❞❛❧ ♠♦♥❛❞ t ♦♥ Ke ❝❛♥ ❡q✉❛❧❧② ❜❡ t❤♦✉❣❤t ♦❢ ❛s
❛ s❦❡✇ r✐❣❤t ✇❛r♣✐♥❣ ♦❢ Ke ✇✐t❤ ✉♥✐t k = n✳ ❙♦ ✇❡ ❤❛✈❡ ❛ r✐❣❤t ❢✉s✐♦♥ ✷✲❝❡❧❧

v : t(1⊗ e⊗ 1)(1Ke ⊗ t) =⇒ (1⊗ e⊗ 1)(t⊗ t) : Ke
⊗Ke

−→ Ke ,

❛♥❞ ✷✲❝❡❧❧s
v0 = ψ0 : tn =⇒ n : I −→ Ke

❛♥❞
κ = η : 1Ke =⇒ (1⊗ e⊗ 1)(n⊗ t) ∼= t : Ke

−→ Ke ,

s❛t✐s❢②✐♥❣ ✜✈❡ ❛①✐♦♠s✳ ◆♦✇ ❧♦♦❦ ❛t t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ r✐❣❤t s❦❡✇✲♠♦♥♦✐❞❛❧❡✿ s❡❡ ✭✹✳✶✺✮✱
✭✹✳✶✻✮ ❛♥❞ ✭✹✳✶✼✮ ✇✐t❤ α✱ λ ❛♥❞ ρ r❡✈❡rs❡❞✳ ■♥ ♦✉r ❝❛s❡✱ ✇✐t❤ p = t̂ ❛♥❞ j = 1K ✱ ✇❡ s❡❡
t❤❛t ✇❡ r❡q✉✐r❡

αK : t̂(1K ⊗ 1R ⊗ t̂) =⇒ t̂(t̂⊗ 1R ⊗ 1K) : K ∗K ∗K −→ K ,

ρK : t̂(1K ⊗ n) =⇒ 1K : K −→ K

❛♥❞
λK : e⊗ 1K =⇒ t̂ : K ∗K −→ K

s❛t✐s❢②✐♥❣ t❤❡ ✜✈❡ ❛①✐♦♠s✳ ❲❡ ♦❜t❛✐♥ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ t❤❡ ❚❤❡♦r❡♠ ❜② ❝❤♦♦s✐♥❣ v✱ v0
❛♥❞ κ t♦ ❝♦rr❡s♣♦♥❞ r❡s♣❡❝t✐✈❡❧② t♦ αK ✱ ρK ❛♥❞ λK ✉♥❞❡r t❤❡ ❡q✉✐✈❛❧❡♥❝❡s ✭✺✳✷✹✮✱ ✭✺✳✷✺✮
❛♥❞ ✭✺✳✷✸✮✳
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◆♦✇ ✇❡ ♣r❡s❡♥t ✇❤❛t s❡❡♠s t♦ ✉s t♦ ❜❡ t❤❡ ❞❡❡♣❡st r❡s✉❧t ♦❢ t❤❡ ♣❛♣❡r✳

✺✳✷✳ ❚❤❡♦r❡♠✳ ❙✉♣♣♦s❡ M ✐s ❛ ♠♦♥♦✐❞❛❧ ❜✐❝❛t❡❣♦r② ✐♥ ✇❤✐❝❤ ❝♦♠♣♦s✐t✐♦♥ ♦♥ ❜♦t❤ s✐❞❡s
✇✐t❤ ❛ ♠♦r♣❤✐s♠ ♣r❡s❡r✈❡s ❛♥② r❡✢❡①✐✈❡ ❝♦❡q✉❛❧✐③❡rs t❤❛t ❡①✐st ✐♥ t❤❡ ❤♦♠ ❝❛t❡❣♦r✐❡s✳
❙✉♣♣♦s❡ K ⊣b R ✐s ❛ ❜✐❞✉❛❧✐t② ✐♥ M ✳ ❙✉♣♣♦s❡ ❛❧s♦ t❤❛t j : I −→ R ✐s ❛♥ ♦♣♠♦♥❛❞✐❝
✭❂ ❑❧❡✐s❧✐✲t②♣❡✮ ♠♦r♣❤✐s♠ ✐♥ M ❛♥❞ t❤❛t t❤❡ ♦♣♠♦♥❛❞✐❝✐t② ✐s ♣r❡s❡r✈❡❞ ❜② t❡♥s♦r✐♥❣
✇✐t❤ ♦❜❥❡❝ts ♦♥ ❜♦t❤ s✐❞❡s✳ ▲❡t j∗ : R −→ I ❜❡ ❛ r✐❣❤t ❛❞❥♦✐♥t ❢♦r j ❛♥❞ ♣✉t j◦ ❡q✉❛❧ t♦

(I
n
−→ R⊗K

j∗⊗1
−→ K)✳ ❚❤❡r❡ ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ ❝❛t❡❣♦r✐❡s ❜❡t✇❡❡♥ ♦♣♠♦♥♦✐❞❛❧ ♠♦♥❛❞s

t ♦♥ Ke ✐♥ t❤❡ ♠♦♥♦✐❞❛❧ ❜✐❝❛t❡❣♦r② M ❛♥❞ r✐❣❤t s❦❡✇✲♠♦♥♦✐❞❛❧ str✉❝t✉r❡s ♦♥ K ✇✐t❤ ✉♥✐t
j◦ ✐♥ t❤❡ ♠♦♥♦✐❞❛❧ ❜✐❝❛t❡❣♦r② M ✳ ❚❤❡ s❦❡✇ t❡♥s♦r ♣r♦❞✉❝t qt ❢♦r K ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t ✐s
t❤❡ ❝♦♠♣♦s✐t❡

K ⊗K
1⊗j⊗1
−→ K ⊗R⊗K

1⊗t
−→ K ⊗R⊗K

e⊗1
−→ K .

Pr♦♦❢✳ ▲❡t s = j∗j ❜❡ t❤❡ ♠♦♥❛❞ ❣❡♥❡r❛t❡❞ ❜② t❤❡ ❛❞❥✉♥❝t✐♦♥ j ⊣ j∗✳ ❲❡ s❤❛❧❧ ✉s❡
❚❤❡♦r❡♠ ✺✳✶ t♦ ❛✈♦✐❞ t❤❡ ♦♣♠♦♥♦✐❞❛❧ ♠♦♥❛❞ t ❜② ❞❡❛❧✐♥❣ ✇✐t❤ t❤❡ ❞❛t❛ t̂✱ 1K ✱ αK ✱ ρK
❛♥❞ λK ✇❤✐❝❤ ❛❧r❡❛❞② ❢♦r♠ ❛ r✐❣❤t s❦❡✇✲♠♦♥♦✐❞❛❧ str✉❝t✉r❡ ♦♥ K s♦♠❡✇❤❡r❡✱ ♥❛♠❡❧②✱ ✐♥

MK ✳ ❲❤✐❧❡ qt ✐s ♦❜t❛✐♥❡❞ ❢r♦♠ t̂ s✐♠♣❧② ❛s t❤❡ ❝♦♠♣♦s✐t❡ K⊗K
1⊗j⊗1
−→ K⊗R⊗K

t̂
−→ K✱

✐♥ ♦r❞❡r t♦ ✉s❡ t❤❡ ♦♣♠♦♥❛❞✐❝ ♣r♦♣❡rt② ♦❢ 1⊗ j⊗ 1 : K⊗K −→ K⊗R⊗K t♦ r❡♣r♦❞✉❝❡
❛ t̂ ❢r♦♠ ❛ r✐❣❤t s❦❡✇ t❡♥s♦r ♠♦r♣❤✐s♠ q : K ⊗K −→ K✱ ✇❡ r❡q✉✐r❡ ❛♥ ♦♣❛❝t✐♦♥

ζ : q(1⊗ s⊗ 1) =⇒ q : K ⊗K −→ K .

❚❤✐s ✷✲❝❡❧❧ ✐s ♦❜t❛✐♥❡❞ ❛s ❢♦❧❧♦✇s✳ ❯s✐♥❣ t❤❡ ❛❞❥✉♥❝t✐♦♥ j ⊗ 1 ⊣ j∗ ⊗ 1✱ ✇❡ ♦❜t❛✐♥ ❛ ♠❛t❡
ν : j ⊗ 1 =⇒ (1 ⊗ q)(n ⊗ 1) ❢♦r λ : 1 =⇒ q(j◦ ⊗ 1) : K −→ K✳ ❲❡ ❞❡✜♥❡ ζ t♦ ❜❡ t❤❡
❝♦♠♣♦s✐t❡

q(1⊗ j∗ ⊗ 1)(1⊗ j ⊗ 1)
q(1⊗j∗⊗1)(1⊗ν)

=⇒ q(1⊗ j∗ ⊗ 1)(1⊗ 1⊗ q)(1⊗ n⊗ 1)

∼= q(1⊗ q)(1⊗ j∗ ⊗ 1⊗ 1)(1⊗ n⊗ 1)
α(1⊗j∗⊗1⊗1)(1⊗n⊗1)

=⇒

q(q ⊗ 1)(1⊗ j∗ ⊗ 1⊗ 1)(1⊗ n⊗ 1)
q(ρ⊗1)
=⇒ q .

❚❤❡ ♦♣❛❝t✐♦♥ ❛①✐♦♠s ❛♥❞ t❤❡ ♥❡❝❡ss✐t② ❢♦r ζ t♦ ❜❡ ❞❡✜♥❡❞ t❤✐s ✇❛② ❝❛♥ ❜❡ ✈❡r✐✜❡❞✳
❙✐♠✐❧❛r❧②✱ t❤❡ ❝♦♥str❛✐♥t α : q(1 ⊗ q) =⇒ q(q ⊗ 1) ✐s ♦❜t❛✐♥❡❞ s✐♠♣❧② ❢r♦♠ αK ❜②

♣r❡❝♦♠♣♦s✐♥❣ ✇✐t❤ 1⊗ j ⊗ 1⊗ j ⊗ 1 : K ⊗K ⊗K −→ K ⊗R⊗K ⊗R⊗K✳ ❍♦✇❡✈❡r✱ t♦
r❡♣r♦❞✉❝❡ αK ❢r♦♠ α✱ ✇❡ ✉s❡ t❤❡ ♦♣♠♦♥❛❞✐❝✐t② ♦❢ 1⊗ j ⊗ 1⊗ 1⊗ 1 ❛♥❞ 1⊗ 1⊗ 1⊗ j ⊗ 1❀
✐t r❡q✉✐r❡s ✈❡r✐❢②✐♥❣ t❤❛t α ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ❝♦❛❝t✐♦♥s ❝♦♠✐♥❣ ❢r♦♠ ζ✳

❆ r✐❣❤t ❛❞❥♦✐♥t j◦ ❢♦r j◦ ✐s ❞❡✜♥❡❞ ❜② t❤❡ ❝♦♠♣♦s✐t❡

K ⊗K
1⊗j
−→ K ⊗R

e
−→ I .

❙♦ λ : 1 =⇒ qt(j◦ ⊗ 1) ❛♥❞ λK(1⊗ j ⊗ 1) : j◦ ⊗ 1 =⇒ qt ❛r❡ ♠❛t❡s✳ ❆❣❛✐♥✱ t♦ r❡tr✐❡✈❡ λK
❢r♦♠ λ✱ t❤❡ ♦♣♠♦♥❛❞✐❝✐t② ♦❢ 1⊗ j ⊗ 1 ✐s ✉s❡❞✳

❙✐♥❝❡ j ⊗ 1K ∼= nj◦ : K −→ R ⊗ K✱ ✇❡ s❡❡ t❤❛t ρK(1 ⊗ j◦) : q =⇒ 1 ⊗ j◦ ❛♥❞
ρ : q(1 ⊗ j◦) =⇒ 1 ❛r❡ ♠❛t❡s✳ ❚♦ r❡tr✐❡✈❡ ρK ❢r♦♠ ρ ✇❡ ♥❡❡❞ t♦ ✉s❡ t❤❡ ❢❛❝t t❤❛t t❤❡
❝♦✉♥✐t ε : jj∗ =⇒ 1R ✐s t❤❡ ❝♦❡q✉❛❧✐③❡r ♦❢ t❤❡ t✇♦ ✷✲❝❡❧❧s (εjj∗), (jj∗ε) : jj∗jj∗ =⇒ jj∗✳
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✻✳ ◗✉❛♥t✉♠ ❝❛t❡❣♦r✐❡s

▲❡t V ❜❡ ❛ ❜r❛✐❞❡❞ ♠♦♥♦✐❞❛❧ ❝❛t❡❣♦r② ✇❤✐❝❤ ❤❛s ❡q✉❛❧✐③❡rs ♦❢ ❝♦r❡✢❡①✐✈❡ ♣❛✐rs s✉❝❤
t❤❛t t❡♥s♦r✐♥❣ V ⊗ − ✇✐t❤ ❛ ✜①❡❞ ♦❜❥❡❝t V ♣r❡s❡r✈❡s t❤♦s❡ ❡q✉❛❧✐③❡rs✳ ❚❤✐s ❛❧❧♦✇s t❤❡
❝♦♥str✉❝t✐♦♥ ✭s❡❡ ❬✽❪✱ ❬✶✵❪ ♦r ❬✺❪✮ ♦❢ t❤❡ ❛✉t♦♥♦♠♦✉s ♠♦♥♦✐❞❛❧ ❜✐❝❛t❡❣♦r② Comod(V ) ✇❤♦s❡
♦❜❥❡❝ts ❛r❡ ❝♦♠♦♥♦✐❞s C ✐♥ V ❛♥❞ ✇❤♦s❡ ♠♦r♣❤✐s♠s M : C −→ D ❛r❡ ❧❡❢t C✲✱ r✐❣❤t D✲
❝♦♠♦❞✉❧❡s✳ ❘❡❝❛❧❧ t❤❛t t❤❡ ❝♦♠♣♦s✐t❡ NM = M ⊗D N ♦❢ ❝♦♠♦❞✉❧❡s M : C −→ D

❛♥❞ N : D −→ E ✐s ❣✐✈❡♥ ❜② t❤❡ ✉s✉❛❧ ❝♦r❡✢❡①✐✈❡ ❡q✉❛❧✐③❡r✳ ❚❤❡ r✐❣❤t ❜✐❞✉❛❧ ♦❢ C
✐s ✇r✐tt❡♥ C◦ ✇✐t❤ ❝♦✉♥✐t e : C ⊗ C◦ −→ I ❛♥❞ ✉♥✐t n : I −→ C◦ ⊗ C✳ ❚❤❡r❡ ✐s ❛
❝❛♥♦♥✐❝❛❧ ♠♦♥♦✐❞❛❧❡ ✭❂ ♣s❡✉❞♦♠♦♥♦✐❞✮ str✉❝t✉r❡ ♦♥ Ce = C◦ ⊗ C ✇✐t❤ ♠✉❧t✐♣❧✐❝❛t✐♦♥
p = 1⊗ e⊗ 1 : Ce ⊗ Ce −→ Ce ❛♥❞ ✉♥✐t j = n : I −→ Ce✳

❆ q✉❛♥t✉♠ ❝❛t❡❣♦r② (C,A) ✐♥ V ✐s ❛ ♠♦♥♦✐❞❛❧ ❝♦♠♦♥❛❞ A ♦♥ t❤❡ ❝❛♥♦♥✐❝❛❧ ♠♦♥♦✐❞❛❧❡
Ce = C◦ ⊗ C✳ ❚❤✐s ♠❡❛♥s t❤❛t✱ ✐♥ Comod(V )✱ ✇❡ ❤❛✈❡ ❛ ♠♦r♣❤✐s♠ A : Ce −→ Ce

❡q✉✐♣♣❡❞ ✇✐t❤ ✷✲❝❡❧❧s
ε : A =⇒ 1Ce ✭✻✳✷✻✮

❛♥❞
δ : A =⇒ A⊗Ce A , ✭✻✳✷✼✮

s❛t✐s❢②✐♥❣ t❤❡ t❤r❡❡ ❝♦♠♦♥❛❞ ❛①✐♦♠s✱ ♣❧✉s t✇♦ ♠♦r❡ ✷✲❝❡❧❧s

Ce ⊗ Ce

A⊗A

��

p // Ce

A

��

φ2 +3

Ce ⊗ Ce
p

// Ce

✭✻✳✷✽✮

❛♥❞

I

j   @@@@@@@@
j // Ce

A}}{{{{{{{{
φ0

+3

Ce ,

✭✻✳✷✾✮

s❛t✐s❢②✐♥❣ t❤❡ t❤r❡❡ ❛①✐♦♠s ♠❛❦✐♥❣ A ❛ ♠♦♥♦✐❞❛❧ ♠♦r♣❤✐s♠ ❛♥❞ t❤❡ ❢♦✉r ❛①✐♦♠s ♠❛❦✐♥❣
ε ❛♥❞ δ ♠♦♥♦✐❞❛❧ ✷✲❝❡❧❧s❀ t❤✐s ♠❛❦❡s t❡♥ ❛①✐♦♠s ✐♥ ❛❧❧✳

✻✳✶✳ ❊①❛♠♣❧❡✳ ❆ q✉❛♥t✉♠ ❝❛t❡❣♦r② (C,A) ✇✐t❤ C = I ✐s ♣r❡❝✐s❡❧② ❛ ❜✐♠♦♥♦✐❞ A ✐♥ V ✿
t❤❡ ❝♦♠✉❧t✐♣❧✐❝❛t✐♦♥ ✐s δ✱ t❤❡ ❝♦✉♥✐t ✐s ε✱ t❤❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ✐s φ2✱ ❛♥❞ t❤❡ ✉♥✐t ✐s φ0✱ ✇❤✐❧❡
t❤❡ t❡♥ ❛①✐♦♠s ❛r❡ ❡①❛❝t❧② t❤♦s❡ ❢♦r ❛ ❜✐♠♦♥♦✐❞ A✳

✻✳✷✳ ❊①❛♠♣❧❡✳ ❚❤❡ q✉❛♥t✉♠ ❝❛t❡❣♦r② (C,A) ✇✐t❤ A t❤❡ ✐❞❡♥t✐t② t✇♦✲s✐❞❡❞ ❝♦♠♦❞✉❧❡
Ce ✐s ❝❛❧❧❡❞ t❤❡ ❝❤❛♦t✐❝ q✉❛♥t✉♠ ❝❛t❡❣♦r② ♦♥ t❤❡ ❝♦♠♦♥♦✐❞ C✳

✻✳✸✳ ❊①❛♠♣❧❡✳ ❘❡❝❛❧❧ ❢r♦♠ ❬✶✵❪ t❤❛t✱ ✇❤❡♥ V ✐s t❤❡ ❝❛rt❡s✐❛♥ ♠♦♥♦✐❞❛❧ ❝❛t❡❣♦r② Set✱
t❤❡ ❜✐❝❛t❡❣♦r② Comod(V ) ✐s ❇é♥❛❜♦✉✬s ❜✐❝❛t❡❣♦r② Span ♦❢ s♣❛♥s ❬✶❪ ♠❛❞❡ ♠♦♥♦✐❞❛❧ ✉s✐♥❣
t❤❡ ❝❛rt❡s✐❛♥ ♣r♦❞✉❝t ♦❢ s❡ts✳ ■t ✇❛s ♣♦✐♥t❡❞ ♦✉t ✐♥ ❬✶✵❪ t❤❛t ❛ q✉❛♥t✉♠ ❝❛t❡❣♦r② (C,A)
❤❡r❡ ✐s ❛♥ ♦r❞✐♥❛r② ✭s♠❛❧❧✮ ❝❛t❡❣♦r②✿ C ✐s t❤❡ s❡t ♦❢ ♦❜❥❡❝ts ❛♥❞ A ✐s t❤❡ s♣❛♥

C × C
(s,t)
←− A

(s,t)
−→ C × C
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✇❤❡r❡ s ❛♥❞ t ❛r❡ t❤❡ s♦✉r❝❡ ❛♥❞ t❛r❣❡t ❢✉♥❝t✐♦♥s✳ ❖❢ ❝♦✉rs❡✱ ❛s ♣♦✐♥t❡❞ ♦✉t ✐♥ ❬✶❪✱ ❛
❝❛t❡❣♦r② ✐s ♠♦r❡ s✐♠♣❧② ❛ ♠♦♥❛❞ A ♦♥ C ✐♥ t❤❡ ♠❡r❡ ❜✐❝❛t❡❣♦r② Span✿ ❢♦r t❤✐s C ❛♥❞ A
❛r❡ ❛s ❜❡❢♦r❡ ❛s s❡ts ❜✉t A ✐s t❤❡ s♣❛♥

C
s
←− A

t
−→ C .

❍♦✇❡✈❡r✱ ✐♠♣♦rt❛♥t ❢♦r ✉s ❤❡r❡ ✐s t❤❡ ♣♦✐♥t ♦❢ ✈✐❡✇ t❤❛t ❝❛t❡❣♦r✐❡s ❛r❡ ❛❧s♦ ❧❡❢t s❦❡✇
♠♦♥♦✐❞❛❧❡s (C,A) ✐♥ t❤❡ ♠♦♥♦✐❞❛❧ ❜✐❝❛t❡❣♦r② Span✿ t❤✐s t✐♠❡ C ❛♥❞ A ❛r❡ ❛s ❜❡❢♦r❡ ❛s
s❡ts ❜✉t t❤❡ t❡♥s♦r ♣r♦❞✉❝t A ♦♥ C ✐s t❤❡ s♣❛♥

C × C
(s,t)
←− A

t
−→ C .

●✐✈❡♥ ❛ ♠♦r♣❤✐s♠ A : Ce −→ Ce ✐♥ Comod(V )✱ ✇❡ ✇r✐t❡ A′ ❢♦r t❤❡ ❝♦♠♣♦s✐t❡

A′ = (C
ε∗⊗1
−→ C◦

⊗ C
A
−→ C◦

⊗ C) ✭✻✳✸✵✮

✭✇❤❡r❡ ε ✐s t❤❡ ❝♦✉♥✐t ♦❢ t❤❡ ❝♦♠♦♥♦✐❞ C ❛♥❞ ε∗ ✐s t❤❡ r✐❣❤t ❛❞❥♦✐♥t ❝♦♠♦❞✉❧❡ ✐t ❞❡t❡r♠✐♥❡s✮
❛♥❞ t❤❡♥ Ā ❢♦r t❤❡ ❝♦♠♣♦s✐t❡

Ā = (C ⊗ C
1⊗A′

−→ C ⊗ C◦
⊗ C

e⊗1
−→ C) . ✭✻✳✸✶✮

◆♦t✐❝❡ t❤❛t✱ ❛s ♦❜❥❡❝ts ♦❢ V ✱ t❤❡ ❝♦♠♦❞✉❧❡s A✱ A′ ❛♥❞ Ā ❛r❡ ❡q✉❛❧✳

✻✳✹✳ ❚❤❡♦r❡♠✳ ❚❤❡r❡ ✐s ❛ ❜✐❥❡❝t✐♦♥ ❜❡t✇❡❡♥ q✉❛♥t✉♠ ❝❛t❡❣♦r② str✉❝t✉r❡s ✐♥ V ♦♥ (C,A)
❛♥❞ ❧❡❢t s❦❡✇✲♠♦♥♦✐❞❛❧ str✉❝t✉r❡s ♦♥ C✱ ✇✐t❤ t❡♥s♦r ♣r♦❞✉❝t ♠♦r♣❤✐s♠ Ā ❛♥❞ ✉♥✐t ♠♦r✲
♣❤✐s♠ ε∗✱ ✐♥ Comod(V ) ✉s✐♥❣ t❤❡ ✐♥✈❡rs❡ ❜r❛✐❞✐♥❣✳

Pr♦♦❢✳ ❚❤✐s ✐s ❛♥ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✺✳✷ ✇✐t❤

M = Comod(V )co .

❚❤❡ ❜✐❞✉❛❧✐t② C ⊣b C
◦ ✐♥ Comod(V ) r❡♠❛✐♥s ❛s s✉❝❤ ✐♥ M ❛♥❞ t❤❡ ♠♦♥♦✐❞❛❧ ❝♦♠♦♥❛❞

A ♦♥ t❤❡ ♠♦♥♦✐❞❛❧❡ Ce ✐♥ Comod(V ) ❜❡❝♦♠❡s ❛♥ ♦♣♠♦♥♦✐❞❛❧ ♠♦♥❛❞ ♦♥ Ce ✐♥ M ✳ ❚❤❡
❝♦✉♥✐t ε◦ ♦❢ t❤❡ ❝♦♠♦♥♦✐❞ C◦ ②✐❡❧❞s ❛ ❝♦♦♣♠♦♥❛❞✐❝ ♠♦r♣❤✐s♠ ε∗

◦
: I −→ C◦ ✐♥ Comod(V )✳

❚❤✐s ❣✐✈❡s ♦✉r ♠♦♥❛❞✐❝ j = ε∗
◦
: I −→ C◦ ✐♥ M t♦ ✇❤✐❝❤ ✇❡ ❝❛♥ ❛♣♣❧② ❚❤❡♦r❡♠ ✺✳✷✳

❚❤❡ r❡s✉❧t ❢♦❧❧♦✇s ♦♥ ♥♦t✐♥❣ t❤❛t r✐❣❤t s❦❡✇ ♠♦♥♦✐❞❛❧❡s ✐♥ M ❛r❡ ❧❡❢t s❦❡✇ ♠♦♥♦✐❞❛❧❡s
✐♥ Comod(V )✳

❆♥ ♦✉t❧✐♥❡ ♦❢ t❤❡ t✇♦ ❝♦♥str✉❝t✐♦♥s ✐s ❛s ❢♦❧❧♦✇s✳ ❙t❛rt ✇✐t❤ ❛ q✉❛♥t✉♠ ❝❛t❡❣♦r② (C,A)
✐♥ V ✳ ❚❤❡♥ ✇❡ ❤❛✈❡ ❛ ♠♦♥♦✐❞❛❧ ❝♦♠♦♥❛❞ A : Ce −→ Ce✳ ❚❤❡ ❧❡❢t ❢✉s✐♦♥ ♠❛♣ ❬✹✱ ✻✱ ✷✻❪
❢♦r A ✐s

vℓ = (p · (A⊗ A)
p·(1A⊗δ)
=⇒ p · (A⊗ A) · (1⊗ A)

φ2·(1⊗A)
=⇒ A · p · (1⊗ A)) . ✭✻✳✸✷✮
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❋r♦♠ t❤❡ ❝❛❧❝✉❧❛t✐♦♥s✿

Ā · (Ā⊗ 1C)
∼= (e⊗ 1)(1⊗ A)(1⊗ ε∗ ⊗ 1)(e⊗ 1)(1⊗ A⊗ 1)(1⊗ ε∗ ⊗ 1⊗ 1)
∼= (e⊗ 1)(1⊗ 1⊗ e⊗ 1)(1⊗ 1⊗ 1⊗ A)(1⊗ 1⊗ 1⊗ ε∗ ⊗ 1)

(1⊗ A⊗ 1)(1⊗ ε∗ ⊗ 1⊗ 1)
∼= (e⊗ 1)(1⊗ 1⊗ e⊗ 1)(1⊗ A⊗ A)(1⊗ 1⊗ 1⊗ ε∗ ⊗ 1)

(1⊗ ε∗ ⊗ 1⊗ 1)
∼= (e⊗ 1)(1⊗ p)(1⊗ A⊗ A)(1⊗ ε∗ ⊗ 1⊗ 1⊗ 1)(1⊗ 1⊗ ε∗ ⊗ 1)

❛♥❞

Ā · (1C ⊗ Ā)
∼= (e⊗ 1)(1⊗ A)(1⊗ ε∗ ⊗ 1)(1⊗ e⊗ 1)(1⊗ 1⊗ A)(1⊗ 1⊗ ε∗ ⊗ 1)
∼= (e⊗ 1)(1⊗ A)(1⊗ 1⊗ e⊗ 1)(1⊗ 1⊗ 1⊗ A)(1⊗ ε∗ ⊗ 1⊗ 1⊗ 1)

(1⊗ 1⊗ ε∗ ⊗ 1)
∼= (e⊗ 1)(1⊗ A)(1⊗ p)(1⊗ 1⊗ 1⊗ A)(1⊗ ε∗ ⊗ 1⊗ 1⊗ 1)

(1⊗ 1⊗ ε∗ ⊗ 1)

✇❡ s❡❡ t❤❛t ✇❡ ❝❛♥ ✇❤✐s❦❡r t❤❡ ❧❡❢t ❢✉s✐♦♥ ✷✲❝❡❧❧ vℓ t♦ ❞❡✜♥❡ ❛ ✷✲❝❡❧❧

α : Ā · (Ā⊗ 1C) =⇒ Ā · (1C ⊗ Ā) ✭✻✳✸✸✮

✇❤✐❝❤ ✐s ♦✉r ❛ss♦❝✐❛t✐✈✐t② ❝♦♥str❛✐♥t✳ ❚❤❡ r✐❣❤t ✉♥✐t ❝♦♥str❛✐♥t

ρ : 1C =⇒ Ā · (1C ⊗ ε
∗) ✭✻✳✸✹✮

✐s t❛❦❡♥ t♦ ❜❡ η : C −→ A ❛s ❛ ♠♦r♣❤✐s♠ ♦❢ ❝♦♠♦❞✉❧❡s ❢r♦♠ C t♦ C✳ ❚❤❡ ❧❡❢t ✉♥✐t
❝♦♥str❛✐♥t

λ : Ā · (ε∗ ⊗ 1C) =⇒ 1C ✭✻✳✸✺✮

✐s t❛❦❡♥ t♦ ❜❡ t : A −→ C ✉s✐♥❣ t❤❡ ♥♦t❛t✐♦♥ ♦❢ ❬✶✵✱ ✺❪✳
◆♦✇ ❛ss✉♠❡ (C,M, ε∗, α, λ, ρ) ✐s ❛ ❧❡❢t s❦❡✇ ♠♦♥♦✐❞❛❧❡ ✐♥ Comod(V )✳ ❙♦ ✇❡ ❤❛✈❡

M : C ⊗ C −→ C✱ α : M · (M ⊗ 1C) =⇒ M · (1C ⊗M)✱ λ : M1 =⇒ 1C ✱ ρ : 1C =⇒ M2

✇❤❡r❡
M1 = (C

ε∗⊗1
−→ C ⊗ C

M
−→ C)

❛♥❞
M2 = (C

1C⊗ε∗

−→ C ⊗ C
M
−→ C) .

❆s ♦❜❥❡❝ts ♦❢ V ✱ ✇❡ ❤❛✈❡ M1 = M2 = M ✳ ❆s ♦❜❥❡❝ts ♦❢ V ✱ ✇❡ ❛❧s♦ ❤❛✈❡ t❤❡ ❝♦♠♣♦s❛❜❧❡
♣❛✐r ♦❜❥❡❝t

M · (M ⊗ 1) ∼= M2 ⊗C M2 =: P
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❛♥❞ t❤❡ ❝♦s♣❛♥ ♦❜❥❡❝t
M · (1⊗M) ∼= M2 ⊗C M1 =: P̃ .

❲❡ ❞❡✜♥❡
δ := (M

ρ⊗1
−→ P

α
−→ P̃

equ
−→M ⊗M)

✭✇❤❡r❡ equ ✐s t❤❡ ❞❡✜♥✐♥❣ ❡q✉❛❧✐③❡r ❢♦r ❝♦♠♣♦s✐t✐♦♥ ✐♥ Comod(V )✮ ✇❤✐❝❤ ♠❛❦❡s M ❛
❝♦♠♦♥♦✐❞ ✇✐t❤ ❝♦✉♥✐t

ε := (M
λ
−→ C

ε
−→ I) .

❚❤❡ ❝♦❛❝t✐♦♥ ♦❢ M1 ❣✐✈❡s

r := (M
δ
−→M ⊗ C◦

⊗ C
ε⊗1⊗1
−→ C◦

⊗ C)

✇❤✐❝❤ t✉r♥s ♦✉t t♦ ❜❡ ❛ ❝♦♠♦♥♦✐❞ ♠♦r♣❤✐s♠✳ ❚❤❡ ❛❞❥✉♥❝t✐♦♥ r∗ ⊣ r
∗ t❤❡♥ ❣❡♥❡r❛t❡s ♦✉r

❝♦♠♦♥❛❞
A : C◦

⊗ C −→ C◦
⊗ C

♦♥ Ce ✐♥ Comod(V )✳ ◆♦t✐❝❡ t❤❛t A = M ❛s ♦❜❥❡❝ts ♦❢ V ✳ ❚❤❡ ♠♦♥♦✐❞❛❧ str✉❝t✉r❡ ♦♥ A
✐s ❞❡✜♥❡❞ ❜②

µ := (P
α
−→ P̃

equ
−→M ⊗M

1⊗ε
−→M)

❛♥❞
η := (C

ρ
−→M) .

❘❡❢❡r❡♥❝❡s
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❬✽❪ ❇r✐❛♥ ❏✳ ❉❛②✱ P❛❞❞② ▼❝❈r✉❞❞❡♥ ❛♥❞ ❘♦ss ❙tr❡❡t✱ ❉✉❛❧✐③❛t✐♦♥s ❛♥❞ ❛♥t✐♣♦❞❡s✱ ❆♣✲
♣❧✐❡❞ ❈❛t❡❣♦r✐❝❛❧ ❙tr✉❝t✉r❡s ✶✶ ✭✷✵✵✸✮ ✷✷✾✕✷✻✵✳
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❬✷✶❪ ❙❛✉♥❞❡rs ▼❛❝ ▲❛♥❡✱ ◆❛t✉r❛❧ ❛ss♦❝✐❛t✐✈✐t② ❛♥❞ ❝♦♠♠✉t❛t✐✈✐t②✱ ❘✐❝❡ ❯♥✐✈✳ ❙t✉❞✐❡s ✹✾
✭✶✾✻✸✮ ✷✽✕✹✻✳

❬✷✷❪ ❙❛✉♥❞❡rs ▼❛❝ ▲❛♥❡✱ ❈❛t❡❣♦r✐❡s ❢♦r t❤❡ ❲♦r❦✐♥❣ ▼❛t❤❡♠❛t✐❝✐❛♥✱ ●r❛❞✉❛t❡ ❚❡①ts ✐♥
▼❛t❤❡♠❛t✐❝s ✺ ✭❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ✶✾✼✶✮✳



✹✵✷ ❙❚❊P❍❊◆ ▲❆❈❑ ❆◆❉ ❘❖❙❙ ❙❚❘❊❊❚

❬✷✸❪ ❘♦ss ❙tr❡❡t✱ ❚❤❡ ❢♦r♠❛❧ t❤❡♦r② ♦❢ ♠♦♥❛❞s✱ ❏♦✉r♥❛❧ ♦❢ P✉r❡ ❛♥❞ ❆♣♣❧✐❡❞ ❆❧❣❡❜r❛ ✷
✭✶✾✼✷✮ ✶✹✾✕✶✻✽✳

❬✷✹❪ ❘♦ss ❙tr❡❡t✱ ❋✉s✐♦♥ ♦♣❡r❛t♦rs ❛♥❞ ❝♦❝②❝❧♦✐❞s ✐♥ ♠♦♥♦✐❞❛❧ ❝❛t❡❣♦r✐❡s✱ ❆♣♣❧✐❡❞ ❈❛t✲
❡❣♦r✐❝❛❧ ❙tr✉❝t✉r❡s ✻✭✷✮ ✭❙♣❡❝✐❛❧ ■ss✉❡ ♦♥ ✏◗✉❛♥t✉♠ ●r♦✉♣s✱ ❍♦♣❢ ❆❧❣❡❜r❛s ❛♥❞
❈❛t❡❣♦r② ❚❤❡♦r②✑✱ ❡❞✳ ❆✳ ❱❡rs❝❤♦r❡♥✱ ✶✾✾✽✮ ✶✼✼✕✶✾✶✳

❬✷✺❪ ❘♦ss ❙tr❡❡t✱ ❋✉s✐♦♥ ♦♣❡r❛t♦rs ❛s ❣❡♥❡r❛❧✐s❡❞ ❍♦♣❢ str✉❝t✉r❡s✱ ❆✉str❛❧✐❛♥ ❈❛t❡❣♦r②
❙❡♠✐♥❛r ✭✶✸ ◆♦✈❡♠❜❡r ✶✾✾✻✳✮
❁❤tt♣✿✴✴✇❡❜✳s❝✐❡♥❝❡✳♠q✳❡❞✉✳❛✉✴❣r♦✉♣s✴❝♦❛❝t✴s❡♠✐♥❛r✴❝❣✐✲❜✐♥✴❛❜str❛❝t✳❝❣✐❄t❛❧❦✐❞❂✾✺✹❃

❬✷✻❪ ❘♦ss ❙tr❡❡t✱ ▼♦♥♦✐❞❛❧ ❝❛t❡❣♦r✐❡s ✐♥✱ ❛♥❞ ❧✐♥❦✐♥❣✱ ❣❡♦♠❡tr② ❛♥❞ ❛❧❣❡❜r❛✱ ❇✉❧❧❡t✐♥ ❇❡❧✲
❣✐❛♥ ▼❛t❤✳ ❙♦❝✐❡t② ✭t♦ ❛♣♣❡❛r❀ s❡❡ ❤tt♣✿✴✴❛r①✐✈✳♦r❣✴❛❜s✴✶✷✵✶✳✷✾✾✶✮✳

❬✷✼❪ ❑♦r♥❡❧ ❙③❧❛❝❤á♥②✐✱ ❚❤❡ ♠♦♥♦✐❞❛❧ ❊✐❧❡♥❜❡r❣✲▼♦♦r❡ ❝♦♥str✉❝t✐♦♥ ❛♥❞ ❜✐❛❧❣❡❜r♦✐❞s✱
❏♦✉r♥❛❧ ♦❢ P✉r❡ ❛♥❞ ❆♣♣❧✐❡❞ ❆❧❣❡❜r❛ ✶✽✷ ✭✷✵✵✸✮ ✷✽✼✕✸✶✺✳

❬✷✽❪ ❑♦r♥❡❧ ❙③❧❛❝❤á♥②✐✱ ❙❦❡✇✲♠♦♥♦✐❞❛❧ ❝❛t❡❣♦r✐❡s ❛♥❞ ❜✐❛❧❣❡❜r♦✐❞s✱ ❛r❳✐✈✿✶✷✵✶✳✹✾✽✶✈✶
✭✷✵✶✷✮✳

❬✷✾❪ ▼✳ ❚❛❦❡✉❝❤✐✱ ●r♦✉♣s ♦❢ ❛❧❣❡❜r❛s ♦✈❡r A⊗ Ā✱ ❏♦✉r♥❛❧ ♦❢ t❤❡ ▼❛t❤❡♠❛t✐❝❛❧ ❙♦❝✐❡t② ♦❢
❏❛♣❛♥ ✷✾ ✭✶✾✼✼✮ ✹✺✾✕✹✾✷✳

❬✸✵❪ P✐♥❣ ❳✉✱ ◗✉❛♥t✉♠ ❣r♦✉♣♦✐❞s✱ ❈♦♠♠✉♥✐❝❛t✐♦♥s ✐♥ ▼❛t❤❡♠❛t✐❝❛❧ P❤②s✐❝s ✷✶✻ ✭✷✵✵✶✮
✺✸✾✕✺✽✶✳

❉❡♣❛rt♠❡♥t ♦❢ ▼❛t❤❡♠❛t✐❝s✱ ▼❛❝q✉❛r✐❡ ❯♥✐✈❡rs✐t② ◆❙❲ ✷✶✵✾✱ ❆✉str❛❧✐❛
❊♠❛✐❧✿ st❡✈❡✳❧❛❝❦❅♠q✳❡❞✉✳❛✉✱ r♦ss✳str❡❡t❅♠q✳❡❞✉✳❛✉

❚❤✐s ❛rt✐❝❧❡ ♠❛② ❜❡ ❛❝❝❡ss❡❞ ❛t ❤tt♣✿✴✴✇✇✇✳t❛❝✳♠t❛✳❝❛✴t❛❝✴ ♦r ❜② ❛♥♦♥②♠♦✉s ❢t♣ ❛t
❢t♣✿✴✴❢t♣✳t❛❝✳♠t❛✳❝❛✴♣✉❜✴t❛❝✴❤t♠❧✴✈♦❧✉♠❡s✴✷✻✴✶✺✴✷✻✲✶✺✳④❞✈✐✱♣s✱♣❞❢⑥



❚❍❊❖❘❨ ❆◆❉ ❆PP▲■❈❆❚■❖◆❙ ❖❋ ❈❆❚❊●❖❘■❊❙ ✭■❙❙◆ ✶✷✵✶✲✺✻✶❳✮ ✇✐❧❧ ❞✐ss❡♠✐♥❛t❡ ❛rt✐❝❧❡s t❤❛t
s✐❣♥✐✜❝❛♥t❧② ❛❞✈❛♥❝❡ t❤❡ st✉❞② ♦❢ ❝❛t❡❣♦r✐❝❛❧ ❛❧❣❡❜r❛ ♦r ♠❡t❤♦❞s✱ ♦r t❤❛t ♠❛❦❡ s✐❣♥✐✜❝❛♥t ♥❡✇ ❝♦♥tr✐❜✉✲
t✐♦♥s t♦ ♠❛t❤❡♠❛t✐❝❛❧ s❝✐❡♥❝❡ ✉s✐♥❣ ❝❛t❡❣♦r✐❝❛❧ ♠❡t❤♦❞s✳ ❚❤❡ s❝♦♣❡ ♦❢ t❤❡ ❥♦✉r♥❛❧ ✐♥❝❧✉❞❡s✿ ❛❧❧ ❛r❡❛s ♦❢
♣✉r❡ ❝❛t❡❣♦r② t❤❡♦r②✱ ✐♥❝❧✉❞✐♥❣ ❤✐❣❤❡r ❞✐♠❡♥s✐♦♥❛❧ ❝❛t❡❣♦r✐❡s❀ ❛♣♣❧✐❝❛t✐♦♥s ♦❢ ❝❛t❡❣♦r② t❤❡♦r② t♦ ❛❧❣❡❜r❛✱
❣❡♦♠❡tr② ❛♥❞ t♦♣♦❧♦❣② ❛♥❞ ♦t❤❡r ❛r❡❛s ♦❢ ♠❛t❤❡♠❛t✐❝s❀ ❛♣♣❧✐❝❛t✐♦♥s ♦❢ ❝❛t❡❣♦r② t❤❡♦r② t♦ ❝♦♠♣✉t❡r
s❝✐❡♥❝❡✱ ♣❤②s✐❝s ❛♥❞ ♦t❤❡r ♠❛t❤❡♠❛t✐❝❛❧ s❝✐❡♥❝❡s❀ ❝♦♥tr✐❜✉t✐♦♥s t♦ s❝✐❡♥t✐✜❝ ❦♥♦✇❧❡❞❣❡ t❤❛t ♠❛❦❡ ✉s❡ ♦❢
❝❛t❡❣♦r✐❝❛❧ ♠❡t❤♦❞s✳
❆rt✐❝❧❡s ❛♣♣❡❛r✐♥❣ ✐♥ t❤❡ ❥♦✉r♥❛❧ ❤❛✈❡ ❜❡❡♥ ❝❛r❡❢✉❧❧② ❛♥❞ ❝r✐t✐❝❛❧❧② r❡❢❡r❡❡❞ ✉♥❞❡r t❤❡ r❡s♣♦♥s✐❜✐❧✐t② ♦❢
♠❡♠❜❡rs ♦❢ t❤❡ ❊❞✐t♦r✐❛❧ ❇♦❛r❞✳ ❖♥❧② ♣❛♣❡rs ❥✉❞❣❡❞ t♦ ❜❡ ❜♦t❤ s✐❣♥✐✜❝❛♥t ❛♥❞ ❡①❝❡❧❧❡♥t ❛r❡ ❛❝❝❡♣t❡❞
❢♦r ♣✉❜❧✐❝❛t✐♦♥✳
❋✉❧❧ t❡①t ♦❢ t❤❡ ❥♦✉r♥❛❧ ✐s ❢r❡❡❧② ❛✈❛✐❧❛❜❧❡ ✐♥ ✳❞✈✐✱ P♦sts❝r✐♣t ❛♥❞ P❉❋ ❢r♦♠ t❤❡ ❥♦✉r♥❛❧✬s s❡r✈❡r ❛t
❤tt♣✿✴✴✇✇✇✳t❛❝✳♠t❛✳❝❛✴t❛❝✴ ❛♥❞ ❜② ❢t♣✳ ■t ✐s ❛r❝❤✐✈❡❞ ❡❧❡❝tr♦♥✐❝❛❧❧② ❛♥❞ ✐♥ ♣r✐♥t❡❞ ♣❛♣❡r ❢♦r♠❛t✳

❙✉❜s❝r✐♣t✐♦♥ ✐♥❢♦r♠❛t✐♦♥ ■♥❞✐✈✐❞✉❛❧ s✉❜s❝r✐❜❡rs r❡❝❡✐✈❡ ❛❜str❛❝ts ♦❢ ❛rt✐❝❧❡s ❜② ❡✲♠❛✐❧ ❛s t❤❡②
❛r❡ ♣✉❜❧✐s❤❡❞✳ ❚♦ s✉❜s❝r✐❜❡✱ s❡♥❞ ❡✲♠❛✐❧ t♦ t❛❝❅♠t❛✳❝❛ ✐♥❝❧✉❞✐♥❣ ❛ ❢✉❧❧ ♥❛♠❡ ❛♥❞ ♣♦st❛❧ ❛❞❞r❡ss✳ ❋♦r ✐♥✲
st✐t✉t✐♦♥❛❧ s✉❜s❝r✐♣t✐♦♥✱ s❡♥❞ ❡♥q✉✐r✐❡s t♦ t❤❡ ▼❛♥❛❣✐♥❣ ❊❞✐t♦r✱ ❘♦❜❡rt ❘♦s❡❜r✉❣❤✱ rr♦s❡❜r✉❣❤❅♠t❛✳❝❛✳

■♥❢♦r♠❛t✐♦♥ ❢♦r ❛✉t❤♦rs ❚❤❡ t②♣❡s❡tt✐♥❣ ❧❛♥❣✉❛❣❡ ♦❢ t❤❡ ❥♦✉r♥❛❧ ✐s ❚❊❳✱ ❛♥❞ ▲❆❚❊❳✷❡
str♦♥❣❧② ❡♥❝♦✉r❛❣❡❞✳ ❆rt✐❝❧❡s s❤♦✉❧❞ ❜❡ s✉❜♠✐tt❡❞ ❜② ❡✲♠❛✐❧ ❞✐r❡❝t❧② t♦ ❛ ❚r❛♥s♠✐tt✐♥❣ ❊❞✐t♦r✳ P❧❡❛s❡
♦❜t❛✐♥ ❞❡t❛✐❧❡❞ ✐♥❢♦r♠❛t✐♦♥ ♦♥ s✉❜♠✐ss✐♦♥ ❢♦r♠❛t ❛♥❞ st②❧❡ ✜❧❡s ❛t ❤tt♣✿✴✴✇✇✇✳t❛❝✳♠t❛✳❝❛✴t❛❝✴✳

▼❛♥❛❣✐♥❣ ❡❞✐t♦r ❘♦❜❡rt ❘♦s❡❜r✉❣❤✱ ▼♦✉♥t ❆❧❧✐s♦♥ ❯♥✐✈❡rs✐t②✿ rr♦s❡❜r✉❣❤❅♠t❛✳❝❛

❚❊❳♥✐❝❛❧ ❡❞✐t♦r ▼✐❝❤❛❡❧ ❇❛rr✱ ▼❝●✐❧❧ ❯♥✐✈❡rs✐t②✿ ❜❛rr❅♠❛t❤✳♠❝❣✐❧❧✳❝❛

❆ss✐st❛♥t ❚❊❳ ❡❞✐t♦r ●❛✈✐♥ ❙❡❛❧✱ ❊❝♦❧❡ P♦❧②t❡❝❤♥✐q✉❡ ❋é❞ér❛❧❡ ❞❡ ▲❛✉s❛♥♥❡✿
❣❛✈✐♥❴s❡❛❧❅❢❛st♠❛✐❧✳❢♠

❚r❛♥s♠✐tt✐♥❣ ❡❞✐t♦rs

❈❧❡♠❡♥s ❇❡r❣❡r✱ ❯♥✐✈❡rs✐té ❞❡ ◆✐❝❡✲❙♦♣❤✐❛ ❆♥t✐♣♦❧✐s✱ ❝❜❡r❣❡r❅♠❛t❤✳✉♥✐❝❡✳❢r
❘✐❝❤❛r❞ ❇❧✉t❡✱ ❯♥✐✈❡rs✐té ❞✬ ❖tt❛✇❛✿ r❜❧✉t❡❅✉♦tt❛✇❛✳❝❛
▲❛✇r❡♥❝❡ ❇r❡❡♥✱ ❯♥✐✈❡rs✐té ❞❡ P❛r✐s ✶✸✿ ❜r❡❡♥❅♠❛t❤✳✉♥✐✈✲♣❛r✐s✶✸✳❢r
❘♦♥❛❧❞ ❇r♦✇♥✱ ❯♥✐✈❡rs✐t② ♦❢ ◆♦rt❤ ❲❛❧❡s✿ r♦♥♥✐❡✳♣r♦❢❜r♦✇♥✭❛t✮❜t✐♥t❡r♥❡t✳❝♦♠
❱❛❧❡r✐❛ ❞❡ P❛✐✈❛✿ ✈❛❧❡r✐❛✳❞❡♣❛✐✈❛❅❣♠❛✐❧✳❝♦♠
❊③r❛ ●❡t③❧❡r✱ ◆♦rt❤✇❡st❡r♥ ❯♥✐✈❡rs✐t②✿ ❣❡t③❧❡r✭❛t✮♥♦rt❤✇❡st❡r♥✭❞♦t✮❡❞✉
❑❛t❤r②♥ ❍❡ss✱ ❊❝♦❧❡ P♦❧②t❡❝❤♥✐q✉❡ ❋é❞ér❛❧❡ ❞❡ ▲❛✉s❛♥♥❡ ✿ ❦❛t❤r②♥✳❤❡ss❅❡♣❢❧✳❝❤
▼❛rt✐♥ ❍②❧❛♥❞✱ ❯♥✐✈❡rs✐t② ♦❢ ❈❛♠❜r✐❞❣❡✿ ▼✳❍②❧❛♥❞❅❞♣♠♠s✳❝❛♠✳❛❝✳✉❦
❆♥❞❡rs ❑♦❝❦✱ ❯♥✐✈❡rs✐t② ♦❢ ❆❛r❤✉s✿ ❦♦❝❦❅✐♠❢✳❛✉✳❞❦
❙t❡♣❤❡♥ ▲❛❝❦✱ ▼❛❝q✉❛r✐❡ ❯♥✐✈❡rs✐t②✿ st❡✈❡✳❧❛❝❦❅♠q✳❡❞✉✳❛✉
❋✳ ❲✐❧❧✐❛♠ ▲❛✇✈❡r❡✱ ❙t❛t❡ ❯♥✐✈❡rs✐t② ♦❢ ◆❡✇ ❨♦r❦ ❛t ❇✉✛❛❧♦✿ ✇❧❛✇✈❡r❡❅❜✉❢❢❛❧♦✳❡❞✉
❚♦♠ ▲❡✐♥st❡r✱ ❯♥✐✈❡rs✐t② ♦❢ ●❧❛s❣♦✇✱ ❚♦♠✳▲❡✐♥st❡r❅❣❧❛s❣♦✇✳❛❝✳✉❦
■❡❦❡ ▼♦❡r❞✐❥❦✱ ❯♥✐✈❡rs✐t② ♦❢ ❯tr❡❝❤t✿ ♠♦❡r❞✐❥❦❅♠❛t❤✳✉✉✳♥❧
❙✉s❛♥ ◆✐❡✜❡❧❞✱ ❯♥✐♦♥ ❈♦❧❧❡❣❡✿ ♥✐❡❢✐❡❧s❅✉♥✐♦♥✳❡❞✉
❘♦❜❡rt P❛ré✱ ❉❛❧❤♦✉s✐❡ ❯♥✐✈❡rs✐t②✿ ♣❛r❡❅♠❛t❤st❛t✳❞❛❧✳❝❛
❏✐r✐ ❘♦s✐❝❦②✱ ▼❛s❛r②❦ ❯♥✐✈❡rs✐t②✿ r♦s✐❝❦②❅♠❛t❤✳♠✉♥✐✳❝③
●✐✉s❡♣♣❡ ❘♦s♦❧✐♥✐✱ ❯♥✐✈❡rs✐tà ❞✐ ●❡♥♦✈❛✿ r♦s♦❧✐♥✐❅❞✐s✐✳✉♥✐❣❡✳✐t
❆❧❡① ❙✐♠♣s♦♥✱ ❯♥✐✈❡rs✐t② ♦❢ ❊❞✐♥❜✉r❣❤✿ ❆❧❡①✳❙✐♠♣s♦♥❅❡❞✳❛❝✳✉❦
❏❛♠❡s ❙t❛s❤❡✛✱ ❯♥✐✈❡rs✐t② ♦❢ ◆♦rt❤ ❈❛r♦❧✐♥❛✿ ❥❞s❅♠❛t❤✳✉♣❡♥♥✳❡❞✉
❘♦ss ❙tr❡❡t✱ ▼❛❝q✉❛r✐❡ ❯♥✐✈❡rs✐t②✿ str❡❡t❅♠❛t❤✳♠q✳❡❞✉✳❛✉
❲❛❧t❡r ❚❤♦❧❡♥✱ ❨♦r❦ ❯♥✐✈❡rs✐t②✿ t❤♦❧❡♥❅♠❛t❤st❛t✳②♦r❦✉✳❝❛
▼②❧❡s ❚✐❡r♥❡②✱ ❘✉t❣❡rs ❯♥✐✈❡rs✐t②✿ t✐❡r♥❡②❅♠❛t❤✳r✉t❣❡rs✳❡❞✉
❘♦❜❡rt ❋✳ ❈✳ ❲❛❧t❡rs✱ ❯♥✐✈❡rs✐t② ♦❢ ■♥s✉❜r✐❛✿ r♦❜❡rt✳✇❛❧t❡rs❅✉♥✐♥s✉❜r✐❛✳✐t
❘✳ ❏✳ ❲♦♦❞✱ ❉❛❧❤♦✉s✐❡ ❯♥✐✈❡rs✐t②✿ r❥✇♦♦❞❅♠❛t❤st❛t✳❞❛❧✳❝❛
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